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A Generalisation of the Stolper-Samuelson Theorem with Diversified
Households: a Tale of Two Matrices

By
P. J. Lloyd

Abstract
Past attempts to generalise the Stolper-Samuel son Theorem have used a matrix of real

income terms which is sufficient but not necessary to define a change in utility. In
contrast, one can define a second matrix of terms which are necessary and sufficient
for a change in indirect utility. Using this matrix, the paper presents an extension of
the Stolper-Samuelson Theorem to a model of any dimension and to households which
have diversified ownership of factors. The theorem states that there is a positive and a
negative element in every row and every column of the matrix showing how each
household is affected by the changes in goods prices. The condition required is that
there be sufficient diversity among households in their ownership of factors or
preferences.






INTRODUCTION

Even after its Golden Jubilee in 1991, there is still doubt about the generality of the
Stolper-Samuelson Theorem (see Deardorff and Stern (1994)). This is unfortunate.
The Theorem is one of the few comparative statics propositions in general equilibrium
theory and it is the foundation of political economy models of tariffs and other taxes
and government interventions. The importance of the theorem derives from its key
message; goods price changes necessarily create conflict between households owning
different factors.

This paper considers a genera model of an economy with constant returns to scale.
The introduction of diversification in households ownership of factors changes the
relationships between prices and rea incomes fundamentaly. Nevertheless, a
generalisation of the Stolper-Samuelson Theorem that holds much more widely than
earlier versions can be obtained.

Section | provides a brief history of attempts to generalise the origina Stolper-
Samuelson Theorem. The outcome is rather dismal. These extensions apply to
models in which the households are completely specialised in their ownership of
factors, as in the origina Theorem and they require quite severe restrictions on the
technology when they do hold. All of these generalisations are special cases of one
generalised Stolper-Samuelson matrix. Section |1 develops the concepts of the change
in rea income, the generalised household income function and the imputed output
vector of households which are necessary to extend the theorem. The criterion of real
income alows the use of a matrix of real income terms which permits any dimensions
and diversified household ownership of factors. The proof of the generalisation of the
Stolper-Samuelson Theorem and some other extensions are provided in Section I1I.
Section 1V makes some concluding remarks.



Stolper and Samuelson (1941) stated a theorem which predicted the movement of real
incomes of factors in an internationally trading economy that may protect an industry
and, in effect, certain factor owners employed in the industry. At the heart of this
version isasimple and strong relationship between goods prices and factor prices “that
has nothing to do with factor scarcity or abundance and is independent of whether
prices change because of protection or for any other reason” (Deardorff (1994, p.
12)). Deardorff called this the “essential” version and it is the version now used by
most economists. It does, however, require an open economy so that the disturbance
which causes the price change can originate in the rest of the world and one can
maintain the assumption that the technology and the preferences of the country do not
change with the change in price.

The Theorem was proven for an economy in which there were only two goods and
two non-specific factors. The factors are called labour and capital and the goods 1
and 2. The factors are owned by separate groups of households. With constant
returns to scale and both goods produced, there are zero profits. We are interested in
the change in real incomes of the owners of the two factors when the prices of goods 1
and 2 change. As the criterion of real income, Stolper and Samuelson chose the
income of afactor owner deflated by the price of good 1 or good 2. Since the factor
endowments are fixed, income is proportional to the price of the owned factor.

Assuming all goods are produced, there is a one-to-one mapping from goods prices to
factor prices which is given by the zero profit conditions alone. Differentiating these
conditions in the manner introduced by Jones (1965), we get the equations
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We follow the standard notation . (w, r) and (p1, p2) are the vectors of prices of the

two factors and the two goods respectively. ”~ denotes a proportionate change in a
N N
variable. q is the transpose of the matrix of factor shares. In matrix form, qw =p

where v/\> and r/)\ are the column vectors of changes in the prices of factors and goods.
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Solving for the changes in factor prices, we have v/\> = q'lr/)\ - If only one goods price
changes at a time, we get the matrix showing the changes in real incomes in terms of
prices of the good whose price has changed:
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This may be called the Stolper-Samuelson matrix. If an element is greater than +1, the
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real income of the factor must have increased and if it is less than O, the real income of
the factor must have decreased. This gives a criterion which is sufficient to determine
the direction of change in real incomes independently of factor owners preferences

over goods.

It is easily shown that, after a suitable numbering of the columns and rows, the sign
matrix must have the form of

) u
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If an element is pogitive, it is greater than unity. Hence, there is only one permissible
sign pattern, that in which the diagonal elements are positive (and greater than unity)
and the off-diagonal elements are negative. Moreover, the positive elements
correspond to changes in the real incomes of the factors which are used intensively in
the production of the good whose price has changed.

This proves that, when the price of one good increases, the real income of the factor
used intensively in the production of this good must increase and that of the other
factor must decrease. There is, therefore, conflict between the factor owners. One
group of factor owners would support the increase in the price of one good and the
other would opposeit.

When the number of goods and/or factors is greater than 2 and uneven, univalence
breaks down. Attempts to generalise the theorem to higher dimensions, therefore, have
been mainly confined to dimensions of nxn. It is usually assumed that there are no
intermediate inputs. This can be relaxed to include intermediate usage of the produced
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outputs but pure intermediates can be admitted only if other produced commodities
are omitted as this would otherwise upset the evenness of the model. But even this
nxn case has proven extraordinarily difficult.

In this case, let w = (W1,...,wn)t and p = (p1,...,pn)! be the column vectors of prices of

factors and goods respectively. Assuming again that all goods are produced, we have

qv/;/ = p and, hence, we have the nxn Stol per-Samuelson matrix

- V/;Illal . V/;Il/B )
58 A A An 0 @
8 Wn/p1 .. Wp/pn H

A problem now is that there is no natural definition of factor intensity when the
number of goods and factors is greater than 2. Hence, there is no natural way of
characterising the sign matrix to represent generalisations of the Stolper-Samuelson
Theorem.

Three principal generalisations have been proposed.!

1. The “strong” generalisation: Each of the diagonal elements is positive (and
greater than unity) and each of the off-diagonal elementsis negative.

2. The “weak” generaisation: Each of the diagona elementsis positive (and
greater than unity).

3. The“basic” generdisation: In every column and every row thereis at least one
element which is positive (and greater than unity) and at least one which is negative.

The first two generalisations were proposed by Chipman (1969). The third was first
considered by Meade (1968), Ethier (1974) and Jones and Scheinkman (1977).

1 Others have been proposed but they are less interesting. For example, Inada (1971) proposed a sign
matrix in which the diagonal elements are negative and al the off-diagonal elements are positive
but thisis a mathematical curiosity.



5

Both the strong and the weak generalisations involve an association between goods
and factors which is mutually exclusive and exhaustive. For every good, there is one
and only one factor associated with this good such that the increase in the price of the
good must increase the real income of the associated factor. Hence, these
generalisations preserve the identification of the particular factor which is associated
with each good, as Stolper and Samuelson were able to do for the 2x2 case in terms of

the factor intensities of the goods.

By contrast, the third generalisation does not associate factors with goods. If it holds,
it might not be possible to array the elements so that every column has a positive
element on the diagonal. It is, therefore, weaker than the “weak” generalisation in this
sense, even though it does specify the presence of at |east one negative element in each
column whereas the “weak” generalisation does not. The column property means that
when the price of any one good changes, at least one factor has an increase in real
income as defined by Stolper and Samuelson, and at least one has a decrease in real
income. There must be conflict between groups of factor owners. The row property
states that, for every group of factor owners who derive their income solely from the
factor in this row, there is at least one good whose price increase will raise their real
incomes and at least one other good whose price increase will lower ther rea
incomes. This generdisation is thus the minimal restriction that preserves the conflict
features of the original theorem. It has the added advantage that it extends to non-
square matrices when the number of goods and factors is uneven.

None of the three generalisations hold for the 3x3 version of the model without
restrictions on the technology. Kemp and Wegge (1969) provided a factor intensity
condition which is sufficient for the strong generalisation and Chipman (1969)
provided a factor intensity condition in terms of a dominant diagona which is
sufficient for the weak generalisation. No condition which is sufficient (or necessary
and sufficient) for the third generalisation has been provided to my knowledge.

Uekawa (1971) provides an example which is instructive in the present context. The
matrix of factor shares and itsinverse are:
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This case is a counter-example to each of the three generdisations. It is easly verified
that the share matrix violates the Kemp-Wegge and the Chipman conditions.

Moreover, it has not been possible to derive conditions for the strong or weak
generdisation which are sufficient (or better necessary and sufficient) when n > 3.
And the third or basic generalisation does not hold either in this case. Ethier (1974)
was able to prove the desired column property. Using this result, Jones and
Scheinkman (1977) were able to prove that every row must have a negative element
but could not prove that it had an element greater than unity. However, Ethier's
proof requires the rather extreme assumption that al g; > 0, that is, al of the factors

are used in dl industries.

For the nxn case, Jones and Scheinkman showed that every column has a negative
element under the weaker condition that every factor is used in strictly positive
quantities by at least two industries and every industry employs dtrictly positive
amounts of at least two factors. While thisis not a very strict condition, the first part
rules out industry-specific factors.

Some further results have been obtained by Jones and other co-authors (see Jones and
Mitra (1995) and references therein). These involved other restrictions on the factor
intensities between sectors using the benchmark share rib of factor shares.

When m > n, Jones and Scheinkman (1977) showed that the property that every
column has a negative element and an element which is greater than unity held when q

is apositive matrix.

The specific factor model developed formally by Jones (1971) for the model of 3x2
dimensions and extended by Jones (1975) to (n+1)xn is an example of m>n and has
been widely used in the political economy literature. In this model, every column does
has an element greater than unity and an element less than zero. Moreover, if one
considers the square sub-matrix excluding the row for the non-specific factor, this has
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the pattern of the strong generalisation. In effect, factor specificity is a form of
association between the factor and the good. As with the Kemp-Wegge condition in
the 3x3 model, it generates the pattern of the strong generalisation for these inputs
and it identifies the input which gains when each price isincreased.

But the row relating to the non-specific factor has neither an element greater than
unity nor an element less than zero. Ruffin and Jones (1977) referred to the absence of
an element greater than unity in this row as the “Neoclassica ambiguity”. Thus, again,
the main sticking point in the basic generalisation is the property that the row have an
element greater than unity.

All of the results obtained above for the 3x3, nxn and 3x2 cases are specia cases of
the following generalised Stolper-Samuel son matrix

U U ,

gVle/pl . Vle/pn H
S=é v ()
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Using a different real income criterion from Stolper-Samuelson and earlier writers,
Cassing (1981) re-examined the case of nxn dimensions. He established the row
property of the basic generalisation which Jones and Scheinkman could not establish.
He did so without restricting the technology. This is an important but generally
neglected paper. His criterion of real income change is employed below.

All of these results have assumed that all households own only one factor. Plainly, we
want a proposition relating real income changes to price changes which holds much
more generally. We now consider the possibility of extending the theorem for a much
more general model.

Consider a small open economy. There are any number of goods (n) and factors (m)
and households (H). Factors are fixed in supply but may be specific or non-specific.
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There may be intermediate inputs used in the production of goods. Households own
the national endowments of factors and a household may own any number of the
factors. Let the goods by indexed by i = 1,...n, the factors by j = i,...m and the
households by h = 1,...,H. p is the vector of prices of goods and w is the vector of
prices of factors. v isthe vector of endowments for the economy.

On the supply side, there is a national product function, G(p,v) for a competitive
economy with a technology that is non-joint and has constant returns to scale in al
industries. It iswell-known that G, = y(p,v) and G, = w(p,v). On the demand side, a

household, say household h, has an indirect utility function, Vh(p, 1) where 1Nis the

income of the household. 1his endogenous in the general equilibrium.

Let prices change only one at a time. Differentiating the indirect utility function with

respect to the price of good i, one has the expression for welfare change

U hp e (v Vi nh) (6)

These expressions can be arrayed in an Hxn matrix

- \/>1/ 61 01/6 )
V= % ’ }j (7)
&

\/}Hlﬁl \/}H//F;n H

The sign of the element (\/} by 6 i ) provides the criterion of change in real income of
the household. If an element of this matrix is positive, the household concerned has a
higher real income when the price of the good in the column increases. If the element
is negative, the household concerned has a lower real income when the price of the
good in the column increases. This criterion requires knowledge of the pattern of
demand of each household. But there is no ambiguity; an element greater (less) than
0 is necessary and sufficient for an increase (decrease) in the real income (= utility) of
the household.

The three generalisations of the Stolper-Samuleson Theorem can be restated in terms
of thisV matrix. The strong generalisation of the Stol per-Samuelson Theorem holds,
for a square matrix, if and only if al elements on the diagonal are strictly positive and
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all off-diagonal elements are strictly negative. The weak generalisation holds, for a
square matrix, if and only if al elements on the diagonal are strictly positive. The
basic generalisation holds for a matrix of any dimensionsif and only if thereisa strictly
positive and a strictly negative element in each row and column.

The matrix in Equation (7) differs from the Generalised Stol per-Samuelson matrix in
Equation (5) in terms of the criterion of a change in rea income and in the
diversification of the income of households. It permits any pattern of diversification.

The analysis of the Theorem with diversified household ownership requires additional
new concepts on the supply side of the model. These concepts are the generalised
household income function and the imputed outputs of the household.

Household income is the income from the factors which the household owns, th =
wvht where vt is the column vector of factors owned by the household, the transpose

of vh. Utilisingw = w(p,v), the household income function is
1M = w(pvvht = g(p,v,vh) ®

These functions are homogeneous of degree +1in p.

The outputs imputed to a household, denoted by 'y h may be calculated in the same
manner as outputs are determined for the national economy. (The concept of the
imputed output of the household has been used by Lloyd and Schweinberger (1988,
1997).) Each household owns a given endowment of factors which will be fully
employed. The household is assumed to possess the same technologies of producing
each good as the nations' firms. Its output vector is given by

y h=ywh=y Apyvh) ()
yv isthe nxm matrix of derivatives with respect to v of the output vector y(p,v). With
this convention, the national output vector is the sum of the household vector. We

may, therefore, regard y h as that part of the national output vector which can be
imputed to household h. Moreover, the value of the household' s output is equal to its

income, that is, py N = wvht = g(p,v,v1) (see Lloyd and Schweinberger (1997)). As
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each household’'s expenditure is equa to its income, there is balance of payments

equilibrium for the economy. Note that gB =y h

The economic meaning of this imputation can be obtained from inspecting the imputed

output by household of good i. By derivation, the i’th element of y his

Vih =§. ﬂyi/ﬂvj'vjh (10)
j=1

That is, the imputed output of good i by household h is the weighted sum of the inputs
supplied by this household to the firms of the economy. The weights are the margina
effects of the change in the aggregate supply of this input on the aggregate economy
output of each good. These can be termed the Rybczynski weights.2 They may be
positive or negative. Hence, the output of a commodity imputed to a household may
be positive or negative. If the household’'s endowments lie outside the cone of
diversification, one or more of the outputs imputed to the household will be negative.
A household may produce more than the national output of a good if other households
in the aggregate produce a negative output of the good. The household's output
vector is merely the vector it would be required to produce if its endowments are to be
fully employed and it uses the national technology. It isanotiona concept which will
enable us to obtain further results.

Finally, with this concept of the imputed outputs of households, we can now define the

~h

. h h h
excess demand of household h for good i as & =X - where X is the

demand by household h for good i. Now yih =y hp,v,v) and

2|1 the nxn case the full employment conditions are A(w)y = vi. Hence, the outputs are given by

y= [A(w)]'lvt. If households have the same technology the household outputs are given by

y N=[Aw) vt
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X Ih = xih(p, gh(p,v,vh)). Therefore, exlh :ih(p, v,vh). From the derivation of

o h
imputed household outputs, we have, for each good, a g =8, the excess demand
h

in the economy for good i.

This definition of the excess household demand can be related to the change in the
utility of a household when the price of a good changes. Using Roy’s Identity and

the derivative property of the household income function (gB =y h ) in Equation (6)

yields
avivdp = (51" - ") vivih (12)
><)0 as (5-x")> (<0

since VM 1P >0. A household gains or loses from an increase in the price of a good,
depending on whether it is an implicit net seller or buyer of the good.2 Alternatively,

this result can be expressed in terms of proportionate changes

\A/h/f).th/f)i-fih
h . h
= q -f i (12)
h _ ~h o ~h . _ .
whereg ~piy; /@ piyj istheshare of the income earned from the imputed

_ h o h . ,
production of good i, f Ih RS I a piX; s the share of the expenditure of
household h on commodity i. Using Equation (12), we may write the matrix V as

V = g-f (13)

3 This generalises a result which has been known to apply to an exchange economy (see, for example,
Jehle (1991, p.350)) to an economy with production. It aso extends to the household unit a
result which is known to apply to a small price-taking nation which trades with other nations.
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where gisthe Hxn matrix of terms (gi ) andf isthe Hxn matrix of terms (f i ).

In Equations (11) and (12), the welfare effect of changes in the price of a single good
contains two terms, one of which measures the effect of the price change on the
household as an income-earner and one of which measures the effect on the household
as a consumer. The criterion of real income used by Stolper and Samuelson and the

subsequent literature neglects the second term.

The concept of imputed output can be used to verify the original Stolper-Samuelson
Theorem for the 2x2 model and other earlier results. The Rybczynski equations
relating commodity outputs to factor endowments are

a 1(w,ny+a2(w,ryz2=L

ak1(w,ny1 + aka(w,ryz = K (14)
The solution to these equationsiis, for given commodity and factor prices,

y1=[akolL - a 2K]/D

y2=[a1K - a2L]/D (15)

where D = a 1ak2-a 28K 1 IS the determinant of the system of equations. Hence the
Rybczynski weights are

é a2/D -1 /D
_ éﬂ)’l/ﬂl— ‘ﬂyZ/‘HL@_ ~

B~ K KU_ ~
MK WKE & o op awiD

(16)

(e} e e

h . h ¢ h
For household h, the i’th element of the vector Yi isy; :é ‘ﬂyi/ﬂvj-vj . In each
j=1

column and row of the matrix of Rybczynski weights, R, there is one positive and one
negative element. Thus, when the stock of one factor increases, the output of the
good which is intensive in this factor increases and the output of the other good
decreases.
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Suppose now that there are two households (or groups of households), one of which
owns the labour supply of the economy and the other of which owns the capital stock.
Let the household which owns labour be household 1 and that which owns capital
household 2. Let the good which is intensive in the factor labour be good 1 and the

other be 2. Using Equation (15) above, the implicit outputs of the households are yi

=fy1/L.L, yé = Ty2IL.L, y f =fy1/IK K, and yé = qly2/TK.K. Each household
produces a positive quantity of the good which uses intensively the factor with which
it is endowed and a negative quantity of the other. Since the sum of the values of the
outputs of the two goods by a household is equal to its income, the household which
has a positive imputed output of the good has an imputed income from the production
of this good which is greater than its household income. Consequently, this household

has a value of (§/ih - xih)whi ch must be positive no matter what proportion of the

budget of this household is spent on the good. The corresponding term for the other
household must be negative no matter what its expenditure pattern. This proves the
original Stolper-Samuelson Theorem by a quite different approach.

As a second example of a known pattern of real income effects, consider the specific
factor model developed by Jones (1971). Thisis an important example as the model is
uneven; there are three factors and only two goods. Jones also assumes that there are
three completely undiversified factor owners, each of whom owns al of the nations
stock of one of the three factors. The non-specific factor is called labour, L, and the
specific factors are the capital specific to industry 1, K4, and the capital specific to
industry 2, K,. The Rybczynski (full employment) equations relating the outputs of

the two goods to the endowments of the three factors are given by
a 1(W,ry,r)y1 + a2(w,ryra)y2 =L

ak1(W,r,r2)y1 =Ky
ak2(w,r,r)y2 =K, (17)

where r; and r, are the prices of K; and K, respectively. The factor prices as well as
the outputs, y; and y,, are unknown. Consequently, as is well known, the

determination of the outputs requires the two equations which relate factor prices to
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output prices. This gives five equations to determine the five unknowns (y, Yo,W,r1,
r;). The Rybczynski weights can now be obtained by differentiating totaly the five
equations. This matrix has the sign pattern®

ey, /I Tyl o & +u
sign Sy, K, Ty, K, ¢ =& g (18)

é
éﬂyllﬂKz ﬂyzlﬂKzé é_ +é

D

Using this matrix in Equation (10), one sees immediately that a household which owns
a specific factor produces a positive output of the good which use this specific factor
and negative output of the other good whereas the household owning the non-specific
factor produces both goods positively. Furthermore, a household owning one of the
specific factors actually produces more than the national output because the
Rybczynski weights are greater than the terms (Lay;) = y; in Equations (18). In this
model, an increase in the stock of a factor causes the factor price to decrease and this
in turn increases the input of this factor at the margin. Hence, the square sub-matrix in
the second and third rows of the V has precisely the same sign pattern as the original
Stolper-Samuelson 2x2 model.

These results for the 2x2 and the 3x2 models and the use of imputed outputs generally
can be explained by the Reciprocity Relation. For a competitive equilibrium such that
all goods are produced and all factors fully employed, as we have been assuming, the

Reciprocity Relation statesthat y, =w,. Thatis, Tyi/fv; = fw;/fp; foraliandj.

This explains why the imputed outputs are linked to the terms (v/;/ i/ 6 i Jwhich appear

inthe Sand V matrices.

Consider the small open economy described in Section 11 with any number of goods
and factors and households and no restrictions on the technology of production other

4 The easiest way to obtain the Rybczynski terms is to use the Jones hat calculus in the manner suggested by
Jones (1975).
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than constant returns to scale® In particular, households may have diversified

endowments.

The introduction of diversified household ownership changes the properties of the
model fundamentally. Consider the case in which vh = by, that is, each of the H
households owns an equal fraction (b = 1/H) of the nations' endowment vector, and all
households have the same preferences® Hence, al households are equaly (and
completely) diversified, though some may own a larger share than others. There is
then no diversification in either the pattern of factor ownership or the pattern of

h " o
consumption. In Equation (13), the term g = /I\ by 6 i=Y/ 6 i where Y isthe

change in national income. Every term in each column of g is identical. Similarly,
every term in each column of f isidentical. Therefore, V isamatrix in which all terms

in acolumn have the same sign. This holdsfor al g.

Diversity is a departure from equal ownership of factors and equal consumption shares
among households. With any diversity, the terms in a column will cease to be equal.
With small diversity in household ownership of factors and/or preferences, the termsin
the columns of V will be the same sign for all i.

Evidently, the assumption that each household owns only one factor that is not owned
by any other household, which is built into the previous literature, is extreme diversity
in factor ownership and produces atypical results. All of the results reported in
Section | hold because of the combination of the assumed restrictions on technology
and the restriction of household ownership to the extreme case of completely
undiversified ownership.

We need to take diversification into account as the reality is that most households
today are at least partly diversified in endowments.

5 The model can be extended to some situations with economies of scale which are external to the firm and joint
production (see Lloyd and Schweinberger (1997)). It can also be extended to a labour-leisure choice, using
the concept of full income and to ad valorem commodity taxes which maintain a fixed wedge between
producer and consumer prices and to ad valorem factor taxes.

6 This result could be generalised to households which own fixed, but not necessarily equal fractions of the
nation’s endowments but it would require the restriction of homotheticity of preferences.
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Theorem

Consider an economy in which at least some households are diversified in terms of
their ownership of factor endowment. In the Hxn matrix of terms showing the change
in real income (= utility) of households in response to changes in the prices of goods

oneat atime,

<>

g el 61 \/}1/ Bn H
V=3 7
&

\/}Hlﬁl \/}H//F;n H

(i) there is at least one drictly positive element and at least one strictly negative
element in every row, and

(i) there is at least one strictly positive element and at least one strictly negative
element in every column, if and only if thereis sufficient diversity among households in
their ownership of factors and/or their preferences.

Proof of the Row Property

The household real income is given by VP(p, gN(p,v,v) = whpvvh).  wh is
homogeneous of degree 0 in p since vhis homogeneous of degree O in p and gh, and

gh is homogeneous of degree +1 in p. Applying Euler’s Theorem and expressing the
results in proportionate changes, we have

AN

o, h A
aw /pi=0 (29

i=1

The terms (W DV p {) are the elements in the i’th row of the matrix of V. From
Equation (19), there is at least one strictly positive element and at least one strictly

negative element in every row.

Proof of the Column Property

(i) Necessity
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If there is zero diversity in both factor ownership and preferences, V. = g- f and
every element of a column must have the same sign. Some diversity among
households in factor ownership and/or preferences is necessary for the change in a
goods price to affect households differentialy.

(i1) Sufficiency

h

In an open economy, &= Q e 0 with the strict inequalities > and < holding
h

Y 1Y

for goods which are imported and exported by the nation respectively. In the case of
an import good, there must be at least one e ement which is positive and, in the case of
an export good, there must be at least one element which is negative.

For any technology and any set of household preferences, there exists a distribution or
distributions of the national endowments among households which yields the column
property of the theorem. Consider a column of V. For a household with multiple

. AN h AN o h A A . h
factor ownership, (1 "Ypi)=aQ a; (w j/ p i) where the weights aj are share of
i

income earned from each factor. Substituting this expression in Equation (6), we have

Vo :éajh W ilp)-fl éajhzl; h=1,..H (20)
i i

Take two households, one of which owns a factor with (v/;/ i/ 6 i) > 0 and one of
which owns a factor with W j/ p i) < 0. Call these households s and t. For any set of

£ , We can increase the weight attached to the positive term (v/;/ i/ 6 i) for

household s and decrease that attached to a negative term (v/;/ i/ 6 i) for household t
AN A\ . .
until (V §p i) ispositiveand (V Y p i) isnegative.

It follows immediately from Equation (12) that a change in the price of any good must
make at |east one household better off and at |east one worse off. Q.E.D.

The best interpretation of the conflict among households in the columns of V is to
regard households which gain and those which lose as being on opposite sides of the
market (see Equation (11) above). It is possible for al households to be on the same
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side of the market and consequently for conflict between households to be absent
when the price of the good changes. However, a strong presumption of conflict
between households remains in an economy with diverse individua households. This
must occur if thereis sufficient diversity among households.

Sufficient diversity may come either from diversity of endowment proportions or of
preferences. Consider the case in which the H households are equally diversified in

AN AN

terms of endowments. ThenV = (Y / p i) - f where (Y / p ) is the matrix in which
every dement in column i is identical as all share equdly in the change in nationa
income (Y). It requires only alimited variation in the preferences of some households
to ensure that there is a positive and a negative element in every column. Conversely,
if al households have identical preferences, diversity in factor ownership will create

diversity in (/I\ by 6 i) across households in each column. In this case, what diversity is

sufficient will vary with the technology.

The Ethier (1974) and Jones and Scheinkman (1977) versions of the nxn Heckscher-
Ohlin moddl and the specific factor model, with each household owning only one
factor, can be shown to have households on opposite sides of the market.

As another example, consider g is the 3x3 matrix formed by taking the Uekawa matrix
and there are three households each of which owns only one factor. This was a
counterexample to the basic generalisation of the Stol per-Samuelson Theorem. In this

cae, Vis
el 1 ¢ 10
é9/10 4/5 -7/10u &1 f2 T30
1 é u é2 2 20
V=ql-f= g21/10 24/5 -17/10;- &1 fo faq
& 7/5 -16/5 14/5 U €3 3 30
€ u gl fo fgg

This matrix has the sign pattern required for the basic generaisation for any 3x3 non-
negative matrix of consumption shares. Thus, the basic generalisation holds in terms
of V. The upholding of the basic generaisation in terms of V but not S is another
expression of the sufficiency but non-necessity of the Stolper-Samuelson criterion of
real income change.
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In all of these cases the extreme diversity in factor ownership alone coming from
completely undiversified households is sufficient for the basic generaisation to hold in
terms of V. Itisaso apparent that the required pattern would hold in these models if
househol ds endowments were only partialy diversified.

A more general 3x3 example will demonstrate the role of imputed outputs in the
determination of the patterns of factor ownership which yield the rea income effects
of the generalisation of the Theorem.

Example : 3x3 Heckscher-Ohlin model

It is convenient to use the Leamer Triangle. This Triangle has been used previoudy in
the analysis of the Stolper-Samuelson Theorem by Jones (1992) and Lloyd and
Schweinberger (1997). In this application, the triangle is applied to the endowments
of the individual households within the national economy rather than the endowments
of the nations within the world economy as in Leamer (1987). It is obtained by the
intersection of the positive orthant of the 3-dimensiona factor space with a unit value
plane. The Triangle is then the unit smplex. The triangle represents graphically in 2-
dimensional space the relative proportions of the three factors.

Thus, the endowment vectors of the individual households are points in the Triangle.

For a household, the coordinates of these points are the shares of the income of the

h

5 ag ). The endowment points of the households

household from each factor ( alh ,a

are distributed over the Triangle. A household which is completely diversified in that
it owns a strictly positive quantity of each factor will have an endowment point in the
interior of the Triangle. A household which owns two of the three factors will have an
endowment point on a side of the Triangle and one which is completely undiversified
will have it at a vertex.

We aso plot in the Triangle the vector of cost-minimising input coefficients used in the
production of each good, ;. The coordinates of these points represent the distributive

shares of the factors, (01;,02i,03). These vectors represent the technology.

For any technology, the Leamer Triangle can be partitioned into 7 zones showing the
pattern of complete, partial or zero diversification in production by a household whose
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endowment point is in this zone. The zone of complete diversification is the area
within the cone of diversification. If a household’s endowment vector liesin this zone,
the household will produce al three goods in strictly positive quantities. If it liesin
another zone, it will produce positive quantities of one or two goods only. This
partition holds for any technology. If g lies on a side of the Triangle ( because one of
the factors is not used in the production of one good, good i), the zone in which only

good i is produced positively reduces to the point g;.

Figure 1 provides an illustration. The technology in this figure is an example of a
technology which satisfies the Chipman dominant diagona condition. The points
labelled g1, g, and gs show these sets of coefficients for goods 1, 2 and 3 respectively.
The lines connecting these points form the familiar cone of diversification. For the
technology given by the points g;, ¢, and gz, the zones of zero, partial or complete
diversification in the imputed outputs of households are shown. The goods produced

in each zone are given in parentheses.

First assume, as in the original Chipman case, that there are three households which
are completely undiversified in their factor ownership. Let households 1, 2 and 3 own
the stocks of factors 1, 2 and 3 respectively. The endowments points of the three
households are at the three vertices of the triangle. Then, households 1 and 3 produce
only one good in positive quantities, good 1 and 3 respectively. These are the goods
which use intensively the factor which the household owns. The other two goods are
produced in negative quantities. Hence, the value of the imputed output of the
respective good is greater than the income of these two households. These two
households gain from an increase in the price of this good and lose from an increase in
the prices of the other goods. Household 2 produces good 3 as well as good 2 in

positive quantities and good 1 in a negative quantity. As (,, dominates the other

terms in the second column of ¢, the value of the output of this good is larger than the
income of household 2. The weak generalisation of the Stolper-Samuelson Theorem
follows from Equation (12) and consequently the basic generalisation also follows.

Allowing diversification of household ownership of factors opens up a much richer
variety of possibilities. One can find aregion of household diversification which yields
the basic generalisation. The patterns of diversification in this region will suffice for
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the generalisation, irrespective of the household preferences. First, for al sets of
endowments in the zones marked (1), (2) and (3), the strong generalisation of the
theorem holds. Since only one good is produced positively in each household, the
value of the imputed output of this good exceeds its income and the household gains
from an increase in the price of the good, irrespective of its preferences. For the other

h h _h
two goods, g <O and, therefore, (gi - f i ) < 0. (These endowments are such that

the strong generalisation holds even though the Kemp-Wegge condition does not
hold.) The basic generalisation holds for al sets of endowments such that each
household produces one good in value greater than its total output (income). This

holds for any technology as represented by aq.

Of course there are more than three households in an economy. With many
households, al that is required for a generalisation to hold is that there be one
household in each of the stipulated zones or areas.

These regions of factor ownership are sufficient for the theorem. With knowledge of
the preferences of the households, there is awider set of household distributions which
is necessary and sufficient for the theorem. Even in the extreme case in which each
household owns a fraction of the nation’s endowments, all households will have the
same endowment point in the cone of diversification but the theorem will hold if there
is sufficient diversity in preferences.

v

The theorem retrieves the spirit of the Stolper-Samuelson Theorem. It has not been
stated previously to my knowledge. Cassing (1981) proved the row property for the
restricted model with specialised factor ownership and nxn dimensions. |If the numbers
of households and goods and factors is n and every household owns only one factor
and every factor is owned by one household, each household can be associated with a
factor. Thus, households can be numbered in the same way as factors. Then, for any

A h A\ A\ A\ h . . .
householdh, V" pi =wp/ pi - fi . The matrix of rea income changesisV = g1

-f. Sinceglandf are both row stochastic, it follows immediately that the row sums
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of V are zero. Hence, there must be at least one positive and one negative e ement in
each row of the matrix. Lloyd and Schweinberger (1988, p. 281) stated the general
form of the row property in the theorem, using the household trade expenditure

function.

The general proof of the row property derives from the use of a true index of utility
rather than the Stolper-Samuelson criterion of real income change. In fact, it is the
homogeneity property of the indirect utility function which produces the result that
Cassing noted. This result is much more general than the special case of an nxn
economy with undiversified households which Cassing considered. It applies to any
household with a diversified factor ownership and it alows specific as well as non-
specific factors and intermediate inputs. The column property has not been proven
before.

Thus, it turns out that it is the row property which holds generaly, not the column
property. This is the opposite of the conclusion of Ethier (1974) and Jones and
Scheinkman (1977) for the case of households which are completely undiversified in
terms of the factor ownership and using the Stolper-Samuelson criterion of real

income change.

The contrast between these results and those of earlier generalisations of the Stolper-
Samuelson Theorem is the contrast between the two matrices in Equations (5) and (7).
Equation (7) permits any pattern of diversification in factor ownership, uses the
necessary and sufficient criterion for a utility change and is unrestricted in terms of the
dimensions of the mode! .

The only restrictions which rule out a part of the gains from international trade is that
the number of goods which are consumed is fixed and there are no economies of scale,
unlike the models of Krugman, Helpman and others in which this number is
endogenous and there are economies of scale. Even here, we can note that the
consumers in the Krugman-Helpman models are identical in terms of their preferences
(see, for example Helpman and Krugman (1985, especially chapter 9.5)). Againitis
this lack of diversity which accounts for the result that al households may gain from
trade, not the presence of economies of scale and product varieties.
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In deriving the Stolper-Samuelson-type theorem above and the conditions for the
strong and weak generalisations, the concept of the imputed outputs of a household is
an expeditious method of extending the column property of the matrix of household
changesin real income. However, the crucial step in the extension of the both the row
and column properties of the Stolper-Samuelson theorem is the use of the true index
of utility change. This provides a criterion which is necessary and sufficient for a price
index to increase or decrease the real income of a household. The Stol per-Samuelson
criterion was weaker and sufficient for the simple 2x2 Heckscher-Ohlin model.
Stolper and Samuelson (1941) stated: “The vast mgority of writers take it as
axiomatic that a calculation of effects upon real income must take into consideration
the behaviour of prices of commodities entering the consumer’s budget.” They saw
their criterion which removed the index number problem as a great advantage. But
the criterion was quite inadequate for more general models. It was too strict a test of
real income change. Ironically, progress has been made in completing the row and
column properties of a general verson of the Theorem only by putting the
consumption effect back into the criterion.
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