
Qrqfrrshudwlyh Irxqgdwlrqv ri wkh Qxfohroxv lq

Pdmrulw| Jdphv

Pduld PrqwhurW

Mxo| 5337 +Iluvw yhuvlrq= Pd| 5334,

Devwudfw

Wklv sdshu vwxglhv frdolwlrq irupdwlrq/ sd|r� glylvlrq dqg h{shfwhg

sd|r�v lq d �glylgh wkh groodu e| pdmrulw| uxoh� jdph zlwk udqgrp

sursrvhuv1 D srzhu lqgh{ lv fdoohg vhoi0frq�uplqj li lw fdq eh rewdlqhg

dv dq htxloleulxp ri wkh jdph xvlqj wkh lqgh{ lwvhoi dv suredelolw|

yhfwru1 Xqolnh wkh Vkdsoh| ydoxh dqg rwkhu frpprqo| xvhg srzhu

lqglfhv/ wkh qxfohroxv kdv wklv surshuw|1 Wkh surri xvhv d zhdn yhuvlrq

ri Nrkoehuj*v +4<:4, edodqfhgqhvv uhvxow uhlqwhusuhwlqj wkh edodqflqj

zhljkwv dv suredelolwlhv lq d pl{hg vwudwhj| htxloleulxp1

Nh|zrugv= frdolwlrq irupdwlrq/ edujdlqlqj/ pdmrulw| jdphv/ qxfohroxv/

srzhu lqglfhv/ edodqfhgqhvv1

M1H1O1 Fodvvl�fdwlrq Qxpehuv= F:4/ F:5/ F:;1

WXqlyhuvlw| ri Qrwwlqjkdp/ Vfkrro ri Hfrqrplfv/ Xqlyhuvlw| Sdun/ Qrwwlqjkdp QJ:

5UG +Xqlwhg Nlqjgrp,> skrqh .77 448 <84879;/ id{ .77 448 <84 748</ h0pdlo

pduld1prqwhurCqrwwlqjkdp1df1xn1 Wkh dxwkru kdv ehqh�whg iurp fruuhvsrqghqfh zlwk

Shwhu Vxgkùowhu dqg frpphqwv ri Plfkdho Pdvfkohu/ Pdvvlpr Pruhool/ Mrkq Qdvk/ Doh{

Srvvdmhqqlnry/ vhplqdu dqg frqihuhqfh sduwlflsdqwv dqg wzr dqrq|prxv uhihuhhv1 D suh0

ylrxv yhuvlrq dsshduhg dv FhqwHU Glvfxvvlrq Sdshu 533405< zlwk d gl�huhqw wlwoh zkloh L

zdv dw Gruwpxqg Xqlyhuvlw| zlwk d Pdulh Fxulh Lqglylgxdo Ihoorzvkls +frqwudfw qxpehu

KSPI0FW04<<<033655,1
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4 Lqwurgxfwlrq

Frqvlghu wkh fodvvlfdo sureohp ri glylglqj d groodu e| pdmrulw| uxoh1 Vxssrvh

wkhuh duh q sod|huv/ sod|hu l kdv z� yrwhv dqg t yrwhv +t A

S
�M�

��

2
, duh

qhhghg wr dfklhyh d pdmrulw|1 Zkdw duh wkh h{shfwhg vkduhv iru wkh sod|huv

lq wklv jdphB Li sod|huv fduh rqo| derxw wkhlu rzq pdwhuldo sd|r�v dqg

duh ulvn0qhxwudo wklv txhvwlrq lv htxlydohqw wr �zkdw zloo eh wkh h{shfwhg

xwlolw| iurp sod|lqj wkh jdphB�1 Iurp wkh d{lrpdwlf srlqw ri ylhz wkh prvw

zlgho| dffhswhg dqvzhu lv wkh Vkdsoh| ydoxh +vhh Vkdsoh|/ 4<86> Urwk/ 4<::d/

4<::e,1 Dq dowhuqdwlyh dssurdfk/ frqvlvwhqw zlwk wkh Qdvk +4<86, surjudp/

lv wr vhw xs d qrqfrrshudwlyh edujdlqlqj jdph wkdw zh frqvlghu lqwxlwlyho|

sodxvleoh dqg fdofxodwh wkh h{shfwhg htxloleulxp vkduhv1

Wklv sdshu wdnhv wkh odwwhu dssurdfk/ xvlqj d qdwxudo h{whqvlrq ri wkh

fodvvlfdo Edurq dqg Ihuhmrkq +4<;<, edujdlqlqj jdph14 Edurq dqg Ihuhmrkq

frqvlghu wkh fdvh ri v|pphwulf sod|huv/ hdfk ri wkhp ehlqj uhfrjql}hg wr

eh wkh sursrvhu zlwk htxdo suredelolw|1 Wkh qdwxudo h{whqvlrq ri wklv jdph

wr jhqhudo zhljkwhg pdmrulw| jdphv/ douhdg| klqwhg e| Edurq dqg Ihuhmrkq

lq rqh ri wkhlu h{dpsohv/ zrxog eh wr vhohfw hdfk sod|hu zlwk d suredelolw|

sursruwlrqdo wr klv qxpehu ri yrwhv1 Wklv h{whqvlrq kdv d vwudljkwiruzdug

lqwhusuhwdwlrq li sod|huv duh sduwlhv/ gl�huhqw qxpehu ri yrwhv fruuhvsrqg wr

gl�huhqw qxpehu ri uhsuhvhqwdwlyhv/ dqg hdfk uhsuhvhqwdwlyh lv vhohfwhg wr eh

wkh sursrvhu zlwk htxdo suredelolw|15

Wkh �uvw sduw ri wkh sdshu ghdov zlwk frqvwdqw0vxp krprjhqhrxv jdphv

zlwkrxw gxpplhv1 Zh vkrz wkdw wkh htxloleuld ri wkh jhqhudol}hg Edurq dqg

4
Edurq dqg Ihuhmrkq +4<;<, exlog rq Uxelqvwhlq +4<;5, dqg Elqpruh +4<;:,1

5Pdq| rwkhu sdshuv kdyh h{whqghg wkh Edurq dqg Ihuhmrkq jdph wr gl�huhqw suhihu0

hqfhv ri wkh sod|huv/ gl�huhqw yrwlqj uxohv dqg2ru gl�huhqw vhwv ri dowhuqdwlyhv1 Zh frqvlghu

jhqhudo yrwlqj uxohv/ exw nhhs xqfkdqjhg wkh vhw ri dowhuqdwlyhv +gl�huhqw glylvlrqv ri d

groodu, dqg wkh suhihuhqfhv ri wkh sod|huv +lghqwlfdo dqg ulvn0qhxwudo lq prqh|,1 Forvho| uh0

odwhg sdshuv duh Kduulqjwrq +4<<3,/ Zlqwhu +4<<9,/ Edqnv dqg Gxjjdq +5333, dqg Hudvodq

+5335,1 Kduulqjwrq +4<<3, dqg Hudvodq +5335, erwk nhhs wkh dvvxpswlrq wkdw hdfk sod|hu

kdv rqh yrwh/ exw doorz wkh yrwlqj uxoh wr eh gl�huhqw iurp vlpsoh pdmrulw|/ dqg wkh sod|0

huv pd| eh ulvn0dyhuvh +Kduulqjwrq, ru kdyh gl�huhqw glvfrxqw idfwruv +Hudvodq,> Zlqwhu

+4<<9, lqwurgxfhv yhwr sod|huv> Edqnv dqg Gxjjdq +5333, vkrz h{lvwhqfh ri vwdwlrqdu|

htxloleuld iru duelwudu| yrwlqj uxohv lq jhqhudo hqylurqphqwv1
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Ihuhmrkq jdph gr qrw jhqhudoo| fruuhvsrqg wr wkh Vkdsoh| ydoxh1 Lqvwhdg/

wkh qrupdol}hg zhljkwv dulvh dv h{shfwhg htxloleulxp vkduhv/ ylqglfdwlqj wkh

qxfohroxv dv wkh ydoxh ri sod|lqj wkh jdph1

Rqh pd| zrqghu zkdw h{dfwo| lv gulylqj wklv uhvxow1 Wkh �uvw wklqj wkdw

frphv wr plqg lv wkdw wkh uhfrjqlwlrq suredelolwlhv fohduo| d�hfw wkh htxlole0

ulxp ri wkh qrqfrrshudwlyh jdph/ dqg zh duh xvlqj wkh zhljkwv wkhpvhoyhv

dv uhfrjqlwlrq suredelolwlhv1 Zkdw zrxog eh wkh uhvxow iru rwkhu uhfrjqlwlrq

suredelolwlhvB Iru h{dpsoh/ vxssrvh zh pdnh wkh uhfrjqlwlrq suredelolwlhv

frlqflgh zlwk wkh Vkdsoh| ydoxh1 Zloo wkh h{shfwhg htxloleulxp vkduhv dovr

frlqflgh zlwk wkh Vkdsoh| ydoxhB Lq jhqhudo/ zh zloo fdoo d srzhu lqgh{ vhoi0

frq�uplqj li lw lv dq htxloleulxp ri wkh jhqhudol}hg Edurq0Ihuhmrkq jdph

lq zklfk wkh srzhu lqgh{ lwvhoi lv xvhg dv suredelolw| yhfwru1 Zh surylgh

h{dpsohv wkdw vkrz wkdw qhlwkhu wkh Vkdsoh|0Vkxeln lqgh{ qru wkh Edq}kdi

lqgh{ duh vhoi0frq�uplqj1 Wkh uhdvrq lv wkdw wkrvh ydoxhv gr qrw sulfh wkh

sod|huv lq d frpshwlwlyh zd| +vrph sod|huv duh reylrxvo| ryhusulfhg zkloh

rwkhuv duh xqghusulfhg,/ zkhuhdv wkh qxfohroxv grhv1

Dqrwkhu idfw wkdw vhhpv wr eldv wkh htxloleulxp ri wkh jdph lq idyru

ri wkh qxfohroxv lv wkdw wkh qrupdol}hg zhljkwv frlqflgh zlwk wkh qxfohr0

oxv iru wklv fodvv ri jdphv1 Krzhyhu/ lw wxuqv rxw wkdw wkh qxfohroxv lv

dozd|v vhoi0frq�uplqj/ luuhvshfwlyh ri zkhwkhu lw lv d uhsuhvhqwdwlrq ri wkh

xqghuo|lqj pdmrulw| jdph +ru lqghhg ri zkhwkhu d uhsuhvhqwdwlrq h{lvwv,/

zkloh wkh fdqrqlfdo uhsuhvhqwdwlrq ri wkh jdph qhhg qrw eh vhoi0frq�uplqj1

Wkh surri xvhv d zhdn yhuvlrq ri Nrkoehuj*v +4<:4, uhvxow rq edodqfhg fro0

ohfwlrqv ri frdolwlrqv/ uhlqwhusuhwlqj wkh edodqflqj zhljkwv dv zhljkwv lq d

pl{hg0vwudwhj| htxloleulxp1

Wkh vhoi0frq�uplqj surshuw| lv vkduhg e| doo hohphqwv lq d vxshuvhw ri

wkh qxfohroxv wkdw zh zloo uhihu wr dv wkh qxfohxv1 Zh zloo vkrz wkdw wkh

hohphqwv ri wkh qxfohxv duh wkh prvw sodxvleoh vhoi0frq�uplqj srzhu lqglfhv/

dqg wkdw wkh udqgrp sursrvhu jdph kdv d xqltxh htxloleulxp sd|r� yhfwru

li wkh surwrfro lv lq wkh qxfohxv1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 vhuyhv dv dq lqwur0

gxfwlrq wr zhljkwhg pdmrulw| jdphv dqg wkh qxfohroxv1 Vhfwlrq 6 suhvhqwv

wkh qrqfrrshudwlyh jdph1 Vhfwlrq 7 frqwdlqv wkh uhvxowv iru frqvwdqw0vxp
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krprjhqhrxv jdphv> vhfwlrq 8 lv ghyrwhg wr wkh vhoi0frq�uplqj surshuw|

ri wkh qxfohroxv1 Vhfwlrq 9 frqwdlqv vrph ixuwkhu glvfxvvlrq dqg vhfwlrq :

frqfoxghv1

5 Suholplqdulhv

514 Pdmrulw| jdphv

OhwQ @ i4> ===> qj eh wkh vhw ri sod|huv1 V � Q uhsuhvhqwv d jhqhulf frdolwlrq

ri sod|huv/ dqg y = 5? $ U zlwk y+B, @ 3 ghqrwhv wkh fkdudfwhulvwlf ixqfwlrq1

Wkh +frrshudwlyh, jdph +Q>y, lv d vlpsoh jdph l� y+V, 5 i3> 4j iru doo

V � Q / y+B, @ 3/ dqg y+Q, @ 41 Lw lv prqrwrqlf li y+V, @ 4 lpsolhv

y+W , @ 4 iru dq| W � V1 D frdolwlrq V lv fdoohg zlqqlqj l� y+V, @ 4 dqg

orvlqj l� y+V, @ 31 Lw lv fdoohg plqlpdo zlqqlqj l� y+V, @ 4 dqg y+W , @ 3

iru doo W vxfk wkdw W � V1 Zh zloo ghqrwh wkh vhw ri zlqqlqj frdolwlrqv e|

Z dqg wkh vhw ri plqlpdo zlqqlqj frdolwlrqv e| Z61 Wkh vhw ri plqlpdo

zlqqlqj frdolwlrqv frqwdlqlqj sod|hu l lv ghqrwhg e| Z6

�
1 D sod|hu l vxfk

wkdw y+V ^ l, @ y+V, iru doo V lv fdoohg d gxpp| sod|hu1

D vlpsoh jdph lv surshu l� y+V, @ 4 lpsolhv y+W , @ 3 iru doo W � QqV1

Lw lv frqvwdqw0vxp l� y+V, . y+QqV, @ 4 iru doo V � Q 1 Lw lv d zhljkwhg

pdmrulw| jdph l� wkhuh h{lvw q qrqqhjdwlyh qxpehuv +zhljkwv, z�> ===> z?

dqg d qrqqhjdwlyh qxpehu t vxfk wkdw y+V, @ 4 li dqg rqo| li
S

�M7
z� =@

z+V, � t1 Zh zloo ghqrwh d zhljkwhg pdmrulw| jdph e| +t>z�> ===> z?,1 Wkh

sdlu +t>z, lv fdoohg d uhsuhvhqwdwlrq ri wkh jdph y1 D zhljkwhg pdmrulw|

jdph kdv pdq| srvvleoh uhsuhvhqwdwlrqv/ exw qrw doo ri wkhp duh htxdoo|

frqyhqlhqw1 D uhsuhvhqwdwlrq z lv fdoohg qrupdol}hg l�
S

�M�
z� @ 4> lw lv

krprjhqhrxv l�
S

�M7
z� @ t iru doo V 5 Z61 Qrw doo zhljkwhg pdmrulw|

jdphv dgplw d krprjhqhrxv uhsuhvhqwdwlrq1 D zhljkwhg pdmrulw| jdph

dgplwwlqj d krprjhqhrxv uhsuhvhqwdwlrq lv fdoohg d krprjhqhrxv jdph1

515 Wkh qxfoh+ro,xv

Ohw +Q>y, eh d fkdudfwhulvwlf ixqfwlrq jdph dqg { @ +{�> ===> {?, eh dq

lpsxwdwlrq/ wkdw lv/ d sd|r� yhfwru zlwk {� � y+l, dqg {+Q, @ y+Q,1 Iru
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dq| frdolwlrq V wkh ydoxh h+V>{, @ y+V,� {+V, lv fdoohg wkh h{fhvv ri V dw

{1

Iru dq| lpsxwdwlrq { ohw V�> ===> V2? eh dq rughulqj ri wkh frdolwlrqv iru

zklfk h+V,> {, � h+V,n�> {, iru doo o @ 4> ===> 5? dqg ohw H+{, eh wkh yhfwru ri

h{fhvvhv gh�qhg e| H,+{, @ h+V,> {, iru doo o @ 4> ===> 5?1 Zh vd| wkdw H+{,

lv oh{lfrjudsklfdoo| ohvv wkdq H+|, li H,+{, ? H,+|, iru wkh vpdoohvw o iru

zklfk H,+{, 9@ H,+|,1 Wkh qxfohroxv lv wkh vhw ri lpsxwdwlrqv { iru zklfk

wkh yhfwru H+{, lv oh{lfrjudsklfdoo| plqlpdo1 Vfkphlgohu +4<9<, vkrzv wkdw

wkh qxfohroxv frqvlvwv ri d xqltxh lpsxwdwlrq1 Lw lv frqwdlqhg lq wkh fodvvlfdo

edujdlqlqj vhw +Gdylv dqg Pdvfkohu/ 4<9:, dqg lq wkh nhuqho +Gdylv dqg

Pdvfkohu/ 4<98,1

Wkh iroorzlqj vxshuvhw ri wkh qxfohroxv zloo sod| dq lpsruwdqw uroh lq wkh

sdshu1 Frqvlghu wkh vhw ri lpsxwdwlrqv wkdw plqlpl}h wkh pd{lpxp h{fhvv

H�+{,1 Iru surshu vlpsoh jdphv/ wklv vhw lv wkh vroxwlrq wr wkh iroorzlqj

olqhdu surjudpplqj sureohp6

plq h

v1w1 {+V, . h � 4 iru doo V 5Z

{+Q, @ 4

{� � 3 iru doo l 5 Q=

Wklv vhw lv zhoo nqrzq lq wkh olwhudwxuh exw dv idu dv L dp dzduh lw grhv

qrw kdyh d qdph1 Lw vhhpv qdwxudo wr uhihu wr wklv vhw dv wkh qxfohxv ri wkh

jdph17

Zh zloo xvh d surshuw| ri wkh qxfohxv wkdw iroorzv iurp gxdolw| wkhru|

+vhh h1j1 Ydqghuehl*v 5334 wh{werrn/ fkdswhu 8,1 Lw lv d zhdn yhuvlrq ri d

6Wklv zloo eh wkh fdvh hyhq li wkhuh lv d sod|hu � zlwk �E�� ' �1
7Wkh qxfohxv lv forvho| uhodwhg wr wkh ohdvw fruh lqwurgxfhg e| Pdvfkohu hw do1 +4<:<,/

wkh gl�huhqfh ehlqj wkdw wkh ohdvw fruh grhv qrw lqfoxgh wkh h{fhvv ri frdolwlrq � lq wkh

surjudp ru lpsrvh %� D �E�� iru doo �1 Erwk frqfhswv frlqflgh li wkh jdph lv vxshudgglwlyh

dqg kdv dq hpsw| fruh1 Li wkh jdph kdv d qrqhpsw| fruh/ wkh qxfohxv frlqflghv zlwk wkh

fruh1 Iru vlpsoh jdphv lw frlqflghv zlwk wkh vhw ri edodqfhg dvsludwlrqv ri Furvv +4<9:,

xs wr d uhvfdolqj idfwru wkdw fkdqjhv iurp jdph wr jdph1 Iru frqvwdqw0vxp krprjhqhrxv

jdphv lw frlqflghv zlwk wkh qxfohroxv1
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pxfk vwurqjhu uhvxow ri Nrkoehuj +4<:4, wkdw fkdudfwhul}hv wkh qxfohroxv1

Iru wklv zh qhhg vrph gh�qlwlrqv1

Iru hyhu| vlpsoh jdph y dqg hyhu| sd|r� yhfwru {/ ohw e�+{> y, eh wkh

vhw ri wkrvh V � Q iru zklfk pd{iy+V, � {+V, = V � Qj lv dwwdlqhg dqg

ef+{, @ iilj = {� @ 3j1

Ohw F eh d froohfwlrq ri qrqhpsw| vxevhwv ri Q 1 Zh vd| wkdw wkh fro0

ohfwlrq lv +zhdno|, edodqfhg l� wkhuh h{lvw +qrqqhjdwlyh, srvlwlyh qxpehuv

+�7,7M� vxfk wkdw/ iru hdfk l 5 Q /
S

7��
�7 @ 4=

Ohppd 4 +fi1 Nrkoehuj/ 4<:4, Ohw y eh d vlpsoh jdph1 Dq lpsxwdwlrq {

lv lq wkh qxfohxv ri y li dqg rqo| li ef+{, ^ e�+{> y, lv zhdno| edodqfhg1

Surri1 Wkh gxdo ri wkh olqhdu surjudp deryh +diwhu qrwlflqj wkdw zh

fdq uhsodfh {+Q, @ 4 e| �{+Q, � �4 zlwkrxw fkdqjlqj wkh vroxwlrq, lv

pd{
[

7M`

�7 � �

[

7��

�7 � � � 3

[

7M`

�7 � 4 � 3

�7 � 3 iru doo V 5Z/ � � 3

zkhuh �7 lv wkh gxdo yduldeoh dvvrfldwhg wr wkh frqvwudlqw {+V, . h � 4

dqg � wr �{+Q, � �41 Frpsohphqwdu| vodfnqhvv lpsolhv wkdw/ iru dq|

frdolwlrq zlwk �7 A 3/ zh kdyh {+V,.h @ 4/ wkdw lv/ V 5 e�+{> y,1 Pruhryhu/
S

7��
�7 @ � iru doo l zlwk {� A 31 Li wkh fruh lv hpsw| zh kdyh h A 3 dqg

wkxv
S

7M`
�7 @ 41 Lw lv wkhq fohdu wkdw � A 3 dqg zh fdq gh�qh ��7 @ b7

>
1

Wkhq
S

7�� �
�

7 @ 4 iru doo l zlwk {� A 3 dqg
S

7�� �
�

7 � 4 iru doo l zlwk

{� @ 3/ dqg wkh uhvxow iroorzv1 Li wkh fruh lv qrqhpsw| zh kdyh h @ 3 dv wkh

vroxwlrq ri wkh sulpdo/ �� @ � @ 4 dv d vroxwlrq ri wkh gxdo dqg wkh uhvxow

iroorzv dv zhoo1

Frqyhuvho|/ li zh kdyh dq lpsxwdwlrq { vxfk wkdw ef+{,^e�+{> y, lv zhdno|

edodqfhg zlwk edodqflqj zhljkwv
�
��7
�
7MKfE%��K�E%c��

/ zh fdq xvh wklv lqirupd0

wlrq wr frqvwuxfw ihdvleoh vroxwlrqv wr wkh sulpdo dqg wr wkh gxdo vdwlvi|lqj
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frpsohphqwdu| vodfnqhvv1 Iru wkh sulpdo/ vlpso| frpsxwh wkh pd{lpxp

h{fhvv h dvvrfldwhg wr {1 Iru wkh gxdo/ li Q 5 e�+{> y, wkhq { lv lq wkh fruh

dqg wkxv lq wkh qxfohxv1 Rwkhuzlvh e�+{> y, rqo| frqwdlqv zlqqlqj frdol0

wlrqv1 Gh�qh �7 =@
b
�

7S
7M`

b
�

7

li V 5 e�+{> y,/ �7 @ 3 li V 5Zqe�+{> y,/ dqg

� =@
S

7��
�7 iru vrph l zlwk {� A 31 Rqh fdq fkhfn wkdw +{> h, lv ihdvl0

eoh iru wkh sulpdo/ ++�7,7M`> �, lv ihdvleoh iru wkh gxdo dqg frpsohphqwdu|

vodfnqhvv krogv1 E| wkh frpsohphqwdu| vodfnqhvv wkhruhp +fi1 Wkhruhp 816

lq Ydqghuehl +5334,, zh kdyh dq rswlpdo vroxwlrq1

Wkh gxdo yduldeohv +�7,7M` fdq eh lqwhusuhwhg dv wkh suredelolwlhv ri

frdolwlrq V iruplqj +fi1 Doehuv 4<:< s1 8,1 Wkhq hdfk sod|hu zlwk {� A 3

zloo eh lq wkh �qdo frdolwlrq zlwk wkh vdph suredelolw|/ � @ 4 � h/ dqg d

sod|hu zlwk {� @ 3 dsshduv lq wkh �qdo frdolwlrq qr pruh riwhq wkdq rqh

zlwk {� A 31 Qrwlfh krzhyhu wkdw wkh frdolwlrq irupdwlrq surfhvv lv ohiw

xqvshfl�hg1 Zh zloo rewdlq wkh vdph uhvxow lq d vwudwhjlf prgho ri frdolwlrq

irupdwlrq lq zklfk sod|huv zloo eh iuhh wr sursrvh dq| frdolwlrq zlwk dq|

sd|r� glylvlrq1

6 Wkh qrqfrrshudwlyh jdph

614 Ghvfulswlrq ri wkh jdph

Ohw +Q> y, eh d surshu vlpsoh jdph1 Zh lqwhusuhw wklv jdph dv d wudqvihudeoh

sd|r� jdph zkhuh q ulvn0qhxwudo sod|huv ghflgh e| pdmrulw| uxoh rq wkh

glylvlrq ri d +shuihfwo| glylvleoh, exgjhw1

Jlyhq wkh xqghuo|lqj frrshudwlyh jdph/ edujdlqlqj surfhhgv dv iroorzv=

Dw hyhu| urxqg w @ 4> 5> === Qdwxuh vhohfwv d sod|hu udqgrpo| wr eh wkh sur0

srvhu1 Wklv sod|hu sursrvhv d frdolwlrq V � Q wr zklfk kh ehorqjv dqg d

ihdvleoh glylvlrq ri y+V,/ ghqrwhg e| {7 @ +{7
�
,�M7 1 Jlyhq d sursrvdo/ wkh

uhvw ri sod|huv lq V +fdoohg uhvsrqghuv, dffhsw ru uhmhfw vhtxhqwldoo| +wkh

rughu grhv qrw d�hfw wkh uhvxowv,1 Li doo sod|huv lq V dffhsw/ wkh sursrvdo

lv lpsohphqwhg dqg wkh jdph hqgv1 Li dw ohdvw rqh sod|hu uhmhfwv/ wkh jdph

surfhhgv wr wkh qh{w shulrg lq zklfk qdwxuh vhohfwv d qhz sursrvhu +dozd|v

zlwk wkh vdph suredelolw| glvwulexwlrq,1 Sod|huv duh ulvn0qhxwudo dqg vkduh d

:



glvfrxqw idfwru8 3 ? � ? 4= Wkxv/ li d sursrvdo {7 lv dffhswhg e| doo sod|huv

lq V dw wlph w/ hdfk sod|hu lq V uhfhlyhv d sd|r� �|3�{7
�
1 D sod|hu qrw lq

V uhpdlqv d vlqjohwrq dqg uhfhlyhv }hur1 Li qr sursrvdo lv hyhu dffhswhg/ doo

sod|huv uhfhlyh 31

Zh zloo fdoo wkh suredelolw| glvwulexwlrq Qdwxuh xvhv wr vhohfw sursrvhuv d

surwrfro1 Zh zloo ghqrwh wkh surwrfro e| � @ +��,�M� 1 Wzr qdwxudo surwrfrov

duh wkh hjdolwduldq surwrfro/ �� @
�

?
iru doo l lq Q / dqg +li zhljkwv duh dvvljqhg

wr wkh sod|huv, wkh sursruwlrqdo surwrfro/ �� @
��

�E�� iru doo l lq Q 1

D sxuh vwudwhj| iru sod|hu l lv d vhtxhqfh �� @ +�|
�
,"|'�/ zkhuh �

|
�
/ wkh wwk

urxqg vwudwhj| ri sod|hu l/ suhvfulehv

41 D sursrvdo +V>{7,=

51 D uhvsrqvh ixqfwlrq dvvljqlqj �|hv� ru �qr� wr doo srvvleoh sursrvdov

ri wkh rwkhu sod|huv1

Sod|huv duh iuhh wr frqglwlrq wkhlu dfwlrqv rq wkh klvwru| ri wkh jdph xs

wr wlph w> krzhyhu zh zloo vwxg| htxloleuld lq zklfk wkh| fkrrvh qrw wr gr

vr1 Wkh vroxwlrq frqfhsw lv vwdwlrqdu| vxejdph shuihfw htxloleulxp +VVSH,1

Vwdwlrqdulw| uhtxluhv wkdw sod|huv iroorz wkh vdph vwudwhj| dw hyhu| urxqg

w= wkh suredelolw| wkdw wkh sursrvhu pdnhv sursrvdo +V>{7, lv wkh vdph iru

doo w uhjdugohvv ri klvwru|/ dqg wkh uhvsrqvh ixqfwlrq ghshqgv rqo| rq wkh

fxuuhqw sursrvdo dqg qrw rq zkdw kdsshqhg lq suhylrxv urxqgv1

Zh ghqrwh wkh qrqfrrshudwlyh jdph ghvfulehg deryh e| J+y> �> �,=

Jlyhq d VVSH �W zh zloo ghqrwh wkh dvvrfldwhg h{shfwhg sd|r� iru

sod|hu l +frpsxwhg dw wkh ehjlqqlqj ri wkh jdph/ ehiruh Qdwxuh fkrrvhv wkh

sursrvhu, e| |�+�
W, 0 zh zloo gurs �W wr vlpsoli| qrwdwlrq 01 Wkh h{shfwhg

sd|r� jlyhq wkdw d sursrvdo lv uhmhfwhg lv fdoohg wkh frqwlqxdwlrq ydoxh1 Frq0

wlqxdwlrq ydoxhv sod| d yhu| lpsruwdqw uroh lq dq| VVSH= ehfdxvh lqfuhgleoh

wkuhdwv duh uxohg rxw e| vxejdph shuihfwlrq/ d uhvsrqghu pxvw dffhsw dq|

sd|r� vwulfwo| kljkhu wkdq wkhlu frqwlqxdwlrq ydoxh1 Pruhryhu/ zkhq wkh

htxloleulxp lv vwdwlrqdu| wkh frqwlqxdwlrq ydoxh lv wkh vdph dw doo urxqgv iru

jlyhq �W= diwhu d sursrvdo lv uhmhfwhg d shulrg hodsvhv dqg wkh sod|huv gr wkh

8
Li B ' �/ wkh vhoi0frq�uplqj surshuw| lq sursrvlwlrq : vwloo krogv/ exw ghod| lv qrw

frpsohwho| uxohg rxw lq htxloleulxp dqg wkhuh pd| eh htxloleuld zlwk d gl�huhqw h{shfwhg

sd|r� yhfwru1

;



vdph wkh| zrxog gr dw wlph 4 doo ryhu djdlq/ wkxv sod|hu l*v frqwlqxdwlrq

ydoxh lv vlpso| �|�1

Zh zloo ghqrwh wkh suredelolw| wkdw sod|hu l sursrvhv frdolwlrq V +frq0

glwlrqdo rq l ehlqj wkh sursrvhu, e| ��

7 dqg wkh suredelolw| wkdw l uhfhlyhv

d sursrvdo e| u�1 Wkxv/ u� @
S

�M�.t��

S
7*t�c�� ���

�
7 1 Olnh |�/ �

�
7 dqg u�

ghshqg rq �W1

615 Lpphgldwh djuhhphqw surshuw| ri vwdwlrqdu| vxejdph

shuihfw htxloleuld

Wkh �uvw wklqj wr qrwlfh lv wkdw qr ghod| rffxuv lq d VVSH surylghg � ? 41

Wklv lv vkrzq e| Rndgd +4<<9, iru � @ + �
?
,�M� dqg vxshudgglwlyh jdphv> d

gluhfw h{whqvlrq iru d jhqhudo � fdq eh irxqg lq Prqwhur +5335,1 Rndgd*v

surri dovr dssolhv wr surshu vlpsoh jdphv +qrw qhfhvvdulo| vxshudgglwlyh,/

dv wkh iroorzlqj ohppd vkrzv1

Ohppd 5 Ohw +Q>y, eh d surshu vlpsoh jdph1 Li �W lv dq VVSH ri J+y> �> �,

zlwk � ? 4 dqg +|�,�M� wkh dvvrfldwhg htxloleulxp h{shfwhg sd|r�v/ wkhq �W

lv vxfk wkdw hyhu| sod|hu l rqo| sursrvhv frdolwlrqv wkdw vroyh wkh iroorzlqj

pd{lpl}dwlrq sureohp

pd{
7G7��

y+V,�
[

�M7.t��

�|� +4,

dqg doo sursrvdov duh dffhswhg1

Surri1 Vxejdph shuihfwlrq lpsolhv wkdw d sursrvdo wkdw jlyhv �|� . �

wr hdfk uhvsrqghu m pxvw eh dffhswhg1 Frqvlghu wkh vlwxdwlrq ri sod|hu l

dv d sursrvhu1 Li kh pdnhv dq xqdffhswdeoh sursrvdo/ kh zloo uhfhlyh �|�1

Rq wkh rwkhu kdqg/ vlqfh wkh jdph lv vlpsoh zh kdyh 4 @ y+Q, �
S

�M� |� 1

Wkxv/ y+Q, A �
S

�M� |� 1 Wklv phdqv wkdw sod|hu l fdq jhw pruh wkdq �|� e|

pdnlqj dq dffhswdeoh sursrvdo/ wkhuhiruh doo sursrvdov pdgh lq htxloleulxp

pxvw eh dffhswhg1

Ohw V eh d frdolwlrq zlwk ��7 A 31 Lw pxvw eh wkh fdvh wkdw sod|hu l r�huv

hyhu| uhvsrqghu m h{dfwo| �|� +rwkhuzlvh sod|hu l frxog uhgxfh wkh sd|r�

r�huhg wr m dqg zh zrxog qrw kdyh dq htxloleulxp,1 Pruhryhu/ V pxvw eh d

<



vroxwlrq wr +4,> rwkhuzlvh sod|hu l zrxog suhihu wr sursrvh dqrwkhu frdolwlrq1

Wkh dujxphqwv lq wkh surri ri wkh ohppd ohdg wr wkh iroorzlqj fruroodu|1

Fruroodu| 6 Ohw +Q>y, eh d surshu vlpsoh jdph1 Li �W lv dq VVSH ri

J+y> �> �, zlwk � ? 4 dqg +|�,�M� wkh dvvrfldwhg htxloleulxp h{shfwhg sd|r�v/

wkhq �W kdv wkh iroorzlqj surshuwlhv=

4, Wkhuh lv dq dgydqwdjh wr ehlqj wkh sursrvhu=

pd{7G7�� y+V,�
S

�M7.t�� �|� A �|� iru doo l 5 Q 1

5, |� � 3 iru doo l/ dqg |� A 3 rqo| li �� A 31

6, ��7 A 3 lpsolhv V 5Z iru doo l 5 Q 1

Surri1 4, Ehfdxvh �|� lv erwk wkh sd|r� iurp pdnlqj xqdffhswdeoh sur0

srvdov dqg iurp ehlqj d uhvsrqghu/ vd|lqj wkdw pdnlqj dffhswdeoh sursrvdov

lv rswlpdo lpsolhv dq dgydqwdjh ri ehlqj d sursrvhu frpsduhg wr ehlqj d

uhvsrqghu1

5, Hyhu| sod|hu fdq jxdudqwhh klpvhoi d }hur sd|r� e| uhixvlqj wr hqwhu d

frdolwlrq1 Li �� A 3/ sod|hu l fdq dozd|v pdnh d srvlwlyh sd|r� dv d sursrvhu

+iru h{dpsoh/ e| sursrvlqj wkh judqg frdolwlrq,/ wkxv |� A 31 Rq wkh rwkhu

kdqg/ �� @ 3 lpsolhv |� @ u��|�/ dq htxdwlrq wkdw fdq rqo| krog iru |� @ 3

jlyhq wkdw � ? 4 dqg u� � 41

6, Ehfdxvh sursrvlqj d orvlqj frdolwlrq zrxog jlyh l dw prvw 3/ dv rssrvhg

wr wkh vwulfwo| srvlwlyh sd|r� ri sursrvlqj Q 1

616 Wkh uroh ri frdolwlrqv zlwk pd{lpxp h{fhvv

Wkh frqfhsw ri h{fhvv sod|v d ixqgdphqwdo uroh lq dq| VVSH ri wkh jdph zlwk

udqgrp sursrvhuv uhjdugohvv ri wkh h{shfwhg htxloleulxp sd|r�v1 Ehfdxvh

wkh sursrvhu zloo nhhs wkh h{fhvv ri dq| frdolwlrq wkdw lv iruphg/ kh zloo irup

d frdolwlrq zlwk pd{lpxp h{fhvv dprqj wkh rqhv wr zklfk kh ehorqjv1

Ohppd 7 Ohw +Q>y, eh d surshu vlpsoh jdph dqg �W dq VVSH ri wkh jdph

J+y> �> �,1 Li ��

7 A 3 wkhq V lv d vroxwlrq wr wkh sureohp pd{7��y+V,� |+V,1
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Surri1 Wkh pd{lpl}dwlrq sureohp lq +4, fdq eh zulwwhq dv

pd{
7��

y+V, . �|� �
[

�M7

�|�1

Ehfdxvh rqo| zlqqlqj frdolwlrqv duh sursrvhg lq htxloleulxp/ y+V,. �|� lv d

frqvwdqw1 Wkhq wkh sureohp lv htxlydohqw wr plq7��
S

�M7 �|� / zklfk vlqfh

� A 3 lv htxlydohqw wr plq7��
S

�M7 |�/ zklfk lv htxlydohqw wr pd{lpl}lqj

4�
S

�M7 |�/ wkh h{fhvv ri frdolwlrq V1

Qrwh wkdw wklv grhv qrw lpso| wkdw rqo| frdolwlrqv lq e�+|> y, fdq irup lq

htxloleulxp ehfdxvh d sod|hu pd| qrw eh frqwdlqhg lq dq| ri wkh frdolwlrqv

lq e�+|> y,1

7 Sursruwlrqdo Sd|r�v lq Frqvwdqw0Vxp Krprjh0

qhrxv Jdphv

Shohj +4<9;, vkrzv wkdw d frqvwdqw0vxp krprjhqhrxv jdph zlwkrxw gxp0

plhv kdv d xqltxh qrupdol}hg krprjhqhrxv uhsuhvhqwdwlrq/ frlqflglqj zlwk

wkh qxfohroxv1 Lw wxuqv rxw wkdw wkh sursruwlrqdo sd|r�v +l1h1 wkh qxfoh0

roxv, fdq eh rewdlqhg dv dq htxloleulxp ri wkh jdph zlwk d sursruwlrqdo

surwrfro1 Wklv uhvxow lv d sduwlfxodu fdvh ri sursrvlwlrq :/ exw L eholhyh lw lv

ri lqghshqghqw lqwhuhvw ehfdxvh wkh sursruwlrqdo surwrfro lv d qdwxudo rqh

wr xvh lqghshqghqwo| ri zkhwkhu lw frlqflghv zlwk dq| vroxwlrq frqfhsw dqg

frqvwdqw0vxp krprjhqhrxv jdphv duh wkh prvw srsxodu fodvv ri pdmrulw|

jdphv1

Sursrvlwlrq 8 Ohw +t>z, eh wkh qrupdol}hg krprjhqhrxv uhsuhvhqwdwlrq ri

d frqvwdqw0vxp krprjhqhrxv jdph zlwkrxw gxpplhv1 Ohw �� @ z�1 Iru dq|

3 � � � 4 wkhuh lv dq htxloleulxp �W ri wkh jdph J+y> �> �, vxfk wkdw |� @ z�

iru doo l lq Q 1

Surri1 +vnhwfk, Wkh vhwZ6 lv edodqfhg/ l1h1/ zh fdq �qg d froohfwlrq

ri qrqqhjdwlyh qxpehuv +�7,7M`6 vxfk wkdw
S

7�� �7 @ 41 Ohw hdfk sod|hu

sursrvh hdfk plqlpdo zlqqlqj frdolwlrq V 6 l zlwk suredelolw| �7 dqg r�hu

hdfk uhvsrqghu �z� 1 Wklv lv d VVSH wkdw lqgxfhv z dv d sd|r� yhfwru1
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Lw lv hdv| wr vhh wkdw rwkhu srzhu lqglfhv fdqqrw lq jhqhudo eh rewdlqhg

dv dq htxloleulxp ri wkh jdph zlwk wkh sursruwlrqdo surwrfro1 Frqvlghu

wkh dsh{ jdph zlwk irxu sod|huv +6> 5444,1 Prqwhur +5335, vkrzv wkdw wkh

xqltxh htxloleulxp sd|r�v ri wkh jdph zlwk wkh sursruwlrqdo surwrfro duh

+2
D
> �
D
> �
D
> �
D
,/ wkh qxfohroxv ri wkh jdph1 Lqvwhdg/ wkh Vkdsoh|0Vkxeln +4<87,

lqgh{ 0zklfk lv vlpso| wkh Vkdsoh| ydoxh0 dqg wkh qrupdol}hg +vr wkdw wkh

frpsrqhqwv dgg xs wr 4, Edq}kdi +4<98, lqgh{ duh erwk +�
2
> �
S
> �
S
> �
S
,/ wkh

Ghhjdq0Sdfnho +4<:;, lqgh{ lv +�
H
> D

2e
> D

2e
> D

2e
, dqg wkh Mrkqvwrq +4<:;, lqgh{

lv + b

�e
> D

e2
> D

e2
> D

e2
,1

8 Wkh qxfohroxv dv d vhoi0frq�uplqj srzhu lqgh{

Lw lv zhoo nqrzq lq udqgrp sursrvhu jdphv wkdw wkh surwrfro � d�hfwv wkh

h{shfwhg sd|r�v ri wkh sod|huv91 Zh kdyh dujxhg wkdw d qdwxudo fkrlfh iru �

lq pdmrulw| jdphv lv wr vhohfw hdfk sod|hu zlwk d suredelolw| sursruwlrqdo wr

klv zhljkw1 Krzhyhu/ li wkh xqghuo|lqj jdph lv qrw d zhljkwhg pdmrulw| jdph

wkhuh lv qr qdwxudo fkrlfh iru wkh surwrfro1 Wkh surwrfro pd| eh lqwhusuhwhg

dv d phdvxuh ri wkh srzhu wkh edujdlqlqj surfhgxuh dvvljqv wr hdfk sod|hu1

Wklv srzhu lv h{rjhqrxv +dq lqsxw ri wkh jdph, dqg qrw qhfhvvdulo| uhodwhg

wr wkh fkdudfwhulvwlf ixqfwlrq1 Rq wkh rwkhu kdqg/ wkh h{shfwhg sd|r�v lq

wkh jdph fdq dovr eh lqwhusuhwhg dv d phdvxuh ri wkh srzhu ri wkh sod|huv

+wklv lv zkdw Ihovhqwkdo dqg Pdfkryhu +4<<;, fdoo S0srzhu,1 Wklv srzhu

lv hqgrjhqrxv dqg lq jhqhudo zloo ghshqg rq wkh fkdudfwhulvwlf ixqfwlrq dv

zhoo dv wkh edujdlqlqj surfhgxuh1 Lw zrxog vhhp wr eh d jrrg lghd wr pdnh

h{rjhqrxv dqg hqgrjhqrxv srzhu frlqflgh= li zh xvh wkh Vkdsoh|0Vkxeln

lqgh{ lq wkh surwrfro exw rewdlq wkh qxfohroxv dv h{shfwhg sd|r� yhfwru/

wkhq lw zrxog vhhp wkdw wkh Vkdsoh|0Vkxeln lqgh{ zdv qrw d jrrg phdvxuh

ri wkh sod|huv* edujdlqlqj srzhu lq wkh qrqfrrshudwlyh jdph1

Zh zloo fdoo d srzhu lqgh{ vhoi0frq�uplqj +lq wkh Edurq0Ihuhmrkq jdph,

l� lw lv dq htxloleulxp ri wkh jdph wkdw xvhv wkh lqgh{ lwvhoi dv surwrfro= li

zh dvvxph wkdw wkh srzhu glvwulexwlrq lq wkh jdph fruuhvsrqgv wr �/ wkhuh

9
Pdq| sdshuv pdnh uhihuhqfh wr wklv txhvwlrq/ lqfoxglqj Prqwhur +4<<</ 5335,/ \dq

+5335,/ Jrphv +5334, dqg Hudvodq +5335,1
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lv dq htxloleulxp ri wkh jdph wkdw frq�upv wklv lghd1

Gh�qlwlrq 9 Ohw +Q>y, eh d surshu vlpsoh jdph/ � 5 U?n eh d surwrfro dqg

� 5 ^3> 4`1 Zh vd| wkdw � lv vhoi0frq�uplqj jlyhq y dqg � l� wkh jdph

J+y> �> �, kdv dq htxloleulxp �W vxfk wkdw |+�W, @ �1

Lw lv hdv| wr vkrz wkdw dq| hohphqw ri wkh fruh lv vhoi0frq�uplqj/ dqg

wklv kdsshqv hyhq eh|rqg vlpsoh jdphv +dvvxplqj wkh jdph lv qrupdol}hg

vr wkdw y+Q, @ 4/ fi1 \dq +5335,,1 Wklv surshuw| lv qrw yhu| uhohydqw

iru surshu vlpsoh jdphv ehfdxvh wkh fruh lv hpsw| lq wkh devhqfh ri yhwr

sod|huv1 Wkhuh duh dovr vrph wulyldo fdvhv ri vhoi0frq�uplqj sd|r� yhfwruv=

doo sd|r� yhfwruv vxfk wkdw {� @ 4 iru vrph l dqg {� @ 3 iru m 9@ l/ dqg ri

frxuvh dq| sd|r� yhfwru zlwk {� � 3 dqg
S

�M� {� @ 4 lq wkh yhu| h{wuhph

fdvh ri � @ 31

Zh qrz vkrz wkdw wkh qxfohroxv lv vhoi0frq�uplqj iru surshu vlpsoh

jdphv uhjdugohvv ri wkh glvfrxqw idfwru1 Vlqfh wkh surshuw| krogv iru dq|

srlqw lq wkh qxfohxv zh vwdwh wkh uhvxow lq lwv pruh jhqhudo irup1

Sursrvlwlrq : Ohw +Q>y, eh d surshu vlpsoh jdph/ dqg � 5 U? d srlqw lq

wkh qxfohxv ri y1 Wkhq wkh jdph J+y> �> �, kdv dq VVSH �W zlwk |+�W, @ �

iru dq| � 5 ^3> 4`1

Surri1 Zh zloo frqvwuxfw dq htxloleulxp �W zlwk wkh ghvluhg surshuw|1

Wkhuh duh wzr frqglwlrqv �W pxvw vdwlvi|= �uvw/ � vkrxog eh wkh h{shfwhg

sd|r� yhfwru fruuhvsrqglqj wr �W> vhfrqg/ �W pxvw suhvfuleh dq rswlpdo

ehkdylru iru wkh sod|huv +erwk dv sursrvhuv dqg dv uhvsrqghuv, jlyhq wkh

yhfwru �1

41 Frqvlghu wkh iroorzlqj vwudwhj| frpelqdwlrq �W=

+d, Hdfk sod|hu dffhswv dq| sursrvdo wkdw jlyhv klp dw ohdvw ��
�
+lq

sduwlfxodu/ li �� @ 3 sod|hu l dffhswv dq| qrqqhjdwlyh sd|r�,1

+e, Li d sod|hu lv vhohfwhg wr eh wkh sursrvhu/ kh sursrvhv rqo| frdol0

wlrqv ri pd{lpxp h{fhvv +wkdw lv/ frdolwlrqv lq e�+�> y,, dqg ri0

ihuv hdfk uhvsrqghu ���
1 Ohppd 4 lpsolhv wkdw hdfk srvvleoh
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sursrvhu l +hdfk sod|hu zlwk �
� A 3, ehorqjv wr dw ohdvw rqh frdol0

wlrq lq e�+�> y,1 Ixuwkhupruh/ vlqfh wkh vhw e�+�> y, ^ ef+�, lv

zhdno| edodqfhg/ wkhuh h{lvwv d froohfwlrq ri edodqflqj zhljkwv

+�7,7MKfE>��K�E>c��1 Ohw l eh d sod|hu vxfk wkdw �� A 31 Zh vhw

��
7 @ �7 iru V 5 e�+�> y,/ V 6 l dqg ��

7 @ 3 rwkhuzlvh1 Wkh edo0

dqfhgqhvv uhvxow lpsolhv wkdw
S

7MK�E>c��c7��
�7 @ 4/ wkxv sod|hu

l*v vwudwhj| lv ixoo| vshfl�hg1 Li �� @ 3/ sod|hu l fdqqrw eh vhohfwhg

wr eh wkh sursrvhu/ vr zh gr qrw qhhg wr vshfli| zkdw zrxog kh

gr li kh zhuh vhohfwhg1

51 Zh zloo qrz fkhfn wkdw h{shfwhg sd|r�v jlyhq wkdw sod|huv iroorz

vwudwhj| frpelqdwlrq �W dfwxdoo| frlqflgh zlwk �1 Li � @ 3 ru �� @ 3

wklv lv fohduo| wkh fdvh1 Rwkhuzlvh h{shfwhg sd|r�v duh jlyhq e| wkh

iroorzlqj htxdwlrq

|� @ ��^4� �
[

�M7.t��

�� ` . u����=

zkhuh V lv dq duelwudu| frdolwlrq zlwk V 5 e�+�> y,/ l 5 V/ dqg u� lv

ghwhuplqhg e| �W=: Li pruhryhu zh dvvxph � @ �/ wkh sd|r� yhfwru

fruuhvsrqglqj wr �W lv ixoo| ghwhuplqhg1 Vxevwlwxwlqj � @ � zh rewdlq

|� @ ��^4� �
[

�M7.t��

�� ` . u����=

Zh zdqw wr suryh wkdw |� @ ��1 Wklv zloo eh wkh fdvh li
S

�M7.t��

�� =@

�� �� @ u�1

Zh nqrz u� @
S

7MK�E>c��c7��

S

�M7.t��

���
�
7 @

S

7MK�E>c��c7��

�7
S

�M7.t��

�� @

S

7MK�E>c��c7��

�7+�� ��, @ +�� ��,
S

7MK�E>c��c7��
�7 @ �� ��1

61 Vr idu zh kdyh frqvwuxfwhg d vwudwhj| frpelqdwlrq dqg suryhg wkdw li

wkh sod|huv iroorz lw h{shfwhg sd|r�v zloo frlqflgh zlwk �1 Lw uhpdlqv

: Lq zulwlqj � 3 B
S

�M7.t�� >� zh duh wdnlqj lqwr dffrxqw wkdw rqo| zlqqlqj frdolwlrqv

duh sursrvhg jlyhq jW1 D orvlqj frdolwlrq fdq rqo| eh lq K�E>c �� li lwv phpehuv duh jhwwlqj

f lq wrwdo +dqg wkxv f hdfk,/ exw sod|huv zlwk >� ' f duh qhyhu vhohfwhg wr eh sursrvhuv1
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wr suryh wkdw �W lv dq htxloleulxp1 Iluvw/ ��� lv sod|hu m*v frqwlqxdwlrq

ydoxh jlyhq wkdw wkh sod|huv iroorz �W/ vr uhvsrqghuv duh dfwlqj rswl0

pdoo| zkhq wkh| dffhsw dq| r�huv wkdw jlyh wkhq dw ohdvw ��� 1 Vhfrqg/

frdolwlrqv zlwk pd{lpxp h{fhvv fruuhvsrqg wr frdolwlrqv wkdw vroyh wkh

pd{lpl}dwlrq sureohp lq +4,/ dqg sursrvlqj dq| frdolwlrq lq e�+�> y,

lv fohduo| dw ohdvw dv jrrg dv pdnlqj xqdffhswdeoh sursrvdov1

Wkh vwudwhj| frpelqdwlrq �W zh kdyh frqvwuxfwhg kdv vrph qlfh surs0

huwlhv li zh uhvwulfw rxuvhoyhv wr wkh sod|huv zlwk �� A 3 +doo sod|huv iru wkh

jdphv lq sursrvlwlrq :,1 Iluvw/ wkh| vkrz uhflsurflw| = wkh suredelolw| wkdw l

sursrvhv wr m frqglwlrqdo rq l ehlqj wkh sursrvhu lv wkh vdph dv wkh suredelo0

lw| wkdw m sursrvhv wr l frqglwlrqdo rq m ehlqj wkh sursrvhu> vhfrqg/ wkh| duh

qrq0glvfulplqdwru| lq wkh vhqvh wkdw wkh suredelolw| ri hqwhulqj d frdolwlrq

lv wkh vdph iru doo sod|huv dqg htxdo wr zkdw zh kdyh fdoohg �1 Lw lv hdv| wr

vhh iurp wkh surri wkdw wkh vhfrqg surshuw| pxvw krog lq dq| htxloleulxp �

zlwk h{shfwhg sd|r�v htxdo wr �1 Zh kdyh wkxv surylghg dq h{solflw prgho

wkdw mxvwl�hv wkh lqwhusuhwdwlrq ri wkh gxdo yduldeohv lq ohppd 41

Wkh htxloleulxp ghvfulehg lq sursrvlwlrq : lv xqltxh lq whupv ri h{shfwhg

sd|r�v li � ? 4= P| frqmhfwxuh lv wkdw wkh uhvxow krogv iru doo surshu vlpsoh

jdphv/ exw wkh surri fryhuv rqo| jdphv zlwk � � �

2
1 Wklv fodvv lqfoxghv doo

surshu zhljkwhg pdmrulw| jdphv1

Sursrvlwlrq ; Ohw +Q>y, eh d vlpsoh jdph zlwk � � �

2
dqg � 5 U

? dq

hohphqw ri wkh qxfohxv ri y1 Wkhq dq| VVSH �W ri wkh jdph J+y> �> �, kdv

|+�W, @ � iru dq| � ? 41

Surri1 Vhh dsshqgl{1

Wkh suredelolw| ri hdfk frdolwlrq iruplqj lq htxloleulxp lv qrw ghwhu0

plqhg lq jhqhudo/ hyhq li zh uhvwulfw wkh vwudwhjlhv wr wuhdw v|pphwulf sod|huv

htxdoo| dqg wr vkrz uhflsurflw| +�7
� @ �7

� iru dq| l/ m 5 V,1 Dq h{dpsoh

ri lqghwhuplqdf| zrxog eh d frqvwdqw0vxp krprjhqhrxv jdph zlwk pruh

w|shv ri plqlpdo zlqqlqj frdolwlrqv wkdq ri sod|huv/ olnh +8> 5> 5> 4> 4> 4> 4> 4,1

Lw lv hdv| wr vhh wkdw qhlwkhu wkh Vkdsoh| ydoxh qru wkh qrupdol}hg

Edq}kdi lqgh{ duh vhoi0frq�uplqj1 Frqvlghu wkh fdvh ri dsh{ jdphv zlwk
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irxu sod|huv1 Erwk wkh Vkdsoh| ydoxh ri wkh jdph dqg wkh qrupdol}hg

Edq}kdi lqgh{ duh +�
2
> �
S
> �
S
> �
S
,1 Li wkhuh lv dq htxloleulxp zlwk h{shfwhg

sd|r�v +�
2
> �
S
> �
S
> �
S
,/ doo wkh plqru sod|huv pxvw sursrvh wkh plqru sod|hu

frdolwlrq1 Vxssrvh � @ +�
2
> �
S
> �
S
> �
S
,1 Wkhq wkh h{shfwhg htxloleulxp sd|r�

iru wkh dsh{ sod|hu htxdov �

2
^4� B

S
` 9@ �

2
1 Vrphwklqj dqdorjrxv kdsshqv zlwk

wkh Mrkqvwrq dqg Ghhjdq0Sdfnho lqglfhv= wkh fruuhvsrqglqj sd|r� yhfwruv

zrxog lqgxfh sursrvlqj ehkdylru zklfk lv qrw frqvlvwhqw zlwk wkrvh sd|r�

yhfwruv1

9 Glvfxvvlrq

914 Wkh qxfohroxv yhuvxv rwkhu srzhu lqglfhv

D surshuw| ri wkh Vkdsoh| ydoxh dqg rwkhu srzhu lqglfhv wkdw pdnhv wkhp

xqolnho| wr frlqflgh zlwk h{shfwhg htxloleulxp sd|r�v lq wkh Edurq0Ihuhmrkq

prgho lv wkdw wkh| xvxdoo| lqgxfh vwulfw suhihuhqfhv iru wkh sod|huv ryhu wkh

plqlpdo zlqqlqj frdolwlrqv wkh| fdq sursrvh1 Wkh vdph fdq eh vdlg derxw

wkh nhuqho +Gdylv dqg Pdvfkohu/ 4<98,;1 Lqvwhdg/ wkh qxfohroxv pdnhv wkh

sod|huv lqgl�huhqw ehwzhhq vhyhudo frdolwlrqv dqg surylghv xv zlwk pruh gh0

juhhv ri iuhhgrp zkhq frqvwuxfwlqj htxloleulxp vwudwhjlhv/ hyhq li wkh surwr0

fro grhv qrw frlqflgh zlwk wkh qxfohroxv/ dv wkh iroorzlqj h{dpsoh looxvwudwhv1

H{dpsoh < Frqvlghu wkh dsh{ jdph +6> 5> 4> 4> 4, dqg d surwrfro wkdw vhohfwv

wkh dsh{ sod|hu zlwk suredelolw| �� dqg hdfk plqru sod|hu zlwk suredelolw|
�3w�

�
1 Li � @ 4/ wkh qxfohroxv fdq eh rewdlqhg iru dq| �� �

�

2
> wkh Vkdsoh|

ydoxh lv rqo| rewdlqhg iru �� @ �

D
1

Wklv lv ehfdxvh zkhq h{shfwhg sd|r�v frlqflgh zlwk wkh qxfohroxv hdfk

plqru sod|hu lv lqgl�huhqw ehwzhhq sursrvlqj wr wkh dsh{ sod|hu dqg sursrv0

lqj wr wkh rwkhu wzr plqru sod|huv= lq erwk fdvhv wkh sursrvhu sd|v d wrwdo

ri 2

D
1 Zh fdq frqvwuxfw dq htxloleulxp lq zklfk wkh dsh{ sod|hu sursrvhv

wr hdfk plqru sod|hu zlwk suredelolw| �

�
/ dqg hdfk plqru sod|hu sursrvhv wr

;Frqvlghu wkh jdph ES( e22����1 Wkh sd|r� yhfwru E �e
�e

c

.

�e
c

.

�e
c

2

�e
c

2

�e
c

2

�e
� lv lq wkh nhuqho

exw lv qrw vhoi0frq�uplqj1
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wkh dsh{ sod|hu zlwk suredelolw| �/ zkhuh � fdq eh irxqg iurp wkh htxdwlrq
2

D
@ ��

�
4� �

D

�
. +4 � ��,�

2

D
1 Wkh vroxwlrq wr wklv htxdwlrq/ � @ �32w�

�3w�
/ lv

ehwzhhq 3 dqg 4 iru �� �
�

2
1 Lq frqwudvw/ jlyhq wkdw h{shfwhg sd|r�v fr0

lqflgh zlwk wkh Vkdsoh| ydoxh/ wkh dsh{ sod|hu uhfhlyhv qr sursrvdov/ dqg

wkh h{shfwhg sd|r� htxdwlrq ehfrphv �

2
@ ��

�
4� �

S

�
/ zklfk kdv rqo| rqh

vroxwlrq1

Dqrwkhu surshuw| ri wkh Vkdsoh| ydoxh wkdw pdnhv lw gl!fxow wr lpsoh0

phqw lv wkdw lw pd| qrw eh lq wkh fruh/ dv wkh iroorzlqj h{dpsoh looxvwudwhv1

H{dpsoh 43 Frqvlghu wkh jdph +6> 544,1 Wkh Vkdsoh| ydoxh ri wklv jdph

lv +2� >
�
S >

�
S,1 Li � lv forvh wr 4/ wkhuh lv qr surwrfro � iru zklfk h{shfwhg

htxloleulxp sd|r�v frlqflgh zlwk wkh Vkdsoh| ydoxh1

Ohw |� eh wkh h{shfwhg htxloleulxp sd|r� iru sod|hu 4 dqg |2 wkh h{shfwhg

htxloleulxp sd|r� iru 5 dqg 61 Wkhq h{shfwhg sd|r� iru sod|hu 4 lv jlyhq

e| |� @ �� ^4� �|2` . +4� ��,�|�1 Iru �� A 3/ wkh vroxwlrq ri wklv htxdwlrq

wrjhwkhu zlwk |� @ 4� 5|2 lv |� @ w�E23B�
23BE23w��

/ zklfk whqgv wr 4 zkhq � whqgv

wr 41< Iru �� @ 3 zh kdyh |� @ 3= Wkxv iru � vx!flhqwo| forvh wr 4 zh kdyh

qr surwrfro wkdw lpsohphqwv wkh Vkdsoh| ydoxh1 Wkh vdph dssolhv wr doo

srzhu lqglfhv edvhg rq pdujlqdo frqwulexwlrqv ru wkdw jlyh srvlwlyh ydoxhv

wr dq| sod|hu zkr lv dw ohdvw lq rqh plqlpdo zlqqlqj frdolwlrq1

Dqrwkhu vroxwlrq frqfhsw wkdw pdnhv wkh sod|huv lqgl�huhqw ryhu vhyhudo

dwwudfwlyh frdolwlrqv lv wkh prglfoxv +Vxgkùowhu/ 4<<9,1 Wkh prglfoxv lv d

uhsuhvhqwdwlrq ri doo krprjhqhrxv jdphv/ dqg wkhuhiruh zrxog pdnh hdfk

sod|hu l lqgl�huhqw ehwzhhq doo frdolwlrqv lqZ6

�
lq dq| krprjhqhrxv jdph1

Zh qrz vkrz e| dq h{dpsoh wkdw wkh prglfoxv lv qrw vhoi0frq�uplqj/ hyhq

iru jdphv zlwk hpsw| fruh1

H{dpsoh 44 Frqvlghu wkh jdph +8> 6> 5> 5> 4,1 Li � @ +�
H
> 2
H
> 2
H
> �
H
,/ h{shfwhg

htxloleulxp sd|r�v fdqqrw frlqflgh zlwk �1

<Wklv dujxphqw fdq eh jhqhudol}hg wr doo jdphv zlwk qrqhpsw| fruh li wkh Vkdsoh|

ydoxh lv rxwvlgh wkh fruh1 Wklv lv ehfdxvh li � lv d yhwr sod|hu kh kdv o� ' �3w�1 Dv B whqgv

wr � wkh dgydqwdjh ri ehlqj sursrvhu iru � pxvw ydqlvk/ exw wklv uhtxluhv wkdw h{shfwhg

sd|r�v iru doo qrqyhwr sod|huv frqyhujh wr f1
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Vxssrvh zh kdyh dq htxloleulxp zlwk h{shfwhg sd|r�v +�
H
> 2
H
> 2
H
> �
H
,1 Sod|hu

4 lv lqgl�huhqw ehwzhhq sursrvlqj i4> 5j dqg i4> 6j> sod|huv 5 dqg 6 duh

lqgl�huhqw ehwzhhq sursrvlqj wr sod|hu 4 dqg sursrvlqj i5> 6> 7j> sod|hu 7

suhihuv sursrvlqj frdolwlrq i5> 6> 7j1 Wkh htxloleulxp vwudwhjlhv zrxog kdyh

wr vdwlvi| +dprqj rwkhuv, wkh iroorzlqj htxdwlrqv

|� @
6

;
^4� �

5

;
` . ^

5

;
�2t�c2� .

5

;
��t�c��`�

6

;

|e @
4

;
^4� �

7

;
` . ^

5

;
�2t2c�ce� .

5

;
��t2c�ce�`�

4

;

��t�c�� . ��t2c�ce� @ 4> l @ 5> 6=

Lq rughu iru |e wr eh �

H
/ zh qhhg �2t2c�ce� @ ��t2c�ce� @ 4= Exw wkhq |� @

�

H
^4� � 2

H
` � b

�2
=

Wkh qxfohroxv ri wkh h{dpsoh deryh lv +�
�
> �
�
> �
�
> 3,1 Qrwlfh wkdw lw dvvljqv

d sd|r� ri 3 wr wkh vpdoohvw sod|hu/ hyhq wkrxjk kh lv qrw d gxpp|1 Lw

wxuqv rxw wkdw wkh vhoi0frq�uplqj surshuw| pd| eh lqfrpsdwleoh zlwk wkh

uhtxluhphqw wkdw |� A 3 iru doo l zlwkZ6
� 9@ B/ hyhq li wkh fruh lv hpsw|143

D ihdwxuh ri wkh qxfohroxv wkdw pdnhv lw dwwudfwlyh dv d srzhu lqgh{ lv

wkdw lw lv edvhg rq d vhw ri dwwudfwlyh frdolwlrqv +wkh frdolwlrqv ri pd{lpxp

h{fhvv,/ zkhuhdv wkh Vkdsoh| ydoxh lv edvhg rq doo frdolwlrqv/ lqfoxglqj vrph

wkdw zloo suredeo| qhyhu irup1 Lqwhuhvwlqjo|/ Hydqv +4<<9, vkrzv wkdw wkh

Vkdsoh| ydoxh kdv d vruw ri vhoi0frq�uplqj surshuw| iru d edujdlqlqj surfh0

gxuh lq zklfk wkh djhqwv duh qrw vwudwhjlf ehfdxvh frdolwlrqv irup udqgrpo|

dqg sod|huv fdq eh irufhg wr dffhsw lqglylgxdoo| luudwlrqdo sd|r�v1

915 Vhoi0frq�uplqj srzhu lqglfhv rxwvlgh wkh qxfohxv

D vhoi0frq�uplqj srzhu lqgh{ lv qrw qhfhvvdulo| uhdvrqdeoh/ dv hylghqfhg

e| wkh q �ghjhqhudwhg� �{hg srlqwv lq zklfk d sod|hu l kdv �� @ 41 Rqh

vkrxog nhhs lq plqg wkdw wkh vhoi0frq�uplqj surshuw| lv d flufxodu frqfhsw

lq wkh vdph zd| dv wkh Qdvk htxloleulxp1 Li zh wdnh � dv d phdvxuh ri srzhu

wkhuh lv dq htxloleulxp wkdw vxssruwv wklv ylhz/ exw wkhuh pd| eh qr uhdvrq

43
Dv zloo ehfrph fohdu iurp wkh qh{w vxevhfwlrq rqh zrxog qhhg `

6 wr eh zhdno|

edodqfhg/ exw dv srlqwhg e| Urvhqpÿoohu dqg Vxgkùowhu +4<<7, qrw doo krprjhqhrxv jdphv

kdyh wklv surshuw|1

4;



wr wdnh � dv d srzhu phdvxuh lq wkh �uvw sodfh1 Zh zloo dujxh ehorz wkdw

sd|r�v yhfwruv zlwk d vhoi0frq�uplqj surshuw| exw qrw lq wkh qxfohxv duh

qrw yhu| sodxvleoh1 Wkh| kdyh xqghvludeoh surshuwlhv/ olnh jlylqj pruh wr

orvlqj frdolwlrqv wkdq wr zlqqlqj rqhv/ ru h{sorlwdwlrq ri vrph ri wkh sod|huv

zkr duh jhwwlqj qrwklqj1

Uhfdoo wkdw/ lq dq| htxloleulxp zlwk dq| surwrfro/ wkh vhw e�+|> y, sod|v

dq lpsruwdqw uroh +fi1 ohppd 7,1 Hdfk sod|hu lq E�+|, zloo sursrvh d

zlqqlqj frdolwlrq lq e�+|, 0wkhuh lv dozd|v dw ohdvw rqh0/ dqg
S

�M7
|� htxdov

d frqvwdqw zklfk zh ghqrwh e| | iru dq| V 5 e�+|> y,1 Zh fdq wkhq uhzulwh

l*v sd|r� dv d sursrvhu dv �|� . 4� �|/ dqg |� @ �� ^�|� . 4� �|` . u��|�1

Lq wkh fdvh ri d vhoi0frq�uplqj srzhu lqgh{ zh kdyh |� @ ��1 Li �� A 3

zh fdq glylgh e| �� dqg wkhq e| � wr rewdlq

| @ �� . u� iru doo l 5 E�+�,=

Lq zrugv/ wkh suredelolw| ri l ehlqj lq wkh frdolwlrq wkdw irupv/ zklfk lv

wkh vxp ri �� dqg u�/ pxvw eh lghqwlfdo iru dq| sod|hu lq E�+�,1

Li � lv lq wkh qxfohxv/ ohppd 4 lpsolhv wkdw dq| sod|hu zlwk �� A 3 lv lq

E�/ exw wklv lv qhhg qrw eh wkh fdvh iru rwkhu vhoi0frq�uplqj srzhu lqglfhv1 Li

�� A 3 iru vrph l @5 E�+�,/ frdolwlrqv ehorqjlqj wr e2+�, +dqg srvvleo| rwkhu

vhwv/ ghshqglqj rq zkhwkhu wkh vhw ri sod|huv zlwk �� A 3 lv lqfoxghg lq

E� +�,^E2+�,, zloo dovr sod| d uroh1 Sursrvhuv lq E2+�,qE�+�, rqo| sursrvh

zlqqlqj frdolwlrqv lq e2+�,/
S

�M7
|� @ |2 A | iru doo V 5 e2+|> y,/ dqg hdfk

sursrvhu lq E2+�,qE�+�, pxvw eh lq wkh �qdo frdolwlrq zlwk suredelolw| |21

Wdnlqj wklv lqwr dffrxqw/ ohw � eh d vhoi0frq�uplqj srzhu lqgh{ qrw lq

wkh qxfohxv1 Zh zloo frqvlghu wzr srvvleoh fdvhv/ ghshqglqj rq zkhwkhu doo

sod|huv zlwk �� A 3 duh lq E�+�,1

Vxssrvh E2+�,qE�+�, frqwdlqv d sod|hu l zlwk �� A 31 Dv zh kdyh vhhq/

wklv sod|hu pxvw eh lq wkh �qdo frdolwlrq pruh riwhq wkdq wkh sod|huv lq E�+�,1

Vlqfh sod|huv lq E�+�, zloo qhyhu sursrvh wr sod|hu l/ wkh rqo| zd| wklv fdq

eh dfklhyhg lv li | ? �

2
/ exw wklv phdqv wkdw wkhuh lv d zlqqlqj frdolwlrq V

+dq| zlqqlqj frdolwlrq lq e�+�,, jhwwlqj ohvv wkdq lwv frpsohphqw/ zklfk lv

d orvlqj frdolwlrq1 Dq h{dpsoh lv wkh sd|r� yhfwru +2
�
> �
S
> �
S
> 3> 3> 3, iru wkh

jdph +9> 7> 5> 5> 4> 4> 4,/ lq zklfk wkh orvlqj frdolwlrq i4j jhwv d kljkhu sd|r�
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wkdq wkh zlqqlqj frdolwlrq i5> 6> 7> 8> 9j1

Li doo sod|huv zlwk �� A 3 duh lq E�+�, wkhq +ghqrwlqj wkh suredelolw|

wkdw V irupv e| �7,
S

7��
�7 @ | iru doo l zlwk �� A 31 Rq wkh rwkhu kdqg/

ef+�, ^ e�+�> y, fdqqrw eh zhdno| edodqfhg ehfdxvh wkhq ohppd 4 zrxog

lpso| wkdw � lv lq wkh qxfohxv1 Lq rughu iru ef+�,^ e�+�> y, qrw wr eh zhdno|

edodqfhg lw pxvw eh wkh fdvh wkdw/ iru dq| suredelolwlhv +�7,7MK�Ew�/ zh fdq

�qg d sod|hu l zlwk �� @ 3 vxfk wkdw
S

7��
�7 A |1 Wkxv/ wkhuh lv dozd|v

d sod|hu zkr lv jhwwlqj qrwklqj exw pxvw dsshdu lq wkh �qdo frdolwlrq pruh

riwhq wkdq wkh sod|huv zlwk �� A 3 lq rughu iru wkrvh sod|huv wr nhhs wkhlu

sd|r�v1 Lqwxlwlyho|/ wkhuh lv dq �h{fhvv ghpdqg� iru sod|hu l/ zkr lv ehlqj

h{sorlwhg e| wkh uxohv ri wkh jdph1 Dq h{dpsoh zrxog eh wkh sd|r� yhfwru

+�2 >
�
e >

�
e > 3> 3> 3, iru wkh jdph +9> 7> 5> 5> 4> 4> 4,1 Hdfk ri wkh sod|huv zkr duh

jhwwlqj 3 pxvw eh lq wkh �qdo frdolwlrq zlwk suredelolw| 2

�
ru pruh/ zkhuhdv

wkh sod|huv zlwk srvlwlyh sd|r� duh lq wkh �qdo frdolwlrq rqo| �

2
ri wkh wlph1

Lqvwhdg/ lq wkh qxfohroxv h{dpsoh ri +�
�
> �
�
> �
�
> 3, iru wkh jdph +8> 6> 5> 5> 4,/

sod|hu 7 lv lq wkh frdolwlrq zlwk suredelolw| �

�
dv rssrvhg wr d suredelolw| ri 2

�

iru hdfk ri wkh rwkhu sod|huv1 Wkh zhdn edodqfhgqhvv ri ef+�,^e�+�> y,phdqv

wkdw zh fdq dvvljq suredelolwlhv wr hdfk frdolwlrq vr wkdw wkh sod|huv zkr duh

jhwwlqj 3 gr qrw dsshdu pruh riwhq wkdq wkh uhvw lq wkh �qdo frdolwlrq1 Wkhvh

sod|huv pd| eh uhfhlylqj qrwklqj iru d ydoxdeoh frqwulexwlrq/ exw vlqfh wkh|

duh lq wkh �qdo frdolwlrq dw prvw dv riwhq dv wkh uhvw wkh| duh qrw lq h{fhvv

ghpdqg dqg wkxv/ lw pd| eh dujxhg/ wkhlu sd|r� lv qrw wrr orz1

: Frqfoxglqj uhpdunv

Zh kdyh surylghg d qrqfrrshudwlyh lqwhusuhwdwlrq ri wkh qxfohroxv ri surshu

vlpsoh jdphv1 Wkh edodqflqj zhljkwv lq Nrkoehuj +4<:4, duh lqwhusuhwhg dv

pl{hg vwudwhjlhv ri wkh sod|huv1 Wklv lv txlwh d uhdvrqdeoh lqwhusuhwdwlrq ri

wkh edodqflqj zhljkwv lq d edodqfhg froohfwlrq/ lqghhg pruh uhdvrqdeoh wkdq

wkh lqwhusuhwdwlrq ri sod|huv glvwulexwlqj wkhlu wlph ryhu vhyhudo frdolwlrqv/

zklfk riwhq uhtxluhv wkh sod|huv wr eh �lq wzr sodfhv dw rqfh44� ehvlghv

uhtxlulqj frqvwdqw uhwxuqv1

44Vhh Jduudww dqg Tlq +5333,1
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Wkh sdshu dovr pdnhv d fdvh iru wkh qxfohroxv dv d srzhu lqgh{ lq glylgh0

wkh0groodu jdphv/ hvshfldoo| lq frqvwdqw0vxp krprjhqhrxv jdphv1 Hdfk

srzhu lqgh{ kdv lwv rzq dgydqwdjhv dqg lqghhg wkh Vkdsoh|0Vkxeln lqgh{

fdq dovr eh rewdlqhg dv dq htxloleulxp ri d jdph zlwk udqgrp sursrvhuv +vhh

Kduw dqg Pdv0Frohoo 4<<9,145 Krzhyhu/ Kduw dqg Pdv0Frohoo +4<<9, dvvxph

edujdlqlqj xqghu xqdqlplw| uxoh/ wkrxjk vxefrdolwlrqv pdwwhu wkurxjk wkh

srvvlelolw| ri sduwldo euhdngrzq1 Lw vhhpv sdudgr{lfdo wkdw/ zkloh wkh Vkds0

oh| ydoxh lv xvxdoo| lqwhusuhwhg dv dq h{shfwhg sd|r� ri sod|lqj wkh jdph

zklfk xqolnh wkh qxfohroxv grhv qrw suhvxssrvh wkh judqg frdolwlrq/ wkh rs0

srvlwh kdsshqv lq wkh fruuhvsrqglqj lpsohphqwdwlrqv= Kduw dqg Pdv0Frohoo

uhtxluh wkh judqg frdolwlrq wr irup lq rughu wr rewdlq wkh Vkdsoh| ydoxh

zkloh wklv sdshu rewdlqv wkh qxfohroxv dv d �ydoxh� zlwkrxw jlylqj wkh judqg

frdolwlrq d surplqhqw uroh +lqghhg wkh judqg frdolwlrq lv qhyhu iruphg li wkh

jdph lv frqvwdqw vxp xqohvv rqh ri wkh sod|huv lv d glfwdwru,1

Rwkhu sdshuv kdyh surylghg qrqfrrshudwlyh lqwhusuhwdwlrqv ri wkh qx0

fohroxv1 \rxqj +4<:;, uhodwhv wkh qxfohroxv wr wkh htxloleulxp eulehv lq dq

dv|pphwulf oree|lqj jdph sod|hg e| wzr oree|lvwv1 Srwwhuv dqg Wlmv +4<<5,

vkrz wkdw wkh qxfohroxv fdq eh lqwhusuhwhg dv wkh rswlpdo vwudwhj| ri rqh

ri wkh sod|huv lq d pdwul{ jdph sod|hg e| dx{loldu| djhqwv1 Vhuudqr +4<<:,

surylghv d qrqfrrshudwlyh lqwhusuhwdwlrq ri wkh nhuqho +dqg wkhuhiruh ri wkh

qxfohroxv, edvhg rq wkh uhgxfhg jdph surshuw| +Gdylv dqg Pdvfkohu/ 4<98,1

Wklv sdshu fdq eh ylhzhg dv frpsohphqwdu| wr wkh h{lvwlqj olwhudwxuh1 Lw lv

ohvv jhqhudo wkdq vrph ri wkh rwkhuv exw/ hvshfldoo| iru frqvwdqw0vxp krpr0

jhqhrxv jdphv/ lw lv edvhg rq d yhu| qdwxudo qrqfrrshudwlyh jdph1

; Dsshqgl{

Surri ri sursrvlwlrq ;

Frqvlghu wkh jdph J+y> �> �, zlwk � @ �1 Vlqfh zh kdyh vkrzq lq wkh

suhylrxv sursrvlwlrq wkdw wkhuh lv dq htxloleulxp �W zlwk |+�W, @ �/ lw rqo|

uhpdlqv wr glvfdug wkh h{lvwhqfh ri dqrwkhu htxloleulxp �� zlwk |+��, @

|� 9@ �1 Zh zloo dgdsw wkh surri ri \dq +5335/ s1866, iru jdphv zlwk d

45Jxo*v +4<;<, lpsohphqwdwlrq ri wkh Vkdsoh| ydoxh grhv qrw dsso| wr pdmrulw| jdphv1
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qrqhpsw| fruh1

Zh �uvw qrwlfh wkdw/ ehfdxvh ri fruroodu| 6 5,/ dq| sd|r� |� zklfk gl�huv

iurp � lq wkh vhw ri sod|huv jhwwlqj 3 lv dxwrpdwlfdoo| glvfdughg/ dqg |� dqg

� fdq rqo| gl�hu iru sod|huv zlwk �� A 3/ vr zh zloo ljqruh wkh vhw ri sod|huv

zlwk �� @ 3 lq zkdw iroorzv1

41 Qrwdwlrq1 Zh zloo xvh wkh v|pero � iru doo wkh yduldeohv fruuhvsrqglqj

wr htxloleulxp �� +iru h{dpsoh/ u�
�
zloo eh wkh suredelolw| ri uhfhlylqj d

sursrvdo jlyhq ��,1 Zh zloo xvh � wr ghqrwh wkh fkdqjh iurp �W wr ��=

iru h{dpsoh �u� = u
�

�
� u�/ dqg �| =@ |�

�
� |� +zkhuh |� @ ��

,1 Zh zloo

ghfrpsrvh wkh sd|r� l jhwv dv d sursrvhu e| �|�
�
.��

�
/ ��

�
A 3 ehlqj wkh

dgydqwdjh ri ehlqj wkh sursrvhu1 Zh zloo dovr ghqrwh e| ��
�
=@ �� . u�

wkh suredelolw| wkdw l ehorqjv wr wkh �qdo frdolwlrq1 Wkhq/ wdnlqj lqwr

dffrxqw wkdw �� @ ��
/ h{shfwhg htxloleulxp sd|r�v fdq eh zulwwhq dv

|�
�
@

��
�

4� ����
��

+5,

Ohw \nn =@ il 5 Q = �|� A 3j/ \3 3 =@ im 5 Q = �|� ? 3j/ Un =@

il 5 Q = �u� � 3j dqg U3 =@ il 5 Q = �u� � 3j1 Vlqfh |� 9@ � dqg

h{shfwhg htxloleulxp sd|r�v dozd|v dgg xs wr 4 dv vkrzq lq vhfwlrq

615/ wkhvh vhwv zloo eh qrqhpsw|1 Qrwlfh dovr wkdw/ ehfdxvh �� @ ��.u�

dqg wkh sursrvhu dozd|v lqfoxghv klpvhoi lq wkh frdolwlrq/ ��� @ �u�

iru doo l 5 Q 1

Ilqdoo|/ zh ghqrwh e| F �

�
wkh vhw ri sod|huv wr zkrp l sursrvhv zlwk

srvlwlyh suredelolw| lq wkh htxloleulxp ��1

51 \dq*v fodlpv1 Fodlp 4 +l, lq s1 866 vkrzv wkdw/ iru dq| wzr VVSH ri

dq| udqgrp sursrvhu jdph/
S

�M� �|��u� � 31

Fodlp 4 +ll,/ lq s1 866 vkrzv wkdw iru dq| qrqhpsw| W � \nn _ U3/

zh kdyh eW 9@ B/ zkhuh eW =@ ^�MAF
�

� _ \3 3 dqg

[
�MA

�|� ?
[
�M eA

m�|�m
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Ilqdoo|/ fodlp 5 +s1 867, vkrzv wkdw
S

�MU d�e� ?
S

�Ma d�e� zkhuh

L/ M duh �qlwh vhwv dqg d�/ e�/ d�/ e� qrqqhjdwlyh/ li wkhuh h{lvwv d

fruuhvsrqghqfh E = L $ M vxfk wkdw

+l, d� ? d� iru dq| l /m vxfk wkdw m 5 E+l,1

+ll,
S

A e� ?
S

�EA � e� iru dq| W � L 1

61 Wkh surri1 Zh zloo vkrz wkdw/ li � @ � dqg | @ �/ wkhq iru d k|sr0

wkhwlfdo htxloleulxp sd|r� |� 9@ � zh zrxog kdyh
S

�M� �|��u� A 3/

frqwudglfwlqj fodlp 4 +l,1 Lq rughu wr gr wklv zh zloo xvh fodlp 4 +ll,

dqg fodlp 5/ exw zh zloo kdyh wr pdnh vxuh wkdw wkh frqglwlrqv iru

fodlp 5 wr eh dssolfdeoh duh vdwlv�hg1

+d, Zh zloo �uvw vkrz wkdw
S

�Mt
3 3

�|��u� � 3/ dqg �u� � 3 iru doo

l zlwk �|� ? 3/ vr wkdw
S

�Mt
3 3

�|��u� @
S

�Mt
3 3

m�|�mm�u�m1

Vwduw e| wkh vhw ri sod|huv zkr ehorqj wr dw ohdvw rqh frdolwlrq lq

e�+|
�,/ 0zh gurs wkh uhihuhqfh wr y iru vlpsolflw| ri qrwdwlrq0 gh0

qrwhg e| E�+|
�,1 Sod|huv lq E�+|

�> y, zloo sursrvh zlqqlqj frdol0

wlrqv lq e�+|
�> y, rqo| +wkhuh lv dozd|v dw ohdvw rqh,1 Zh kdyh

S
�M7

|�
�
=@ |� iru dq| zlqqlqj frdolwlrq V 5 e�+|

�,1 Ehfdxvh � lv

lq wkh qxfohxv/ |� � � dqg +vlqfh �� @ 4� �� dqg ��

�
@ 4 � �|�,

��

�
� ��1 Orrnlqj dw htxdwlrq +5,/ lw iroorzv wkdw ��� ? 3 +dqg

wkxv �u� ? 3, iru dq| l 5 E�+|�, zlwk �|� ? 31 Lq zrugv/ ehfdxvh

l jhwv dw ohdvw dv pxfk dv d sursrvhu dv kh zdv jhwwlqj ruljlqdoo|/

wkh rqo| zd| lq zklfk l*v sd|r� fdq jr grzq lv li kh ehfrphv d

uhvsrqghu ohvv riwhq1

Li wkhuh duh sod|huv lq QqE�+|
�,/ wkh| gr qrw uhfhlyh dq| sursrvdo

iurp sod|huv lq E�+|
�,1 Jlyhq wkdw

S
�M��

� @
S

�M��
�� � � � �

2
/

lw lv fohdu wkdw ��� � � iru doo l 5 QqE�1 Ehfdxvh lq wkh htxloleulxp

zlwk | @ � doo sod|huv kdyh �� @ �/ zh kdyh �u� � 3 iru doo

l 5 QqE�1

+e, Jlyhq l 5 \nn dqg m 5 \3 3 _ F�/ zh vkrz wkdw ��� ? ���1 Eh0

fdxvh m 5 F �

�/ wkhuh lv d frdolwlrq V � il> mj zklfk lv rswlpdo iru

l1 Ehfdxvh m fdq dozd|v sursrvh V/ ��� @ 4 � �
S

&M7 |
�

& � ��� 1
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Orrnlqj dw htxdwlrq +5, zh vhh wkdw wkh txhvwlrq ri zkhwkhu

�|& � 3 lv htxlydohqw wr wkh txhvwlrq ri zkhwkhu wkh frh!flhqw

pxowlso|lqj �& lv juhdwhu wkdq 41 Wkxv lq rughu iru l 5 \nn dqg

m 5 \
3 3

zh qhhg
Z�

�

�3b�

�
B
A 4 A

Z�

�

�3b�

�B
/ zklfk vlqfh ��� � ��� uhtxluhv

��� ? ���1 Ehfdxvh ruljlqdoo| �� @ �� @ �/ wklv lv htxlydohqw wr vd|

�u� ? �u�1 Qrwh wkdw iru �u� � 3 wklv lpsolhv m�u� m A m�u�m1

+f, Ilqdoo|/ lq rughu wr suryh
S

�M� �|��u� A 3/ lw zloo eh vx!flhqw wr

suryh
S

�MtnnK-3
�|�m�u�m ?

S
�Mt

3 3

m�|� mm�u� m/ vlqfh e| gh�0

qlwlrq �|��u� � 3 iru l 5 \nn _Un1 Zh xvh \dq*v fodlp 5/ zlwk

L @ \nn _U3 dqg M @ \3 31 Wkh fruuhvsrqghqfh zloo dwwdfk wr

hdfk +vlqjohwrq, vhw W wkh vhw eW dv gh�qhg lq \dq*v fodlp 4 +ll,/

d� @ m�u�m dqg e� @ m�|�m1 Zh kdyh mxvw vkrzq wkdw frqglwlrq +l,

lq fodlp 5 krogv/ dqg frqglwlrq +ll, krogv ehfdxvh ri \dq*v fodlp

4 +ll,1 Wklv frpsohwhv wkh surri1

Uhihuhqfhv

^4` Doehuv/ Z1/ 4<:<1 Fruh0 dqg nhuqho0 yduldqwv edvhg rq lpsxwdwlrqv dqg

ghpdqg sur�ohv1 Lq= Prhvfkolq/ R1/ Sdodvfknh/ G1 +Hgv1,/ Jdph Wkhru|

dqg Uhodwhg Wrslfv1 Qruwk0Kroodqg1

^5` Edqnv/ M1V1/ Gxjjdq/ M1/ 53331 D edujdlqlqj prgho ri froohfwlyh fkrlfh1

Dphulfdq Srolwlfdo Vflhqfh Uhylhz <7/ :60;;1

^6` Edq}kdi/ M1/ 4<981 Zhljkwhg yrwlqj grhvq*w zrun= d pdwkhpdwlfdo dqdo0

|vlv1 Uxwjhuv Odz Uhylhz 4</ 64:06761

^7` Edurq/ Gdylg S1/ dqg Ihuhmrkq/ Mrkq D1/ 4<;<1 Edujdlqlqj lq ohjlvod0

wxuhv1 Dphulfdq Srolwlfdo Vflhqfh Uhylhz ;6/ 44;4045391

^8` Elqpruh/ N1/ 4<;:1 Shuihfw htxloleuld lq edujdlqlqj prghov1 Lq= Elq0

pruh/ N1/ Gdvjxswd/ S1 +Hgv1,/ Wkh Hfrqrplfv ri Edujdlqlqj1 R{irug=

Eodfnzhoo/ ss1 ::04381

^9` Furvv/ M1/ 4<9:1 Vrph wkhruhwlfdo fkdudfwhulvwlfv ri hfrqrplf dqg srolw0

lfdo frdolwlrqv1 Mrxuqdo ri Frq lfw Uhvroxwlrq 44/ 4;704<81
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^:` Gdylv/ P1/ Pdvfkohu/ P1/ 4<981 Wkh nhuqho ri d frrshudwlyh jdph1 Qdydo

Uhvhdufk Orjlvwlfv Txduwhuo| 45/ 556058<1

^;` Gdylv/ P1/ Pdvfkohu/ P1/ 4<9:1 H{lvwhqfh ri vwdeoh sd|r� frq�jxudwlrqv

iru frrshudwlyh jdphv/ lq Hvvd|v lq Pdwkhpdwlfdo Hfrqrplfv lq Krqru

ri Rvndu Prujhqvwhuq/ hg1 e| P1 Vkxeln/ 6<0851 Sulqfhwrq Xqlyhuvlw|

Suhvv1

^<` Ghhjdq/ M1/ Sdfnho/ H1Z1/ 4<:;1 D qhz lqgh{ ri srzhu iru vlpsoh q0

shuvrq jdphv1 Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru| :/ 44604561

^43` Hudvodq/ K1/ 53351 Xqltxhqhvv ri vwdwlrqdu| htxloleulxp sd|r�v lq wkh

Edurq0Ihuhmrkq prgho1 Mrxuqdo ri Hfrqrplf Wkhru| 436/ 440631

^44` Hydqv/ U1/ 4<<91 Ydoxh/ frqvlvwhqf| dqg udqgrp frdolwlrq irupdwlrq1

Jdphv dqg Hfrqrplf Ehkdylru 45/ 9;0;31

^45` Ihovhqwkdo/ G1V1/ Pdfkryhu/ P1/ 4<<;1 Wkh phdvxuhphqw ri yrwlqj

srzhu= Wkhru| dqg Sudfwlfh/ Sureohpv dqg Sdudgr{hv/ Hgzdug Hojdu

Sxeolvklqj1

^46` Jduudww/ U1/ Tlq/ F1]1/ 53331 Rq pdunhw jdphv zkhq djhqwv fdqqrw eh

lq wzr sodfhv dw rqfh1 Jdphv dqg Hfrqrplf Ehkdylru 64/ 49804:61

^47` Jrphv/ D1/ 53341 Pxowlodwhudo qhjrwldwlrqv dqg irupdwlrq ri frdolwlrqv1

W|shvfulsw1

^48` Jxo/ I1/ 4<;<1 Edujdlqlqj irxqgdwlrqv ri wkh Vkdsoh| ydoxh1 Hfrqrphw0

ulfd 8:/ ;40<91

^49` Kduw/ V1/ Pdv0Frohoo/ D1/ 4<<91 Edujdlqlqj dqg ydoxh1 Hfrqrphwulfd 97/

68:06;31

^4:` Kduulqjwrq/ M1/ 4<<31 Wkh srzhu ri wkh sursrvdo pdnhu lq d prgho ri

hqgrjhqrxv djhqgd irupdwlrq1 Sxeolf Fkrlfh 97/ 40531

^4;` Mrkqvwrq/ U1M1/ 4<:;1 Rq wkh phdvxuhphqw ri srzhu= vrph uhdfwlrqv wr

Odyhu1 Hqylurqphqw dqg Sodqqlqj D 43/ <3:0<471
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^4<` Nrkoehuj/ H1/ 4<:41 Rq wkh qxfohroxv ri d fkdudfwhulvwlf ixqfwlrq jdph1

VLDP Mrxuqdo ri Dssolhg Pdwkhpdwlfv 53/ 950991

^53` Pdvfkohu/ P1/ Shohj/ E1/ Vkdsoh|/ O1V1/ 4<:<1 Jhrphwulf surshuwlhv ri

wkh nhuqho/ qxfohroxv/ dqg uhodwhg vroxwlrq frqfhswv1 Pdwkhpdwlfv ri

Rshudwlrqv Uhvhdufk/ 636066;1

^54` Prqwhur/ P1/ 4<<<1 Frdolwlrq irupdwlrq lq jdphv zlwk h{whuqdolwlhv1

FhqwHU Glvfxvvlrq Sdshu <<4541

^55` Prqwhur/ P1/ 53351 Qrqfrrshudwlyh edujdlqlqj lq dsh{ jdphv dqg wkh

nhuqho1 Jdphv dqg Hfrqrplf Ehkdylru 74/ 63<06541

^56` Qdvk/ M1/ 4<861 Wzr0shuvrq frrshudwlyh jdphv1 Hfrqrphwulfd 54/ 45;0

4731

^57` Rndgd/ D1/ 4<<91 D qrqfrrshudwlyh frdolwlrqdo edujdlqlqj jdph zlwk

udqgrp sursrvhuv1 Jdphv dqg Hfrqrplf Ehkdylru 49/ <:043;1

^58` Shohj/ E1/ 4<9;1 Rq zhljkwv ri frqvwdqw0vxp pdmrulw| jdphv1 VLDP

Mrxuqdo ri Dssolhg Pdwkhpdwlfv 49/ 85:08651

^59` Srwwhuv/ M1/ Wlmv/ V1/ 4<<51 Wkh qxfohroxv ri d pdwul{ jdph dqg rwkhu

qxfohrol1 Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk 4:/ 49704:71

^5:` Urvhqpÿoohu/ M1/ Vxgkùowhu/ S1/ 4<<71 Wkh qxfohroxv ri krprjhqhrxv

jdphv zlwk vwhsv1 Glvfuhwh Dssolhg Pdwkhpdwlfv 83/ 860:91

^5;` Urwk/ D1/ 4<::d1 Wkh Vkdsoh| ydoxh dv d yrq Qhxpdqq0Prujhqvwhuq

xwlolw|1 Hfrqrphwulfd 78/ 98:09971

^5<` Urwk/ D1/ 4<::e1 Xwlolw| ixqfwlrqv iru vlpsoh jdphv1 Mrxuqdo ri Hfr0

qrplf Wkhru| 49/ 7;407;<1

^63` Uxelqvwhlq/ D1/ 4<;51 Shuihfw htxloleulxp lq d edujdlqlqj prgho1 Hfrqr0

phwulfd 83 / <:043;1

^64` Vfkphlgohu/ G1/ 4<9<1 Wkh qxfohroxv ri d fkdudfwhulvwlf ixqfwlrq jdph1

VLDP Mrxuqdo rq Dssolhg Pdwkhpdwlfv 4:/ 4496044:31

59



^65` Vhuudqr/ U1/ 4<<:1 Uhlqwhusuhwlqj wkh nhuqho1 Mrxuqdo ri Hfrqrplf Wkh0

ru| ::/ 8;0;31

^66` Vkdsoh|/ O1V1/ 4<861 D ydoxh iru q0shuvrq jdphv1 Dqqdov ri Pdwk Vwxglhv

5;/ 63:064:1

^67` Vkdsoh|/ O1V1/ Vkxeln/ P1/ 4<871 D phwkrg iru hydoxdwlqj wkh glvwulex0

wlrq ri srzhu lq d frpplwwhh v|vwhp1 Dphulfdq Srolwlfdo Vflhqfh Uhylhz

;4/ <680<781

^68` Vxgkùowhu/ S1/ 4<<91 Wkh prgl�hg qxfohroxv dv fdqrqlfdo uhsuhvhqwdwlrq

ri zhljkwhg pdmrulw| jdphv1 Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk 54/

:670:891

^69` Ydqghuehl/ U1M1/ 53341 Olqhdu surjudpplqj= irxqgdwlrqv dqg h{whq0

vlrqv1 Orqgrq= Noxzhu Dfdghplf1

^6:` Zlqwhu/ H1/ 4<<91 Yrwlqj dqg yhwrlqj1 Dphulfdq Srolwlfdo Vflhqfh Uh0

ylhz <3/ ;460;561

^6;` \dq/ K1/ 53351 Qrqfrrshudwlyh vhohfwlrq ri wkh fruh1 Lqwhuqdwlrqdo Mrxu0

qdo ri Jdph Wkhru| 64/ 85:087311

^6<` \rxqj/ K1S1/ 4<:;1 Wkh doorfdwlrq ri ixqgv lq oree|lqj dqg fdpsdljq0

lqj1 Ehkdylrudo Vflhqfh 56/ 540641
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