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Abstract

This paper illustrates the application of functional-equations results in population ethics.
In an intertemporal framework, we provide characterizations of several classes of variable-
population social orderings that may depend on individual lengths of life in addition to
lifetime utilities. The generalized associativity equation turns out to play a major role in
proving the results of this paper and in mathematical approaches to population ethics in
general.
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1. Introduction

Solutions to functional equations have become important tools in an increasing number
of problems in social sciences such as economics and psychology.1 Traditionally, issues
involving social evaluation with a variable population have been analyzed mainly in a
philosophical context—specifically, they have been a subject of investigation in ethics.
Recently, formal social-choice theory has been applied to population problems, and math-
ematical techniques have become increasingly important. In this paper, we illustrate the
use of the analysis of functional equations in population ethics.

Suppose a social ordering is used to rank different states of the world that may
involve different populations and different population sizes, and intertemporal aspects are
explicitly taken into consideration. We assume that, for each possible state of the world,
the set of individuals alive, their birth dates, lengths of life, and lifetime utilities are known.
Utilities are normalized so that a utility level of zero represents a neutral life—a life that is
neither better nor worse than its alternative. These normalized utilities are assumed to be
interpersonally comparable and numerically significant indicators of lifetime well-being.

In Blackorby, Bossert, and Donaldson [1995], we analyzed the consequences of a sep-
arability axiom that requires social evaluations in the present to be independent of the
well-being of individuals whose lives are over in the states of the world to be compared,
and we call this axiom independence of the utilities of the dead. In addition, some other
axioms were employed, including the strong Pareto principle which implies, in the frame-
work considered here, that the individual lifetime utilities contain enough information to
rank all possible states of the world. Applying Gorman’s [1968] result on overlapping sets
of separable variables, the proof of which involves the solution of a generalized associativity
equation (see Aczél [1966, p. 310]), we showed that the resulting social orderings are the
critical-level generalized utilitarian orderings, which were first introduced in Blackorby and
Donaldson [1984]. Critical-level generalized utilitarianism compares states of the world on
the basis of the sum of the differences between the transformed utilities of those alive and
a transformed critical level of lifetime utility. Critical-level utilitarianism is obtained in
the special case where the transformation is the identity mapping. Applying a concave
transformation generates inequality-averse orderings. The critical level is a parameter
which represents an important ethical value judgment—adding, ceteris paribus, an indi-
vidual with a lifetime utility equal to the critical level to an existing population leads to
a state of the world that is indifferent to the original one. The critical level turns out to
be independent of the utility levels and number of those alive in the state of the world
under consideration, which is—in addition to the additive separability of the criterion used
for fixed-population comparisons—another important consequence of independence of the
utilities of the dead.

Although the critical-level generalized utilitarian principles have a strong ethical foun-
dation (and our own position is that the strong Pareto principle should be respected), it is
useful to explore the consequences of weakening strong Pareto in order to allow birth dates
and lengths of life to matter in social evaluations. By considering those generalizations, we

1 See Aczél [1987] for a discussion of various applications.



provide alternative social orderings that can be applied in circumstances where the strong
Pareto principle is considered to be too restrictive in an intertemporal framework.

In Blackorby, Bossert, and Donaldson [1997], we examined the consequences of weak-
ening strong Pareto to birth-date conditional strong Pareto. Together with independence
of the utilities of the dead and other axioms, this condition leads to social orderings
with a recursive structure and, with some additional axioms, ordering that are based on
discounted utilities are obtained. In order to characterize geometric discounting in this
framework, the solution to a Pexider equation (see Aczél [1966, p. 141]) resulting from a
stationarity axiom is employed. See Blackorby, Bossert, and Donaldson [1997] for details.

In this paper, we provide an analysis that is dual to the one carried out in the above-
described paper. Instead of birth-date conditional strong Pareto, we impose lifetime-
conditional strong Pareto in order to allow for lengths of life to matter in establishing a
social ordering. The main results of the paper provide characterizations of two classes
of social orderings. The first of those is analogous to critical-level generalized utilitarian-
ism, except that the transformations applied to individual utilities and the critical level
may depend on the individuals’ lengths of life. A subclass of those orderings results as a
consequence of adding limited lifetime-dependence and strengthening one of the original
axioms. The members of this class of orderings are generalizations of critical-level general-
ized utilitarianism which allow for the critical level to depend on the lifetime of an added
individual.

2. Intertemporal Social Evaluation

The mathematical model employed in this paper is the one introduced in Blackorby,
Bossert, and Donaldson [1995]. It provides a general framework for intertemporal social
evaluation when populations can be different in different states of the world.

The set of nonnegative (positive) integers is denoted by Z4 (244 ), and the set of all
real numbers is R. X is a set of social states of affairs, N = N(z) is the set of individuals
alive in state z € X, and n = n(x) is the number of individuals alive in z. If person i
is alive in z, s* = S%(z) is the period just before he or she is born and I’ = Li(x) is his
or her lifetime. Therefore, person 4 is alive in periods (s 4 1,..., s 4+ [%). The lifetime
utility experienced by individual i € N(z) in state z is u’ = U%(x). Lifetime utilities are
assumed to be normalized so that a lifetime-utility level of zero represents neutrality. For
an individual, a life, taken as a whole, is worth living if and only if lifetime utility is above
neutrality. A fully informed, rational and selfish individual whose lifetime-utility level is
below neutrality prefers not to have any of his or her experiences.2 We assume that nor-
malized lifetime utilities are numerically measurable and interpersonally fully comparable
in order to allow for the largest possible class of social orderings.3 Furthermore, we assume
that no person can live more than L € Z, periods.

2 See Broome [1993] for a discussion of neutrality and its normalization to zero.

3 Other information assumptions could be used but would restrict the class of possible orderings. For a
discussion of information assumptions in variable-population social-choice theory, see Blackorby, Bossert,
and Donaldson [1999].



The set of individuals alive in state z, together with birth dates, lifetimes and lifetime
utilities of those individuals, can be written as an alternative

A= (N, (si,li,ui)ieN) =A(z) = (N(x), (S'(z), L' (=), Ui(x))ieN(:n)) (2.1)

The set A of admissible alternatives consists of all alternatives A in which IV is nonempty
and finite, s' € Z,, I € {1,...,L}, and u’ € R.% For notational convenience, we define
A, to be the set of all alternatives A in A such that |N| = n, and Ayn is the set of all
alternatives A such that N = {1,...,n}. In addition, A%, is the set of alternatives A
such that N = {1,...,n}, s* =0,and I’ = 1 for all i € N.

We assume that a single ordering R C A x A is sufficient to order X given A(z) for
all z in X.®> This is an information assumption—only the identities of those alive, their
birth dates, lengths of life, and lifetime utility levels can influence the social ranking.

To conclude this section, we introduce critical-level generalized utilitarianism. R is a
critical-level generalized utilitarian social ordering if there exist @ € R and a continuous
and increasing function g: R — R with ¢(0) = 0 such that, for all A, Ae A,

ARA e Y lgfa) - gle) > Slgli) - gla) 22)

ieEN ieN

3. Axioms

In Blackorby, Bossert, and Donaldson [1995], it is assumed that R satisfies the strong
Pareto condition, which implies that individual lifetime utilities are the only determinants
of the ranking R. In this paper, we weaken this axiom in order to consider additional
possibilities. Instead of strong Pareto, we require lifetime-conditional strong Pareto which
allows, in addition to lifetime utilities, individual lengths of life to matter. This axiom is
defined as follows.

Lifetime-Conditional Strong Pareto: For all A, AcAwithN=N=N and ' = [t
foralli e N:

(i) if, for alli € N, @' = @', then ZIE;
(i) if, for alli € N, @' > 0' with at least one strict inequality, then APA.

Lifetime-conditional strong Pareto applies to fixed populations only. To link alter-
natives with populations of the same size but with different individuals alive in each, we
require the ordering R to be independent of the identities of the individuals alive. This
requirement is captured in the following anonymity axiom.

4 The null alternative Ap in which no one is alive could be included in A without changing our results—
see Blackorby, Bossert, and Donaldson [1995].

5 An ordering is a reflexive, transitive, and complete binary relation. The symmetric and asymmetric
factors of R are denoted by I and P, respectively.



Anonymity: For all A, Ac A withn = n, if there exists a bijection p : N —> N such
that 5° = §p(i), I = lAp(T), and @' = @@ for allz € N, then AT A.
Furthermore, we assume that the fixed-population orderings implied by R are con-

tinuous.

Continuity: For all N # (0, the restriction of the ordering R to {A € A| N = N} is
continuous in lifetime utilities.

The following axiom requires that individuals whose lives are over do not affect the
social ranking of alternatives. We need some additional notation in order to define it
formally. For A € Aand t € Z44, let By(A) :={i € N | s* +1 < t} and Dy(A) := {i €
N|s 41t <t}

Independence of the Utilities of the Dead: For all Z,E €A, forallt € Z,, for
all Ny C NN N such that Ny £ N and Ny £ N, if

Bi(A) = Dy(A) = Dy(A) = By(A) = Ny, (3.1)
(50,10, at) = (8,1%,a%) for all i € Ni, and the alternatives A; and Ay are obtained by

removing all individuals in Ny from A and ﬁ, then

In order to rule out degenerate cases, we assume the existence of some critical levels
of lifetime utility. A critical level for a given alternative, a given birth date, and a given
lifetime is a level of utility such that if an individual experiencing the critical level of utility
with the given birth date and lifetime is added to the alternative in question and no one
else is affected by this population augmentation, then the new alternative is indifferent to
the original one. We use two variants of an axiom requiring the existence of such critical
levels.

Weak Existence of Critical Levels: There exist Ag € A, j € Z44 \ No, So € 24,
lo€{1,...L}, co € R such that ZIAO, where N = Ny U {7}, (51,51,&1) = (s, lb,ub) for
all © € Ny, § = S0, I = l_(), and @ = cp.

Existence of Critical Levels: There exists Ay € A such that, for all | € {1,..., L},
there exist j € Z44 \ Ny, S0 € Z4, ¢9 € R such that ZIAO, where N = Ny U {7},
(§i,ﬁ,&i) = (sb, 1§, ud) for all i € Ny, 57 = 50, V=1 and @ = c.

The following axiom ensures that there are nontrivial trade-offs between length of life
and lifetime utility.

Individual Lifetime Substitution Principle: For all j € Z,, there exists a function
N:Z,x{l,...,L} xR — R such that, for all A € A with j € N, EIA, where N = N,
(§i,ﬁ,&i) = (s, 1), u) for all i € N\ {j}, 5 = s/, V=1, and @ = N (s, 1, u).



Finally, we introduce an axiom that limits the influence on lifetimes on the social
ranking. It requires that, for fixed-population comparisons, lifetimes can only count to the
extent that it does not matter who has which lifetime.

lelted Lifetime-Dependence: For all A, A ¢ A with N = N = N and (5%, a") =
(8%, 4%) for all i € N, if there exists a bijection m: N — N such that I' = [m(@) for all
1 € N, then ATl A.

4. Lifetime-Dependent Population Principles

As a preliminary result, we show that the conjunction of independence of the utilities
of the dead and lifetime-conditional strong Pareto implies a stronger separability axiom,
which is defined as follows.

Birth-Date Independent Separability: For all A, Ae A, for all N, C NN N such
that Ny # N and N, # N, if (I, @) = (I', @) for all i € Ny and the alternatives A, and

A, are obtained by removing all individuals in Ny from A and A then

ARA <+ A, RA,. (4.1)

We obtain

Lemma 1: If R satisfies lifetime-conditional strong Pareto and independence of the
utilities of the dead, then R satisfies birth-date independent separability.

Proof: Let A, A € Aand N, C NNN be such that N, # N, N, # N, and (I, @) = (I, a¢)
for all i € N,. Let A, A’ € A be such that N = N and (I, @) = (I, @) for all i € N,
N' = N and (I",@%) = (I!,a%) for all i € N, 8 =0 for all i € NN N,, 8 = 0 for all
i€ NON,, 8" =Lforallie N \ Ny, and &% = L for all i € N \ N.. It follows that
Bri1(A) = Bri1(A) = Dpyy(A) = Dy (&) = N, and (5, 1%, @) = (8, 1", @) for all
1 € N,. By lifetime-conditional strong Pareto, ATAand ATA. Therefore,

ARA+— A RA. (4.2)

Removing all individuals in N, from A and A’ results in the alternatives A, and 2*, and
independence of the utilities of the dead implies A RA if and only if A, RA,. Together
with (4.2), it follows that A R A if and only if A, R A,. B

The following lemma shows that some of our axioms impose an additive structure on
the restrictions of R to alternatives with a fixed population size.



Lemma 2: If R satisfies lifetime-conditional strong Pareto, anonymity, continuity, inde-
pendence of the utilities of the dead, and the individual lifetime substitution principle, then
there ezists a function h:{1,...,L} x R — R, continuous and increasing in its second

argument with h(1,0) = 0 such that, for all n > 3 and for all A, Ae An,

ARA+— Y n(@,a') > h(l',d). (4.3)
iEN ieN

Proof: Let j € Z,, and let A7 be as in the definition of the individual lifetime substitution
principle. By lifetime-conditional strong Pareto, A/(s7,17,u/) = AJ(0,17,u/) for all A € A
such that j € N. By anonymity, the functions A7 can be chosen to be identical for all j €
Z. ., and we can therefore define A: {1,..., L} x R — R by letting A({,u) := AJ(0,, u)
forall j € Z,4, foralll € {1,...,L}, and for all u € R.

Let n € Z44. Applying Debreu’s [1954] representation theorem, continuity implies

that there exists a continuous function f?: R™ — R such that, for all A4, Aec A?Vn,

ARA «— @, ..., a" > f@',...,a"). (4.4)

By lifetime-conditional strong Pareto, f is increasing in all arguments, and by anonymity,

f™ is a symmetric function. Now let n > 3 and Z,g e A%... Furthermore, let N, C
{1,...,n} and m = [N \ N,|. Birth-date independent separability (see Lemma 1) implies

i@t at) 2 o at a8 e (@ )ienw,) 2 @) ienw)- (4.5)

Therefore, N \ N, is separable from its complement in f” for any choice of V.. Gorman’s
[1968] theorem on overlapping separable sets of variables, which can be proven by invoking
the solution to the generalized associativity equation (see Aczél [1966, p. 312] and Black-
orby, Primont, and Russell [1978, p. 127]), implies that f™ is additively separable. That
is, there exist continuous and increasing functions F™: R — R and g,: R — R for all
i€ {1,...,n} such that

. ) = F”(igg(m)) (4.6)
=1

for all (ul, ...,u™) € R". Because f" is symmetric, each gjl can be chosen to be indepen-
dent of i and we define g, := g, for all i € {1,...,n}. Because (4.5) must be satisfied for
alln > 3 and all m < n, g, and F" can be chosen independently of n, and we write g := gy,
and F':= F" for all n > 3. Defining g: R — R by setting g(u) := g(u) — g(0), it follows



that g is continuous, increasing, and satisfies g(0) = 0. Furthermore, for all 4, Ac ANn,

P a) 2 P( Y a)

<—>Zg >Zg (4.7)
=1

— Zg(ﬂi) > Zg(ﬁl)
=1 =1

Now let A, A € Ayn with n > 3. Let Z/, A" € Apn be such that 5 = 8 =0, I = [,
=1 @ =@, and @' = @' for all i € {1,...,n}. By lifetime-conditional strong Pareto,
A TAand A'1A. (4.8)

By repeated application of the individual lifetime substitution principle, there exist Z”, A" e
Apn such that 8% = 8" = 0, I"" = [ = 1, a" = A", @), 0" = A(i’i,a’i) for all
ie{l,...,n}, and A" 1A and A1 A, Together with (4.8), this implies

ARA+—A'RA". (4.9)
By definition, Zﬁ, A" e AQ,,. Using (4.7),

T RA Y gla) > Y gl

=1 =1
n ) ) n

> g(ATah) =Y g(Aa
i=1 =1

Defining h := g o A, it follows that A is continuous and increasing in its second argument,
and h(1,0) = 0. Using (4.9) and (4.10), it follows that

(4.10)

n n

ARA+— Y n(l'a') =Y n(l',af). (4.11)

Finally, anonymity implies that we have
ARA«+— " h(Ta') =Y n(l',a') (4.12)
ieN ieN
for all Z,E €A, withn>3 1

The following theorem provides a characterization of a class of orderings which gen-
eralize the critical-level generalized utilitarian orderings by allowing lifetimes to matter in
social evaluations.



Theorem 1: R satisfies lifetime-conditional strong Pareto, anonymity, continuity, inde-
pendence of the utilities of the dead, weak existence of critical levels, and the individual life-
time substitution principle if and only if there exist & € R and h:{1,..., L} xR — R con-

tinuous and increasing in its second argument with h(1,0) = 0 such that, for all A, Ac A,
ARA+— Y [h(z‘i,ai) ~h(1, a)} >3 [h(ii,ai) — (1, @) (4.13)
icN ieN

Proof: The sufficiency part of the theorem is straightforward to establish. By weak
existence of critical levels, there exist Ag € A, j € Z14 \ No, 50 € 24, lp € {1,...L},

co € R such that ZIAO, where N = Ny U {7}, (51,51,&1) = (s}, 15, ub) for all i € N,
5 = 3, U= lo, and @ = ¢p. By the individual lifetime substitution principle, AT A ,
where A’ is defined by letting N’ = N, s = §, 1" = [, o/l = @ for all i € Ny, and
s =59, 1" =1, u7 = A(I7, ¢p). By transitivity,

AT A (4.14)

Define & := A(ij ,¢0), and let A € A. By anonymity, we can, without loss of generality,
assume that NN Ny =0 and j ¢ N. Using (4.14) and birth-date independent separability
(see Lemma 1), it follows that

(NO U N7 ((867 167 ué)i6N07 (Si7 li? U’Z)ZEN)) (415)
is indifferent to
(No UN U} (s, 06, ubieno, (51 ulYiens (5o, 1, a))). (4.16)

Again using birth-date independent separability,

A= (N, ((s', li,ui)ieN)) I (N UL (55 1, uien, (0, 1, a))). (4.17)

Therefore, adding individual 5 with a lifetime utility of @ and a lifetime of one to any
alternative is a matter of indifference and, thus, & is a lifetime-one critical level for any
Aec A

Next, we extend the additive-separability result of Lemma 2 to fixed-population com-
parisons with population sizes one and two. Consider A, A € A;. By anonymity, we can
without loss of generality assume N = N = {i}, and we immediately obtain

Lat) > g(A,a)) (4.18)
Now let A, A € Ay. Let j € Z,o\(NU N ), and define A and A by adding j with an

arbitrary birth date, lifetime I/ = 1, and lifetime utility v/ = & to A and g, respectively.

8



By anonymity and the observation that & is a lifetime-one critical level for all alternatives,
we obtain AT A and AT A" and, thus, A R A if and only if A’ R A". By Lemma 2,

ARA +— 3 h(l, @) + h(1, o) >Zh @) + h(1, co) (4.19)
ieEN ZEN

and, therefore,
ARA+— Y n(la')y = h(l', ). (4.20)

To complete the proof, suppose finally that A, Aec Aand n # n. Without loss of

generality, let 7 > 7. Define A’ by adding (n —n) individuals to N, each with an arbitrary
birth date, a lifetime of one period, and a lifetime utility of &. By definition of a critical

level, ATA and, therefore, Lemma 2 (or the above argument if 7 = 2) implies
ARA <« ARA

«— Y bl a') = h(l'a') + (- a)h(1, @)

ieN ieN (4.21)
Y [l ah) = h(1,a)) = A a') - h(1,a)]. B
ieN ieN

If weak existence of critical levels is strengthened to existence of critical levels and
limited lifetime dependence is added, the resulting class of orderings can be narrowed down
further.

Theorem 2: R satisfies lifetime-conditional strong Pareto, anonymity, continuity, inde-
pendence of the utilities of the dead, existence of critical levels, the individual lifetime sub-
stitution principle, and limited lifetime dependence if and only if there exist a: {1,..., L} —

R and g: R — R continuous and increasing with g(0) = 0 such that, for all A, Ac A,

ARA s > (&) = g(a(@)] = 3" [9(@) - g(ali)]. (4.22)

~

iEN 1EN

Proof: Again, it is straightforward to establish sufficiency. By existence of critical levels,
there exists an alternative Ag € A such that, for alll € {1,..., L}, a lifetime-[ critical level
must exist for Ag. Using the same reasoning as in the proof of Theorem 1, this critical
level must be the same for all alternatives as a consequence of birth-date independent
separability. Because of lifetime-conditional strong Pareto, this critical level is unique for
each [ € {1,...,L} and, therefore, we can write it as a function a:{1,...,L} — R.
Because all axioms used in Theorem 1 are satisfied, (4.13) holds with & = «a(1). Let
A € A be such that N = {1,2}. By limited lifetime dependence, it follows that h must
satisfy the functional equation

h(l,u) = h(l,u) + h(1,0) = h(1,u) + h(l, 0) (4.23)

9



foralll € {1,...,L} and all u € R. Letting g(u) := h(1,u) for all u € R and §(I) := h(l,0)
for all I € {1,..., L}, it follows that

h(L,w) = g(w) — (1) (424)
for allu € R and all [ € {1,..., L}. By definition of a critical level,
h(l,e(l)) = h(1,(1)) =0 (4.25)

for all [ € {1,..., L}, and (4.24) implies

9(a) = 9(0) = g(al )—9(1) (4.26)

for all [ € {1,..., L}. Substituting (4.24) and (4.26) into (4.13) completes the proof. B

5. Conclusion

This paper provides an illustration of the use of functional equations in population ethics.
In particular, we characterize classes of lifetime-dependent social orderings. Therefore,
the paper complements earlier work by exploring the consequences of relaxing the strong
Pareto principle so as to allow for lifetimes to matter.
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