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Abstract

The Hodrick-Prescott ..Iter is often applied to economic series as part of the
study of business cycles. Its properties have most frequently been explored
through the development of essentially asymptotic results which are practi-
cally relevant only some distance from series endpoints. Our concern here
is with the most recent observations, as policy-makers will often require an
assessment of whether, and by how much, an economic variable is “above
trend.” We show that if such an issue is important, an easily implemented
adjustment to the ..Iter is desirable.



1 Introduction

A common initial step in empirical business cycle analysis is to de-trend a
given time series in an attempt to isolate “its cyclical component.” The
outcome will depend of course on precisely what approach is taken to de-
trending. Although there is no uniquely satisfactory answer to this question,
a frequently employed strategy is to apply to the raw data a ..Iter proposed
by Hodrick and Prescott (1980) in a discussion paper, published many years
later essentially unchanged as Hodrick and Prescott (1997). Although their
procedure is universally referred to as “the Hodrick-Prescott ..Iter,” it should
be noted that Akaike (1980) proposed precisely the same approach in the
context of seasonal adjustment. The Akaike model incorporates a seasonal
component in addition to trend and cyclical components, but his approach to
isolating individual components is the same as that of Hodrick and Prescott,
whose ..Iter amounts to a special case of Akaike’s procedure when seasonality
is absent.

The Hodrick-Prescott (HP) ..Iter was not developed to be appropriate,
much less optimal, for speci..c time series generating processes. Rather,
apart from the possible choice of a single “smoothness parameter,” the same
.Iter is intended to be applied to all series. It is motivated through plau-
sibility rather than optimality considerations. Indeed, even the single free
parameter value is generally chosen subjectively, on rather ad hoc grounds.
Nevertheless, the properties of the ..Iter have been analysed by, for example
King and Rebelo (1993) and Ehglen (1998), from the viewpoint of optimal
signal extraction. We discuss this issue in the following section, noting that
if a given time series is generated by a process that is integrated of order one
or two and is autoregressive-moving average on reduction by diserencing to
stationarity, HP yields a decomposition that is optimal into orthogonal com-
ponents that can be regarded as “trend” and “cycle.” However, estimated
components will not obey the same generating processes as the correspond-
ing “true” components, and a further line of enquiry, as in Harvey and Jaeger
(1993) and Cogley and Nason (1995), is to consider the stochastic proper-
ties of the estimated components induced by the ..Iter. Also in Section 2
we provide an extended discussion of the application of the HP ..Iter to a
random walk.

The optimality result of the previous paragraph is based on application of
the ..Iter to an in..nitely long time series, though for all practical purposes it
applies also to the estimation of components at the centre of a moderately
long series. However, our concern in the remainder of this paper is with
cyclical components estimation for the most recent time periods, which will
be of most interest for example to policy makers. Results on HP optimality



do not apply here, and indeed the ..Iter is demonstrably suboptimal. Sections
3 and 4 of the paper explore the extent of that suboptimality for individual
data generating processes from two perspectives that are apparently distinct,
but in fact are very closely connected.

In Section 3, we continue with the notion that there exists a “true”
cyclical component, and that the purpose of the ..Iter is to estimate that
component. We further take the standpoint that the true component is the
one for which HP yields optimal estimates at the series centre, and go on
to assess the quality of the most recent HP ..gures as estimates of the most
recent values of that component.

The consequences of HP .. Itering at time series endpoints can be explored
without overt recourse to the concept of “true” components - after all, that
concept is not present in the original work of Hodrick and Prescott. We do
so in Section 4 through the notion of endpoint revisions. Suppose, having
computed an HP decomposition for a given time series, further time elapses
and more data accumulate. The ..Iter could be re-applied to the extended
data set, which would yield revisions to the original components estimates
at the most recent time periods. Although such revisions are necessary (and
desirable), one would hope, if current cyclical values are to be taken seriously,
that they not be too large. In fact, the HP ..Iter as generally applied leads
to revisions with larger standard deviations than necessary, and we analyse
and illustrate the extent of this suboptimality. Finally, Section 5 concludes.

2 Some technical issues

Given a series of observations y; (¢t = 1,2,...,7) on a time series, the HP
.Iter is an additive decomposition

ye =i +uf

where y{ is identi..ed as a growth (trend) component and ¥ as a cyclical
component. In much of the business cycle literature, the purpose is to
analyse relationships among the cyclical components of given time series.
Hodrick and Prescott estimate the growth component as 37 through solution
of the constrained minimisation problem
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where the parameter A controls the smoothness of the estimated growth
component. Hodrick and Prescott (1980/1997) proposed on somewhat sub-
jective grounds a value \ = 1600, and we shall follow much applied work that
exploits the HP ..Iter in employing that value in the bulk of this paper. How-
ever, in research that has gone largely unnoticed in this ..eld, Akaike (1980),



while further allowing a seasonal component in the decomposition, proposed
precisely the HP approach together with a data-dependent Bayesian proce-
dure for the choice of \.

Apart from the choice of )\, the structure of the HP ..Iter is identical for
all time series. In that sense, one might say that it is not intended to provide
“optimal” cyclical component estimates ¢ = (y.—y7) for speci..c time series.
Nevertheless, the ..Iter that results from the solution to (1) can be viewed in
terms of the optimal signal extraction literature pioneered by Wiener (1949)
and Whittle (1963) and, crucially in the present context, extended by Bell
(1984) to incorporate integrated time series generating processes. Results
in that literature generally apply to in..nitely long series, or in practical
terms relate to the midpoints, but not the endpoints, of series of practically
interesting length. In subsequent sections we shall be interested in endpoint
issues, but here we review the asymptotic optimality results. King and
Rebelo (1993) and Ehglen (1998) analysed the HP ..Iter in this framework.
It can be shown that the estimated cyclical component is provided by the
symmetric two-sided ..Iter
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where L is the lag operator. The HP ..Iter is optimal, in expected squared
error sense, for data generating processes of the form
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where ¢; and wu; are mutually stochastically uncorrelated white noise pro-
cesses, so that
Elewus) =0 ; Vi,s 4

and where their variance ratio is
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where \ is the value of the smoothness parameter used in (1). It is di¢cult
to say whether the orthogonality restriction implied by (4) is “reasonable,”
but clearly permitting an arbitrary correlation structure would lead to lack
of identi...cation.

In practice, one directly observes y; rather than its components, so it is
interesting to view the optimality result (3) in terms of the process gener-
ating the original series. It is generally agreed that a great many economic
time series are integrated of order d, I(d) - that is, require dicerencing some
positive number d of times to induce stationarity. There is some controversy
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as to whether d = 1 or 2 is typically the more appropriate, witness for exam-
ple the contrasting views of Granger (1997) and Harvey (1997), but there
is scant support for higher values. It is standard practice, following Box
and Jenkins (1970), to ..t to data autoregressive integrated moving average,
ARIMA(p, d,q) models and we shall restrict attention to such generating
models with d =1 or 2 for y;.

It should be noted that all such models ..t into the framework (3), with
A(L) involving a unit moving average root in the case d = 1, so that then
the growth component 7 is also 7(1). Since y; is the sum of the individual
components, it follows from (3) that

(1—L)*y = A(L)et+(1—L)*A(L)us = A(L) [er + (1 — L)*w] (6)
A(L)(1 =7 L=, L%)n,

where 7, is white noise, whose variance along with the parameters -, depends
through (5) on the smoothness parameter A. For example, solving the usual
autocovariance equalities yields for A = 1600

v =177, v, = —0.80, 07 = 1.250,. )

Consider ..rst the case where y; is I(2), with stationary autoregressive op-
erator ¢(L) and invertible moving average operator 6(L) in its generating
model. Then in (6) set

e
A= SO0 ) @
so that
S~ 1) = 0D, ©

Since there is no restriction, other than stationarity and invertibility, on
the parameterisations ¢(L) and 6(L), the implication is that, whatever the
choice of A\, an optimal HP decomposition of the form (3) exists. Given
a?,, o2 is determined through (7), or the corresponding expression for some
other ), and o2 through (5). The parameters +; of (8) are also functions of
A. It follows from (9), (8), and (3) that, in general, if the data generating
process for y; is ARIM A(p, 2, q), that for yf is ARIMA(p+2,2,q) and that
for yf is stationary ARM A(p+ 2,q).

Now let y; be I(1), with stationary autoregressive operator ¢(L) and
invertible moving average operator (L), and in (6) set

0(L)(1- L)
$(L)(1— v L —~oL?)

which is permissible as (3) does not preclude a unit moving average root in
A(L). Then

A(L) =

(10)

¢(L)(1 = L)y, = 0(L)n, (11)
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and it immediately follows that if the process represented by (11) is ARIMA
(p,1,q), that for y/ is ARIMA(p+ 2,1,q) and that for yf is stationary
ARMA(p + 2,q + 1) with a unit moving average root. Of course, in such
conclusions for either 7(2) or I(1) processes the possibility exists of patholog-
ical cases where cancelling factors in the autoregressive and moving average
operators generate lower dimensional generating models for the components
series.

We have seen, unsurprisingly since no dimensionality reductions are re-
quired, that, although it was not explicitly developed to do so, the HP ..Iter
provides optimal estimators of components that could be viewed as “growth”
and “cyclical” for any I(1) or I(2) generating model, whatever value is cho-
sen for the parameter X in (1). In that sense these could perhaps be viewed as
the “true” components implied by the adoption of HP. After all, the ..Iter es-
timates such components as accurately as possible in expected squared error
sense, and components generated any other way would either be incompat-
ible with the generating process for y; or more e€ciently estimated through
some other ..Iter. Nevertheless, as emphasised for example by Ehglen (1998),
the stochastic process followed by the component estimate gf dicers from
that followed by the true process yf as a well known consequence of optimal
.Itering. To illustrate this point, since many economic time series appear
to be generated by processes which at least closely resemble random walks,
we explore the behaviour of the HP estimated cyclical component g when
actual y; is generated by the process (11) with ¢(L) = 6(L) = 1. Of course,
as we have seen, and as follows from (10), the “true” HP cyclical component
is then generated by

(1 =y L— %Ly = (1—-L)w (12)

where, for A = 1600, the parameters -y, are given by (7). However, it follows
from (2) that

(-0 -—LY?
TN (1oD2(1 L2

Ji=hLm WL
Hence, the autocovariance-generating function of gy is
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where
AT+ (1 -2)%1 - 22 =kD(2)D(z7Y) (13)

and D(z) is a polynomial of degree two in z with D(0) = 1. It follows that
the generating model for y¢ can be written

DX(L)jg = (- L)y 3 o2 =k 202 ; D(L)=1-y,L—7l® (14)



where v is white noise. Itis permissible to use the same notation ~y; as before
since it is straightforward to see from (13) that the algebra that leads to the
derivation of those parameters is precisely the same as that which fows from
(6). Forexample, for A = 1600, the ~, values are precisely those given in (7)
with £ = 1.25. This ARM A(4,3) data generating process, with three unit
moving average roots, is, as expected, quite dicerent from the process (12)
that generates the “true” y¢. The autoregressive operator D?(L) in (14) has
two identical sets of complex conjugate roots, 1.111 + 0.125¢ so that g; will
exhibit an element of damped cyclical behaviour. This phenomenon, which
of course is absent in the original random walk series, is in eaect spuriously
induced by the HP ..Iter.

This result appears rather complex and does not give an easily inter-
preted impression of how the behaviour of the estimated cyclical component
will appear when the HP ..Iter is applied to a random walk series of prac-
tically interesting length. To obtain a dicerent perspective, we generated
series of 7' = 100 observations from the random walk process (11) with
¢(L) =0(L) = 1 and n; normally distributed white noise with zero mean
and variance one. The HP ..Iter was applied to each generated series, yield-
ing actual components estimates. To explore the apparent behaviour of
the cyclical component, we attempted ARM A(p,q) modelling. All com-
binations satisfying p + ¢ [1 7 were considered, parameter estimation was
through maximisation of the exact Gaussian likelihood, and the order (p, q)
was selected through both the SBC and AIC criteria. Table 1 summarises
the percentage times models of each entertained order were selected by these
criteria. The selected models are generally more lightly parameterised than
the ARM A(4,3) model predicted by the theory. Moreover, this feature is
unconnected with the end-ecect phenomenon to be discussed in the follow-
ing two sections (applying the ..Iter to much longer series, and discarding
at least 1,000 observations from each end of the series to leave 100 cyclical
component estimates unacected by this phenomenon produced results that
did not dicer substantially from these of Table 1). From Table 1(a) we see
that for the majority of series g is identi..ed by SBC' as ..rst order autore-
gressive. The average value of the autoregressive parameter estimates for
these series was 0.67. When an autoregressive component of order at least
two was identi..ed, that component almost invariably (on 98% of such occa-
sions) contained complex roots. Also in line with (14), on the great majority
of times a model with ¢ > 1 was identi..ed (88% of such occasions), the ..t-
ted model contained at least one unit moving average root. These last two
conditional frequencies were repeated for models selected by AIC, though
as is standard these models were in the aggregate somewhat more heavily
parameterised than the SBC-selected models, the most frequently chosen
speci..cation being ARM A(2,1). One way to summarise these conclusions is
that, while the phenomena of complex autoregressive roots and unit moving
average roots predicted by the theory could often be detected in practice for



series of 100 observations, this is most likely when a model selection criterion,
AIC, known to over..t asymptotically, is employed. Under a parsimonious
model selection strategy, which is likely to mimic SBC, the ..Itered series
uf will often appear to be ..rst order autoregressive with parameter value
close to 0.7. This phenomenon of relatively sparse models appearing to
provide adequate representations of series of cyclical component estimates
stems from the relatively small number of series observations in relation to
the number of parameters in the “true model.” This is demonstrated in
Table 2 which reports results of the same type of simulation experiments,
but with 200 replications of series of 500 observations. Even with such a
large sample size, the correct ARM A(4,3) order is selected only on a small
minority of occasions, though at least this is the most frequently selected
model by AIC. In summary, then, while the theoretical result (14) is cor-
rect, that structure will generally not be manifest for series of practically
occurring length.

The impact of the features in the estimated cyclical component induced
by HP ..Itering on inference about business cycle “stylized facts” has been
discussed by, among others, Harvey and Jaeger (1993) and Cogley and Na-
son (1995). The former note a problem with a methodology, as employed
for example by Canova (1998), that attempts to base business cycle infer-
ence on sample cross-correlations at various leads and lags between cyclical
component estimates of pairs of series. This approach can generate a “spu-
rious regression” phenomenon in the sense of Granger and Newbold (1974)
- that is, the appearance of a strong relation where none exists. Moreover,
as a few simulation experiments would demonstrate, a related phenomenon,
highlighted by Box and Newbold (1971), is also likely to occur. The sample
cross-correlations tend to exhibit a smooth pattern completely unrelated to
any real relationship between the variables, and which indeed will materi-
alise when independent (1) variables are separately subjected to the HP
..Iter to produce estimated cyclical components.

In the following two sections, our concern is with the most recent HP
cyclical component estimates in a series of ..nite length. Suppose that a time
series is generated by the process (3), so that implicitly yf is the cyclical
component estimated by the ..Iter. That estimate will be optimal at the
centre of a “long” series. However, towards the series endpoints components
estimates will in general be ineccient, a conclusion that mirrors that of
Wallis (1982) in a study of the linear ..Iter version of the Census X — 11
seasonal adjustment procedure. That conclusion is easily seen in the present
context. The ..Iter (2) is symmetric two-sided, but of course such a ..Iter
is not directly applicable towards the end-points, and does not of necessity
correspond to the solution of (1). However, as follows directly from results
of Burman (1980), optimal components estimates follow from augmenting
a given series y; with optimal forecasts (and optimal backcasts if interest is
also in the earliest values), and applying the ..Iter to the augmented series.



For example, if the generating process is given by (3), such an approach
will yield optimal components estimates for the entire period covered by
an observed data set. This approach dicers from the usual HP ..Iter, for
which for example 3¢, following from the solution of (1), will be the same
linear function of yr_; (j > 0) whatever the true data generating process,
whereas optimal forecasts depend on those observations according to that
process. We go on to examine the extent of this HP suboptimality from two
perspectives. First, in Section 3, we view the ..Iter as an attempt to estimate
the quantity yf of (3), and assess the e¢ciency of the HP estimates of the
most recent time periods. Then in Section 4 we abandon the explicit view of
a “true” component and ask to what extent the current cyclical component
would require revision in a few years time if the ..Iter were reapplied as new
data became available - that is, we compare . based on y_; (j > 0) withan
estimate based on yrp—; (j > 0) for moderately large H. It is well known
that estimates based on forecast-augmented series, as described above, will
generate minimum expected squared revisions, and these are compared with
revisions that would follow from the standard HP application. The issue is
practically relevant, as very often it is the most recent cyclical components
that are of greatest interest, since concern might focus on whether, and by
how much, an economic variable is currently “above trend.”

3 Estimation of recent cyclical components

Let the time series y; be generated through (3), so that at the “centre” of
a long series the HP ..Iter optimally estimates the cyclical component 5.
We shall explore in detail the case where A(L) is a ..rst order autoregressive
operator (1—aL)~!, |a| < 1, or a..rst order moving average operator (1—bL),
|| < 1. As follows from (6) the generating processes for y; in these cases
are respectively

(1—aL)(1— L)y = (1—yL —yL*mn (15)

and
(1= L)*y = (1= bL)(1 =y L — 2 L) (16)

where the ~, depend on A of (5). Speci..cally, for A\ = 1600 they are given
by (7), which also ..xes o2 in terms of 02, as (5) ..xes o2. In the simulations
that follow, we set A = 1600, and, without loss of generality, 02 = 1. Also,
in these simulations, the white noise processes ¢; and u; were taken to be
independent Gaussian. The value A = 1600 was ..xed in the ..Iter that
solves (1). The usual HP components estimate g then follows directly from
Yt (t = 1, 2, ,T)

Each generated series was augmented by A minimum mean squared
error-optimal forecasts, giving series ¢, (t = 1,2,...,T + H) where ¢, = y;
(t=1,2,..,T), and the remaining elements of ¢, are forecasts based on yr_;
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(7 =0,1,2,...) and (15) or (16) in the usual way. Estimation results are more
or less invariant to 7, provided that sample size is moderately large, and in
our simulations we set its value at 80. The theoretical conclusion on forecast
augmentation strictly requires forecasts in..nitely far ahead. However, the
weights given by the ..Iter to distant forecasts become negligible. After some
experimentation with both real and generated data, we found it su€cient
to .x H = 28 (corresponding to seven years of quarterly data). We denote
by gfg the estimated cyclical components obtained by applying the HP ..Iter
tog: (t=1,2,...,T + H).

In our experiments, cyclical components are of course known guantities,
given by (3) with A(L) = (1—aL)~! or A(L) = (1 —bL), and in our sim-
ulations directly generated from these processes, so it is straightforward to
assess the precision of their estimation. We measured this through the stan-
dard deviation of estimation error, that is (y7_; — 97_;) for the standard

J

HP ..Iter and (v5._. — ﬁ_\j) for the ..Iter applied to the forecast-augmented
series, estimated tl%rough 10,000 replications. These estimates are denoted
s and sy respectively. The latter, of course, estimates the error standard de-
viation of optimal estimates of ¢ of (3). Results for the AR(1) and M A(1)
representations of A(L) are given respectively in Tables 3 and 4 for estima-
tion of the cyclical components y7._; (j = 0,1,2,10). The estimates based
on forecast-augmentation are squared error-optimal, and the results of these
tables demonstrate the general suboptimality of the HP ..Iter as an estimator
of recent cyclical components when that ..Iter is known to provide optimal
estimates of such components at a series “centre.” The degree of that sub-
optimality strongly depends on the values of the model parameters, being
most pronounced in Table 3 for low negative a and in Table 4 for high posi-
tive b, both of which correspond to substantial negative ..rst autocorrelation
in the “true” cyclical component of (3). As is to be expected, the relative
eCciency of the standard HP estimators gradually increases with increas-
ing distance from the series endpoints. By the stage that the observation
of interest is ten values from the series end, standard HP is virtually fully
eCcient in all cases. The actual values of s are quite interesting, keeping in
mind that o, = 1 is the standard deviation of the white noise generating the
quantity of interest . For the most recent observations, these estimation
error standard deviations are far from negligible, and for some parameter
values, notably large positive a in the case of Table 3, disturbingly large.
The implication must be that, even if the components decomposition (3),
implied by HP ..Iter optimality, is viewed as “reasonable,” estimation of such
a decomposition can be quite imprecise.

Taken together, the results of Tables 3 and 4 demonstrate that, while
suboptimality of the HP estimators at or near the endpoints of a series is
a priori obvious, even in cases where HP is theoretically optimal at the
series centre, the extent of that suboptimality can be serious. It must be
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concluded that there is no generating process for which HP yields optimal
estimators of the cyclical component at all time periods, though it is clear
from the tables that in some cases it comes close to doing so.

To our choice of data generating processes for Tables 3 and 4, it might
be objected that the corresponding processes (15) and (16) for y: are 1(2),
whereas in practice analysts typically ..t (1) models to actual economic
series. However, in a further simulation not reported in detail here, we
generated 10,000 replications of series of 100 observations from each of the
models of these tables, and applied the usual Dickey-Fuller test to the ..rst
dizerences of these series. Thus, we tested the null hypothesis that the orig-
inal undizerenced series is 7(2) against the alternative that is (1), choosing
by general-to-speci...c testing the number of lagged changes incorporated in
the Dickey-Fuller regressions. In virtually all cases the (true) null hypothesis
was rejected at the 5%-level on an overwhelming majority of occasions, the
only exception being the a = 0.9 case of Table 3, where the rejection rate
was still 34%. This ..nding is a consequence of the fact that the generating
processes (15) and (16) with ~; given by (7) have a moving average root
that is close to one - a situation that is well known to generate spurious
rejections of the null hypothesis by Dickey-Fuller tests (see, for example,
Schwert 1989 and Agiakloglou and Newbold 1992, 1996). The conclusion
then is that, even if series were truly generated by such processes, it would
be extremely diccult to distinguish such models from 7(1) processes for
practically commonly occurring sample sizes.

4 Revision of most recent cyclical components

In Section 2, we noted that, although it was not speci..cally developed with
that purpose in mind, for any I(1) or I(2) process y;, the HP estimated
cyclical component could be viewed as an optimal estimator, in squared-
error-loss sense, of a “true” cyclical component de..ned in a speci..c way. In
Section 3 we saw that then HP estimators of the most recent values could
be far from optimal. In this section we shall examine what is essentially the
same issue from a somewhat dicerent perspective, super..cially abandoning
the notion of a “true” component.

Consider again a time seriesy; (t=1,2,....,7)and let g7 (t =1,2,...,T)
be the HP cyclical component, following in the usual way through (1):
speci..cally, we concentrate on the most recent of these, y%. Suppose now
that H time periods have elapsed, so the analyst now has access to y;
(t=1,2,....,T+ H). The analyst could then pass this entire extended series
though the HP ..Iter, obtaining a new estimate 7¢* of the cyclical component
at time 7', revising the original estimate by an amount (75— 7¢). Of course,
some revision of this sort would be inevitable, but it seems reasonable to
take the view that one would like it to be as small as possible - that is,
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the standard deviation s of the revision should ideally be no larger than
is necessary. The issue of revision size can be directly explored in terms
of the generating process for a given series 1y, without recourse to explicit
speci..cation of components generating models. We do so here for two types
of I(1) processes - the ARIMA(1,1,0) model

(I=¢L)1—-Lye=e ; [¢f <1 a7
and the ARIM A(0,1, 1) model
QA—-Lyy=1-0L)e ; |0 <]1. (18)

We generated series of 7" observations from these processes with <; indepen-
dent Gaussian with mean 0 and variance o2 = 1, and applied the HP ..Iter.
Generation was continued for H subsequent observations and the ..Iter was
applied also to the extended series so that revisions could be calculated:
their standard deviations were estimated through 10,000 replications. The
result is virtually invariant to 7", provided that number is moderately large:
here we took 7" = 80. The quantity H is chosen succiently large for the
revision process to “settle down.” As in the previous section, we found
H = 28 to be succient.

In fact, the HP ..Iter is easily modi..ed to yield smaller revisions. De..ne
the forecast-augmented series ¢ (¢t = 1,2,...,7 + H) precisely as in the
previous section and apply the full HP ..Iter to the complete series ¢, taking
the estimated cyclical component at time 7', 5% as an alternative estimator
of the time T cyclical component. It should be emphasised that ég\p depends
only on data available at time 7" - that is, on yr_; (j > 0). For the two
models of our study, forecasts can be obtained directly from (17) and (18). It
is quite clear that such an approach minimises revision standard deviation.
The quantity to be estimated is simply g7, which is precisely the same linear
function of v (t=1,2,..., T+ H) asis gf%\ of the forecast augmented series
gt (t =1,2,..,T+ H). But since those forecasts in g; are minimum mean
squared error, so must be g5 for the corresponding linear function of y; (¢ =
1,2,..,T+ H). We estimated in our simulations sy, the standard deviation
of revisions (9 — 5%) of the estimated time 7' cyclical components when
this forecast-augmented approach is used in conjunction with the HP ..Iter,
calculating the ratios sy /s. Simulation results for the generating processes
(17) and (18) are given respectively in Tables 5 and 6 for a range of parameter
values.

It can be seen from Tables 5 and 6 that, compared with the standard
deviation 0. = 1 of the white noise generating i, the revision standard
deviations s for the usual HP cyclical component can be very large, par-
ticularly when ..rst dicerences of the series are positively autocorrelated.
This phenomenon can be somewhat mitigated if the ..Iter is applied to the
forecast-augmented series, which will lead to reductions of generally at least

12



20%, and in some cases much more, in these revision standard deviations. It
should be emphasised that, although this phenomenon is very closely related
to that of the previous section, these results do not presume the estimation
by the ..Iter of particular “true” components.

5 Conclusions

The Hodrick-Prescott ..Iter is often applied to individual economic time se-
ries as an initial step in real business cycle analyses. The ..Iter generates
cyclical components, which are then subjected to further analysis. Although
the view is implicitly taken that actual time series are made up of the sum
of growth and cyclical components, little attention is paid to either the
structures of or relationship between those components. In particular, the
HP ..Iter was not developed to optimally estimate speci..c unobserved com-
ponents, but rather is presented as an intuitively plausible transformation.
Whether or why this should be so is not our concern.

In Section 2 we note that, whatever the intention, the HP ..Iter does
optimally estimate a particular components decomposition, and one might
take the view that, inadvertently or otherwise, precisely that is the decom-
position that is being estimated when the ..Iter is applied. Aswe have noted,
a number of previous authors have analysed HP from this viewpoint. How-
ever, the optimality conclusion strictly applies to in..nitely long time series,
or from a practical viewpoint to the midpoints of series of typical length. It
does not apply at or close to series endpoints. Since the most recent cyclical
components might be viewed by practitioners as of most interest, it seems
reasonable to analyse the performance of the HP ..Iter here.

At the endpoints the ..Iter is demonstrably suboptimal, and it is easy to
construct a modi..cation whose performance is superior from two dicerent,
but closely related, perspectives. We examined those in turn in Sections 3
and 4. In Section 3, the “true” cyclical component was taken to be that im-
plied by the optimality results of Section 2, and the estimation of the most
recent values of this component was analysed. It might be objected that HP
was not explicitly developed as a components estimator, and moreover that
the optimal decompositions of Section 2 are not unique, since they impose
orthogonality of the trend and cycle, though there is no particular reason
to view such a restriction as plausible. In Section 4, we view the ..Iter’s
output at the series endpoints in terms of revisions - that is, changes to ini-
tial components estimates that would inevitably occur as new data became
available. It seems reasonable to argue that, on average, the magnitude of
such revisions should be as small as possible.

The results of Sections 3 and 4 demonstrate, for speci..c special model
cases, the non-trivial suboptimality of the usual HP ..Iter from both perspec-
tives at series endpoints. Moreover, it is seen that, from each perspective, a
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simple easily applied remedy generating signi..cant improvements is readily
available.
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Table 1. Percentage times particular ARM A(p, q) models are selected for
g¢ from HP ..Itered random walks (7" = 100; 1,000 replications)
(a) SBC selection

op |0 1 2 3 4 5 6 7
0 |0 5.5 43 03 01 01 0 O
1 0 17 261 50 06 03 01
2 |0 07 19 02 02 O
3 |0 01 11 o0 O
4 |0 02 05 O
5 |0 0 0
6 |0 O
7 |0 . ) ) )
(b) AIC selection
o~pl0o 1 2 3 4 5 6 7
0 |0 75 18 03 01 01 0 04
1 [0 06 265 113 7.8 43 45
2 |0 05 63 37 28 14
3 |0 05 53 16 26
4 |0 05 33 1.8
5 |0 09 21
6 |0 15
7 10
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Table 2. Percentage times particular ARM A(p, q) models are selected for
g from HP ..Itered random walks (7" = 500; 200 replications)
(a) SBC selection

ap|l0 1 2 3 4 5 6 7
0 |0 05 O 0 0 0 0O
1 0 0 225 11 85 35 2
2 |0 0 13 21 4 O
3 10 0O 7 0 15
4 |0 0 55 0
510 0 0
6 |0 O
7 |0 . : ) )
(b) AIC selection
snplo0 1 2 3 4 5 6 7
0|0 0 0 O 0 O 0 O
1 0 O 5 7 65 45 135
2 |0 0 6 10 4 7
3 10 0 55 15 19
4 |0 0 65 1
5 |0 05 25
6 |0 O
7 10
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Table 3. Standard deviations of estimators of recent cyclical components in
generating processes (3) for which HP is theoretically optimal:
AL) = (1 —al)!

Observation T T—1 T—2 T —10

a s sg/s s sg/s s sf/s s  Sf/s
-0.9 034 073 030 0.74 0.27 075 0.13 0.98
-0.8 0.30 087 0.27 087 0.24 0.87 0.14 0.9
-0.7 0.30 092 0.27 093 0.24 0.93 0.15 0.9
-0.6 030 096 0.27 096 0.25 0.96 0.15 1.00
-0.5 032 09 0.28 097 025 097 0.16 1.00
-0.4 033 099 0.30 0.98 0.27 0.98 0.18 1.00
-0.3 036 098 0.32 099 028 0.99 0.19 1.00

-0.2 038 1.00 0.34 100 0.31 1.00 0.20 1.00
-0.1 041 1.00 037 1.00 0.33 1.00 0.22 1.00

0 0.45 1.00 0.40 1.00 0.36 1.00 0.24 1.00
0.1 049 1.00 0.44 100 0.40 1.00 0.27 1.00
0.2 055 099 049 100 0.44 1.00 0.30 1.00
0.3 061 1.00 056 0.9 050 099 0.34 1.00
0.4 071 098 0.63 0.98 0.57 098 0.40 1.00
0.5 0.84 097 0.74 098 0.67 098 0.48 1.00
0.6 1.00 097 091 09 0.82 096 0.59 1.00
0.7 128 092 114 093 1.04 094 0.76 1.00
0.8 1.73 089 157 0.89 143 091 1.09 1.00
0.9 281 081 250 0.85 228 0.89 1.86 1.00
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Table 4. Standard deviations of estimators of recent cyclical components in
generating processes (3) for which HP is theoretically optimal:

A(L)= (1 -bL)
Observation T T—1 T—2 T —10

b s sg/s s sg/s s sf/s s  Sf/s
-0.9 0.83 097 0.74 098 0.67 098 0.46 1.00
-0.8 0.79 098 0.71 098 0.64 0.98 0.44 1.00
-0.7 0.74 099 0.67 098 0.60 0.98 041 1.00
-0.6 069 1.00 0.62 0.99 056 0.99 0.38 1.00
-0.5 065 098 058 0.99 052 099 0.36 1.00
-0.4 0.61 100 055 099 050 0.99 0.34 1.00
-0.3 057 099 051 1.00 046 0.99 0.32 1.00

-0.2 0.53 1.00 0.47 100 0.43 1.00 0.29 1.00
-0.1 049 0.99 043 1.00 0.39 1.00 0.27 1.00

0 0.45 1.00 0.40 1.00 0.36 1.00 0.24 1.00
0.1 041 1.00 0.37 1.00 0.33 1.00 0.22 1.00
0.2 038 098 0.33 0.99 0.30 1.00 0.20 1.00
0.3 033 1.00 0.30 0.98 0.27 098 0.17 1.00
0.4 030 095 0.27 097 0.24 097 0.15 1.00
0.5 027 092 0.24 093 0.22 093 0.13 0.99
0.6 024 088 0.22 088 0.19 0.88 0.10 0.9
0.7 022 0.77 0.20 0.78 0.17 0.79 0.08 0.98
0.8 021 0.66 0.19 0.66 0.16 0.68 0.06 0.97
0.9 021 046 0.18 050 0.16 0.52 0.05 0.91
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Table 5. Standard deviations of revisions of most recent HP cyclical
components when (1 — ¢L)(1 — L)y = &

o) s sf/s
09 065 0.79
0.8 068 0.79
0.7 072 0.79
0.6 0.76 0.78
0.5 080 0.79
0.4 087 0.78
0.3 094 0.78
0.2 100 0.77
0.1 109 0.76

0 121 0.75
01 132 0.75
02 148 0.73
03 170 0.72
04 194 0.70
05 228 0.68
0.6 278 0.66
0.7 352 0.62
0.8 4.67 056
09 6.64 049
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Table 6. Standard deviations of revisions of most recent HP cyclical
components when (1 — L)y, = (1 —0L)e;

0 s sf/s
09 227 0.72
0.8 214 0.72
0.7 201 071
0.6 192 0.72
05 179 0.73
04 169 0.72
0.3 156 0.73
0.2 143 0.74
0.1 132 0.74

0 121 0.75
01 1.08 0.76
0.2 0.98 0.78
0.3 0.86 0.79
04 074 081
05 0.64 0.82
06 054 084
0.7 044 084
08 036 081
09 030 0.72
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