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Abstract

We analyze the rationalizability of variable-population social-choice functions in a wel-
farist framework. It is shown that fixed-population rationalizability and a weakening of
congruence together are necessary and sufficient for rational choice, given a plausible dom-
inance property that prevents the choice of alternatives involving low utility levels. In
addition, a class of critical-level generalized-utilitarian choice functions is characterized.
This result, which extends an earlier axiomatization of a related class of bargaining solu-
tions to a variable-population setting, is the first axiomatization of critical-level generalized
utilitarianism in a general choice-theoretic model.
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1. Introduction

Many policy issues require the choice of social alternatives where the composition and the
size of the population may vary from one possible state of affairs to another. For example,
policy choices involving the allocation of funds to population-control programs, prenatal
care, or the intertemporal and intergenerational allocation of resources cannot be analyzed
satisfactorily in a fixed-population framework.

Welfarist approaches to population ethics usually proceed by identifying social order-
ings with attractive properties that are capable of comparing states of affairs involving
different populations and population sizes. Once a social ordering is established, social
choices can be made by selecting the best states among those that are feasible provided
that best elements exist.

Because variable-population considerations typically arise in choice problems, it may
be more appropriate to analyze choices directly rather than to assume the existence of a
rationalizing ordering from the outset. Thomson [1996a|, for instance, makes this point in
his discussion of Blackorby, Bossert, and Donaldson [1996¢]. The purpose of this paper is to
examine the requirements for the rationalizability of variable-population choice functions
in a welfarist framework.

The rationalizability of choice functions has been analyzed extensively in the context
of consumer theory—see, for example, Blackorby, Bossert, and Donaldson [1995a], Bossert
[1993], Gale [1960], Houthakker [1950], Hurwicz and Richter [1971], Kihlstrom, Mas-Colell,
and Sonnenschein [1976], Peters and Wakker [1994], Rose [1958], Samuelson [1938, 1948],
and Uzawa [1960, 1971], among others. Extensions to more general choice problems can be
found in Arrow [1959], Baigent and Gaertner [1996], Bossert [1995], Hansson [1968], Richter
[1966, 1971], and Sen [1971, 1993]. Issues related to the rationalizability of various group-
decision procedures (such as bargaining solutions) are discussed in Blackorby, Bossert, and
Donaldson [1994, 1996a], Bossert [1994, 1998|, Donaldson and Weymark [1988], Lensberg
[1987], Ok and Zhou [1997a,b], Peters and Wakker [1991], and Zhou [1997].

Variable-population rational choice is investigated in Blackorby, Bossert, and Donald-
son [1999b] in the context of a very simple choice problem—the pure population problem.
In a pure population problem, a single resource has to be divided equally among the
members of a society with population size and per-capita consumption as the objects of
choice. In this simple setting, rationalizability is easy to obtain—see Blackorby, Bossert,
and Donaldson [1999b] for details. However, pure population problems are rather spe-
cialized formulations of allocation problems, and the question arises whether the results
obtained there can be extended to more general settings.

In this paper, we examine the rationalizability issue in a general welfarist framework,
where the objects to be chosen are feasible utility vectors of variable dimension. Beginning
with a choice-theoretic formulation of variable-population problems, we characterize classes
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of choice functions that are rationalizable by variable-population social orderings. Our
approach is welfarist in the sense that we assume that the information relevant for a
choice problem is summarized by a collection of feasible sets of utility vectors, one for each
possible population size. In addition, in order to avoid utility levels associated with a very
low standard of living, we impose a lower bound on chosen utilities. As a consequence
of modelling choice problems in that way, the fixed-population restrictions of our choice
functions can be interpreted as bargaining solutions. However, the variable-population
aspect that is of particular importance in our model is quite different from that appearing
in bargaining problems with a variable population that are analyzed, for example, in
Blackorby, Bossert, and Donaldson [1996a], Lensberg [1987, 1988], Thomson [1983a,b,
1984, 1985, 1986], Thomson and Lensberg [1989]. In our formulation, population size is to
be chosen as well, whereas the above-mentioned contributions analyze problems where a
choice has to be made for each possible given population, and relationships between those
choices across different compositions of the population are imposed. Thus, our results can
also be interpreted in a generalized model of bargaining. In particular, our second main
result is an extension of a characterization result by Lensberg [1987].

In Section 2, we present a formal definition of the variable-population choice problems
considered in this paper. This class of problems constitutes the domain of the choice
functions to be analyzed. We conclude the section by introducing an axiom guaranteeing
that no individual’s utility drops below a given lower bound in a chosen state of affairs.

Rationalizability is discussed in Section 3. We present a statement of a special case
of Richter’s [1966] result on the rationalizability of arbitrary choice functions adapted to
our framework, and we characterize rationalizable variable-population choice functions.
We show that, together with fixed-population rationalizability, a weakening of Richter’s
congruence axiom is necessary and sufficient for rational choice. This weakening rules out
specific revealed-preference cycles involving alternating population sizes.

Section 4 introduces some further axioms, most of which are familiar from axiomatic
approaches to bargaining. They are used to characterize a class of critical-level generalized-
utilitarian choice functions. This characterization result is a variable-population extension
of an axiomatization of a class of rationalizable bargaining solutions due to Lensberg [1987].
Section 5 concludes.

2. Variable-Population Choice Functions

The set of all positive integers is denoted by Z 1, and the set of all (nonnegative, positive)
real numbers is R (R4, Ryy). Forn € Zyy, R" (R}, R} ,) is the n-fold Cartesian
product of R (R4, R++). 1, is the n-dimensional vector consisting of n € Z, | ones.



Our notation for vector inequalities is >, >, >. Furthermore, Q = (J R"™ and

nez
Q4 =U,ez,, R The absolute value of a real number  is denoted by |z|. o

For a nonempty set A, P(A) denotes the power set of A excluding the empty set, and
|A| is the cardinality of A. In addition, for n € Z4 1, a set A C R" is comprehensive if
and only if, for all z € A and all y € R", y < x implies y € A. The comprehensive hull
of z € R" is defined as H(z) = {y €e R" |y < z}. A CR" is bounded from above if and
only if there exist p € R"} | and M € R such that pxr < M for all x € A.

A variable-population choice problem is a feasible set S which is a collection of sets
{Sn}nez,, where, foralln € Z,,, S, CR" is nonempty, convex, comprehensive, closed,
and bounded from above. Furthermore, we assume that there exists n € Z, such that
Sp NRY # (0. The set of all variable-population choice problems is denoted by ¥. For
n € Z,4, the subset X" of X is defined as follows. For all S € ¥, S € ¥" if and only if
Sm = H(—1,,) for all m € Z,, \ {n}.] In addition, £" C " consists of all problems
S € X" satisfying S, "R, # 0. To simplify notation, we define Sy = Upecz, (S, NRY).

In the above definitions, n € Z,, represents population size and S, is the set of
feasible vectors of lifetime utilities for the individuals labelled 1,...,n. This formulation
could be generalized by allowing for different compositions of the population for a given
population size. We use the above (more restrictive) formulation for simplicity and because
an anonymity axiom is imposed in Section 4. It should be noted that the result of Section
3 could be generalized in order to allow for populations of size n that consist of different
sets of individuals. The purpose of 3" is to represent fixed-population choice problems
in the sense that, given the zero-dominance condition introduced below, utility vectors of
size n only are chosen for all problems in 3".

We assume that individual utilities are normalized so that a negative level of utility
represents an unacceptably low level of individual welfare from an ethical point of view.
With this interpretation in mind, the assumption that there exists at least one population
size so that everyone alive experiences a utility level of at least zero rules out degenerate
cases where one would never want to choose any positive population size. This minimally
acceptable level of utility can be chosen in many different ways: it could be equal to
the utility level representing a neutral life but it could also be above or below.2 Our
results are independent of the interpretation of this minimally acceptable utility level.
It should be mentioned, however, that if one deviates from the standard convention of
using zero to represent neutrality, the usual definitions of population principles have to be
amended accordingly, as is the case in Dasgupta [1993, 1994] .3 The zero normalization is of

1 The choice of —1,, in the definition of 3" is arbitrary—any negative vector would do.

2 A fully informed, rational, and selfish individual is indifferent between leading a life at neutrality
and a life without any experiences. It is important to note that states of nonexistence do not have to be
invoked in order to define neutrality. See, for example, Broome [1993] for a discussion.

3 Dasgupta uses a negative utility level to represent a neutral life.



importance for one of our axioms that imposes a lower bound on chosen utilities, analogous
to the individual-rationality condition in bargaining theory (this zero-dominance axiom is
defined at the end of the section); clearly, a change in the normalization used in the
definition of ¥ would have to be accompanied by a corresponding modification of this
axiom.

Note that we do not require the existence of at least one population size such that
the corresponding feasible set of utility vectors contains a vector that strictly dominates
the zero vector. This is another feature that distinguishes our approach from standard
axiomatic models of bargaining, where such an assumption is usually made based on the
view that there should be some potential gains for all participants in the bargaining process.
In contrast, for the variable-population problems considered here, this does not appear to
be a natural assumption. Given that one might very well choose a boundary point of R"}
for some n, it seems inappropriate to exclude feasible sets which contain boundary points
but no interior points of R’ from the outset. This difference is another consequence of
considering a variable-population choice framework, and it is of importance for our results.

A variable-population choice function is a mapping F: ¥ — P(Q2) such that F'(S) C
S for all S € 3. Formally, this is a generalization of a bargaining solution where, instead
of merely selecting utility vectors for given population sizes, the objective is to choose

4 in addition.

population size (or sizes)
As discussed above, we assume that zero represents the minimally acceptable level of
utility from an ethical point of view. Therefore, we impose the following zero-dominance

condition.

Zero Dominance: For all S € ¥, for all n € Z, 4, for all z € Sy, if z € F(S), then
€ RY.

Zero dominance is consistent with the assumption that F'(S) is nonempty for all S € ¥
because, by definition, S contains at least one population size n such that S, NR' is
nonempty.

3. Rationalizability

As usual, rationalizability requires that choices can be generated by a binary relation in
the sense that the choice function picks the best or maximal elements in the feasible set
according to this relation. Although some approaches allow for rationalizability by more
general relations, we follow the standard convention and require a rationalization to be an

4 Note that F (S) can contain more than one element.



ordering.5 Formally, a variable-population choice function F' is rationalizable if and only
if there exists an ordering > on {2 such that, for all S € ¥,

F(S)={ze€ S|z =yforal ye S} (3.1)

In this case, we say that > rationalizes F' or > is a rationalization of F'. The strict
preference relation and the indifference relation corresponding to >~ are denoted by > and
~ respectively.

The direct revealed preference relation R‘} on ) corresponding to the choice function
F' is defined as follows. For all x,y € €Q, :I:R%y if and only if there exists S € ¥ such that
x € F(S)andy € S.

Richter [1966] shows that the following congruence axiom is necessary and sufficient
for the rationalizability of a choice function with an arbitrary domain. Stated in terms of
our variable-population choice problems, congruence is defined as follows.

Congruence: For all S € ¥, for all K € Z, \ {1}, for all z,... 2% € Q, if 2¥ 1 RL2*
forall k € {2,...,K} and % € F(S) and z! € S, then z! € F(9).

If there exist S € ¥, K € Zy4 \ {1}, and z',..., 2% € Q such that xk_lR‘}xk for all
kec{2. ., K} 2K € F(S), and 2! € S\ F(S), we say that there exists a revealed-
preference cycle of length K. Therefore, an equivalent formulation of congruence is that
there exists no revealed-preference cycle of length K for all K € Z \ {1}.

Richter’s [1966] result formulated for variable-population choice problems is stated in
the following theorem.

Theorem 1: A wvariable-population choice function F is rationalizable if and only if F
satisfies congruence.

Richter’s rationalizability result is very general in the sense that it does not require
any assumptions regarding the domain of a choice function. In the context of variable-
population choice problems as defined above, the question arises whether there may be
weaker conditions that, due to the specific structure of the underlying domain, turn out to
be sufficient for the existence of a rationalizing ordering. Clearly, the rationalizability of
fixed-population restrictions of F' is necessary in order to obtain full rationality. What is of
particular interest is the set of additional restrictions on F' imposed by variable-population
considerations. Rationalizability can be obtained by adding an interesting weakening of
congruence to fixed-population rationalizability, provided the variable-population choice
function satisfies zero dominance. In particular, revealed-preference cycles involving four
utility vectors of alternating population sizes have to be ruled out. To the best of our
knowledge, this condition has not appeared in any other study of rationalizability on

5 An ordering is a reflexive, transitive, and complete binary relation.



various domains and provides a useful insight into the additional requirements that need
to be imposed when moving from fixed-population problems to choice problems with a
variable population.

First, we provide a formal statement of fixed-population rationalizability. It requires
that, for each population size n, there exists an ordering on R" such that whenever F'(S)
contains any n-dimensional vectors, then those must be best elements in .S, according to
this ordering.

Fixed-Population Rationalizability: There exists a sequence of orderings {="},cz, .
with ="C R"™ x R" for all n € Z,, such that, for all S € X, for all n € Z,4, if
F(S)NS, #0, then F(S)NS, ={x €S, |z >"yforalye Sy}

The weakening of congruence mentioned above is defined as follows. Note that only
revealed-preference cycles with a very special pattern need to be ruled out; in the presence
of zero dominance, the conjunction of this axiom and fixed-population rationalizability
turns out to be sufficient to exclude any revealed-preference cycle (Theorem 2 below).

Weak Population Congruence: For all S € ¥, for all n,m € Z,, with n # m, for
all 21, 23 € R™, for all 22, z* € R™, if xé_lR‘}xé for all £ € {2,3,4} and 2* € F(S) and
z! € S, then 2! € F(9).

Weak population congruence rules out revealed-preference cycles of length four where the
elements of the cycle are of alternating dimension. This requirement is substantially weaker
than congruence. Note that weak population congruence also rules out cycles of length two
involving elements of different dimension because the vectors z! and 23 in the definition
of this axiom need not be distinct, and the same is true for z2 and z*.

In the presence of zero dominance and fixed-population rationalizability, weak pop-
ulation congruence is equivalent to a stronger version that rules out revealed-preference
cycles involving alternating dimensions of any even size. This stronger axiom is defined as

follows.

Strong Population Congruence: For all S € ¥, for all n,m € Z, with n # m, for all
even L € Z,, for all z', 23, ... 2"l € R", for all 22,2%,... 2l e R™, if xé_lR‘}xé for
all £ €{2,...,L} and 2" € F(S) and 2! € S, then 2! € F(S).

If there exist S € &, n,m € Z,4 withn #m, aneven L € Z,,, 24,23, ... 2L~ e R",
and z2,z%, ...,z € R™ such that xé_lR‘}xé for all £ € {2,...,L}, ' € F(S), and
zles \ F'(S), we say that there exists an alternating-population revealed-preference cycle
of length L.

The next lemma states the above-mentioned equivalence between the two versions of
population congruence.



Lemma 1: Suppose a variable-population choice function F' satisfies zero dominance and
fized-population rationalizability. F satisfies weak population congruence if and only if F
satisfies strong population congruence.

Proof: That strong population congruence implies weak population congruence is obvi-
ous. Now suppose I satisfies zero dominance, fixed-population rationalizability, and weak
population congruence. We proceed by induction on L. By weak population congruence,
the conclusion of strong population congruence applies to the cases L = 2 and L = 4.
Now suppose the claim is true for all even L < L where L > 4. By way of contradic-
tion, suppose there exists an alternating-population revealed-preference cycle of length
L + 2. That is, there exist S € £, n,m € Z,4 with n # m, 2!, 23,..., 2Tt € R", and
2?24 2lt? € R™ such that 2" 1R%x! for all € € {2,...,L + 2}, 252 € F(9), and
zt € S\ F(S). Let S® € ¥ be such that 2® € F(S3) and z* € S3. Define S € ¥ by letting
Sp =83 Sm = Sm, and S, = H(—1,) for all r € Z,; \ {n,m}.

If 23 € F(9), it follows that z'R%42?, 22R%a3, 23 REat*2, 2142 € F(S), and 2! €
S\ F(S). This implies that there exists an alternating-population revealed-preference cycle
of length four, a contradiction.

If 23 ¢ F (S), zero dominance and fixed-population rationalizability imply 2 ¢
F(S). This, in turn, implies that we have z3R%a?, ... ol TIRLxL+2 2142 ¢ F(S), and
3 € S\ F(S), which establishes the existence of an alternating-population revealed-
preference cycle of length L, again a contradiction. H

We now obtain

Theorem 2: Suppose a variable-population choice function F' satisfies zero dominance.
F is rationalizable if and only if F satisfies fixed-population rationalizability and weak
population congruence.

Proof: Clearly, rationalizability implies fixed-population rationalizability and weak popu-
lation congruence. Conversely, suppose F' satisfies zero dominance, fixed-population ratio-
nalizability, and weak population congruence. We show by induction on K that F satisfies
congruence which, by Theorem 1, is sufficient to complete the proof.

Let S€ X, nyme Z,,, z' € R, and 22 € R™ be such that le%xz, x? € F(S),
and ! € S. If n = m, fixed-population rationalizability implies ! € F(S) because the
restriction of R% to R™ must be a subrelation of =" (see Samuelson [1938] and Richter
[1971)). If n # m, x' € F(S) follows from weak population congruence. Therefore, there
exists no revealed-preference cycle of length two.

Now suppose there exists no revealed-preference cycle of length K < K with K >
2. By way of contradiction, suppose there exists a revealed-preference cycle of length
K + 1. That is, there exist S € ¥ and z!,...,25*! € Q such that xk_lR‘}xk for all



ke{2,...,K+1}, 25+ € F(S),and 2! € S\ F(S). Forall k € {1,..., K}, let Sk € &
be such that =¥ € F(S*) and z**! € S*. Furthermore, let SK*! = S. Clearly, one of the
following three cases must occur.

a) There exist n € Z.+ and k € {1...., K} such that 2%, zF*t1 ¢ R™:
( ) ++ ; ) 5 s

(b) There exist pairwise distinct n,m,r € Z,, and k € {2,..., K} such that 2~ € R,
zF € R™, and ¢t e R";
(¢) There exist distinct n,m € Z,, such that =¥ € R for all odd k and z* € R™ for all

even k.

Case (a): If 7 € R™ for all j € {1,...,K + 1}, we obtain a contradiction to fixed-
population rationalizability. Therefore, n and k£ can be chosen such that at least one of
the following subcases must occur.

(i) There exists m € Z, 4 \ {n} such that z*¥=1 € R™;
(ii) there exists m € Z,. \ {n} such that z¥*2 ¢ R™.

In subcase (i), let S € ¥ be such that S, = S¥ 1 S, = S¥ and S, = H(—1,) for all
re Ziy \{n,m}.

If F(S)N Sy # 0, 281 € F(S) by fixed-population rationalizability. Because z**1 €
S, there exists a revealed-preference cycle of length K, a contradiction.

If F(S)N Sp = 0, zero dominance implies F(S) N Sy, # (), and by fixed-population
rationalizability, z¥ € F(S). Because =1 € S\ F(S), there exists a revealed-preference
cycle of length two, a contradiction.

In subcase (i), let S € ¥ be such that S,, = Sﬁj’z, S, = n, and S, = H(—1,) for all
r€ Ziq \{n,m}.

If F(S)NS, # 0, z¥ € F(S) by fixed-population rationalizability. Because z¥72 € S,
there exists a revealed-preference cycle of length K, a contradiction.

If F(S)N S, = 0, zero dominance implies F(S) N Sy, # 0, and by fixed-population
rationalizability, 2572 € F(S). Because z**1 € S\ F(S), there exists a revealed-preference
cycle of length two, a contradiction.

Case (b): Let S € ¥ be such that S, = S¥=1 S, =S¥ S, = S and S; = H(-1;)

for all t € Z44 \ {n,m,r}. By zero domlnance FS)N(S,USnUS,) # 0, and by
fixed-population rationalizability, we must have

(i) FS)NS, #0 = zF1e F(S);
(ii) F(S) NS £ 0 = ¥ € F(S);
(iii) F(S) NS, #0 = 2+ € F(9).



If 21 ¢ F(S), it follows that z* € F(S) because there exists no revealed-preference
cycle of length two. Analogously, if ¥ € F(S), it follows that 2%~ € F(S). Therefore,
z#=1 € F(S) in all possible cases and, because z**! € S, we have z¥~!R%4z*+1. Therefore,

there exists a revealed-preference cycle of length K, a contradiction.b

Case (c): There are two subcases.
(i) K is odd;
(ii) K is even.

In case (i), K + 1 is even, and we obtain a contradiction to strong population congruence
and, by Lemma 1, to weak population congruence.

In case (ii), it follows that !, z5+1 € R". Let S € X be such that S,, = SE+1 S, = §2
and S, = H(—1,) for all r € Z; 1 \ {n,m}.

If F(S)NS,, # 0, fixed-population rationalizability implies z? € F(S). Because
K+l ¢ p(SE+Y) and 2! € SEHL\ F(SE+L) fixed-population rationalizability implies
x! € S\ F(S). Therefore, there exists a revealed-preference cycle of length two, a contra-
diction.

If F(S)N S, = 0, zero dominance implies F(S) NS, # (. By fixed-population
rationalizability, x ! € F(S). Because 22 € S\ F(S), we obtain a revealed-preference
cycle of length K, a contradiction. W

Weak population congruence cannot be weakened to an axiom that merely rules
out alternating-population revealed-preference cycles of length two. This is illustrated in
the following example. Let 2! = (1,0), 22 = (1,0,0), 2 = (0,1), and z* = (0,1,0).
Define the sets By = {z!,23}, By = {22,2%}, C2 = ((H(z') UH(2?)) \ B2) N R,
C3 = (H(2?) UH(z?)) \ Bs) NR3, Ay = R2 \ (B2 U (), and A3 = R3 \ (B3 U C3).
Clearly, { Ag, B2, C2} is a partition of Rﬁ_ and {As, B3, C3} is a partition of Ri. Define a
relation = on €2 as follows.

(i) For all x € Q, z ~ x;
(ii) for all x € Q4 and all y € Q\ Oy, x > y;
) for all z,y € Q\ Q4, x ~ y;
(iv) for all z € Rﬁ_ U Ri and all y € Un62++\{2’3} RY, x = y;
(v) for all x € R and all y € R with n,m € Z,4 \ {2,3}, x > y if and only if
D1 T > Y i

(vi) for all z € Ap U Az and all y € Bo UC2 U B3 U C3, x > y;

(vii) for all z € Ao U BaUA3U Bz and all y € Co U3, x > y;

(iii

6 The proof of case (b) is analogous to Sen’s [1971] proof of the observation that if the domain of a
choice function contains all subsets of cardinality three or less of the universal set under consideration,
then the direct revealed-preference relation is an ordering.



(viii) for all x € A, and all y € A, with n,m € {2,3}, z > y if and only if > | z; >
D i Yis
(ix) for all z € Cy, and all y € Cy, with n,m € {2,3}, z > y if and only if 7" z; >
D i Yis
(x) ot = 2%, o' = 23, 2% = 23, 22 = 2 23 = 2t 2t - 2l
Now define F' by letting F/(S) = {x € S|z = yforall y € S} for all S € ¥. It can be
checked that F' is well-defined even though > is not an ordering. That F' satisfies zero
dominance is easy to verify. To see that fixed-population rationalizability is satisfied, note
that the restriction of > to R" is an ordering for all n € Z, . F violates weak popula-
tion congruence because there exists an alternating-population revealed-preference cycle
of length four involving the points {xl,xz,x3,x4}. However, no alternating-population
revealed-preference cycle of length two exists, which demonstrates that weak population
congruence cannot be weakened in the suggested fashion.

Fixed-population rationalizability and weak population congruence are independent
(even in the presence of zero dominance). The above example shows that zero dominance
and fixed-population rationalizability do not imply weak population congruence, and a
choice function satisfying zero dominance and weak population congruence that violates
fixed-population rationalizability is presented in the next section.

4. Critical-Level Generalized Utilitarian Choice Functions

In this section, we provide a generalization of Lensberg’s [1987] characterization of bargain-
ing solutions with an additively separable rationalization. Specifically, we characterize a
class of critical-level generalized-utilitarian variable-population choice functions. Whereas
critical-level generalized-utilitarian orderings are axiomatized in several frameworks (see,
for example, Blackorby, Bossert, and Donaldson [1995b, 1998a] and Blackorby and Donald-
son [1984]), this is the first characterization in a general choice-theoretic setting. Through-
out this section, it is assumed that, for all variable-population choice problems S and all
population sizes n, the choice function F' selects at most one element from the set S, of
feasible utility vectors of dimension n. This axiom is analogous to the single-valuedness
assumption that is usually employed in bargaining models.

Fixed-Population Single-Valuedness: For all S € ¥, foralln € Z,4, |[F(S)NS,| < 1.

We want to include fixed-population choice problems as special cases in our model.
For that purpose, we need to specify fixed feasible sets of utility vectors for population
sizes other than the one under consideration. To formulate these fixed-population axioms,
we use one fixed feasible set for each remaining population size, where all utilities are

below zero. In conjunction with zero dominance, this formulation leads to weak versions
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of the axioms under consideration. Other formulations could be employed but we have
chosen to work with the following weak variants. Due to the presence of fixed-population
single-valuedness, we can formulate our axioms so that their conclusions apply to fixed-
population single-valued choices only.

The next axiom we introduce is Pareto optimality, suitably adapted to our domain.

Pareto Optimality: For all S € ¥, for alln € Z, | for all z € R", if S, = H(—1,y,) for
allme Z,,\ {n} and F(S)N S, = {z}, then x € {y € S, | Az € S, such that z > y}.

As usual, continuity requires that ‘small’ changes in the description of a problem only
lead to ‘small’ changes in the outcome. For the following definition, convergence is defined

in terms of the Hausdorff topology.

Continuity: For all S € ¥, for all sequences {Sk}keg++ with S¥ € ¥ for all k € Z.,
for all n € Z,, for all {xk}keg++ with ¥ € R™ for all k € Z,, for all z € R", if
S =Sk = H(~1p,) for all m € Z,4 \ {n} and for all k € Z,,, F(S*) N Sk = {2*} for
all k € Z.y, F(S)N S, = {z}, and limy_,, S¥ = S, then limy_,, z* = =.

Anonymity requires that the choice function selects outcomes impartially, paying no
attention to the agents’ identities. To define this axiom, we need more notation. Let
n € Z44, and let m: {1,...,n} — {1,...,n} be a bijection. For x € R™ and A C R", let
() = (Tr(1)s -+, Tr(n)) and m(A) = {y € R" | 3z € A such that y = 7(2)}.

Anonymity: For all S,T € X, for all n € Z,4, for all bijections 7:{1,...,n} —
{1,...,n}, for all x € R™, if Sp, = T)y, = H(—1y,) for allm € Z4 \ {n} and T, = 7(Sy)
and F(S)N Sy, = {z}, then F(T)NT, = {r(x)}.

The next axiom is a suitably adapted version of Nash’s [1950] well-known indepen-

dence of irrelevant alternatives.

Independence of Irrelevant Alternatives: For all ST € X, for all n € Z,, for all
reR" IS, =T,=H(—1y) forallm e Z,, \{n}and T, C S,, and F(S)NT, = {z},
then F(T)NT, = {z}.

As shown in Lemma 3, zero dominance and independence of irrelevant alternatives
imply that the outcomes selected by a choice function are independent of the points in the
feasible set that do not dominate the zero vector. This property is analogous to the axiom
independence of nonindividually rational alternatives, which is a well-known property of
many bargaining solutions (see, for example, Peters [1992]).

Independence of Dominated Alternatives: For all S,T € ¥, for all n € Z, | for all
re R if Sy =Tn=H(—1y) foralme Z,, \ {n} and S, NRY} =T, NRY} # 0 and
F(S)N Sy ={z}, then F(T)NT, = {z}.
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The consistency principle requires that if an agent leaves with her or his payoff, the
choice of a utility vector for the remaining agents is unchanged.7 This axiom has remark-
ably strong consequences. In addition to encompassing a separability condition, it plays a
crucial role in establishing the rationalizability of bargaining solutions; see Lensberg [1987]
and Thomson and Lensberg [1989]. To define a version of this axiom that is appropriate
for our framework, the following notation is used. For T' € ¥, n € Z,,, x € Tj41, and
ie{l,...,n+ 1}, let t7(Thy1) = {y € R" | (W1,---,%i-1,%i,Yis - -, Yn) € Thy1} and

T—j = (.%'1, ey Lg—1y Lj41y - - - ,xn+1).

Consistency: Forall S,T € ¥, foralln € Z,,, forallz € R"*! foralli € {1,...,n+1},
if Sy = H(—1p,) forallm € Z. 1\ {n} and T};, = H(—1,,) for allm € Z; 4\ {n+1} and
F(T)NTpy1 = {z} and Sy = t¥(Thy1), then F(S) NS, = {z_;}.

The above axioms are well-known in the context of resource-allocation mechanisms
and bargaining solutions. In addition, we use a weak fixed-population independence con-
dition that guarantees fixed-population rationalizability if added to some other axioms.
It is the counterpart of independence of irrelevant alternatives when applied to specific
feasible sets across population sizes.

Restricted Choice Independence: For all ST € 3, for all n € Z,,, for all x € R", if
Sm = H(—1y,) forallm € Z,\{n} and F(S)NS, = {z} and T), = S, and F(T)NT;, # 0,
then F(T)NT, = {z}.

Finally, to provide a link between choices involving different population sizes, we
impose the critical-level principle. It requires that there exists a fixed critical level such
that, if a chosen utility vector is augmented by an individual utility at this critical level and
the resulting vector is feasible, then the augmented vector should be chosen as well. This
is the choice-theoretic version of Blackorby and Donaldson’s [1984] critical-level principle
for social orderings. Blackorby and Donaldson’s [1984] axiom requires that there exists
a critical level of utility such that, for any given utility vector of any given population
size, augmenting that vector with a utility level equal to the critical level is a matter of
indifference according to a variable-population social ordering.

Critical-Level Principle: There exists a € R such that, for all x € ), for all S € ¥, if
z € Sand (z,a) € S, then x € F(95) if and only if (z,a) € F(S5).

The members of the class of variable-population choice functions characterized in
this section are rationalized by critical-level generalized-utilitarian orderings. To introduce
these orderings, several further definitions are required. Let G be the set of continuous,

7 See Thomson [1990, 1996D] for a general discussion and Blackorby, Bossert, and Donaldson [1996a]
and Lensberg [1987] for versions that are analogous to the one employed here.
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increasing, and strictly concave functions g: Ry — R. For g € G and n € Z,, define
the ordering =7 on R’} by letting, for all z,y € RY,

ety =Y glw) =Y gy, (4.1)
=1 =1

Now consider any continuous, increasing, and strictly concave function g: R4 — R U
{—00} such that g(0) = —oco. For all p € R2 ,, let

#9(p) = argmax{g(z1) + g(z2) | pr < 1}. (4.2)

Note that the properties of g ensure that z9(p) is well-defined and unique and, furthermore,
Z9(p) € Rﬁ_ 4 forallp € Rﬁ_ 1. Let G be the set of all continuous, increasing, and strictly

concave functions g: R4+ — R U {—o0} such that g(0) = —oo and
lim z9(p) = (1/p1,0) (4.3)
p2—00

for all py € Ryy. Foralln e Z,y and all x € R, let Ny () ={i € {1,...,n} | 2; > 0}
and ny(z) = [N4(z)|. Let g € Go and n € Z44, and define the ordering =7 on R by
letting, for all z,y € R,

T zg y < [ny(z) > ny(y)] or
(@) =na()and Y gl@) = Y. gl (4.4)
i€EN 1 (x) i€N+(y)
Let « € Ry and g € G UGy. The ordering =4, on 24 is defined by letting, for all
n,meZi,zeRY, yeRY,
T gy ifn=m;
Trgaly = Ty (y,alp_pm) if n > m; (4.5)
(z,alm—n) =g y if n <m.

F is a critical-level generalized-utilitarian choice function if and only if there exist o € Ry
and g € G U Gy such that, for all § € X,

F(S)={zeSi|xrgayforalyeS,}. (4.6)

A few remarks concerning this class of choice functions are in order. First, note that,
due to the strict-concavity assumption, the class of orderings {>=g o }secuay,aer, does not
contain the critical-level utilitarian ordering which results from choosing g to be linear.
This particular ordering is excluded because the choice function rationalized by it fails to
satisfy fixed-population single-valuedness.
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Second, in the case where g is an element of G, the definition of =, o can alternatively
be written as follows.® Let n,me Zi4, v €RY, and y € R. If n = m, it is clear that

T rgay = Y [gx) —g@)] > [9ui) — g(e)] (4.7)
i=1 i=1

because Y i | g(a) = D" g() in this case. If n > m, we obtain

Trgay = x> (y,0dn_m)

= glz) > gyi) + (n —m)g(a)
i=1 =1

= Zg(xz) —ng(a) > Zg(yl) — mg(a) (4.8)
=1 i—1

=3 [ —g(e)] 2 3 [olw) — g(e)].
=1 i—1

and the same reasoning applies to the case n < m. Thus, (4.7) is valid for all z,y € Q|
provided g is in G.

Finally, the restriction (4.3) in the definition of Gp is needed to ensure that the
resulting choice functions are continuous and satisfy Pareto optimality. Note that (4.3)
is not satisfied by all continuous, increasing, and strictly concave functions g such that
g(0) = —o0; for example, logarithmic functions fail to possess this property. However, Gy
is not empty. For example, the function g: R4 — R U {—o00} defined by letting

) — —(—1In(z))? f0<z< el
9(z) = {—(1 — M4 g(1— )9 n(z) if 2 > €7 (4.9)

is an element of Gy for all parameter values g € (0,1).”

We now turn to a characterization of these variable-population choice functions. The
following lemmas are used in the proof of this characterization result. The proof of Lemma
2 is analogous to the proof of Lensberg’s [1987] Lemma 1 formulated for bargaining solu-
tions and is omitted.

Lemma 2: If a variable-population choice function F' satisfies fized-population single-
valuedness, Pareto optimality, continuity, and consistency, then F' satisfies independence
of irrelevant alternatives.

Lemma 3 shows that independence of dominated alternatives is implied by some of

our other axioms.

8 See Blackorby and Donaldson [1984] and Blackorby, Bossert, and Donaldson [1998a].
9 We thank James Redekop for proving the nonemptiness of Gy by providing this example.
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Lemma 3: If a variable-population choice function F' satisfies zero dominance and in-
dependence of irrelevant alternatives, then F' satisfies independence of dominated alterna-
tives.

Proof: Suppose F' satisfies zero dominance and independence of irrelevant alternatives.
Let S,T € ¥, n € Z44, and x € R" be such that Sy, = Tp, = H(—1y,) for all m €
Ziy\{n}and S, NRY =T, NRY # 0 and F(S)N S, = {z}. Let W € ¥ be such
that Wy, = H(—1p,) for all m € Z,, \ {n} and W,, = S, N T,. By zero dominance,
F(S)NS,NRY and F(T)NT, NRY are nonempty and, because S, "R} =T, N RY,
W, NRY = S, NRY =T, NR". Therefore, F(S)N W, and F(T) N W, are nonempty,
and independence of irrelevant alternatives implies F'(W) N W,, = F(S)N S, = {z} and
FW)nW, =F(T)NT,. Hence, F(T)NT, = F(S)N Sy, ={z}. W

The next lemma provides an extension of Lensberg’s [1987] Theorem 1 to a larger
domain. In particular, Lensberg considers bargaining problems where, for each possible
population size, a utility vector is to be selected but population size is not a characteristic to
be chosen. The domain considered in Lensberg [1987] is the standard domain of bargaining
solutions with a normalized disagreement point satisfying individual rationality, which is
analogous to our zero-dominance condition. A crucial difference between that domain and
the one considered here is that Lensberg’s is restricted to problems S;, such that S,NR' | #
(—that is, each fixed-population problem contains a strictly positive vector. As we argued
earlier, this restriction is not a natural one to impose on the choice problems considered
here and, therefore, we have to examine the consequences of extending Lensberg’s [1987]
characterization result to our domain.

Lensberg [1987] shows that suitably reformulated versions of Pareto optimality, con-
tinuity, and consistency characterize, under an implicit individual-rationality assumption,
the class of bargaining solutions that are rationalized by a family of orderings (one for each
population size) with a specific additively separable representation. Due to the assumption
that there exists a strictly positive vector in each bargaining problem, it is possible that
the functions generating this representation have the value —oo at zero. If this assumption
is dropped, the only functions of that type consistent with our axioms are those satisfy-
ing (4.3). An interesting consequence of this observation is that the adaptations of the
(weighted) Nash solutions to our framework are no longer among the resulting choice func-
tions because they cannot be extended continuously to the domain >". Furthermore, we
add anonymity to the list of axioms, which implies that the functions used in the additive
representation can be chosen to be the same for all agents. We obtain
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Lemma 4: If a variable-population choice function F satisfies zero dominance, fixed-
population single-valuedness, Pareto optimality, continuity, anonymity, and consistency,
then there exists a function g € G U Gq such that, for alln € Z,,, for all S € 3",

F(S)={xeSpnNRY |z =4y for allyESnﬂRff_}. (4.10)

Proof: By Lemmas 2 and 3, the axioms in the statement of Lemma 4 imply that Lensberg’s
[1987] Theorem 1 can be invoked to conclude that there exists a continuous, increasing,
and strictly concave function g: R4+ — R U {—o0} such that, for all n € Z,, and all
S € 3", (4.10) is satisfied. Note that anonymity implies that the functions g; in Lensberg’s
result can be chosen to be identical for all © € Z, , and we can therefore write g = ¢; for
all i € Z4 4.

It is easy to see that, in order to accommodate problems in X" \ ¥", functions with
9(0) = —oo must satisfy (4.3) in order to ensure that the resulting choice functions satisfy
continuity and Pareto optimality. Therefore, only functions in G U G are admissible. To
complete the proof, note that, given the properties of g, F'(.S) must consist of the (unique)
best element in S according to =, for all S € X". B

The last preliminary result before stating the characterization theorem of this section
shows that fixed-population rationalizability is implied by some of our other axioms.

Lemma 5: If a variable-population choice function F satisfies zero dominance, fixed-
population single-valuedness, Pareto optimality, continuity, anonymity, consistency, and
restricted choice independence, then F' satisfies fized-population rationalizability.

Proof: By Lemma 4, there exists a function g € G U Gy such that (4.10) is satisfied for
alln € Z, 4 and all S € ¥". Let n € Z44 and define the ordering >" on R" as follows.

(i) For all z,y € R%, z =" y if and only if x =7 y;
(ii) for all z,y € R"\ R}, x ~" y;
(iii) for all z € R’} and ally € R"\ R}, = >" .
By Lemma 4 and restricted choice independence, it follows that F’ satisfies fixed-population

rationalizability with the sequence {="},cz, . B

We now obtain
Theorem 3: A wvariable-population choice function F satisfies zero dominance, weak
population congruence, fixed-population single-valuedness, Pareto optimality, continuity,

anonymity, consistency, restricted choice independence, and the critical-level principle if
and only if F' is a critical-level generalized-utilitarian choice function.
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Proof: That the critical-level generalized-utilitarian choice functions satisfy the required
axioms can be verified easily.!0 Now suppose F satisfies all of the axioms. By weak
population congruence, Theorem 2, and Lemma 5, F' is rationalizable by an ordering > on
Q). By zero dominance, only nonnegative utility vectors can be chosen and, therefore, we
can restrict attention to vectors in ;. Consider anyn € Z,y andz € R’},and let o € R
be as in the definition of the critical-level principle. Let S € X be such that S, = H(—1,,)
forallm e Z.4 \ {n,n+ 1}, S;, = H(x), and Sp+1 = H((z,«)). By zero dominance and
Pareto optimality, x € F(S) or (z,«) € F(S). By the critical-level principle, x € F(S)
and (z,a) € F(S). By zero dominance, a > 0. By definition of a rationalization,

z ~ (z,q). (4.11)

Let n,me Zyy, x € R, and y € R". If n = m, Lemmas 4 and 5 imply that there
exists a function g € G U G such that

TRy = T r Y = T Zgay (4.12)
If n > m, repeated application of (4.11) implies
rry = = (y,alp-m) <= =y (y,alp-m) < T =50 Y (4.13)
and, analogously, if n < m, we obtain
=y = (z,almp) my < (7,alm—p) =y <= T =gay (4.14)
which completes the proof. I

The axioms used in Theorem 3 are independent. For each of the following examples,
the axiom that is indicated is violated, and all other axioms are satisfied.

Zero Dominance: Let g: R — R be continuous, increasing, and strictly concave. Define
the ordering > on (2 by letting, for alln,m € Z,,, x € R", y € R™,

n m
vy = Y gl@) =Y gw). (4.15)
i=1 i=1
Let, forall n € Z4 4, RY =U,ez, {z € R" |2 = (—1/2)1,} and define, for all S € X,
F($)={se |J SunRY|ezyloralye (J (SanRD}. (4.16)
nezZ 4 nezZ 4

Weak Population Congruence: Let 3 be the subset of ¥ defined as follows. For all S € ¥,
S € ¥ if and only if there exists n € Z, 1, x € Sy, and i € {1,...,n} such that z; > 1.

10 Note that (4.3) ensures that continuity and Pareto optimality are satisfied if g € Go.
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Let ¥? be the complement of £! in ¥. Let g: Ry — R be continuous, increasing, and
strictly concave. Define the orderings =' and =2 on €, as follows. For all n,m € Z, .,
zeRY,yeRY,

ety =) [g(zi) —g()] =D [glyi) — g(1)] (4.17)
i=1 i=1
and
z>2y <= [n>m]or [n=m and Zg(wl) > Zg(yl)] (4.18)
i=1 i=1

Let, for all S € ©1,
F(S)={ze S, |z>tyforallyec S} (4.19)

and, for all S € %2,
F(S)={zeS,|z>?yforallyecS.}. (4.20)

Fized-Population Single- Valuedness: Define the ordering > on Q1 by letting, for all n,m €
Z++7 UAS Ri? /S RT—E?

n m
Try <= Z%ZZ% (4.21)
=1 =1
Let, for all S € X,
F(S)={ze S, |z=yforalye S} (4.22)

Pareto Optimality: Let, for all S € 3,

F(S) = {01, | S, N'R™ # 0}. (4.23)

Continuity: Let =7 be the Leximin ordering on R", and define the ordering = on {1, by
letting, for alln,m € Z,,, z € R, y € R,
xr=y<=[n=mandz =7 y|or

[n>m and x =" (y,01,—m)| or (4.24)

[n <m and (x,01p—p) =7 y.
Let, for all S € %,

F(S)={zeSy|z>=yforalye S} (4.25)

See also Blackorby, Bossert, and Donaldson [1996b] for the above-defined variable-population

extensions of the Leximin orderings.
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Anonymity: For all i € Z,,, let g;: R+ — R be continuous, increasing, and strictly
concave. Define these functions so that there exist ,j € Z, such that g; # g;. Define
the ordering = on €, by letting, for alln,m € Z,, v € R, y € R,

zy == Y [gi(xi) —gi(0)] = [9i(yi) — 6i(0)]. (4.26)
i=1 i=1
Let, for all S € X,
F(S)={zeSy|z>=yforalye S} (4.27)

Consistency: Define the ordering = on €, by letting, for alln,m € Z,,z € R"}, y € R'",

n m
Ty = Z [1 — e_mi} —e i ®i > Z [1 — e_yi} —e Yitivi (4.28)
=1 =1
Let, for all S € %,
F(S)={zeSy|z>=yforalye S} (4.29)

Restricted Choice Independence: Let ¥! be the subset of ¥ defined as follows. For all
S e, S e xlifand only if there exists a unique n € Z4 such that S, N RY # 0. Let
32 be the complement of X! in 3. Let g: R, — R and ¢*>: R4 — R be two different
continuous, increasing, and strictly concave functions. In addition, define the orderings
>1 and =2 on Q. as follows. For all n,m € Z,,, x € RY,y € R,

n m
vty <= g' @) =D g () (4.30)
i=1 i=1
and
n m
=ty = gP) > FP i) (4.31)
i=1 i=1
Let, for all S € ©1,
F(S)={zeS,|z>tyforallyec S} (4.32)
and, for all S € %2,
F(S)={zeSy|z=2yforallyecS,}. (4.33)

This example can also be used to complete the proof that fixed-population rationalizability
and weak population congruence are independent (see Theorem 2)—it is straightforward
to verify that F' violates fixed-population rationalizability.
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Critical-Level Principle: Let g: R+ — R be continuous, increasing, and strictly concave.
Define the ordering = on €2y by letting, for all n,m € Z,,, 2z € R"}, y € R?,

zy <= (1/n)Y g(z:) = (1/m) ) g(y)- (4.34)
i=1 i=1
Let, for all S € %,
FS)={ze Sy |x=yforallye Si}. (4.35)

5. Concluding Remarks

Given fixed-population rationalizability of choice functions, two axioms are necessary and
sufficient for rationalizability in models in which, in addition to individual utility levels,
population size is to be chosen. The axioms are weak population congruence, which is a
significant weakening of Richter’s congruence axiom, and zero dominance, which rules out
choices with very low utility levels. In addition, these axioms, along with fixed-population
single-valuedness, Pareto optimality, continuity, anonymity, consistency, restricted choice
independence and the critical-level principle, characterize the critical-level generalized util-
itarian choice functions.

Critical-level generalized-utilitarian orderings are usually defined for all utility vectors
including those with negative components. The norm in the zero-dominance condition is
arbitrary, however: it can be set, for example, at a utility level that represents a neutral
life, a wretched life, or a life that is worse than any person might reasonably experience.
Consequently, the ethical judgement that it represents is flexible. In addition, it is reason-
able to deal with the problem of utility levels that are ‘too low’” with constraints (lower
bounds on individual utilities) rather than a modification of the social objective func-
tion. This is a position that is analogous to the one advocated in Blackorby, Bossert, and
Donaldson [1998b] in an examination of the ethical foundations of the common practice
of discounting the utilities of the members of future generations. Moreover, imposing a
lower bound on individual utilities allows us to respond to a criticism that can be directed
toward all generalized utilitarian orderings. They allow sufficiently high utility levels to
compensate for arbitrarily low utilities of other individuals. If a condition such as zero
dominance is imposed, the objection loses much of its force 11

Although fixed-population choices are unaffected by the critical level, its value has
important consequences for the resulting variable-population social ordering and choice

11 Norms such as those employed in zero dominance can be shown to be useful in formulating informa-
tional restrictions on variable-population social-choice mechanisms, as is illustrated in Blackorby, Bossert,
and Donaldson [1999a]. See also Tungodden [1998] for a discussion of independent norm levels in fixed-
population social choice.
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function. In the choice-theoretic framework analyzed in this paper, the critical level can-
not be below the minimally acceptable utility level represented by zero. Because the norm
level can be chosen arbitrarily, however, this restriction may not produce reasonable social
orderings. The classical generalized utilitarian principles employ a critical level that is
equal to the utility level representing neutrality and all of them lead to the repugnant
conclusion.1? Any principle that implies the repugnant conclusion declares every alter-
native in which each person has a utility level above neutrality to be inferior to one in
which each person in a suitably large population has a utility level above but arbitrarily
close to neutrality. Critical-level generalized utilitarian principles with critical levels above
neutrality avoid this unreasonable trade-off.
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