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Abstract
We propose estimators of the memory parameter of a time series that are robust

to a wide variety of random level shift processes, deterministic level shifts and de-
terministic time trends. The estimators are simple trimmed versions of the popular
log-periodogram regression estimator that employ certain sample size-dependent, and
in some cases, data-dependent trimmings which discard low-frequency components.
Regardless of whether the underlying long/short-memory process is contaminated by
level shifts or deterministic trends, our estimators are shown to be consistent and
asymptotically normal with the same limiting variance as the standard log-periodogram
estimator. An extensive simulation study shows that our estimators perform their in-
tended purpose quite well, substantially decreasing both finite sample bias and root
mean-squared error in the presence of these contaminating components. Furthermore,
we assess the tradeoffs involved with their use when such components are not present
but the underlying process exhibits strong short-memory dynamics or is contaminated
by noise. To balance the potential finite sample biases involved in estimating the mem-
ory parameter, we recommend a particular version of our estimators that performs well
in a wide variety of circumstances. Finally, we apply our estimators to stock market
volatility and hydrological data to find that many of the time series typically thought to
be long-memory processes actually appear to be short-memory processes contaminated
by level shifts or deterministic trends.
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1 Introduction

There has long been interest in time series that are stationary yet exhibit persistence beyond

that of I(0) variates, the so-called “long-memory” processes. They have been studied as far

back as the 1950’s with the seminal contribution of Hurst (1951) in the context of hydrology.

Long-memory processes are usually characterized in the time domain by an autocorrelation

function that is not absolutely summable and decays hyperbolically at long lags. In the fre-

quency domain, it is typically characterized by a spectral density function that is proportional

to λ−2d as λ approaches zero, where d is known as the “memory parameter” of the process.

Such a process is stationary when d ∈ (−1/2, 1/2), a specification nesting the short-memory

processes (d = 0). Independently, Granger and Joyeux (1980) and Hosking (1981) intro-

duced the fractionally integrated ARFIMA(p, d, q) process, a long-memory generalization of

the I(0) ARMA(p, q) process. Parametric estimates of d, requiring the specification of the

entire spectral density function, have been proposed by Fox and Taqqu (1986) and Dahlhaus

(1989), among others. Semiparametric estimates of the memory parameter have grown pop-

ular as they do not require specification of the “short-memory” parameters of a process.

The most widely used examples of semiparametric estimators are the log-periodogram (LP)

estimator of Geweke and Porter-Hudak (1983) and the local Whittle estimator proposed by

Künsch (1987).

The fact that the presence of level shifts or deterministic time trends affects the persis-

tence properties of time series has long been recognized by statisticians and econometricians.

Perron (1989) showed that the presence of one-time shifts in a time trend will often induce

spurious non-rejection of the unit root hypothesis for detrended data. Bhattacharya et al.

(1983) demonstrated similar findings with regard to deterministic trends. More recently,

researchers have shown that short-memory time series contaminated by level shifts or cer-

tain deterministic trends display many of the same properties of long-memory time series,

inducing “spurious long-memory” effects. For example, such a process will exhibit hyperbol-

ically decaying autocorrelations as well as a pole at the null frequency of its spectral density

function. Among others, Diebold and Inoue (2001), Granger and Hyung (2004), Mikosch

and Stărică (2004) and Perron and Qu (2010) provide theoretical reasons for and simulation

evidence of this phenomenon. A short-memory time series contaminated by level shifts or

a deterministic trend will thus frequently cause spurious rejection of a short-memory null

hypothesis and bias memory parameter estimates upward. Overestimation of the memory

parameter has important practical implications in economics and finance. For example,
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Taylor (2000) has shown that the assumed memory parameter significantly affects implied

volatilities while Ohanissian et al. (2004) have shown its important impact on the pricing of

call options.

In recent years, a handful of papers aimed at distinguishing true from spurious long-

memory has emerged. Tests in both the time and frequency domains have been proposed

by Dolado et al. (2005), Shimotsu (2006), Ohanissian et al. (2008), Perron and Qu (2010)

and Qu (2008) with varying degrees of success. Many of these authors have argued that the

long-memory properties of many economic time series are indeed spurious. However, scant

attention has been paid to estimation of the memory parameter in the presence of contam-

inating elements. This may be partly due to the existing focus on two specific alternative

processes: short-memory contaminated by level shifts or deterministic trends vs. pure long-

memory. Though Granger and Hyung (2004) suggest a forecasting procedure, authors have

not adequately explored the implications of long-memory processes contaminated by these

elements, especially level shifts.1 As we will show later, level shifts and deterministic trends

induce an upward bias in memory parameter estimates whether the contaminated process

exhibits short or long-memory. Tests focusing on the specific alternative of contaminated

short-memory may reject if the underlying process is contaminated long-memory, another

reason estimation is important. In this paper, we propose very simple estimators of the

memory parameter that are robust to the presence of the contaminating elements that cause

spurious long-memory. They are simply “trimmed” versions of the popular LP estimator.

Smith (2005) has also attempted to address the issue of memory parameter estimation

in the presence of level shifts. He derived a bias correction for the LP estimator from a

stationary, mean-reverting mean-plus-noise model. This bias correction is based upon the

assumption of a short-memory process contaminated by a stationary random level shift

(RLS) process, meaning that it is not necessarily valid when the process is contaminated

long-memory. The standard LP estimator is already consistent under the data generating

processes (DGPs) he considers (Hurvich et al., 1998) although its finite sample performance

is often inferior to that of his estimator. In contrast, we provide estimators that are not only

consistent under all of the DGPs Smith (2005) considers but also under many others, includ-

ing those contaminated by non-stationary RLS processes and smooth or monotonic trends.

In terms of RLS processes, those we consider are arguably more practically relevant than

those considered by Smith (2005) as they imply periodograms that diverge in expectation

1Some authors have addressed memory parameter estimation in the presence of certain types of deter-
ministic trends. See Robinson (1997) and Hurvich et al. (2005) for examples.
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at the zero frequency rather than flattening out and converging to some constant. These

non-stationary RLS processes have received considerable attention in the econometrics lit-

erature (e.g., see Chen and Tiao, 1990; Diebold and Inoue, 2001; Granger and Hyung, 2004

and Perron and Qu, 2010).

It turns out that our estimators have many desirable asymptotic and finite sample prop-

erties that we explore later. The estimators employ the usual bandwidth parameter to deter-

mine the highest periodogram frequency used in estimation as well as a trimming parameter

to determine the lowest periodogram frequency used. They are consistent and asymptotically

normal under mild conditions on the contaminating processes, the spectral density function

of the contaminated process and the user-chosen trimming and bandwidth parameters. The

limiting variance of our trimmed estimators is the same as that for the standard LP esti-

mator, implying no asymptotic efficiency loss. In finite samples, the estimators significantly

reduce the upward bias caused by level shift or deterministic components, often nearly elim-

inating it entirely. In addition, our estimators dominate the standard LP estimator in terms

of mean-squared error for a wide variety of DGPs when contaminating elements are present.

The finite sample properties of the estimators depend crucially upon their trimming and

bandwidth parameters much like the standard LP estimator depends upon its bandwidth

parameter. Through Monte Carlo simulation, we explore the finite sample properties of the

estimators for different combinations of these parameters, providing practical suggestions

for choosing them. Moreover, we provide the asymptotic means squared error (MSE) mini-

mizing choice of the bandwidth parameter by extending the results of Hurvich et al. (1998)

(HDB, henceforth) to the DGPs in question.

After the work of this paper was completed, we became aware of related research by Iacone

(2010), who also uses trimming in the context of the local Whittle estimator. The class of

processes he considers are, however, much more restrictive and less practically relevant.

As stated in Remark 1, we can use our theoretical results to show the consistency and

asymptotic normality of his trimmed local Whittle estimator for a much larger class of

processes. Furthermore, since for some reason his simulations use a trimmed LP estimator

(rather than local Whittle), our results also provide the required theoretical grounding to

substantiate his Monte Carlo experiments.

The remainder of this paper is composed as follows. Section 2 introduces our estimators.

Section 3 describes the DGPs we consider, imposing specific assumptions, and then details

a crucial asymptotic property of the periodogram of these processes. Section 4 explores

the asymptotic properties of our trimmed LP estimators. Section 5 provides an extensive
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Monte Carlo study of the finite sample properties of our estimators, in comparison with the

standard LP estimator, under a wide variety of DGPs. In this section, we advocate the use of

a particular version of our estimators that seems to best balance considerations arising from

potential finite sample biases when the empiricist has little prior information on the DGP

at hand. We also show through simulation evidence that the assumption of Gaussianity on

the contaminated process imposed in Section 3 can likely be relaxed. Section 6 focuses on

empirical application of our estimators to stock market volatility data and the classic Nile

River level series. We find that many of these series which have been previously typified as

long-memory processes appear actually to be contaminated short-memory processes as our

robust estimators of their memory parameters are very near zero. Section 7 is composed of

concluding remarks while the proofs of our theoretical results are given in a mathematical

appendix.

2 A Robust Memory Parameter Estimator

Log periodogram estimators appear to be the most popular memory parameter estimators

among empiricists due to their simplicity, intuitiveness and ease of use. As mentioned, our

estimators are “trimmed” versions of the standard LP estimator that employ specific sample

size-dependent, and in some cases, data-dependent trimmings that discard low frequency

components. The LP estimator is based upon the spectral characterization of a long-memory

process which implies the following relation:

log f(λ) ≈ c− 2d log λ as λ→ 0+,

where f is the spectral density function of the process. Now, letting wx(λj) denote the

discrete Fourier transform of the time series {xt}Tt=1 evaluated at the Fourier frequency

λj = 2πj/T , the periodogram of the time series at λj is defined as Ix(λj) ≡ |wx(λj)|2 =

wx(λj)wx(λj)
∗, where c∗ denotes the complex conjugate of any complex number c. Ix can be

regarded as a noisy approximation to f . Hence, the LP estimator replaces f in the above

relation by Ix, evaluating the relation at Fourier frequencies local to zero to yield the LP

regression:

log Ix (λj) = c+ dXj + ej, j = l, . . . ,m,

where Xj = − log(2 − 2 cos(λj)) ≈ − log λ2
j for j = l, . . . ,m. So long as m/T → 0, this ap-

proximating relation holds asymptotically. Thus, using the shorthand notation Ij = Ix(λj),
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we obtain the LP estimator:

d̂ =
−0.5

∑m
j=l

(
Yj − Ȳ

)
log Ij∑m

j=l

(
Yj − Ȳ

)2 ,

where Yj = log |1− exp (−iλj)| and Ȳ = (1/(m− l + 1))
∑m

k=l Yk.

The standard LP estimator uses l = 1 while ours trim out some of the lower Fourier

frequencies to obtain consistency and asymptotic normality in the presence of level shifts

and deterministic trends. To determine the number of frequencies necessary to trim out

to obtain good asymptotic properties for d̂, we rely on results concerning the order of the

periodogram of a long-memory process contaminated by level shifts or deterministic trends.

More specifically, assume the DGP of the time series in question {xt} is given by

xt = k + vt + ut, (1)

where k is a constant, {vt} is a long or short-memory process and {ut} is an RLS process or

a deterministic time trend (we will later make clear exactly what is meant here by imposing

specific assumptions on these processes). Then using the results of Robinson (1995) (Theo-

rem 2), a simple extension of arguments presented by Perron and Qu (2010) and Qu (2008)

provides that

Ix (λj) = Iv (λj) + Iu (λj) + 2Ivu (λj) , (2)

where Iv(λj) = Op(λ
−2d
j ), Iu(λj) = Op(T

−1λ−2
j ) and Ivu(λj) = Op(T

−1/2λ
−(1+d)
j ). The compo-

nent u thus dominates the periodogram for frequencies λj such that j = o(T (1−2d)/(2−2d)) and

the short/long-memory component v dominates when jT (2d−1)/(2−2d) →∞. In other words,

although both a level shift (or deterministic trend) process and a long-memory process tend

to have poles in their periodograms at the zero frequency as the sample size increases, these

poles essentially taper off differently. The pole induced by level shifts is steeper and tapers

off more quickly than the pole induced by a long-memory process.

Not only do these features of the periodogram allow one to distinguish between the two

processes, but they also allow one to estimate the memory parameter when both processes

are present. Intuitively, if one were to run an LP regression using only frequencies λj for

which jT (2d−1)/(2−2d) →∞ but nonetheless j = o(T ), one could expect a consistent estimate.

Therefore, the intuition behind the estimator is to set l = O(T (1−2d)/(2−2d)+ε) for some ε > 0

in order to extract the memory behavior of the v component. Of course this suggestion is

infeasible since d is unknown when one is trying to estimate it. However, for d ∈ [0, 1/2),

the stationary and persistent region, (1 − 2d)/(2 − 2d) ∈ (0, 1/2]. Hence, one could obtain
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an estimate of d by only using frequencies with j growing faster than T 1/2 but still slower

than T .2 We also introduce an adaptive, data-dependent trimming procedure to reduce finite

sample variance in Section 4.

3 Processes of Interest and Their Periodograms

We assume that the process of interest {xt} is given by (1). We shall allow the process

{ut} to take a variety of forms to encompass RLS processes, deterministic level shift (DLS)

processes and deterministic trends by making the following assumption.

Assumption 1. The process {ut} is generated according to one of the following DGPs.

(a) Random Level Shifts (RLS)

ut =
t∑

j=1

δT,j, δT,t = πT,tηt,

where ηt ∼ i.i.d.
(
0, σ2

η

)
with finite moments of all orders and πT,t ∼ i.i.d.Bernoulli(p/T, 1)

for some p ≥ 0. The components πT,t, ηt and vt are mutually independent.

(b) Deterministic Level Shifts (DLS)

ut =
B∑
i=1

ciI (Ti−1 < t ≤ Ti) ,

where B is a fixed positive integer (the number of breaks plus one), I(·) is the indicator

function, T0 = 0, TB = T , T0 < T1 < . . . < TB−1 < TB and Ti/T → τi ∈ [0, 1] for all

i = 1, . . . , B.

(c) Deterministic Trends (DT)

ut = h(t/T ),

where h(·) is a deterministic nonconstant function on [0, 1] that is either Lipschitz continuous

or monotone and bounded.

It is important to note that the Bernoulli probability of Assumption 1(a) is sample size-

dependent. If this were not the case, {ut} would be better construed as a random walk

process. This specification allows the average number of level shifts to remain constant (and

2For d ∈ (−1/2, 1/2), (1 − 2d)/(2 − 2d) ∈ (0, 2/3) so that considering frequencies with j growing faster
than T 2/3 but slower than T would produce analogous results. Our focus in later sections of this paper is
restricted to the region d ∈ [0, 1/2) as it seems to be of most practical interest.
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equal to p) as the sample size grows. Note that p can be zero in Assumption 1 so that the

assumption nests the no level shift, no trend case as well. Perron and Qu (2010) considered

the asymptotic properties of the periodogram of this type of process contaminating a short-

memory process. Mikosch and Stărică (2004) considered the asymptotic properties of the

periodogram of the type of process given by Assumption 1(b), with the addition of a short-

memory component. Künsch (1986) considered the asymptotic properties of the periodogram

of a short-memory process contaminated by a bounded monotone trend (Lemma 2) and Qu

(2008) extended his results to the Lipschitz continuous case (Lemma 1).

We now impose an assumption on the component whose memory parameter we are in-

terested in estimating.

Assumption 2. The spectral density of the time series {vt} is given by

f(λ) = |1− exp(−iλ)|−2d f ∗(λ),

where d ∈ (−1/2, 1/2) is the memory parameter, f ∗(·) is an even, positive, continuous

function on [−π, π] that is bounded above and away from zero. Moreover, f ∗′(0) = 0,

|f ∗′′(λ)| < B2 <∞ and |f ∗′′′(λ)| < B3 <∞ for all λ in a neighborhood of zero.

This assumption is identical to that imposed by HDB. The assumption on the spectral

density is fairly weak and is satisfied by virtually all processes considered in econometrics,

including the popular ARFIMA process. The following theorem is the counterpart to Robin-

son’s (1995) Theorem 2 and also relies on his results. It characterizes the asymptotic behavior

of the periodogram of the process {xt} given by (1) under the above assumptions. The the-

orem is a starting point to proving consistency and asymptotic normality of our estimators

as well as being interesting in its own right.

Theorem 1. Suppose Assumptions 1 and 2 hold. Then for any sequences of positive integers

j = j(T ) and k = k(T ) such that j > k and j/T → 0 as T →∞, the following bounds hold:

(i) E

[
Ix (λj)

f ∗(0)λ−2d
j

]
= 1 +O

[
log j

j
+

(
j

T

)2

+
T 1−2d

j2−2d

]

(ii) E

[
wx (λj)

2

f ∗(0)λ−2d
j

]
= O

[
log j

j
+
T 1−2d

j2−2d

]
,

(iii) E

[
wx (λj)wx (λk)

∗

f ∗(0)λ−dj λ−dk

]
= O

[
log j

k
+

T 1−2d

j1−dk1−d

]
,

(iv) E

[
wx (λj)wx (λk)

f ∗(0)λ−dj λ−dk

]
= O

[
log j

k
+

T 1−2d

j1−dk1−d

]
.
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Theorem 1(i) implies that, for Fourier frequencies within a certain sample size-dependent

range, the periodogram is akin to an asymptotically unbiased estimator of the spectral den-

sity function. We say “akin to” as it is not exactly asymptotically unbiased since the spectral

density function diverges when evaluated at these frequencies but nevertheless, the expec-

tation of the periodogram mimics this divergent behavior. Theorem 1(ii)-(iv) describes the

limiting covariance behavior of the discrete Fourier transform, evaluated at Fourier frequen-

cies within a certain range whose upper bound grows slower than the sample size.

Remark 1. A result embedded in the proof of Theorem 1, i.e., that under Assumption 1

E[Iu(λj)] = O(T/j2), can be used to show that Iacone’s (2010) Assumption 2 (or a slight

variant thereof) holds. Hence, all of his ensuing theoretical results also hold under the more

general class of processes we consider.

Remark 2. It should be noted that under Assumption 1(c), the bounds given in Theorem

1 may not be exact and may therefore overstate the asymptotic orders of the quantities in

(i)-(iv), depending on the properties of the deterministic trend function h(·) (see the proof

for details). However, we wish to impose minimal assumptions on h(·) so that our results

apply to a wide variety of trends. Nevertheless, if the practitioner is able to impose more

structure on h(·), he may also be able to use a smaller trimming when estimating d.

Remark 3. For the processes studied in this paper, given by (1) and Assumption 1, the

expectation of the periodogram can be decomposed as follows for large sample sizes when λj

is local to zero:

E [Ix (λj)] ≈ λ−2d
j f ∗ (λj) + T−1λ−2

j g(λj) = λ−2d
j f̃(λj),

where f̃(λj) ≡ f ∗(λj) + T−1λ2d−2
j g(λj) and g(·) is some nonnegative even function that is

bounded at zero. First order Taylor expansions, similar to those leading to the estimator

provided by Sun and Phillips (2003), can be used to show

log f̃(λj) = log f ∗(0) + T−1λ2d−2
j

g(0)

f ∗(0)
+ o(1)

if jT (2d−1)/(2−2d) →∞ while j = o(T ). This motivates the nonlinear pseudo-regression:

log Ix(λj) = α− 2d log λj + T−1λ2d−2
j γ + errorj

for j such that j = O(T (1−2d)/(2−2d)+ε) for some ε > 0 and j/T → 0. We have performed

some preliminary simulations for this nonlinear pseudo-regression specification using esti-

mators analogous to the adaptive and trimmed ones outlined below to find that they tend
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to underestimate the memory parameter. These (under)estimates still grow in the memory

parameter so further examination of this technique could potentially produce a more refined

robust estimator.

Remark 4. Another potential procedure aimed at reducing the level shift/deterministic trend

bias would be to employ the trimmed and adaptive estimators to the tapered periodogram.

Tapering is known to decrease biases arising from non-stationary components of a time series

in the LP regression (see Velasco, 1999). Initial simulation results show that using our

estimators on tapered data (using the cosine bell taper) further reduces bias arising from

these components but increases finite sample variance.

4 Asymptotic Properties of the Robust Estimator

As stated earlier, the lower trimming of our estimators must grow at a certain rate with the

sample size. As with all semiparametric estimators of the memory parameter, so too must

the bandwidth parameter. The rates at which these two user-chosen parameters must grow

also depends on the underlying memory parameter of the process {vt} (though one need not

know the true value of d in practice). Assumption 3 makes these rates precise.

Assumption 3. As T →∞,

m logm

T
+
l log2m

m
+
T 1−2d

l2−2d
→ 0.

The third term comprises the strongest assumption and is crucial for the trimmed esti-

mators to have good asymptotic properties. Choosing l = αT 1/2+ε for some α, ε > 0 will

satisfy this assumption so long as l log2m/m → 0, though efficiency gains can be made by

using an adaptive procedure. Finally, we must impose more distributional structure on the

processes we consider.

Assumption 4. {vt} is a Gaussian process.

We must impose Gaussianity because the existing literature on LP estimators does not

cover the non-Gaussian case without necessitating one to “pool” observations across adjacent

Fourier frequencies (see Velasco, 2000). The assumption of Gaussianity may appear strong

since processes in economics and finance most frequently thought to exhibit long-memory

are volatility processes. Nevertheless, simulation evidence presented in Section 5 indicates

that this assumption could be relaxed.
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We now state results concerning the asymptotic bias and variance of the robust trimmed

estimators. The following theorem parallels Theorem 1 of HDB.

Theorem 2. Under Assumptions 1-4,

(i) E
[
d̂− d

]
=
−2π2

9

f ∗′′(0)

f ∗(0)

m2

T 2
+ o

(
m2

T 2

)
+O

(
log3m

m

)
+O

(
T 3/2−3d log2m

m3−3d

)
(3)

(ii) Var
(
d̂
)

=
π2

24m
+ o

(
1

m

)
+O

(
T 3/2−3d log3m

m3−3d

)
(4)

(iii) MSE
(
d̂
)

=
(4π)4

81

{
f ∗′′(0)

f ∗(0)

}2
m4

T 4
+

π2

24m
+O

(
m log3m

T 2

)
(5)

+O

(
T 3/2−3d log3m

m3−3d

)
+ o

(
m4

T 4

)
+ o

(
1

m

)
.

The following corollary is a direct consequence of this theorem.

Corollary. Under Assumptions 1-4, d̂ is a consistent estimator of d.

Remark 5. Regarding the rate of convergence of d̂ to d under Assumption 1(a), if one is will-

ing to make stronger assumptions on the cumulants of the random variables ηi, then one can

obtain faster convergence of the MSE to zero. For example, if one assumed that ηi had zero

skewness, the terms O((T 3/2−3d log3m)/(m3−3d)) could be replaced by O((T 2−4d log3m)/(m2−2d)),

which goes to zero faster under Assumption 3. See Lemma A.3 in the appendix, in conjunc-

tion with the proofs of Lemma A.4 and Theorem 2, for details.

Remark 6. Neglecting the remainder terms in the mean-squared error (5) and minimizing

with respect to m yields the same asymptotically optimal choice for m as in HDB:

mOPT =

(
27

128π2

)1/5{
f ∗(0)

f ∗′′(0)

}2/5

T 4/5. (6)

As noted by HDB, the remainder term O(m log3m/T 2) in (5) is asymptotically negligible as

long as m = KT β for K > 0 and 2/3 < β < 1. A similar result holds for the remainder term

O(T 3/2−3d log3m/m3−3d), which is asymptotically negligible when β > (11 − 6d)/(14 − 6d).

If we restrict our attention to d ∈ [0, 1/2), which is likely the most interesting range for d in

practice, this merely necessitates that β > 11/14, the maximum of (11−6d)/(14−6d) within

this range. In this case, neither remainder term affects the mean squared error for β in a

neighborhood of 4/5 and mOPT is indeed the MSE optimal choice.3 Of course in practice, f ∗

is unknown so the constant in mOPT cannot be found exactly.

3In fact, mOPT is optimal for any d ∈ (−1/6, 1/2).
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With a slightly stronger assumption on the bandwidth parameter m, we can establish

asymptotic normality of the estimators.

Theorem 3. Under Assumptions 1-4, if m = o(T 4/5), m1/2(d̂− d)
d−→ N(0, π2/24).

Remark 7. Note that the limiting variance given above is the same as that for the standard

LP estimator (see Robinson, 1995 or HDB). Hence, we do not lose asymptotic efficiency by

employing a trimming and bandwidth combination that satisfies Assumption 3.

5 Finite Sample Properties

Before delving into the finite sample properties of our estimators, we first introduce an

adaptive procedure that is aimed at decreasing finite sample variance. Focusing on the last

term in Assumption 3, suppose that d̂0 is a consistent estimate of d. Then, letting d̂1 denote

the trimmed LP estimate of d using the lower trimming l = αT (1−2d̂0)/(2−2d̂0)+ε for some

α > 0 and some small ε > 0, d̂1 will be consistent and asymptotically normal by Theorems 2

and 3 as long as the remainder of Assumptions 1-4 are satisfied. This adaptive procedure can

clearly be repeated. That is, obtain an initial estimate d̂0 using the trimming l = αT 1/2+ε.

Then, for i ≥ 1, let d̂i denote the LP regression estimate obtained using the trimming

l = αT (1−2d̂i−1)/(2−2d̂i−1)+ε. Then d̂i will retain the asymptotic properties of Theorems 2 and

3 for any finite i. The practitioner can thus choose a convergence criterion that terminates

this adaptive procedure to implement it in practice. In the following simulation study, we

use the criterion of |d̂i − d̂i−1| < 0.01 (convergence) or i > 9 (nonconvergence) to terminate

the adaptive procedure.4 Since we are primarily concerned with the region [0, 0.5) for d, we

do not consider trimmings larger than O(T 1/2+ε).

We examine the finite sample properties of the trimmed LP estimator using no adaptive

procedure, henceforth referred to as the “trimmed” estimator, and the adaptive trimmed

estimator, henceforth referred to as the “adaptive” estimator, in comparison to the stan-

dard LP estimator. Setting the trimming l = T 1/2+ε for the trimmed estimator, l =

T (1−2d̂i−1)/(2−2d̂i−1)+ε for the adaptive estimator and the bandwidth m = T u, we look into

four different trimming-bandwidth combinations for the trimmed and adaptive estimators

((ε, u) = (0.01, 0.7), (0.05, 0.8), (0.1, 0.8) and (0.15, 0.9)) and four different bandwidths for

the standard estimators (u = 0.5, 0.7, 0.8 and 0.9). We report the finite sample bias and root

4We chose this criterion because, from unreported results, it performs relatively well with very high rates
of convergence in larger (T = 2000) samples without being too computationally time-consuming.
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mean squared error (RMSE) for sample sizes of T = 500, 1000 and 2000, though financial

time series are often even longer. Each quantity is based on 1000 Monte Carlo replications.

5.1 Comparative Performance in the Presence of Level Shifts or Deterministic
Trends

We begin by studying the performance of the different LP estimators under some of the DGPs

for which our robust estimators were designed. These are simple Gaussian fractional white

noise (ARFIMA(0, d, 0)) processes with innovation variance set to unity, contaminated by

either RLS’s or deterministic time trends. For each contaminating process, we report results

for d = 0, 0.2 and 0.45. We begin with the RLS DGPs laid out in Assumption 1(a), setting

the average number of jumps per sample to p = 5, 10 and 20 and the jump distribution

ηi ∼ i.i.d.N(0, 1). The results are recorded in Tables 1-4.

Looking at Tables 1 and 3, begin by noting the substantial upward bias that the level

shifts cause in the standard LP estimator. This bias is increasing in the frequency of level

shifts p while it is typically decreasing in the sample size and bandwidth used. Nevertheless,

the bias remains prevalent for large sample sizes and bandwidths. The fact that the bias is

decreasing in the bandwidth can be attributed to the orders given in (2): a larger bandwidth

picks up more observations for which the long-memory component dominates. It should be

noted that this bias also appears to be decreasing in the true memory parameter d. This

can be partially attributed to the orders given in (2), as for a larger d, the long-memory

component dominates for more frequencies. However, this is also partially an artifact of

scaling. Using Γ(·) to denote the gamma function, the variance of a fractional white noise

(FWN) process with unit innovation variance is equal to Γ(1 − 2d)/{Γ2(1 − d)}, which is

increasing in d. For the quantities we examine, this variance equals 1 when d = 0, 1.28 when

d = 0.2 and 5.89 when d = 0.45, quite large differences. Yet for all RLS processes considered

in this study, the conditional variance of a RLS is set to unity. Thus the magnitudes of the

jumps are relatively smaller when added to processes with higher values of d.

The next feature to note from these tables is that both the trimmed and adaptive esti-

mators remove large portions of this bias. Purely in terms of bias, the trimmed estimator

with the largest trimming ((ε, u) = (0.15, 0.9)) performs best for most of the DGPs con-

sidered although the adaptive estimator with this trimming performs best when d = 0 (see

Table 1). This is to be expected again from (2) since the trimmed estimator ignores the

most frequencies closest to those for which the RLS process asymptotically dominates the

periodogram. By construction, for any fixed (ε, u) combination, the adaptive estimator will
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“trim out” fewer frequencies than will the trimmed estimator unless d̂ ≈ 0. As expected,

the remaining bias is still increasing in p and decreasing in T . Note that for larger sample

sizes and p ≤ 10, both types of our estimators almost entirely eliminate the bias in many

cases. The main result that emerges here is the larger the trimming, the less bias due to

level shifts will be present. This result may be offset by considerations due to biases arising

from short-memory components, as discussed in the next subsection.

In terms of RMSE, the standard estimator is generally dominated by both its trimmed

and adaptive counterparts, as can be seen from Tables 2 and 4.5 This dominance is often

quite dramatic, especially for the more frequent level shift cases. When p = 10 or 20, the

RMSE of our estimators is typically one half to one quarter of its standard counterpart, a

major improvement. These cases are hardly extremes, implying samples with an average

of 10 or 20 level shifts. In most cases considered, the bias dominates the variance in the

RMSE, giving the estimators with the largest trimming ((ε, u) = (0.15, 0.9)) the advantage.

In comparison to the numbers for bias, the adaptive estimator essentially “catches up”

to its trimmed counterpart, usually surpassing it in performance due to the usual bias-

variance tradeoff.6 In terms of the frequencies it uses in the LP regression, the adaptive

estimator lies in between the standard and trimmed ones. This fact makes its bias usually

larger (although it remains asymptotically consistent) and its finite sample variance usually

smaller than the trimmed one. As d grows larger, the adaptive estimator moves closer to the

standard estimator because it trims out fewer frequencies. Contrastingly, it moves closer to

the trimmed estimator as d decreases.

In order to work directly with data-driven DGPs, we examine two RLS DGPs that were

calibrated to stock market volatility data by Lu and Perron (2010). Using an augmented

Kalman filter, Lu and Perron (2010) estimated the parameters of the DGP given by As-

sumption 1, assuming d = 0 and vt ∼ i.i.d.N (0, σ2
v) for four different stock market volatility

series. We examine the DGPs produced by the calibrated parameters of two of these se-

ries: the S&P 500 and the NASDAQ. For the S&P 500, Lu and Perron (2010) estimated

ση = 0.75123, p = 15.2308 and σv = 0.73995 while those for the NASDAQ are ση = 1.43396,

p = 6.61584 and σv = 0.74255. The results for these DGPs are presented in the lower portion

5This dominance is not as strong and sometimes does not hold when d = 0.45 because the RLS component
is relatively very small. From unreported results, when we re-scale the variance of ηi to be comparable to the
variance of vt, the standard estimator is RMSE-dominated in all cases considered. Still, using this re-scaling,
the reductions in RMSE from using our estimators decrease as d increases but remain quite substantial.

6One caveat worth noting is that for the larger value d = 0.45, when p = 20 or when we increase the
variance of ηi to be comparable to that of vt, the trimmed estimator RMSE dominates the adaptive one.
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of Tables 1 and 2. As we can see, there is substantial upward bias in all of the standard

LP estimators, bias that our estimators largely removes. Similarly, our estimators clearly

dominate the standard one in terms of RMSE, reducing it by up to a factor of four. For

these DGPs, the trimmed and adaptive estimators perform somewhat similarly although, in

terms of both bias and RMSE, the trimmed one generally performs better.

To conclude this subsection, we examine the estimators’ performance in the presence of

deterministic trends rather than RLS’s. For this exercise, we add two types of trends to

the underlying short/long-memory process: a monotonic trend and a seasonal trend. In

accord with Assumption 1(c), the monotonic trend is specified as h(t/T ) = 3(t/T + c)−0.1

for some c > 0. We set c = 0.001, to correspond closely with that examined by Qu (2008)

and Ohanissian et al. (2008). The seasonal trend is specified as h(t/T ) = sin (3πt/T ). The

results for these trends and the three different values d = 0, 0.2 and 0.45 are given in Tables

5 and 6. Several interesting results emerge. Apart from those using (ε, u) = (0.01, 0.7) or

for the small sample size T = 500, our estimators remove virtually all of the upward bias

present in the standard estimator induced by the trends. The trimmed estimator seems to

do a marginally better job at bias-reduction. Furthermore, our estimators outperform the

standard one in terms of RMSE for d = 0. In these cases with deterministic trends, the

adaptive estimator performs better than the trimmed one. The adaptive estimator with

a lower trimming also tends to outperform the standard one when d = 0.2 and performs

comparably when d = 0.45. Overall, the adaptive estimator RMSE-dominates the other

two.

5.2 Comparative Performance without Contaminating Components

It is now time to turn to the cases for which our estimators should not be expected to per-

form better: those for which there are no contaminating elements present. The purposes

of this subsection are to examine what is lost from using our estimators when level shifts

or deterministic trends are not an issue and to provide guidance on choosing (ε, u) to ap-

propriately balance the potential for various biases. We first examine the simple case of

an uncontaminated FWN process (or the same process we started the previous subsection

with, setting p = 0). We again assess the estimators’ performance for d = 0, 0.2 and 0.45.

Table 7 displays these results. As should be expected, neither the standard estimator nor

the trimmed estimator displays any notable bias. Oddly, the adaptive estimator appears to

induce a very small downward bias though the tables show that this bias disappears as the

sample grows. In terms of RMSE, the standard estimator is the best, as expected. With
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the exception of the small sample size and (ε, u) = (0.01, 0.7), the RMSEs all tend to be so

small that very little would be lost from using our estimators.

Similar results to those just discussed hold when the DGP is a short/long-memory process

“perturbed” by random noise, as considered by Sun and Phillips (2003). Such a process is

empirically relevant as many measures of volatility are known to be noisy. The addition of

white noise to the process {vt} is known to bias standard LP estimates downward. Since

we are considering an LP estimator with lower frequencies trimmed out, we can only expect

this downward bias to be exacerbated. The question that is answered here is, comparatively,

how much worse is this downward bias? Table 8 displays the results when a very substantial

white noise component is added to the long-memory {vt} process for d = 0.2 and 0.45. The

white noise is Gaussian with variance set equal to four. When d = 0.45, we can see the

substantial downward bias in all estimators. The bias is lower for those estimators that use

more lower frequencies as a proportion of the total frequencies they use, with the standard

estimator with the smallest bandwidth performing best. Making the more fair comparison

between the standard estimator and its trimmed/adaptive counterparts by comparing at

equal bandwidths, we see that the lower trimming does not usually induce a much larger

downward bias. The increase in bias is typically less than or equal to 0.1. Very similar results

hold for RMSE. When d = 0.2, all estimators are biased fairly close to zero. This enormous

bias is likely due to the fact that the variance of the noise is more than three times as large

as the variance of the long-memory component, probably exaggerating what would occur in

practice. In any event, using the trimmed or adaptive estimators at the same bandwidth

increases bias and RMSE by very small amounts.

We now turn to the cases in which our estimators may encounter the most problems:

when significant short-memory components are present but contaminating elements are not.

We consider various specifications of the following ARFIMA(1, d, 1) process for {vt}:

(1− aL)(1− L)dvt = (1− bL)et,

where et ∼ i.i.d.N(0, 1). To begin, we consider a process that is persistent yet I(0) by setting

a = 0.6, b = 0 and d = 0. The memory parameter estimates of such a process are known to

be upward biased. Indeed, the first blocks of Tables 9 and 10 show this to be the case. In

terms of bias and RMSE, the standard estimator with u = 0.5 is clearly a strong favorite.

Comparing our estimators with the standard one at the same bandwidths, we can see that the

trimmed estimators roughly double the bias while the adaptive estimators increase bias to

a much lesser extent. In many cases, the adaptive estimator hardly increases the bias at all.
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Similar results hold for the RMSE of the estimators when compared at the same bandwidths:

the trimmed estimator roughly doubles that of the standard estimator while the adaptive

estimator increases it, but only slightly. In fact, as d grows, the adaptive estimator and

the standard estimator become nearly identical because the adaptive estimator trims out

increasingly fewer frequencies. This can be seen in the second blocks of Tables 9 and 10 for

which d = 0.45. Thus, we can conclude that if we are not concerned about the presence of

level shifts or deterministic trends but are concerned about a strong positive autoregressive

component, the standard estimator with u = 0.5 is preferred. If we are concerned about

both these contaminating elements and a strong positive autoregressive component, a version

of the adaptive estimator is generally preferred. Somewhat similar results to those just

discussed hold when we introduce persistence through the moving average parameter b.

However, in this case, biases tend to be a lot smaller so that the standard estimator and

our adaptive estimator both perform fairly well and very similarly. See the third blocks of

Tables 9 and 10 for which a = 0, b = −0.6 and d = 0.45. The results are similar for other

values of d. In this case very little is lost from using the adaptive estimator and much is to

gain if level shifts or deterministic trends are suspected.

Now we turn to examining the performance of the estimators when the process is “an-

tipersistent”, having a significant negative first order autocorrelation. Our first example of

this is obtained by setting a = −0.6, b = 0 and d = 0, given in the fourth blocks of Tables

9 and 10. In this case, the standard estimator with u = 0.5 is again preferable. Compar-

ing the standard estimator to our estimators at fixed bandwidths, we can see that both the

trimmed and adaptive estimator significantly increase the negative bias and RMSE, doubling

to tripling them. The bias of our two estimators are quite similar here because the nega-

tive bias causes the adaptive estimator to typically use the maximal trimming, l = T 1/2+ε,

that used by the trimmed estimator. It is in these cases that our estimators perform the

worst. Unreported results show that similar results apply to the trimmed estimator when d

is above zero. But as d grows, the adaptive estimator performs progressively better, being

nearly comparable to the standard one (at a given bandwidth) when d = 0.45. Very similar

results to those given in the fourth blocks of Tables 9 and 10 apply to cases for which a = 0

and b = 0.6, regardless of the value d takes.

Finally, we look into a case directly calibrated to data. Perron and Qu (2010) fitted

the ARFIMA(1, d, 1) model to an S&P 500 daily returns volatility series over the period

1973-2002 to obtain â = 0.298, b̂ = 0.751 and d̂ = 0.457. Of course d̂ may be upward biased

if level shifts are present but we ignore this issue for the time being. We simulated the
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ARFIMA series using these calibrated parameters, recording the results in the last blocks of

Tables 9 and 10. The standard estimator with a low bandwidth is again clearly preferred and

the trimmed and adaptive estimators are nearly identical due to the very strong negative

bias. At a given bandwidth, the trimmed and adaptive estimators perform somewhat worse

than the standard one in terms of both bias and RMSE although, in some cases, not to a

significant extent.

In summary, if level shifts or other types of deterministic components are of concern,

which should be the case in most practical applications, our estimators are clearly superior to

the standard LP estimator. We recommend the use of our adaptive estimator with (ε, u) =

(0.05, 0.8) or something similar. This is the estimator that appears to best balance the

potential biases arising from all of the DGPs studied in this section. Even when such

contaminating components are not present, the simulations show that the cost of using this

estimator is relatively small although gains could be made by using the standard estimator

with a small bandwidth. On the other hand, if short-memory dynamics are of little concern,

our trimmed estimator using a large trimming is clearly preferred.

5.3 Robustness to Non-Gaussianity

Given that many of the processes relevant to economics and finance that exhibit long-memory

features are volatility processes, the applied econometrician may be concerned with Assump-

tion 4. For example, when absolute or squared returns are used as the volatility process under

examination, they are by construction non-Gaussian. As mentioned before, existing theo-

retical results for LP estimators primarily apply to Gaussian time series (with the exception

of Velasco’s, 2000, “pooled” estimator). In this section we show, through simulation results,

that the Gaussian assumption is hardly critical and can likely be dropped or significantly

weakened. We conducted numerous simulation experiments to assess the bias and RMSE

of our estimators under a variety of distributional assumptions on the {vt} process. Fol-

lowing the design of Velasco (2000), we simulated series using an ARFIMA(0, d, 0) model

with innovation distributions of uniform(−
√

3,
√

3), re-centered exponential with parameter

1 and student-t with five degrees of freedom (which has only four moments). The results

are almost identical in all of these cases so we only present a small subset in Table 11: t5

distributed innovations with d = 0.45, p = 0 and d = 0, p = 10. Comparing these results to

those corresponding to Gaussian specifications in Tables 7, 1 and 2, we can see that making

the innovation distribution non-Gaussian causes our estimators to perform no worse, and in

some cases marginally better. This is a generic result that holds for all combinations of the
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above distributions with d = 0, 0.45 and p = 0, 10.

6 Empirical Applications to Stock Market Volatility and Nile River Level Data

In this section, we apply our estimator to various time series that have been typified by

the literature as arising from long-memory processes. We examine the extent to which level

shifts or other deterministic trends may be playing a role in producing the long-memory fea-

tures of the data. For each time series under study, we graphed the adaptive and trimmed

versions of our estimators against the trimming parameter ε, setting α = 1 and m = T 0.8.

We let ε range from 0 to 0.25 in order to display the effects of smaller and larger trim-

mings on the d estimates, helping us to assess the most likely types of DGPs underlying

the data. These graphs are provided in Figures 1-6. For each series, we also provide the

standard LP estimate of d using m = T 0.5 (an estimator that performs relatively well in

the absence of level shifts or deterministic components), the trimmed LP estimator using

(l,m) = (T 0.65, T 0.9) (an estimator that performs relatively well in presence of these com-

ponents and the absence of short-memory dynamics) and the adaptive LP estimator using

(l,m) = (T (1−2d̂i−1)/(2−2d̂i−1)+0.05, T 0.8) (an estimator that balances competing biases rela-

tively well).

The first four time series we study are those examined by Lu and Perron (2010): log-

squared daily returns series of the S&P 500, Dow Jones Industrial Average (DJIA), NASDAQ

and AMEX stock market indices. Log-squared returns are a common measure of volatility

and their empirical distributions more closely resemble Gaussian distributions than do those

of absolute or squared returns. The S&P 500 series starts on July 3, 1962 and ends on March

25, 2004 (10504 observations); the DJIA series starts on March 4, 1957 and ends on October

30, 2002 (11534 observations); the NASDAQ series starts on December 15, 1972 and ends

on December 31, 2006 (8592 observations); the AMEX series starts on July 3, 1962 and ends

on December 31, 2006 (11201 observations). Note that these time series are all much (4 to

6 times) longer than those studied in the previous section. This means that potential biases

arising from short-memory dynamics or noise components should be substantially lower as

our estimators are consistent under these DGPs.

Starting with the S&P 500 volatility series, the standard LP estimator with a low band-

width gives a memory parameter estimate of 0.527, indicating a non-stationary long-memory

process. On the other hand, our highly trimmed estimator estimates d to be −0.017, indicat-

ing the (near) absence of long-memory. These contradicting initial results suggest that level

shifts or deterministic trends are playing a major role in biasing the standard LP estimator
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upward. The adaptive estimator we advocate gives an estimate of 0.056, agreeing with this

suggestion. Figure 1 provides a more complete picture. Both the adaptive and trimmed

estimates start out by decreasing in the trimming parameter from 0.10/0.072 to 0.02/0.0214

and then increase again to 0.112/0.189. The first feature that emerges here is that all of

these estimates are well below that of the standard estimator, re-emphasizing the fact that

level shifts or deterministic trends appear to be biasing the standard estimate upwards.

Second, the “u-shaped” pattern suggests competing biases are present. Since biases arising

from level-shift/deterministic components should be decreasing in ε while those arising from

short-memory dynamics should be increasing in ε, it appears that a level-shift/deterministic

component slightly biases the estimates upwards for small ε. After this bias dies off for

larger ε, an upward bias, likely from a positive AR or MA component, takes over. However,

as in the other empirical results following this, it appears that estimates using trimmings

above about 0.2 become somewhat erratic and unreliable. This can be attributed to the

estimators using less data and the periodogram ordinates used in the LP regressions growing

progressively farther from the origin. We also believe the fact that our memory parameter

estimators are near zero is not due to the presence of noise. If this were the case, the d es-

timates should monotonically decrease toward zero as ε increases, not display this u-shaped

pattern. In combination, these observations provide strong evidence that the true memory

parameter of this time series is somewhere near zero.

Turning to the DJIA series, very similar results emerge. The standard LP estimator

we examine gives an estimate of 0.428, this time in the stationary region, while the highly

trimmed estimator is −0.034. The overall pattern present in Figure 2 is quite similar to

that for the S&P 500 series, given in Figure 1. Here however, it seems that the upward

bias arising from level shifts/deterministic components is a bit weaker since our advocated

adaptive estimator gives a value of 0.040 and the d estimate curves are somewhat flatter

and remain very close to zero until the “erratic range” for ε is reached. This could simply

be due to a lower frequency of level shifts, as indicated by the results of Lu and Perron

(2010).7 The results for NASDAQ are again quite similar with the standard estimator being

0.568, the highly trimmed estimator being −0.028, the moderate adaptive estimator being

0.066 and the graph of the adaptive estimator displaying a similar pattern (see Figure 3).

For all three of the above series, the results are highly indicative of a short-memory process

(with a possible positive AR or MA component) contaminated by level shifts or deterministic

components.

7This result could also be attributed to level shifts or deterministic trends of smaller magnitude.
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The results for the AMEX series are somewhat similar but not as straightforward. The

low bandwidth standard estimator is 0.450, the highly trimmed one is 0.038 and our suggested

adaptive estimator is 0.137. However, graphing our estimators against ε in Figure 4 no longer

produces a u-shaped pattern. Rather, the estimators decrease to values substantially below

zero (although the estimators displaying these values seem fairly unreliable). This pattern is

consistent with a short-memory process with a negative AR or MA component contaminated

by level shifts/deterministic components but is also consistent with a short-memory process

with a negative AR or MA component contaminated by noise. We still lean towards the

former as being the true DGP since the sample size is so large, noise should not be a major

factor and since the other volatility series were constructed identically and their d estimates

do not appear to be largely biased by noise.

We now turn to a time series that is often thought to be a low noise measure of volatility:

the log of daily realized volatility. The underlying realized volatility series was constructed

from five minute returns observations of the S&P 500 futures index from April 21, 1982 to

March 2, 2007 (6262 observations).8 The features of the memory parameter estimates of this

series are quite different from those of the other volatility series in that they are broadly in line

with a true long-memory process. First, the low bandwidth standard LP estimator is 0.625,

indicating a non-stationary long-memory process. Second, the highly trimmed estimator

is 0.388, indicating a stationary long-memory process. Third, the adaptive estimator that

we advocate gives a value of 0.503, indicating a highly persistent long-memory process on

the border of stationarity. Looking at the graph of the adaptive and trimmed estimators in

Figure 5 provides a fuller picture. We can see that both estimators are, on average, decreasing

slightly in the trimming parameter and that, for a given trimming, the trimmed estimator

lies slightly below its adaptive counterpart. These results are in line with a stationary long-

memory process with a memory parameter around 0.4 to 0.45 that is contaminated by level

shifts or deterministic trends (see Tables 3 and 5).

We finally turn to one of the classic time series for which long-memory was originally

posited, the Nile River level series. This time series is the record of the minimum level

that the Nile River reached within a given year, from 622 to 1284 A.D. (663 observations).9

This series also exhibits consistent evidence of long-memory. The low bandwidth standard

LP estimator is 0.504, the highly trimmed estimator is 0.515 and our advocated adaptive

8We are grateful to Shinsuke Ikeda for kindly providing us this dataset. For more details on its construc-
tions see Ikeda (2009).

9These data were taken from Beran (1994).
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estimator is 0.370, all being well above zero. Looking at Figure 6, we also see relatively

stable memory parameter estimates that are significantly greater than zero although the

estimators with higher trimmings should likely be ignored due to the very small sample size.

Short-memory dynamics may be playing a minor role in biasing these estimators but they all

roughly agree on a long-memory process with a memory parameter in the 0.4 to 0.5 range.

7 Conclusions and Future Research

In this paper, we have shown that very simple modifications to the standard LP estimator

of the memory parameter lead to estimators that are robust to a wide range of level shifts

and deterministic components. We showed that these trimmed or adaptive estimators have

good asymptotic properties and perform well in finite samples. In order to balance potential

competing biases, we advocate a particular version of our adaptive estimator, employing

the trimming l = T (1−2d̂i−1)/(2−2d̂i−1)+0.05 and bandwidth m = T 0.8 to balance potential com-

peting biases. However, an automatic data-dependent, theoretically justified procedure for

choosing these parameters remains an open question. Applying our estimators to volatility

data, we found that for many of these series, level shifts or deterministic trends bias stan-

dard memory parameter estimates upwards. Moreover, for many of these time series, our

estimators indicate memory parameters near zero. Nevertheless, we found evidence for the

presence of long-memory in a log realized volatility series and a classic hydrological time

series.

For future research, there appears to be many fruitful avenues. Methods aimed at si-

multaneously reducing biases arising from (i) level shifts and deterministic trends, (ii) short-

memory dynamics (e.g., Andrews and Guggenberger, 2003) and (iii) the presence of noise

(e.g., Sun and Phillips, 2003) will prove quite useful in practice. Thus far, we have only seen

the emergence of estimators that tackle each of these problems separately, those provided

here applying to (i). Apart from this important issue, we believe further improvements can be

made to reducing the bias arising from level shifts and deterministic components. Remarks

3 and 4 provide suggestions in this vain. Finally, more work needs to be done regarding

the asymptotic properties of standard and non-standard LP estimators in the presence of

non-Gaussianity as simulation evidence clearly indicates that these estimators still perform

well when the underlying DGP is non-Gaussian.
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8 Mathematical Appendix

Proof of Theorem 1: We start with the case of the DGP of Assumption 1(a).
(i) By the decomposition of Perron and Qu (2010),

Ix (λj) = Iv (λj) + Iu (λj) +
1

πT

T∑
t=1

T∑
s=1

vtut,T cos (λj(t− s)) ,

where Iv(·) and Iu(·) denote the periodograms of {vt}Tt=1 and {uT,t}Tt=1. Hence, since {vt}
and {uT,t} are independent,

EIx (λj) = EIv (λj) + EIu (λj) .

By Theorem 2(a) of Robinson (1995),

E

[
Iv (λj)

f ∗(0)λ−2d
j

]
= 1 +O

[
log j

j
+

(
j

T

)2
]
,

and by Assumption 2 and Proposition 3 of Perron and Qu (2010),

E

[
Iu (λj)

f ∗(0)λ−2d
j

]
= O

(
T

f ∗(0)λ−2d
j j2

)
= O

(
T 1−2d

j2−2d

)
.

(ii) We use the simple decomposition

wx (λj)
2 = wv (λj)

2 + wu (λj)
2 +

1

πT

T∑
t=1

T∑
s=1

vtut,T exp (iλj(t+ s)) ,

where wv(·) and wu(·) denote the discrete Fourier transforms of {vt}Tt=1 and {uT,t}Tt=1. Hence,
again using the independence of {vt} and {uT,t},

Ewx (λj)
2 = Ewv (λj)

2 + Ewu (λj)
2 .

By Theorem 2(b) of Robinson (1995),

E

[
wv (λj)

2

f ∗(0)λ−2d
j

]
= O

(
log j

j

)
.

Using similar techniques as in the proof of Proposition 3 in Perron and Qu (2010), we can
show (using results of Georgiev, 2002),

1

T
wu (λj)

2 ⇒ 1

2π

∫ 1

0

∫ 1

0

J(u)J(s) cos(2πj(s+ u))dsdu

+
i

2π

∫ 1

0

∫ 1

0

J(u)J(s) cos(2πj(s+ u))dsdu,
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where J(·) denotes a compound Poisson process defined as J(s) =
∑N(s)

j=0 ηj with N(s) being
a Poisson process with jump intensity p which is independent of ηj for all j. Thus, using the
fact that E[J(u)J(s)] = E[J(min{u, s})2] = pσ2

η min{u, s},

E

[
j2

2π

∫ 1

0

∫ 1

0

J(u)J(s) cos(2πj(s+ u))dsdu

]
=
j2

2π

∫ 1

0

∫ u

0

E[J(u)J(s)] cos(2πj(s+ u))dsdu+
j2

2π

∫ 1

0

∫ 1

u

E[J(u)J(s)] cos(2πj(s+ u))dsdu

=
j2pσ2

η

2π

∫ 1

0

∫ u

0

s cos(2πj(s+ u))dsdu+
j2pσ2

η

2π

∫ 1

0

∫ 1

u

u cos(2πj(s+ u))dsdu

= −
pσ2

η

8π3
.

Similarly,

E

[
j2

2π

∫ 1

0

∫ 1

0

J(u)J(s) sin(2πj(s+ u))dsdu

]
= 0

so that limT E
[
(j2/T )wu (λj)

2] = −pσ2
η/8π

3 and

E

[
wu (λj)

2

f ∗(0)λ−2d
j

]
= O

(
T 1−2d

j2−2d

)
.

(iii) The proof is similar to the proof of (ii), using the fact that

E [wx (λj)wx (λj)
∗] = E [wv (λj)wv (λj)

∗] + E [wu (λj)wu (λj)
∗]

and applying Theorem 2(c) of Robinson (1995) and similar techniques.
(iv) The proof is again similar to the proof of (ii), using the fact that

E [wx (λj)wx (λj)] = E [wv (λj)wv (λj)] + E [wu (λj)wu (λj)]

and applying Theorem 2(d) of Robinson (1995).
We now consider the case of the DGP of Assumption 1 b), and begin by noting that

EIx (λj) = EIv (λj)+
1

2πT

B∑
i=1

B∑
k=1

cick

T∑
t=1

T∑
s=1

I (Ti−1 < t ≤ Ti) I (Tk−1 < s ≤ Tk) cos (λj(t− s)) .

A.2



The second term in the above expression divided by T is

1

2πT 2

B∑
i=1

B∑
k=1

cick

T∑
t=1

T∑
s=1

I (Ti−1 < t ≤ Ti) I (Tk−1 < s ≤ Tk) cos (λj(t− s))

→ 1

2π

B∑
i=1

B∑
k=1

cick

∫ 1

0

∫ 1

0

I (τi−1 < u ≤ τi) I (τk−1 < r ≤ τk) cos (2πj(u− r)) dudr

=
1

2π

B∑
i=1

B∑
k=1

cick

∫ τk

τk−1

∫ τi

τi−1

cos (2πj(u− r)) dudr

=
2

(2π)3j2

[
B∑
i=1

B∑
k=1

cick {cos (2πj (τi − τk))− 2 cos (2πj (τi−1 − τk)) + cos (2πj (τi−1 − τk−1))}

]
= O

(
j−2
)
.

Thus, applying the results of Theorem 2(a) of Robinson (1995) to the above decomposition,

E

[
Ix (λj)

f ∗(0)λ−2d
j

]
=E

[
Iv (λj)

f ∗(0)λ−2d
j

]
+O

(
T

j2

)
λ2d
j

f ∗(0)

=1 +O

[
log j

j
+

(
j

T

)2

+
T 1−2d

j2−2d

]
.

The proofs of parts (ii)-(iv) are similar, using the fact that

E
[
wx (λj)

2] =E
[
wv (λj)

2]
+

1

2πT

B∑
i=1

B∑
k=1

cick

T∑
t=1

T∑
s=1

I (Ti−1 < t ≤ Ti) I (Tk−1 < s ≤ Tk) exp (iλj(t+ s))

E [wx (λj)wx (λk)
∗] =E [wv (λj)wv (λk)

∗]

+
1

2πT

B∑
i=1

B∑
k=1

cick

T∑
t=1

T∑
s=1

I (Ti−1 < t ≤ Ti) I (Tk−1 < s ≤ Tk) exp (i (λjt− λks))

E [wx (λj)wx (λk)] =E [wv (λj)wv (λk)]

+
1

2πT

B∑
i=1

B∑
k=1

cick

T∑
t=1

T∑
s=1

I (Ti−1 < t ≤ Ti) I (Tk−1 < s ≤ Tk) exp (i (λjt+ λks)) .

We now consider the DGP of Assumption 1 c). First note that Qu (2008) and Künsch

(1986) have shown that |
∑T

t=1 h(t/T ) cos(λjt)| and |
∑T

t=1 h(t/T ) sin(λjt)| are O(T/j) when
h is Lipschitz continuous or montonic and bounded (respectively). Note that this bound is
not exact, i.e., these quantities may grow at a slower rate than O(T/j), depending on the

A.3



properties of h(·). Together with Robinson(1995, Theorem 2), this implies the results since

E [Ix (λj)] =E [Iv (λj)] +
1

2πT

∣∣∣∣∣
T∑
t=1

h(t/T ) cos (λjt)

∣∣∣∣∣
2

+
1

2πT

∣∣∣∣∣
T∑
t=1

h(t/T ) sin (λjt)

∣∣∣∣∣
2

E
[
wx (λj)

2] =E
[
wv (λj)

2]+
1

2πT

(
T∑
t=1

h(t/T ) exp (iλjt)

)2

E [wx (λj)wx (λk)
∗] =E [wv (λj)wv (λk)

∗] +
1

2πT

(
T∑
t=1

h(t/T ) exp (iλjt)

)(
T∑
t=1

h(t/T ) exp (−iλkt)

)

E [wx (λj)wx (λk)] =E [wv (λj)wv (λk)] +
1

2πT

(
T∑
t=1

h(t/T ) exp (iλjt)

)(
T∑
t=1

h(t/T ) exp (iλkt)

)
and∣∣∣∣∣

T∑
t=1

h(t/T ) exp (iλjt)

∣∣∣∣∣
2

≤

(∣∣∣∣∣
T∑
t=1

h(t/T ) cos (λjt)

∣∣∣∣∣+

∣∣∣∣∣
T∑
t=1

h(t/T ) sin (λjt)

∣∣∣∣∣
)2

∣∣∣∣∣
(

T∑
t=1

h(t/T ) exp (iλjt)

)(
T∑
t=1

h(t/T ) exp (±iλkt)

)∣∣∣∣∣
≤

(∣∣∣∣∣
T∑
t=1

h(t/T ) cos (λjt)

∣∣∣∣∣+

∣∣∣∣∣
T∑
t=1

h(t/T ) sin (λjt)

∣∣∣∣∣
)(∣∣∣∣∣

T∑
t=1

h(t/T ) cos (λkt)

∣∣∣∣∣+

∣∣∣∣∣
T∑
t=1

h(t/T ) sin (λkt)

∣∣∣∣∣
)
.

�
The proofs of Theorems 2 and 3 follow those of 1 and 2 in HDB and rely on their results.

First, we state and prove a series of lemmas, the majority of which have counterparts in HDB
(with the exceptions of Lemmas A.3 and A.8). We try to follow their notation as closely as
possible in order to maintain this correspondence. Define aj = Yj − Ȳ and SY Y =

∑m
k=l a

2
k,

so that

d̂− d = − 1

2SY Y

m∑
j=l

aj log f ∗j −
1

2SY Y

m∑
j=l

ajεj, (A.1)

where εj = log (Ij/fj) + C and C is Euler’s constant.

Lemma A.1. Under Assumption 3, aj = O(logm) for all l ≤ j ≤ m and SY Y = m+ o(m).

Proof : The first statement follows directly from a very slight modification of the arguments
used by Hurvich and Beltrao (1994, pp. 299-301). For the second statement, note that
following the same arguments,

aj = log j − 1

m− l + 1
[logm!− log(l − 1)!] + o(1).

By Stirling’s formula and Assumption 3,

1

m− l + 1
[logm!− log(l − 1)!] =

m

m− l + 1
logm− 1 +O

(
logm

m

)
.
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Thus,

1

m

m∑
j=l

a2
j =

1

m

m∑
j=l

(
log j − 1

m− l + 1
[logm!− log(l − 1)!]

)2

=
1

m

m∑
j=l

{
log j − m

m− l + 1
logm+ 1 +O

(
logm

m

)}2

= 1 +O

(
l

m

)
+O

(
log2m

m

)
(A.2)

+
1

m

m∑
j=l

(
log j − m

m− l + 1
logm

)2

+
2

m

m∑
j=l

(
log j − m

m− l + 1
logm

)
.

Now, by Assumption 3, the last two terms of (A.2) are

1

m

m∑
j=1

(
log j − m

m− l + 1
logm

)2

− 1

m

l−1∑
j=1

(
log j − m

m− l + 1
logm

)2

+
2

m

m∑
j=l

(
log j − m

m− l + 1
logm

)
− 2

m

l−1∑
j=l

(
log j − m

m− l + 1
logm

)

=

∫ 1

0

log2(x)dx+ 2

∫ 1

0

log(x)dx+ o(1) +O

(
1

m

l−1∑
j=1

log2m

)
+O

(
1

m

l−1∑
j=1

logm

)

= O

(
l log2m

m

)
+ o(1) = o(1).

Hence, applying Assumption 3 again, (A.2) is equal to 1 + o(1). �

Lemma A.2. Under Assumptions 2 and 3,

− 1

2SY Y

m∑
j=l

aj log f ∗j =
−2π2

9

f ∗′′(0)

f ∗(0)

m2

T 2
+ o

(
m2

T 2

)
.

Proof : Using results in the proof of Lemma 1 of HDB (pages 37-38) and Assumption 2,

m∑
j=l

aj log f ∗j =
f ∗′′(0)

2f ∗(0)

m∑
j=l

ajλ
2
j +R,

where R = O (T−3m4 logm). From Hurvich and Beltrao (1994, pp. 299-301),

aj = log j − 1

m− l + 1

m∑
k=l

log k +O

(
m2

T 2

)
.
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Also note that

m∑
j=l

j2 log j =
1

6
m(m+ 1)(2m+ 1) logm− m3

9
+ o

(
m3
)

− 1

6
l(l − 1)(2l − 1) log(l − 1)− (l − 1)3

9
+ o

(
l3
)

=
1

6
m(m+ 1)(2m+ 1) logm− m3

9
+ o

(
m3
)

by HDB (page 38) and Assumption 3,

m∑
j=l

j2 =
1

6
m(m+ 1)(2m+ 1)− 1

6
l(l − 1)(2l − 1),

and

1

m− l + 1

m∑
k=l

log k =
m

m− l + 1

1

m
logm!− 1

m− l + 1

l−1∑
k=1

log k

=
m

m− l + 1
(logm− 1 + o(1)) +O

(
l log l

m

)
=

m

m− l + 1
(logm− 1) + o(1),

by Stirling’s formula and Assumption 3. Using these results, we have

m∑
j=l

aj log f ∗j =
2π2

T 2

f ∗′′(0)

f ∗(0)

{
m∑
j=l

j2 log j − 1

m− l + 1

m∑
k=l

log k
m∑
j=l

j2 +O

(
m2

T 2

) m∑
j=l

j2

}
+O

(
T−3m4 logm

)
=

2π2

T 2

f ∗′′(0)

f ∗(0)

{
−m

3

9
+

1

6
m(m+ 1)(2m+ 1) + o

(
m3
)}

+O
(
T−3m4 logm

)
by Assumption 3. Thus Lemma A.1 and Assumption 3 provide,

− 1

2SY Y

m∑
j=l

aj log f ∗j =− π2

mT 2

f ∗′′(0)

f ∗(0)

{
2m3

9
+ o

(
m3
)}

+O
(
T−3m3 logm

)
=
−2π2

9

f ∗′′(0)

f ∗(0)

m2

T 2
+ o

(
m2

T 2

)
. �

Note that the normalized periodogram can be expressed as follows:

Ix (λj)

f (λj)
=

(
Aj

f (λj)
1/2

)2

+

(
Bj

f (λj)
1/2

)2

,
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where

Aj ≡
1

(2πT )1/2

T∑
t=1

xt cos (λjt) Bj ≡
1

(2πT )1/2

T∑
t=1

xt sin (λjt) .

Now, define the vector

γ =

(
Aj

f
1/2
j

,
Bj

f
1/2
j

,
Ak

f
1/2
k

,
Bk

f
1/2
k

)′
.

The next Lemma details how well γ can be approximated by a multivariate Gaussian random
variable when considering Assumption 1(a). Its results will be used by a later lemma to derive
Edgeworth approximations.

Lemma A.3. Under Assumptions 1(a) and 4, for any sequences of positive integers, j =
j(T ) and k = k(T ) such that j > k and j/T → 0 as T →∞, the following result holds: for
n > 2, the nth cumulants of γ are O(T n/2−nd/kn−nd).

Proof : Before proceeding, note that

Aj =
1

(2πT )1/2

T∑
t=1

vt cos (λjt) +
1

(2πT )1/2

T∑
t=1

uT,t cos (λjt) ≡ Avj + Auj

and similarly for Ak, Bj and Bk. Let γi denote the ith entry of vector γ and κ(X1, . . . , Xn)
denote the joint cumulant of random variables X1, . . . , Xn so that we have

κ (X1, . . . , Xn) =
∑

Π

(|Π| − 1)!(−1)|Π|−1
∏
B∈Π

E

(∏
i∈B

Xi

)
, (A.3)

where Π runs through the list of all partitions of {1, . . . , n}, B runs through the list of
all blocks of the partition Π and | · | denotes the number of elements in a set. Using the
independence of {vt} and {uT,t} and the properties of cumulants, the following holds for any
nth joint cumulant of γ:

κ (γn1
1 , γn2

2 , γn3
3 , γn4

4 ) =κ

([
Avj

f
1/2
j

]n1

,

[
Avk

f
1/2
k

]n2

,

[
Bv
j

f
1/2
j

]n3

,

[
Bv
k

f
1/2
k

]n4
)

+ κ

([
Auj

f
1/2
j

]n1

,

[
Auk

f
1/2
k

]n2

,

[
Bu
j

f
1/2
j

]n3

,

[
Bu
k

f
1/2
k

]n4
)

=f
−n1+n3

2
j f

−n2+n4
2

k κ
([
Auj
]n1 , [Auk ]

n2 ,
[
Bu
j

]n3 , [Bu
k ]n4

)
, (A.4)

where n1, n2, n3 and n4 are nonnegative integers that sum to n. The second equality follows
from Assumption 4. Upon inspection of (A.3), it becomes apparent that what is of concern
are sums of products over B ∈ Π of terms of the form

E
[(
Auj
)r1 (Auk)

r2
(
Bu
j

)r3 (Bu
k )r4

]
,

A.7



where r1, r2, r3 and r4 are nonnegative integers that sum to |B|,
∑

B∈Π ri = ni and
∑

B∈Π |B| =
n. Now consider as given block B of a fixed partition |Π|. Using the results of Georgiev
(2002) and similar reasoning to that used in the proof of Theorem 1(ii),

jr1+r3kr2+r4

T |B|/2
(
Auj
)r1 (Auk)

r2
(
Bu
j

)r3 (Bu
k )r4 ⇒jr1+r3kr2+r4

(2π)|B|/2

∫ 1

0

. . .

∫ 1

0

 |B|∏
i=1

J (ui)

( r1∏
i=1

cos (2πjui)

)
×

×

(
r1+r2∏
i=r1+1

cos (2πkui)

) |B|−r4∏
i=r1+r2+1

sin (2πjui)

×
×

 |B|∏
i=|B|−r4+1

sin (2πkui)

 du1 . . . du|B|. (A.5)

Now, the expectation of the first term inside the integral can be decomposed as follows.
Without loss of generality (WLOG), suppose u1 ≤ u2 ≤ . . . ≤ u|B|. Then

E

 |B|∏
i=1

J (ui)

 =E

|B|−1∏
i=1

J (ui)

|B|∑
k=1

{J (uk)− J (uk−1)}


= . . . = E

 |B|∏
i=1

i∑
k=1

{J (uk)− J (uk−1)}


=

|B|∑
i|B|=1

|B|−1∑
i|B|−1=1

. . .
2∑

i2=1

1∑
i1=1

E

 |B|∏
k=1

{J (uik)− J (uik−1)}

 . (A.6)

Since J(·) is a zero mean process with independent increments, the terms E[
∏|B|

k=1{J(uik)−
J(uik−1)}] are only nonzero when for each k = 1, . . . , |B|, there is some j 6= k with j ∈
{1, . . . , |B|} such that ik = ij. This implies that (A.6) is a sum of terms of the form∏|B|

k=1E[{J(uk)− J(uk−1)}αk ], where the αk’s are nonnegative integers such that
∑|B|

k=1 αk =
|B|.

The moment generating function of J(t) is given as follows for any t ∈ [0, 1]:

MJ(t)(s) ≡ E [exp (J(t)s)] = exp (pt {Mη(s)− 1}) ,

where Mη(s) ≡ E [exp (ηis)]. The increments of J(·) are stationary, implying that J (uk) −
J (uk−1) is distributed identically to J (uk − uk−1) so that

E [{J (uk)− J (uk−1)}αk ] = E [{J (uk − uk−1)}αk ] .

Since all of the moments of ηi exist, it can be seen from repeated differentiation of the moment
generating function of J(uk − uk−1) and evaluating it at zero, that this is a polynomial of
degree αk in (uk − uk−1), where the polynomial coefficients are products of the moments of

A.8



ηi and finite positive constants. In turn, (A.6) is a sum of polynomials in the increments
(uk − uk−1), each of degree less than or equal to |B|. Thus we can deduce that the term

E[
∏|B|

i=1 J(ui)] is a function of u1, . . . , u|B| that is bounded for all ui ∈ [0, 1], i = 1, . . . , |B|.
Denote this function as g(u1, . . . , u|B|).

The expectation of the right hand side of (A.5) is thus

jr1+r3kr2+r4

(2π)|B|/2

∫ 1

0

. . .

∫ 1

0

g
(
u1, . . . , u|B|

)( r1∏
i=1

cos (2πjui)

)(
r1+r2∏
i=r1+1

cos (2πkui)

)
×

×

 |B|−r4∏
i=r1+r2+1

sin (2πjui)

 |B|∏
i=|B|−r4+1

sin (2πkui)

 du1 . . . du|B| (A.7)

Since g
(
u1, . . . , u|B|

)
is a sum of polynomials in the increments (uk − uk−1), for any constant

k, f (k, . . . , k, ui, k, . . . , k), is a polynomial in ui of degree less than or equal to |B|. Using
this together with the facts that for α > 0,∫ 1

0

xα cos (2πjx) dx =
sin (2πj)

2πj
− α

2πj

∫ 1

0

xα−1 sin (2πjx) dx = O
(
j−1
)

∫ 1

0

xα sin (2πjx) dx = −cos (2πj)

2πj
+

α

2πj

∫ 1

0

xα−1 cos (2πjx) dx = O
(
j−1
)
,

we obtain that (A.7) is

jr1+r3kr2+r4

(2π)|B|/2

r1∏
i=1

O
(
j−1
) r1+r2∏
i=r1+1

O
(
k−1
) |B|−r4∏
i=r1+r2+1

O
(
j−1
) |B|∏
i=|B|−r4+1

O
(
k−1
)

= O(1).

This implies that

E
[(
Auj
)r1 (Auk)

r2
(
Bu
j

)r3 (Bu
k )r4

]
= O

(
T |B|/2

jr1+r3kr2+r4

)
.

Referring back to earlier reasoning derived from (A.3), this means that

κ
([
Auj
]n1 , [Auk ]

n2 ,
[
Bu
j

]n3 , [Bu
k ]n4

)
=
∑

Π

(|Π| − 1)!(−1)|Π|−1
∏
B∈Π

O

(
T |B|/2

jr1+r3kr2+r4

)
=
∑

Π

(|Π| − 1)!(−1)|Π|−1O

(
T

P
B∈Π |B|/2

j
P

B∈Π(r1+r3)k
P

B∈Π(r2+r4)

)
=
∑

Π

(|Π| − 1)!(−1)|Π|−1O

(
T n/2

jn1+n3kn2+n4

)
=O

(
T n/2

jn1+n3kn2+n4

)
.
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Finally, from (A.4) we then have

κ (γn1
1 , γn2

2 , γn3
3 , γn4

4 ) =f
−n1+n3

2
j f

−n2+n4
2

k O

(
T n/2

jn1+n3kn2+n4

)
=O

(
λ
d(n1+n3)
j λ

d(n2+n4)
k

)
O

(
T n/2

jn1+n3kn2+n4

)
=O

(
T n/2−nd

j(1−d)(n1+n3)k(1−d)(n2+n4)

)
=O

(
T n/2−nd/kn−nd

)
. �

We now present a lemma that applies to all three DGPs in Assumption 1. Recall that εt
is defined by (A.1).

Lemma A.4. Under Assmptions 1-3, Cov(εj, εk) = O(log2 j/k2 + T 3/2−3d/k3−3d) uniformly
for l ≤ k < j ≤ m.

Proof : The proof for the DGP of Assumption 1(a) involves the use of Lemma A.3 via
an Edgeworth expansion. We begin with this. Define χj = log(Ij/fj) − E[log(Ij/fj)] and
ψ = Σ−1, where Σ = Cov(γ). Note that in what follows, any mention of uniformity is taken
to mean the property holds uniformly for l ≤ k < j ≤ m.

The results of Lemma A.3 allow us to make an asymptotic multivariate Edgeworth ex-
pansion of the density of γ in terms of a Gaussian distribution since, under Assumption
3, the higher order cumulants of γ tend to zero more rapidly, the higher the order of the
cumulant. More specifically, letting fγ(·) denote the density of γ, the second order expansion
provides (see page 172 of Skovgaard, 1986)

fγ(g) =(2π)−2 |ψ|1/2 exp

(
−g
′ψg

2

)
+O

(
T 3/2−3d

k3−3d

)
(2π)−2 |ψ|1/2 exp

(
−g
′ψg

2

)( ∑
1≤m,n,r≤4

gmgngr +
∑

1≤m≤4

gm

)
,

where gi denotes the ith entry of vector g. From this Edgeworth expansion, we obtain

E [χjχk] =(2π)−2 |ψ|1/2
∫ ∫ ∫ ∫

χjχk exp

(
−g
′ψg

2

)
dg (A.8)

+O

(
T 3/2−3d

k3−3d

)
(2π)−2 |ψ|1/2

∫ ∫ ∫ ∫
χjχk exp

(
−g
′ψg

2

)( ∑
1≤m,n,r≤4

gmgngr

)
dg

+O

(
T 3/2−3d

k3−3d

)
(2π)−2 |ψ|1/2

∫ ∫ ∫ ∫
χjχk exp

(
−g
′ψg

2

)( ∑
1≤m,n≤4

gmgn

)
dg

uniformly. Applying Theorem 1, by Lemmas 2 and 3 of HDB (with minor modification), the
first term of (A.8) is O(log2 j/k2 + T 2−4d/j2−2dk2−2d). Consider now the terms arising from

A.10



the sums in the last two terms of (A.8). Each will be of the form

(2π)−2 |ψ|1/2
∫ ∫ ∫ ∫

χjχkg
n1
1 gn2

2 gn3
3 gn4

4 exp

(
−g
′ψg

2

)
dg, (A.9)

where n1, n2, n3, n4 are nonnegative integers that sum to 3 in the first sum and 1 in the
second. Given Assumption 3 and Theorem 1, Σ = (1/2)I4 + o(1) uniformly, where I4

is the 4 × 4 identity matrix. It follows that ψ = 4I4 + o(1) and |ψ| = O(1) uniformly
so we can conclude that (A.9) is O(1) uniformly. Hence, we can conclude that (A.8) is
O(log2 j/k2) +O(T 3/2−3d/k3−3d) uniformly.

The proofs for the DGPs given by Assumption 1(b) and (c) follow straightforwardly from
the proof techniques of Lemmas 2 and 3 of HDB (using our Theorem 1) since the random
vector γ remains Gaussian in these cases and an Edgeworth expansion is unnecessary. �

Lemma A.5. Under Assumptions 1-3,

E [εj] = O (log j/j) +O

(
T 3/2−3d

j3−3d

)
uniformly for l ≤ j ≤ m.

Proof : Very similar to the proof of Lemmas A.3 and A.4. �

Lemma A.6. Under Assumptions 1-3,

Var (εj) = π2/6 +O (log j/j) +O

(
T 3/2−3d

j3−3d

)
uniformly for l ≤ j ≤ m.

Proof : Very similar to the proof of Lemmas A.3 and A.4. �

Lemma A.7. Under Assumptions 1-3,

− 1

2SY Y

m∑
j=l

ajE (εj) = O

(
log3m

m
+
T 3/2−3d log2m

m3−3d

)
.

Proof : By Lemmas A.1 and A.5,∣∣∣∣∣ 1

2SY Y

m∑
j=l

ajE (εj)

∣∣∣∣∣ ≤ 1

2SY Y

m∑
j=l

ajE |εj| = O

(
m−1 logm

[
m∑
j=l

log j

j
+ T 3/2−3d

m∑
j=l

1

j3−3d

])

= O

(
log3m

m
+
T 3/2−3d log2m

m3−3d

)
. �

Using the results of these seven lemmas, we can now prove Theorem 2.
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Proof of Theorem 2: This proof follows that of Theorem 1 of HDB with appropriate
modifications. Part (i) follows directly from Lemmas A.2 and A.7. For part (ii), note first
that

Var(d̂) =
1

4S2
Y Y

m∑
j=l

a2
j Var (εj) +

1

2S2
Y Y

m∑
k=l

m∑
j=k+1

ajak Cov (εj, εk) . (A.10)

Now, applying Lemmas A.6 and A.4, then Lemma A.1,
m∑
j=l

a2
j Var (εj) + 2

m∑
k=l

m∑
j=k+1

ajak Cov (εj, εk)

=
m∑
j=l

a2
j

{
π2

6
+O

(
log j

j

)
+O

(
T 3/2−3d

j3−3d

)}
+O

(
log2m

m∑
k=l

m∑
j=k+1

[
log2 j

k2
+
T 3/2−3d

k3−3d

])

=
π2m

6
+ o(m) +O

(
log2m

m∑
j=l

log j

j

)
+O

(
T 3/2−3dm1−3(1−d) log3m

)
+O

(
m log4m

m∑
k=l

1

k2

)
+O

(
T 3/2−3dm log2m

m∑
k=l

1

k3−3d

)

=
π2m

6
+ o(m) +O

(
log4m

)
+O

(
m log4m

l

)
+O

(
T 3/2−3dm2−3(1−d) log3m

)
=
π2m

6
+ o(m) +O

(
T 3/2−3dm2−3(1−d) log3m

)
.

Then again using Lemma A.1 together with (A.10) shows part (ii). Part (iii) is a direct
consequence of parts (i) and (ii). �

We must now introduce two additional lemmas to prove Theorem 3.

Lemma A.8. Under Assumption 3, the sequence {aj}mj=l satisfies (5.15) of Robinson (1995).

Proof : The first two parts of (5.15) follow directly from Lemma A.1 and the third part
follows from nearly identical expressions to those leading to (A18) of HDB. �

Lemma A.9. Let χj = ajUj/m
1/2 and χvj = ajU

v
j /m

1/2 where

Uj =εj + log

[
f ∗ (λj)

f ∗(0)

]
− 2d log

[
|1− exp (−iλj)|

λj

]
,

U v
j =εvj + log

[
f ∗ (λj)

f ∗(0)

]
− 2d log

[
|1− exp (−iλj)|

λj

]

and εvj ≡ log(Iv(λj)/fj)−E[log(Iv(λj)/fj)]. For any nonnegative integer N , under Assump-
tions 1-3,

E

( m∑
k=l

χk

)N
 = E

( m∑
k=l

χvk

)N
+O

(
T 3/2−3d

l3−3d

)
.
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Proof : Very similar (but much more cumbersome) arguments to those made in Lemmas
A.3 and A.4 (using a multivariate Edgeworth expansion) provide the result. �

Proof of Theorem 3: Begin by noting that

m1/2
(
d̂− d

)
= −m

1/2

2SY Y

m∑
j=l

aj log f ∗j −
m

2SY Y

1

m1/2

m∑
j=l

ajεj.

By Lemma A.2,

−m
1/2

2SY Y

m∑
j=l

aj log f ∗j = o(1)

since m = o(T 4/5). Let Uj be defined as in Lemma A.9. Then we have the following
decomposition:

1

m1/2

m∑
j=l

ajεj =
1

m1/2

m∑
j=l

ajUj −
1

m1/2

m∑
j=l

aj log

{
f ∗ (λj)

f ∗(0)

}
+

2d

m1/2

m∑
j=l

aj log

{
|1− exp (−iλj)|

λj

}
≡T1 + T2 + T3.

Now,

T2 =− 1

m1/2

m∑
j=l

aj log f ∗ (λj) +
f ∗(0)

m1/2

m∑
j=l

aj,

which is o(1) since the first term is o(1) by Lemmas A.1 and A.2 and the second term is
zero. As shown by HDB (p. 44),

log

{
|1− exp (−iλj)|

λj

}
= O

(
m2

T 2

)
uniformly in 1 ≤ j ≤ m. Thus,

T 2
3 ≤

4d2

m

m∑
j=1

a2
j

m∑
j=1

[
log

{
|1− exp (−iλj)|

λj

}]2

=O(1/m)O(m)O
(
m5/T 4

)
= o(1)

by Lemma 1 of Hurvich and Beltrao (1994) since m = o
(
T 4/5

)
.

Finally note that the N th moment of T1 is precisely E[(
∑m

k=l χk)
N ] of Lemma A.9. Hence,

Lemma A.9, Assumption 3 and the results of Robinson (1995, pp. 1067-1070) provide that
the moments of T1 converge to the corresponding moments of a variate that converges in
distribution to N(0, π2/6). Using the same method of moments argument used by Robinson
(1995, pp. 1067-1070), this provides that

T1
d−→ N

(
0, π2/6

)
.
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In summary,

m1/2
(
d̂− d

)
=o(1)− m

2Sxx
(T1 + T2 + T3)

=o(1)− m

2[m+ o(m)]
[T1 + o(1)]

d−→ N
(
0, π2/24

)
. �
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Mikosch, T., Stărică, C., 2004. Nonstationarities in financial time series, the long-range

dependence, and the IGARCH effects. Review of Economics and Statistics 86, 378–390.

Ohanissian, A., Russell, J., Tsay, R., 2004. True or spurious long memory in volatility:

Does it matter for pricing options?, Unpublished Manuscript, Booth School of Business,

University of Chicago.

Ohanissian, A., Russell, J., Tsay, R., 2008. True or spurious long memory? a new test.

Journal of Business and Economic Statistics 26, 161–175.

Perron, P., 1989. The great crash, the oil price shock, and the unit root hypothesis. Econo-

metrica 57, 1361–1401.



Perron, P., Qu, Z., 2010. Long-memory and level shifts in the volatility of stock market

return indices. Journal of Business and Economic Statistics 28, 275–290.

Qu, Z., 2008. A test against spurious long memory, Unpublished Manuscript, Department

of Economics, Boston University.

Robinson, P., 1995. Log-periodogram regression of time series with long range dependence.

The Annals of Statistics 23, 1048–1072.

Robinson, P., 1997. Large-sample inference for nonparametric regression with dependent

errors. The Annals of Statistics 25, 2054–2083.

Shimotsu, K., 2006. Simple (but effective) tests of long memory versus structural breaks,

Working Paper No. 1101, Department of Economics, Queen’s University.

Skovgaard, I., 1986. On multivariate Edgeworth expansions. International Statistical Review

54, 169–186.

Smith, A., 2005. Level shifts and the illusion of long memory in economic time series. Journal

of Business and Economic Statistics 23, 321–335.

Sun, Y., Phillips, P., 2003. Nonlinear log-periodogram regression for perturbed fractional

processes. Journal of Econometrics 115, 355–389.

Taylor, S., 2000. Consequences for option pricing of a long memory in volatility, Unpublished

Manuscript, Department of Accounting and Finance, Lancaster University.

Velasco, C., 1999. Non-stationary log-periodogram regression. Journal of Econometrics 91,

325–371.

Velasco, C., 2000. Non-Gaussian log periodogram regression. Econometric Theory 16, 44–79.



T
ab

le
1:

B
ia

s
fo

r
S
h
or

t-
M

em
or

y
P

ro
ce

ss
es

w
it

h
R

an
d
om

L
ev

el
S
h
if

ts

S
ta

n
d
ar

d
;
u

T
ri

m
m

ed
;
ε,
u

A
d
ap

ti
ve

;
ε,
u

T
0.

5
0.

7
0.

8
0.

9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9

p
=

5

50
0

0.
65

6
0.

36
2

0.
25

4
0.

19
3

0.
06

3
0.

03
2

0.
02

5
0.

02
4

0.
06

5
0.

02
7

0.
00

2
0.

00
1

10
00

0.
65

8
0.

33
5

0.
22

1
0.

15
5

0.
04

4
0.

02
1

0.
01

5
0.

01
6

0.
05

7
0.

02
0

0.
00

0
0.

00
5

20
00

0.
68

5
0.

32
3

0.
20

0
0.

12
9

0.
04

5
0.

01
5

0.
01

0
0.

00
4

0.
06

8
0.

01
6

0.
00

4
0.

00
1

p
=

10

50
0

0.
77

8
0.

47
1

0.
33

8
0.

25
7

0.
12

7
0.

05
2

0.
03

7
0.

02
5

0.
16

0
0.

07
5

0.
03

9
0.

01
7

10
00

0.
79

2
0.

44
9

0.
30

6
0.

21
9

0.
09

5
0.

05
3

0.
03

9
0.

02
2

0.
16

3
0.

05
8

0.
02

7
0.

01
7

20
00

0.
80

1
0.

43
0

0.
27

7
0.

18
2

0.
09

8
0.

04
0

0.
02

7
0.

00
8

0.
16

8
0.

04
5

0.
02

2
0.

00
7

p
=

20

50
0

0.
86

6
0.

58
4

0.
43

8
0.

34
3

0.
20

8
0.

11
3

0.
08

7
0.

05
9

0.
33

8
0.

18
9

0.
12

4
0.

05
5

10
00

0.
87

5
0.

55
5

0.
39

1
0.

28
5

0.
17

3
0.

08
3

0.
06

3
0.

04
0

0.
34

3
0.

14
6

0.
08

8
0.

03
8

20
00

0.
88

5
0.

52
6

0.
34

9
0.

23
6

0.
15

8
0.

06
4

0.
04

6
0.

02
0

0.
33

9
0.

11
7

0.
07

0
0.

02
0

S
&

P
50

0

50
0

0.
83

6
0.

54
1

0.
39

9
0.

31
0

0.
16

3
0.

08
7

0.
06

7
0.

04
7

0.
26

9
0.

13
0

0.
07

1
0.

03
5

10
00

0.
85

0
0.

51
9

0.
36

2
0.

26
2

0.
15

7
0.

07
1

0.
05

0
0.

02
8

0.
29

4
0.

11
7

0.
07

0
0.

02
6

20
00

0.
86

3
0.

49
3

0.
32

4
0.

21
8

0.
14

3
0.

06
0

0.
03

9
0.

01
6

0.
28

8
0.

09
8

0.
05

7
0.

01
5

N
A

S
D

A
Q

50
0

0.
85

9
0.

59
7

0.
45

4
0.

35
9

0.
24

0
0.

13
3

0.
10

4
0.

06
8

0.
38

9
0.

23
4

0.
16

7
0.

08
0

10
00

0.
86

3
0.

55
9

0.
39

8
0.

29
3

0.
19

4
0.

09
7

0.
07

4
0.

04
4

0.
37

7
0.

18
0

0.
12

6
0.

05
0

20
00

0.
88

1
0.

53
9

0.
36

2
0.

24
7

0.
17

9
0.

07
8

0.
05

7
0.

02
4

0.
38

4
0.

15
2

0.
10

4
0.

02
7



T
ab

le
2:

R
M

S
E

fo
r

S
h
or

t-
M

em
or

y
P

ro
ce

ss
es

w
it

h
R

an
d
om

L
ev

el
S
h
if

ts

S
ta

n
d
ar

d
;
u

T
ri

m
m

ed
;
ε,
u

A
d
ap

ti
ve

;
ε,
u

T
0.

5
0.

7
0.

8
0.

9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9

p
=

5

50
0

0.
69

9
0.

39
4

0.
28

1
0.

21
5

0.
27

4
0.

16
0

0.
20

3
0.

16
6

0.
28

9
0.

16
1

0.
17

9
0.

13
7

10
00

0.
69

7
0.

36
5

0.
24

3
0.

17
3

0.
19

8
0.

10
6

0.
13

8
0.

09
7

0.
23

2
0.

10
7

0.
11

9
0.

08
4

20
00

0.
71

4
0.

34
8

0.
21

8
0.

14
3

0.
15

0
0.

07
2

0.
08

9
0.

05
7

0.
20

4
0.

07
6

0.
08

1
0.

05
3

p
=

10

50
0

0.
80

2
0.

49
1

0.
35

5
0.

27
3

0.
29

5
0.

17
2

0.
20

6
0.

17
3

0.
37

0
0.

21
1

0.
21

3
0.

14
7

10
00

0.
81

0
0.

46
7

0.
32

3
0.

23
2

0.
22

6
0.

11
9

0.
13

9
0.

09
5

0.
33

1
0.

15
1

0.
14

1
0.

09
0

20
00

0.
81

6
0.

44
7

0.
29

2
0.

19
3

0.
17

9
0.

08
7

0.
09

3
0.

05
8

0.
29

9
0.

11
2

0.
10

3
0.

05
5

p
=

20

50
0

0.
88

3
0.

60
0

0.
45

3
0.

35
8

0.
35

6
0.

20
1

0.
22

5
0.

17
9

0.
50

0
0.

31
6

0.
29

0
0.

18
2

10
00

0.
88

8
0.

56
8

0.
40

3
0.

29
7

0.
27

5
0.

14
5

0.
15

4
0.

10
5

0.
47

1
0.

24
7

0.
21

1
0.

11
0

20
00

0.
89

4
0.

53
8

0.
36

0
0.

24
5

0.
22

7
0.

10
5

0.
10

4
0.

06
2

0.
44

3
0.

20
0

0.
16

2
0.

06
1

S
&

P
50

0

50
0

0.
85

4
0.

55
7

0.
41

4
0.

32
4

0.
33

0
0.

18
8

0.
22

1
0.

17
0

0.
45

2
0.

26
0

0.
24

0
0.

15
7

10
00

0.
86

4
0.

53
5

0.
37

6
0.

27
5

0.
26

2
0.

13
5

0.
14

5
0.

09
7

0.
43

1
0.

21
9

0.
19

4
0.

10
3

20
00

0.
87

2
0.

50
7

0.
33

7
0.

22
8

0.
21

3
0.

10
1

0.
10

2
0.

06
0

0.
40

0
0.

17
7

0.
15

0
0.

06
0

N
A

S
D

A
Q

50
0

0.
88

4
0.

62
1

0.
47

7
0.

38
1

0.
38

1
0.

22
6

0.
24

1
0.

18
7

0.
54

0
0.

36
5

0.
33

8
0.

22
1

10
00

0.
88

3
0.

58
1

0.
41

9
0.

31
1

0.
30

0
0.

16
1

0.
16

6
0.

10
9

0.
50

6
0.

29
1

0.
26

1
0.

13
2

20
00

0.
89

3
0.

55
7

0.
38

0
0.

26
1

0.
25

7
0.

12
1

0.
11

4
0.

06
6

0.
48

9
0.

24
4

0.
21

2
0.

07
3



T
ab

le
3:

B
ia

s
fo

r
L

on
g-

M
em

or
y

P
ro

ce
ss

es
w

it
h

R
an

d
om

L
ev

el
S
h
if

ts

S
ta

n
d
ar

d
;
u

T
ri

m
m

ed
;
ε,
u

A
d
ap

ti
ve

;
ε,
u

T
0.

5
0.

7
0.

8
0.

9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9

d
=

0.
2,
p

=
5

50
0

0.
40

4
0.

21
4

0.
15

0
0.

11
5

0.
03

5
0.

02
4

0.
01

9
0.

02
1

0.
02

7
0.

02
5

-0
.0

07
-0

.0
02

10
00

0.
38

4
0.

18
5

0.
12

1
0.

08
6

0.
02

0
0.

01
2

0.
01

0
0.

01
3

0.
06

6
0.

04
0

0.
01

8
0.

01
1

20
00

0.
38

7
0.

16
9

0.
10

3
0.

06
7

0.
01

9
0.

00
7

0.
00

6
0.

00
3

0.
06

4
0.

02
7

0.
01

3
0.

00
7

d
=

0.
2,
p

=
10

50
0

0.
50

7
0.

29
5

0.
21

2
0.

16
4

0.
05

8
0.

04
1

0.
02

9
0.

03
7

0.
14

1
0.

08
7

0.
04

1
0.

01
8

10
00

0.
51

3
0.

27
5

0.
18

8
0.

13
5

0.
06

4
0.

03
4

0.
02

7
0.

02
1

0.
14

6
0.

07
6

0.
04

9
0.

02
7

20
00

0.
50

6
0.

24
8

0.
15

7
0.

10
4

0.
05

8
0.

02
2

0.
01

5
0.

00
6

0.
14

4
0.

06
3

0.
04

5
0.

01
8

d
=

0.
2,
p

=
20

50
0

0.
60

6
0.

39
2

0.
29

4
0.

23
2

0.
13

5
0.

08
4

0.
06

7
0.

05
2

0.
25

4
0.

25
5

0.
24

9
0.

25
4

10
00

0.
60

5
0.

35
5

0.
24

8
0.

18
2

0.
09

6
0.

05
4

0.
04

5
0.

03
4

0.
19

1
0.

14
8

0.
11

7
0.

19
1

20
00

0.
60

1
0.

32
3

0.
21

1
0.

14
2

0.
08

1
0.

03
5

0.
02

8
0.

01
5

0.
14

1
0.

11
5

0.
08

9
0.

14
1

d
=

0.
45
,p

=
5

50
0

0.
13

9
0.

07
7

0.
05

8
0.

04
5

0.
01

3
0.

02
0

0.
01

6
0.

01
5

0.
02

3
0.

04
5

0.
03

5
0.

02
9

10
00

0.
13

3
0.

06
7

0.
04

7
0.

03
4

0.
01

7
0.

01
3

0.
01

1
0.

00
7

0.
04

9
0.

03
7

0.
03

4
0.

02
2

20
00

0.
11

4
0.

05
1

0.
03

3
0.

02
2

0.
01

5
0.

00
8

0.
00

9
0.

00
2

0.
04

3
0.

02
7

0.
02

5
0.

01
4

d
=

0.
45
,p

=
10

50
0

0.
22

3
0.

13
3

0.
09

8
0.

07
9

0.
04

7
0.

02
5

0.
02

1
0.

01
9

0.
09

4
0.

08
5

0.
07

5
0.

06
2

10
00

0.
20

0
0.

10
7

0.
07

2
0.

05
3

0.
04

1
0.

01
3

0.
00

5
0.

01
1

0.
09

4
0.

06
3

0.
05

9
0.

04
1

20
00

0.
18

0
0.

08
2

0.
05

3
0.

03
6

0.
02

6
0.

01
2

0.
00

7
0.

00
5

0.
07

4
0.

04
6

0.
04

3
0.

02
6

d
=

0.
45
,p

=
20

50
0

0.
30

1
0.

19
1

0.
14

8
0.

11
8

0.
08

5
0.

05
5

0.
05

2
0.

03
0

0.
15

7
0.

14
0

0.
13

4
0.

10
5

10
00

0.
28

4
0.

15
8

0.
11

3
0.

08
6

0.
04

7
0.

03
5

0.
02

9
0.

02
5

0.
15

0
0.

10
8

0.
10

5
0.

07
6

20
00

0.
25

6
0.

12
6

0.
08

5
0.

05
9

0.
03

6
0.

02
5

0.
02

1
0.

01
2

0.
12

2
0.

08
0

0.
07

7
0.

04
9



T
ab

le
4:

R
M

S
E

fo
r

L
on

g-
M

em
or

y
P

ro
ce

ss
es

w
it

h
R

an
d
om

L
ev

el
S
h
if

ts

S
ta

n
d
ar

d
;
u

T
ri

m
m

ed
;
ε,
u

A
d
ap

ti
ve

;
ε,
u

T
0.

5
0.

7
0.

8
0.

9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9

d
=

0.
2,
p

=
5

50
0

0.
46

2
0.

24
8

0.
17

8
0.

13
9

0.
27

0
0.

15
7

0.
20

2
0.

16
5

0.
25

7
0.

14
9

0.
17

1
0.

12
5

10
00

0.
43

4
0.

21
5

0.
14

4
0.

10
4

0.
19

2
0.

10
5

0.
13

8
0.

09
6

0.
20

6
0.

11
0

0.
11

7
0.

07
0

20
00

0.
42

7
0.

19
4

0.
12

2
0.

08
0

0.
13

8
0.

06
9

0.
08

8
0.

05
8

0.
15

0
0.

06
9

0.
07

1
0.

04
1

d
=

0.
2,
p

=
10

50
0

0.
54

6
0.

32
3

0.
23

5
0.

18
3

0.
28

4
0.

15
8

0.
20

4
0.

16
6

0.
31

3
0.

19
7

0.
21

1
0.

14
2

10
00

0.
54

2
0.

29
8

0.
20

6
0.

15
0

0.
19

9
0.

11
1

0.
13

5
0.

09
6

0.
26

0
0.

14
4

0.
14

4
0.

08
0

20
00

0.
52

9
0.

26
6

0.
17

2
0.

11
5

0.
14

8
0.

07
5

0.
08

9
0.

05
8

0.
22

3
0.

10
7

0.
10

0
0.

05
2

d
=

0.
2,
p

=
20

50
0

0.
63

3
0.

41
1

0.
31

1
0.

24
9

0.
31

3
0.

18
1

0.
21

5
0.

17
6

0.
39

2
0.

27
3

0.
27

1
0.

19
2

10
00

0.
62

4
0.

37
2

0.
26

3
0.

19
5

0.
22

4
0.

12
4

0.
14

6
0.

10
2

0.
34

9
0.

21
3

0.
20

0
0.

11
5

20
00

0.
61

6
0.

33
7

0.
22

3
0.

15
2

0.
16

8
0.

08
4

0.
09

5
0.

06
0

0.
30

8
0.

16
4

0.
15

1
0.

07
0

d
=

0.
45
,p

=
5

50
0

0.
23

5
0.

12
6

0.
09

4
0.

07
6

0.
28

1
0.

15
7

0.
20

7
0.

16
3

0.
19

3
0.

10
2

0.
11

5
0.

08
8

10
00

0.
20

8
0.

10
3

0.
07

3
0.

05
5

0.
18

6
0.

10
5

0.
13

7
0.

09
2

0.
12

1
0.

07
5

0.
07

6
0.

05
6

20
00

0.
17

7
0.

08
1

0.
05

3
0.

03
9

0.
13

6
0.

07
0

0.
08

9
0.

05
9

0.
08

2
0.

05
2

0.
05

3
0.

03
7

d
=

0.
45
,p

=
10

50
0

0.
29

0
0.

17
2

0.
12

8
0.

10
5

0.
27

3
0.

16
2

0.
20

9
0.

16
6

0.
20

6
0.

13
4

0.
14

5
0.

11
0

10
00

0.
25

6
0.

13
6

0.
09

7
0.

07
2

0.
19

7
0.

10
7

0.
13

8
0.

09
4

0.
14

5
0.

09
7

0.
09

8
0.

07
1

20
00

0.
22

7
0.

10
6

0.
07

2
0.

05
1

0.
13

5
0.

07
3

0.
09

4
0.

05
8

0.
10

7
0.

07
1

0.
07

0
0.

04
8

d
=

0.
45
,p

=
20

50
0

0.
35

0
0.

21
9

0.
17

1
0.

14
0

0.
29

2
0.

16
6

0.
20

8
0.

17
3

0.
24

4
0.

17
2

0.
17

6
0.

14
2

10
00

0.
32

1
0.

18
0

0.
13

1
0.

10
0

0.
19

9
0.

10
8

0.
13

0
0.

09
7

0.
18

3
0.

13
0

0.
13

0
0.

09
8

20
00

0.
28

8
0.

14
6

0.
10

1
0.

07
2

0.
14

0
0.

07
5

0.
08

8
0.

05
9

0.
14

6
0.

10
0

0.
09

9
0.

06
8



T
ab

le
5:

B
ia

s
fo

r
S
h
or

t/
L

on
g-

M
em

or
y

P
ro

ce
ss

es
w

it
h

D
et

er
m

in
is

ti
c

T
re

n
d
s

S
ta

n
d
ar

d
;
u

T
ri

m
m

ed
;
ε,
u

A
d
ap

ti
ve

;
ε,
u

T
0.

5
0.

7
0.

8
0.

9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9

M
on

ot
on

e
T

re
n
d
,
d

=
0

50
0

0.
43

5
0.

22
9

0.
15

8
0.

11
9

0.
03

5
0.

01
6

0.
01

6
0.

01
7

-0
.0

07
0.

00
2

-0
.0

20
-0

.0
07

10
00

0.
49

8
0.

24
5

0.
16

2
0.

11
3

0.
03

2
0.

01
7

0.
01

4
0.

01
1

0.
01

0
0.

01
0

-0
.0

02
0.

00
1

20
00

0.
54

3
0.

25
2

0.
15

8
0.

10
3

0.
03

1
0.

01
8

0.
01

2
0.

00
7

0.
02

0
0.

01
4

0.
00

5
0.

00
4

M
on

ot
on

e
T

re
n
d
,
d

=
0.

2

50
0

0.
17

7
0.

09
6

0.
06

4
0.

05
0

0.
01

5
-0

.0
05

-0
.0

13
0.

00
8

-0
.0

38
-0

.0
17

-0
.0

47
-0

.0
22

10
00

0.
20

2
0.

10
0

0.
06

5
0.

04
8

0.
03

2
0.

00
5

0.
00

0
0.

01
2

0.
00

5
0.

00
6

-0
.0

08
0.

00
4

20
00

0.
22

3
0.

10
0

0.
06

2
0.

04
0

0.
01

7
0.

00
7

0.
00

6
0.

00
2

0.
01

9
0.

01
2

0.
00

4
0.

00
3

M
on

ot
on

e
T

re
n
d
,
d

=
0.

45

50
0

0.
04

3
0.

02
9

0.
02

1
0.

02
1

0.
02

3
0.

00
5

0.
00

2
0.

01
7

-0
.0

05
0.

01
1

-0
.0

01
0.

01
0

10
00

0.
03

6
0.

01
8

0.
01

6
0.

01
4

0.
00

6
0.

01
5

0.
01

5
0.

01
1

0.
00

3
0.

01
2

0.
01

0
0.

01
0

20
00

0.
02

5
0.

01
6

0.
01

3
0.

00
9

0.
00

7
0.

00
9

0.
00

9
0.

00
0

0.
01

1
0.

01
1

0.
01

0
0.

00
7

S
ea

so
n
al

T
re

n
d
,
d

=
0

50
0

0.
68

3
0.

26
7

0.
16

9
0.

11
8

0.
00

9
0.

00
4

0.
00

4
0.

00
0

-0
.0

36
-0

.0
14

-0
.0

27
-0

.0
22

10
00

0.
63

4
0.

21
9

0.
12

7
0.

08
3

0.
00

7
-0

.0
05

-0
.0

10
0.

00
0

-0
.0

20
-0

.0
12

-0
.0

25
-0

.0
09

20
00

0.
58

0
0.

17
6

0.
09

7
0.

05
8

0.
00

2
-0

.0
01

-0
.0

03
-0

.0
02

-0
.0

14
-0

.0
05

-0
.0

11
-0

.0
05

S
ea

so
n
al

T
re

n
d
,
d

=
0.

2

50
0

0.
40

9
0.

15
7

0.
10

0
0.

07
3

0.
00

0
0.

00
4

0.
00

3
0.

01
3

-0
.0

54
-0

.0
21

-0
.0

43
-0

.0
21

10
00

0.
37

0
0.

12
5

0.
07

3
0.

04
9

0.
00

5
0.

00
1

-0
.0

02
0.

00
1

-0
.0

32
-0

.0
09

-0
.0

20
-0

.0
06

20
00

0.
32

9
0.

09
7

0.
05

4
0.

03
2

-0
.0

08
0.

00
1

0.
00

4
0.

00
2

-0
.0

25
-0

.0
05

-0
.0

08
-0

.0
03

S
ea

so
n
al

T
re

n
d
,
d

=
0.

45

50
0

0.
15

6
0.

05
8

0.
03

7
0.

02
8

-0
.0

05
0.

00
2

0.
00

2
0.

01
4

-0
.0

14
0.

00
9

-0
.0

04
0.

00
1

10
00

0.
12

2
0.

04
1

0.
02

5
0.

01
7

0.
00

0
0.

00
3

0.
00

3
0.

00
4

0.
00

9
0.

00
7

0.
00

2
0.

00
2

20
00

0.
09

4
0.

03
1

0.
01

8
0.

01
1

0.
00

3
-0

.0
01

0.
00

1
0.

00
0

0.
01

2
0.

00
5

0.
00

4
0.

00
2



T
ab

le
6:

R
M

S
E

fo
r

S
h
or

t/
L

on
g-

M
em

or
y

P
ro

ce
ss

es
w

it
h

D
et

er
m

in
is

ti
c

T
re

n
d
s

S
ta

n
d
ar

d
;
u

T
ri

m
m

ed
;
ε,
u

A
d
ap

ti
ve

;
ε,
u

T
0.

5
0.

7
0.

8
0.

9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9

M
on

ot
on

e
T

re
n
d
,
d

=
0

50
0

0.
45

2
0.

23
9

0.
16

6
0.

12
7

0.
27

3
0.

15
3

0.
20

8
0.

16
3

0.
22

0
0.

13
4

0.
16

7
0.

13
6

10
00

0.
50

7
0.

24
9

0.
16

6
0.

11
7

0.
18

9
0.

10
5

0.
13

2
0.

09
1

0.
16

2
0.

09
4

0.
11

1
0.

07
8

20
00

0.
54

8
0.

25
5

0.
16

1
0.

10
5

0.
13

7
0.

07
2

0.
08

9
0.

05
6

0.
12

2
0.

06
6

0.
07

8
0.

05
1

M
on

ot
on

e
T

re
n
d
,
d

=
0.

2

50
0

0.
23

8
0.

12
4

0.
08

6
0.

07
0

0.
27

1
0.

15
5

0.
20

8
0.

16
4

0.
21

1
0.

12
7

0.
16

9
0.

12
1

10
00

0.
23

3
0.

11
7

0.
07

8
0.

05
9

0.
19

5
0.

10
2

0.
13

0
0.

09
1

0.
14

5
0.

08
1

0.
10

0
0.

06
1

20
00

0.
24

2
0.

11
0

0.
06

9
0.

04
7

0.
12

9
0.

06
7

0.
08

6
0.

05
5

0.
09

8
0.

05
2

0.
06

1
0.

03
9

M
on

ot
on

e
T

re
n
d
,
d

=
0.

45

50
0

0.
17

2
0.

08
9

0.
06

6
0.

05
7

0.
25

9
0.

15
2

0.
19

9
0.

16
7

0.
15

2
0.

08
0

0.
10

9
0.

07
2

10
00

0.
14

3
0.

06
8

0.
05

1
0.

04
0

0.
18

3
0.

10
8

0.
13

7
0.

08
7

0.
09

7
0.

05
4

0.
05

7
0.

04
3

20
00

0.
12

0
0.

05
5

0.
03

9
0.

02
9

0.
13

6
0.

07
2

0.
09

0
0.

05
7

0.
06

2
0.

04
1

0.
04

2
0.

03
0

S
ea

so
n
al

T
re

n
d
,
d

=
0

50
0

0.
69

3
0.

27
4

0.
17

7
0.

12
6

0.
26

9
0.

15
5

0.
20

4
0.

16
4

0.
22

0
0.

13
5

0.
17

1
0.

13
8

10
00

0.
64

2
0.

22
5

0.
13

2
0.

08
8

0.
18

7
0.

10
1

0.
13

1
0.

09
2

0.
15

5
0.

09
3

0.
11

4
0.

08
2

20
00

0.
58

5
0.

18
1

0.
10

2
0.

06
3

0.
12

4
0.

06
8

0.
08

9
0.

05
7

0.
10

6
0.

06
3

0.
08

0
0.

05
3

S
ea

so
n
al

T
re

n
d
,
d

=
0.

2

50
0

0.
42

9
0.

17
2

0.
11

3
0.

08
5

0.
26

2
0.

15
1

0.
20

4
0.

16
6

0.
20

5
0.

11
8

0.
15

6
0.

11
9

10
00

0.
38

4
0.

13
6

0.
08

4
0.

05
8

0.
18

0
0.

10
1

0.
13

1
0.

09
1

0.
13

3
0.

07
5

0.
09

8
0.

06
3

20
00

0.
34

1
0.

10
6

0.
06

2
0.

04
0

0.
13

7
0.

06
9

0.
08

8
0.

05
6

0.
10

5
0.

05
0

0.
05

9
0.

03
8

S
ea

so
n
al

T
re

n
d
,
d

=
0.

45

50
0

0.
22

6
0.

09
7

0.
06

9
0.

05
5

0.
26

9
0.

16
0

0.
20

8
0.

16
6

0.
18

8
0.

09
1

0.
11

4
0.

07
7

10
00

0.
17

7
0.

07
4

0.
05

1
0.

03
9

0.
18

7
0.

10
3

0.
13

2
0.

09
0

0.
10

4
0.

05
9

0.
06

4
0.

04
3

20
00

0.
14

3
0.

05
7

0.
04

0
0.

03
0

0.
13

3
0.

07
2

0.
08

9
0.

05
7

0.
06

6
0.

04
2

0.
04

2
0.

03
1



T
ab

le
7:

B
ia

s
an

d
R

M
S
E

fo
r

U
n
co

n
ta

m
in

at
ed

P
ro

ce
ss

es

S
ta

n
d
ar

d
;
u

T
ri

m
m

ed
;
ε,
u

A
d
ap

ti
ve

;
ε,
u

T
0.

5
0.

7
0.

8
0.

9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9

B
ia

s
d

=
0

50
0

0.
00

9
-0

.0
04

-0
.0

03
0.

00
1

-0
.0

11
-0

.0
02

0.
00

5
0.

01
7

-0
.0

56
-0

.0
24

-0
.0

32
-0

.0
18

10
00

-0
.0

01
-0

.0
01

-0
.0

02
0.

00
2

-0
.0

13
-0

.0
05

-0
.0

03
0.

01
3

-0
.0

27
-0

.0
12

-0
.0

20
-0

.0
08

20
00

0.
00

4
0.

00
5

0.
00

0
0.

00
1

-0
.0

01
-0

.0
08

-0
.0

06
0.

00
1

-0
.0

11
-0

.0
06

-0
.0

08
-0

.0
07

d
=

0.
2

50
0

0.
00

3
0.

00
1

0.
00

1
0.

00
3

-0
.0

13
0.

00
0

-0
.0

02
0.

01
4

-0
.0

70
-0

.0
25

-0
.0

46
-0

.0
21

10
00

-0
.0

04
0.

00
1

0.
00

1
0.

00
2

-0
.0

03
-0

.0
02

-0
.0

03
0.

00
7

-0
.0

37
-0

.0
10

-0
.0

20
-0

.0
06

20
00

0.
00

6
0.

00
3

0.
00

1
0.

00
1

0.
00

7
-0

.0
01

-0
.0

03
-0

.0
02

-0
.0

15
-0

.0
04

-0
.0

09
-0

.0
03

d
=

0.
45

50
0

0.
01

6
0.

00
6

0.
00

3
0.

00
4

-0
.0

04
-0

.0
02

-0
.0

04
0.

01
0

-0
.0

41
-0

.0
10

-0
.0

17
-0

.0
06

10
00

0.
01

4
0.

00
5

0.
00

4
0.

00
3

-0
.0

02
0.

00
3

0.
00

5
0.

00
3

-0
.0

12
0.

00
0

-0
.0

02
0.

00
0

20
00

0.
01

0
0.

00
5

0.
00

2
0.

00
2

0.
00

1
0.

00
0

-0
.0

02
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

R
M

S
E

d
=

0

50
0

0.
16

7
0.

08
0

0.
06

0
0.

05
1

0.
27

8
0.

15
5

0.
20

0
0.

16
6

0.
22

7
0.

13
5

0.
17

3
0.

13
9

10
00

0.
13

2
0.

06
0

0.
04

2
0.

03
3

0.
18

9
0.

10
0

0.
13

5
0.

09
5

0.
15

2
0.

09
3

0.
11

5
0.

07
9

20
00

0.
11

0
0.

04
5

0.
03

1
0.

02
3

0.
13

1
0.

06
6

0.
08

7
0.

05
5

0.
11

3
0.

06
4

0.
07

7
0.

05
3

d
=

0.
2

50
0

0.
16

3
0.

08
4

0.
06

0
0.

04
9

0.
27

1
0.

15
3

0.
20

4
0.

16
1

0.
21

3
0.

12
0

0.
15

5
0.

11
5

10
00

0.
13

6
0.

06
1

0.
04

3
0.

03
3

0.
18

6
0.

10
2

0.
12

9
0.

09
3

0.
14

2
0.

07
9

0.
09

8
0.

06
4

20
00

0.
10

7
0.

04
6

0.
03

2
0.

02
4

0.
13

0
0.

07
0

0.
08

7
0.

05
5

0.
09

3
0.

05
0

0.
06

2
0.

03
9

d
=

0.
45

50
0

0.
17

1
0.

08
2

0.
05

9
0.

05
0

0.
27

2
0.

15
5

0.
19

9
0.

16
1

0.
17

9
0.

08
1

0.
10

1
0.

07
0

10
00

0.
13

8
0.

06
5

0.
04

7
0.

03
7

0.
19

1
0.

10
2

0.
13

7
0.

09
2

0.
10

2
0.

05
1

0.
05

6
0.

04
1

20
00

0.
11

5
0.

05
0

0.
03

6
0.

02
8

0.
13

8
0.

07
2

0.
09

3
0.

05
9

0.
05

4
0.

03
8

0.
03

9
0.

03
0



T
ab

le
8:

B
ia

s
an

d
R

M
S
E

fo
r

L
on

g-
M

em
or

y
P

ro
ce

ss
es

C
on

ta
m

in
at

ed
b
y

N
oi

se

S
ta

n
d
ar

d
;
u

T
ri

m
m

ed
;
ε,
u

A
d
ap

ti
ve

;
ε,
u

T
0.

5
0.

7
0.

8
0.

9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9

B
ia

s
d

=
0.

2

50
0

-0
.1

11
-0

.1
32

-0
.1

42
-0

.1
45

-0
.1

54
-0

.1
60

-0
.1

64
-0

.1
56

-0
.2

09
-0

.1
81

-0
.1

98
-0

.1
81

10
00

-0
.1

05
-0

.1
26

-0
.1

37
-0

.1
45

-0
.1

50
-0

.1
60

-0
.1

60
-0

.1
66

-0
.1

79
-0

.1
71

-0
.1

82
-0

.1
78

20
00

-0
.0

92
-0

.1
23

-0
.1

33
-0

.1
43

-0
.1

47
-0

.1
50

-0
.1

51
-0

.1
59

-0
.1

66
-0

.1
56

-0
.1

63
-0

.1
64

d
=

0.
45

50
0

-0
.1

21
-0

.2
08

-0
.2

53
-0

.2
81

-0
.3

09
-0

.3
49

-0
.3

53
-0

.3
68

-0
.3

52
-0

.3
64

-0
.3

87
-0

.3
93

10
00

-0
.0

96
-0

.1
87

-0
.2

39
-0

.2
75

-0
.2

93
-0

.3
36

-0
.3

47
-0

.3
68

-0
.3

05
-0

.3
36

-0
.3

58
-0

.3
75

20
00

-0
.0

70
-0

.1
67

-0
.2

24
-0

.2
70

-0
.2

61
-0

.3
16

-0
.3

29
-0

.3
66

-0
.2

53
-0

.3
00

-0
.3

22
-0

.3
60

R
M

S
E

d
=

0.
2

50
0

0.
20

2
0.

15
4

0.
15

4
0.

15
3

0.
31

6
0.

22
5

0.
26

4
0.

22
4

0.
30

0
0.

22
5

0.
25

9
0.

22
4

10
00

0.
17

3
0.

14
1

0.
14

4
0.

14
9

0.
24

0
0.

19
3

0.
21

4
0.

19
2

0.
23

6
0.

19
5

0.
21

6
0.

19
6

20
00

0.
14

5
0.

13
2

0.
13

7
0.

14
4

0.
19

7
0.

16
6

0.
17

5
0.

16
8

0.
19

8
0.

16
9

0.
17

9
0.

17
1

d
=

0.
45

50
0

0.
21

1
0.

22
4

0.
26

0
0.

28
6

0.
40

6
0.

38
2

0.
40

9
0.

40
1

0.
41

2
0.

38
9

0.
42

1
0.

41
4

10
00

0.
16

8
0.

19
7

0.
24

3
0.

27
7

0.
34

7
0.

35
1

0.
37

0
0.

38
1

0.
34

3
0.

34
9

0.
37

6
0.

38
4

20
00

0.
13

4
0.

17
4

0.
22

7
0.

27
1

0.
29

3
0.

32
3

0.
34

1
0.

37
0

0.
27

9
0.

30
7

0.
33

2
0.

36
4



T
ab

le
9:

B
ia

s
fo

r
A

R
F

IM
A

P
ro

ce
ss

es

S
ta

n
d
ar

d
;
u

T
ri

m
m

ed
;
ε,
u

A
d
ap

ti
ve

;
ε,
u

T
0.

5
0.

7
0.

8
0.

9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9

a
=

0.
6,
b

=
0,
d

=
0

50
0

0.
04

8
0.

22
1

0.
36

9
0.

48
4

0.
53

3
0.

71
7

0.
76

6
0.

86
8

0.
31

1
0.

43
0

0.
44

3
0.

51
1

10
00

0.
01

9
0.

16
5

0.
32

2
0.

46
3

0.
41

4
0.

63
3

0.
69

6
0.

83
3

0.
25

7
0.

38
9

0.
40

2
0.

49
3

20
00

0.
00

8
0.

12
3

0.
28

3
0.

44
4

0.
30

5
0.

55
2

0.
61

9
0.

79
0

0.
20

3
0.

34
9

0.
36

3
0.

47
7

a
=

0.
6,
b

=
0,
d

=
0.

45

50
0

0.
06

3
0.

22
8

0.
37

0
0.

48
2

0.
51

8
0.

70
3

0.
75

3
0.

85
1

0.
22

9
0.

37
0

0.
37

0
0.

48
2

10
00

0.
03

3
0.

17
6

0.
32

9
0.

46
4

0.
42

3
0.

63
2

0.
69

0
0.

82
2

0.
17

6
0.

32
9

0.
32

9
0.

46
4

20
00

0.
01

8
0.

13
0

0.
28

7
0.

44
7

0.
31

2
0.

55
3

0.
61

7
0.

79
0

0.
13

0
0.

28
7

0.
28

7
0.

44
7

a
=

0,
b

=
−

0.
6,
d

=
0.

45

50
0

0.
01

0
0.

03
6

0.
11

0
0.

38
6

0.
09

7
0.

28
8

0.
35

4
1.

33
6

0.
01

7
0.

11
1

0.
11

2
0.

38
6

10
00

0.
01

5
0.

02
6

0.
07

9
0.

34
0

0.
05

8
0.

18
4

0.
22

4
1.

04
2

0.
01

9
0.

08
0

0.
08

0
0.

34
0

20
00

0.
00

9
0.

01
6

0.
05

8
0.

29
1

0.
03

5
0.

13
0

0.
15

8
0.

79
0

0.
01

4
0.

05
9

0.
05

9
0.

29
1

a
=
−

0.
6,
b

=
0,
d

=
0

50
0

-0
.0

09
-0

.0
30

-0
.1

04
-0

.3
82

-0
.0

90
-0

.2
84

-0
.3

50
-1

.3
42

-0
.1

21
-0

.2
84

-0
.3

51
-1

.3
42

10
00

-0
.0

03
-0

.0
19

-0
.0

75
-0

.3
38

-0
.0

49
-0

.1
87

-0
.2

34
-1

.0
50

-0
.0

68
-0

.1
87

-0
.2

35
-1

.0
50

20
00

-0
.0

03
-0

.0
14

-0
.0

55
-0

.2
90

-0
.0

40
-0

.1
26

-0
.1

51
-0

.7
90

-0
.0

52
-0

.1
26

-0
.1

52
-0

.7
90

a
=

0.
29

8,
b

=
0.

75
1,
d

=
0.

45
7

50
0

-0
.0

92
-0

.3
28

-0
.4

05
-0

.4
19

-0
.6

14
-0

.5
65

-0
.5

40
-0

.4
22

-0
.6

36
-0

.5
75

-0
.5

67
-0

.4
59

10
00

-0
.0

46
-0

.2
71

-0
.3

80
-0

.4
10

-0
.5

68
-0

.5
84

-0
.5

83
-0

.4
63

-0
.5

75
-0

.5
85

-0
.5

88
-0

.4
78

20
00

-0
.0

22
-0

.2
23

-0
.3

56
-0

.4
05

-0
.4

90
-0

.5
77

-0
.5

93
-0

.4
97

-0
.4

87
-0

.5
77

-0
.5

93
-0

.5
00



T
ab

le
10

:
R

M
S
E

fo
r

A
R

F
IM

A
P

ro
ce

ss
es

S
ta

n
d
ar

d
;
u

T
ri

m
m

ed
;
ε,
u

A
d
ap

ti
ve

;
ε,
u

T
0.

5
0.

7
0.

8
0.

9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9

a
=

0.
6,
b

=
0,
d

=
0

50
0

0.
17

7
0.

23
5

0.
37

3
0.

48
7

0.
59

7
0.

73
4

0.
79

3
0.

88
2

0.
33

0
0.

43
2

0.
44

5
0.

51
2

10
00

0.
14

3
0.

17
6

0.
32

5
0.

46
4

0.
45

5
0.

64
2

0.
70

9
0.

83
8

0.
26

9
0.

39
0

0.
40

3
0.

49
4

20
00

0.
10

7
0.

13
1

0.
28

5
0.

44
5

0.
33

2
0.

55
7

0.
62

6
0.

79
2

0.
21

3
0.

35
0

0.
36

4
0.

47
8

a
=

0.
6,
b

=
0,
d

=
0.

45

50
0

0.
17

9
0.

24
3

0.
37

6
0.

48
5

0.
58

6
0.

72
2

0.
78

0
0.

86
8

0.
24

3
0.

37
6

0.
37

6
0.

48
5

10
00

0.
14

3
0.

18
7

0.
33

2
0.

46
6

0.
46

4
0.

64
1

0.
70

4
0.

82
9

0.
18

7
0.

33
2

0.
33

2
0.

46
6

20
00

0.
11

0
0.

13
9

0.
29

0
0.

44
9

0.
33

8
0.

55
8

0.
62

4
0.

79
3

0.
13

9
0.

29
0

0.
29

0
0.

44
9

a
=

0,
b

=
−

0.
6,
d

=
0.

45

50
0

0.
17

2
0.

09
1

0.
12

7
0.

39
0

0.
29

2
0.

32
9

0.
40

9
1.

34
7

0.
13

8
0.

12
7

0.
12

7
0.

39
0

10
00

0.
14

0
0.

06
9

0.
09

2
0.

34
2

0.
20

3
0.

21
1

0.
26

2
1.

04
7

0.
08

9
0.

09
2

0.
09

2
0.

34
2

20
00

0.
11

0
0.

05
4

0.
06

9
0.

29
3

0.
13

7
0.

14
8

0.
18

2
0.

79
3

0.
05

7
0.

06
9

0.
06

9
0.

29
3

a
=
−

0.
6,
b

=
0,
d

=
0

50
0

0.
17

1
0.

09
0

0.
11

9
0.

38
6

0.
27

7
0.

32
2

0.
40

6
1.

35
2

0.
25

1
0.

32
2

0.
40

6
1.

35
2

10
00

0.
13

4
0.

06
5

0.
08

6
0.

34
0

0.
18

7
0.

21
2

0.
26

8
1.

05
4

0.
16

9
0.

21
2

0.
26

8
1.

05
4

20
00

0.
11

4
0.

04
9

0.
06

3
0.

29
1

0.
14

2
0.

14
4

0.
17

5
0.

79
3

0.
13

0
0.

14
4

0.
17

5
0.

79
3

a
=

0.
29

8,
b

=
0.

75
1,
d

=
0.

45
7

50
0

0.
19

9
0.

33
9

0.
40

9
0.

42
1

0.
67

1
0.

58
7

0.
57

9
0.

45
1

0.
68

0
0.

59
2

0.
59

3
0.

47
4

10
00

0.
14

7
0.

27
8

0.
38

3
0.

41
2

0.
59

9
0.

59
2

0.
59

8
0.

47
2

0.
60

2
0.

59
3

0.
60

1
0.

48
4

20
00

0.
11

8
0.

22
8

0.
35

7
0.

40
5

0.
50

8
0.

58
1

0.
59

9
0.

50
0

0.
50

6
0.

58
1

0.
59

9
0.

50
2



T
ab

le
11

:
B

ia
s

an
d

R
M

S
E

fo
r
t 5

In
n
ov

at
io

n
D

is
tr

ib
u
te

d
S
h
or

t/
L

on
g-

M
em

or
y

P
ro

ce
ss

es

S
ta

n
d
ar

d
;
u

T
ri

m
m

ed
;
ε,
u

A
d
ap

ti
ve

;
ε,
u

T
0.

5
0.

7
0.

8
0.

9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9
0.

01
,0
.7

0.
0.

5,
0.

8
0.

1,
0.

8
0.

15
,0

.9

B
ia

s
d

=
0.

45
,p

=
0

50
0

0.
00

7
0.

01
1

0.
00

9
0.

00
7

-0
.0

04
0.

00
3

0.
01

0
0.

00
2

-0
.0

43
0.

00
1

-0
.0

09
-0

.0
03

10
00

0.
01

1
0.

00
8

0.
00

5
0.

00
4

0.
00

0
-0

.0
01

-0
.0

03
0.

00
0

-0
.0

05
0.

00
1

0.
00

1
0.

00
1

20
00

0.
00

9
0.

00
6

0.
00

4
0.

00
3

0.
00

4
0.

00
2

0.
00

2
0.

00
0

0.
00

2
0.

00
3

0.
00

2
0.

00
1

d
=

0,
p

=
10

50
0

0.
70

5
0.

39
6

0.
27

9
0.

21
0

0.
06

1
0.

03
4

0.
02

7
0.

02
0

0.
07

1
0.

02
8

0.
00

0
-0

.0
01

10
00

0.
72

6
0.

38
4

0.
25

6
0.

17
9

0.
06

6
0.

03
2

0.
02

5
0.

01
0

0.
09

0
0.

03
4

0.
01

5
0.

00
3

20
00

0.
73

2
0.

35
8

0.
22

5
0.

14
7

0.
06

3
0.

02
4

0.
01

2
0.

00
7

0.
10

3
0.

02
7

0.
00

8
0.

00
4

R
M

S
E

d
=

0.
45
,p

=
0

50
0

0.
17

6
0.

08
4

0.
06

3
0.

05
0

0.
28

1
0.

16
0

0.
20

9
0.

15
8

0.
19

1
0.

08
1

0.
10

8
0.

07
4

10
00

0.
13

9
0.

06
5

0.
04

6
0.

03
6

0.
19

0
0.

10
3

0.
13

6
0.

09
2

0.
09

5
0.

05
1

0.
05

4
0.

04
1

20
00

0.
11

5
0.

05
0

0.
03

5
0.

02
8

0.
13

2
0.

07
0

0.
08

7
0.

05
8

0.
05

9
0.

03
8

0.
03

9
0.

03
0

d
=

0,
p

=
10

50
0

0.
73

4
0.

41
9

0.
29

9
0.

22
7

0.
29

0
0.

16
3

0.
21

3
0.

16
3

0.
30

7
0.

15
9

0.
18

2
0.

13
8

10
00

0.
74

9
0.

40
4

0.
27

2
0.

19
3

0.
21

0
0.

10
8

0.
13

0
0.

09
2

0.
25

5
0.

12
1

0.
12

6
0.

08
4

20
00

0.
75

0
0.

37
6

0.
23

9
0.

15
7

0.
14

9
0.

07
7

0.
09

1
0.

05
6

0.
22

6
0.

08
6

0.
08

8
0.

05
1



Figure 1: S&P 500
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Figure 2: Dow Jones Industrial Average
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Figure 3: NASDAQ
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Figure 4: AMEX
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Figure 5: S&P 500 Realized Volatility
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Figure 6: Nile River Level
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