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1 Introduction

In recent years, a number of researchers have devoted considerable attention to the problem of
testing for a unit root in a time series whose innovations display unstable volatility. It is now known
that the asymptotic properties of unit root test statistics under unstable volatility may differ from
the properties that obtain under homoskedasticity. Thus, if unstable volatility is not properly taken
into account, spurious inference about the presence or absence of a unit root may result.

Hamori and Tokihisa (1997) appear to be the first to observe that a simple level shift in innova-
tion variance partway through a sample invalidates the usual unit root asymptotics. Subsequently,
Kim et. al. (2002) showed that ignoring the effects of volatility shifts could result in tests with
asymptotic rejection rates of as high as 40% under the null hypothesis of a unit root. Cavaliere
(2004b) studied the properties of unit root tests under a more flexible model of volatility that
could incorporate smooth changes in variance as well as multiple level shifts, while Boswijk (2001)
studied the case of near-integrated stochastic volatility. Related work by Dahl and Levine (2006),
Phillips and Xu (2006) and Xu and Phillips (2008) has considered the impact of unstable volatility
in stationary autoregressions.

The main contribution of this paper is the development of a new approach to unit root testing
that is robust to the presence of heteroskedasticity of quite general form. The basic idea is to scale
the increments of a time series using a nonparametric estimate of their variance, rendering them
approximately homoskedastic. Standard unit root tests may then be applied to the rescaled data.
We show that, under suitable conditions including the absence of a deterministic trend component,
the null asymptotic properties of tests constructed in this fashion are the same as one would expect
under homoskedasticity. Moreover, applying this approach in a homoskedastic context leads to no
loss of local power.

Several other methods of testing for a unit root in the presence of unstable volatility have been
proposed in recent years. Cavaliere and Taylor (2007, 2008abc) and Boswijk (2005) have proposed
a total of four testing procedures. We review those approaches here, and compare them to each

other and to our own approach using small sample simulations.



The paper is organized as follows. Section 2 introduces the heteroskedastic unit root model,
and in Section 3 we review the existing literature on unit root testing under unstable volatility. A
new approach to unit root testing under unstable volatility is developed in Section 4. We report
our small sample simulation results in Section 5, and conclude in Section 6. Proofs of lemmas and

theorems are collected in Appendix A, and tables in Appendix B.

2 The Heteroskedastic Model

The econometric model we consider is very similar to that of Cavaliere (2004b), Boswijk (2005),
and Cavaliere and Taylor (2007, 2008abc), although some of our technical conditions differ. Let
{e: : t € N} be a stationary sequence of random variables with zero mean and unit variance, and

define the triangular array of random variables {y;, : 1 <t <n,n € N} by

Ytm = Zt+$t,n t=0,...,n
Ttn = ¢nxt71,n+w(%) &t t=1,...,n
zon = Op(1).

2 is a deterministic process of some form; cases of leading interest include z; = 0, z; = «, and
2zt = a+ PBt. yip is thus the sum of a deterministic process z; and an autoregressive process i ;.
The variance of the innovations of x,, is governed by the function w : [0,1] — R.

Our focus in this paper is on the sequence of autoregressive coefficients ¢,,. In general we will
set ¢, = exp(—c/n), where ¢ > 0. When ¢ = 0, ¥, is a unit root process, while when ¢ > 0, y;.n
is a near-unit root process. We seek to construct a test of the unit root hypothesis that is well
behaved when w is nonconstant.

The volatility function w is assumed to satisfy the following condition.
Assumption 2.1 w is twice continuously differentiable, and strictly positive.

Assumption 2.1 is stronger than the comparable assumptions imposed by Cavaliere and Taylor

(2007, 2008abc), who allow w to be discontinuous, and by Boswijk (2005), who assumes continuity



but not differentiability. Our need for stronger smoothness conditions on w stems from our use of a
kernel estimator for w in the construction of our heteroskedasticity-robust unit root tests in Section
4 below. Assumption 2.1 is such that uniformly consistent estimation of w is possible, and such
that the derivative of our estimator is also well behaved. Nevertheless, the assumption of continuity
is not critical for our tests to be well behaved, as will be clear from the small sample simulations
reported in Section 5.

An implicit assumption on w is that it is nonstochastic. Cavaliere and Taylor (2007, 2008ab)
share this assumption, while Boswijk (2005) and Cavaliere and Taylor (2008c) allow w to be stochas-
tic. Allowing w to be stochastic in this paper would seem to be of rather limited benefit, as our
assumption that w is twice continuously differentiable rules out the majority of stochastic processes
used to model volatility in practice. Nevertheless, in the small sample simulations reported in Sec-
tion 5, we will see that the performance of the heteroskedasticity-robust tests introduced in this
paper seems comparable to the performance of existing heteroskedasticity-robust tests when w is
the exponential of a Brownian motion or Ornstein-Uhlenbeck process.

The sequence of innovations {e;} is assumed to satisfy the following condition.

Assumption 2.2 There exists p > 4 such that E |go|” < oo, and such that the a-mizing coefficients

of {e+} satisfy 372, ol < 50, The long-run variance \* = S0 E(eieryy) satisfies A2 > 0.

J Jj=—00

Assumption 2.2 allows for very general forms of serial dependence in €;, but rules out processes that
are strongly dependent or very fat tailed. Cavaliere and Taylor (2007, 2008abc) make comparable
assumptions in the framework of linear processes, while Boswijk (2005) assumes the innovations &;
to be independent of one another. Note that the mixing condition in Assumption 2.2 implies that

A2 < 0.

3 Unit Root Testing under Heteroskedasticity

In this section we survey the existing literature on unit root testing in the context of the

heteroskedastic model described in the previous section. We begin with the fundamental results of



Cavaliere (2004b) concerning the effect of heteroskedasticity on the behavior of standard unit root
tests. Next, we discuss a class of tests proposed by Cavaliere and Taylor (2008a), which achieve
standard unit root asymptotics by applying a nonparametrically estimated time-transformation to
the data prior to testing. Finally, we discuss several unit root tests that use simulated critical values
to adjust for the effect of heteroskedasticity - these are the tests of Boswijk (2005) and Cavaliere
and Taylor (2007, 2008bc). The relative merits of all these tests, and of the new tests we shall

propose in Section 4, will be studied in the small sample simulations in Section 5.

3.1 Standard Tests

The properties of unit root tests when applied to the model described in Section 2 were studied
in detail by Cavaliere (2004b). Suppose we impose the unit root hypothesis by setting ¢, = 1.
Cavaliere showed, under conditions somewhat more general than Assumptions 2.1 and 2.2 above,

that

[n]

() = in ;w (fl) e = ABu() (3.1)

as n — 0o, where

Bu(r) = /Orw(s)dB(s),

and B is a standard Brownian motion. The symbol “=" denotes weak convergence in the usual
sense. This is Lemma 1 of Cavaliere (2004b). Lemma 3 of Cavaliere is relevant to the more general

case where ¢, = exp(—c¢/n) with ¢ > 0; in this case, we have

820 = = S e (=)o (1) e = 2z (3.2)

as n — 0o, where

JS(r) = /07‘ exp(—c(r — s))w(s)dB(s) = /07“ exp(—c(r — 8))dB,(s).



(3.1) and (3.2) generalize the well-known results in Phillips (1987ab), which obtain when w is
constant.

Using (3.1) and (3.2), it is relatively straightforward to see how the asymptotic behavior of
standard unit root test statistics is affected when w is nonconstant. Suppose we set z; = 0, and
let Z,, denote the coefficient-based test statistic proposed by Phillips (1987a) to test the unit root
hypothesis in the absence of deterministic components. In this case, it can be shown under suitable

technical conditions that

5 (J5(1)2 = J5(0)2 — 1)
fol ij’(r)zdr
3 (Je()?—1)
i Je(r)2dr

(3.3)

as n — oo. This is part of Theorems 1 and 3 in Cavaliere (2004b). When ¢,, = 1, the limiting
distribution in (3.3) in general differs from the Dickey-Fuller distribution that obtains when w is
constant, and so the actual size of tests based on this statistic may differ from the nominal size if
the usual Dickey-Fuller critical values are used. Analogues to (3.3) can be demonstrated for various
other unit root tests; see Cavaliere (2004b) and Cavaliere and Taylor (2007). The general principle
is that the Ornstein-Uhlenbeck process J¢ appearing in the limiting distribution of standard test
statistics is replaced by the scaled process JS. When our model for y; includes deterministic
components, the limiting distribution of test statistics that allow for deterministic components is
typically obtained by replacing J¢ with the residual from a Hilbert projection of J¢ onto the space
spanned by those components. The projection may be orthogonal, as in Phillips and Perron (1988),
or non-orthogonal, as in Schmidt and Phillips (1992) or Elliott et al. (1996); see also the discussion
in Phillips and Xiao (1998), Theorem 2 in Cavaliere (2004b), and Theorem 1 in Cavaliere and
Taylor (2008b). As an example, the limiting distribution of a Phillips-Perron coefficient-based test
statistic using demeaned data is given by replacing J&(-) with JS(-) — fol JS(r)dr in (3.3).

Our discussion in this subsection has focused mostly on results due to Cavaliere (2004b). Earlier

work on this subject includes Hamori and Tokihisa (1997), Kim et al. (2002), and Cavaliere (2004a).



These authors considered the more restrictive case where w is constant except at a single point of
discontinuity. The results in Cavaliere (2004b) allow w to be a strictly positive cadlag process
exhibiting a finite number of points of discontinuity, and satisfying a uniform first-order Lipschitz
condition between the discontinuities. This condition is evidently more general than our Assumption
2.1. Other related work includes Boswijk (2001), who studied the behavior of unit root tests when

w is a near-integrated stochastic process.

3.2 Time-Transformed Tests

In view of the results described in the previous subsection, it would clearly be of interest to
develop new unit root tests whose null asymptotic behavior is unaffected when w is allowed to be
nonconstant. A class of tests with this property was proposed recently by Cavaliere and Taylor
(2008a). The tests operate by applying a nonparametrically estimated time-transformation to the
data, prior to the application of standard unit root tests. The motivation for this approach derives
from Lemma 2 in Cavaliere (2004b), which states that B, (-) is distributionally equivalent to B(n(-)),
where

Jy w(s)?ds
n(r) = T e
Jo w(s)?ds
Note that 7 is proportional to the quadratic variation of B,,.
The construction of the time-transformed test statistics proceeds in the following manner. Let

us assume for simplicity that z; = 0, so that there are no deterministic components in the model.

One begins by forming the following nonparametric estimate of n:

o) i e (A2)” = (07 = [pr]) (A1)
Z?:l (Axt,n)Q

)

where Az = x¢p — T4—1,n. Minor modifications to this estimator are possible; see Cavaliere
and Taylor (2008a) for details. Assuming that 7, is strictly increasing, it has a unique inverse,

which we denote by §,, and we let g denote the inverse of 17. One next forms the time-transformed

series zzm = T4, (t/m)n)mn> t = 0,...,n. Finally, a standard unit root test is applied directly to
xin Cavaliere and Taylor (2008a) consider the application of the so called “M unit root tests”



originally proposed by Perron and Ng (1996), Stock (1999) and Ng and Perron (2001), but it is clear
that a much broader range of tests could be applied in this fashion. In general, the null limiting
distribution of the test statistics will be same as one would expect when w is constant.

A heuristic explanation for the effectiveness of the time-transformation method runs as follows.
Define S} (:) := nil/zxgn_}’n. When ¢,, = 1, we have S} (-) = S,, (4.([n-]/n)). Now, S, (-) = AB.(-)
by (3.1), and it is shown by Cavaliere and Taylor (2008a) that, under suitable technical conditions,
Gn is uniformly consistent for g. Thus, S (-) = AB,(g(+)). Since B, () is distributionally equivalent
to B(n(-)), we now have S (-) = AB(n(g(-))) = AB(-), and so the time-transformed unit root process
:L'In satisfies a functional central limit theorem of the usual form.

It is possible to adapt the time-transformation method so that it can be applied when our model
contains deterministic components; refer to Cavaliere and Taylor (2008a) for details. When z; = a,
so that only a constant term is included, the time-transformation method continues to yield test
statistics with null limiting distributions that are invariant to w. Unfortunately, if z; includes a
time trend, the null limiting distributions are no longer pivotal and depend on w. This property is
shared by the new class of unit root tests we shall introduce in Section 4. Suitable critical values for
the new tests and for the time transformed tests when z; includes a time trend may still be achieved
by simulation conditional on g, (in the case of the time-transformed tests) or on a nonparametric

estimate of w (in the case of the tests proposed here).

3.3 Tests Using Simulated Critical Values

The motivation for the time-transformation method discussed in the previous subsection was
to construct test statistics that achieve standard unit root asymptotics under the null hypothesis,
even when w is nonconstant. An alternative approach is to construct critical values that may be
used validly with unit root test statistics whose null limiting distributions are not invariant to w.
This approach is used by Boswijk (2005) and by Cavaliere and Taylor (2007, 2008bc).

Cavaliere and Taylor (2007) propose to use the estimated time deformation 7, to simulate valid
critical values for standard unit root tests. In particular, they consider the M tests mentioned in

the previous subsection, but it is clear that their approach can be applied to a broader range of



test statistics. For instance, in view of (3.3), critical values for the Phillips (1987a) coefficient-based
test statistic in the absence of deterministic components can be extracted from the quantiles of the

random variable
3 (B(1)?-1)

2
Jo Bl (r)2dr’

which can be simulated conditional on 7,, = 1 by drawing realizations of B. In view of the uniform

consistency of 7, and the distributional equivalence of B, (-) and B(n(-)) (note also that 7, (1) = 1),

critical values obtained in this fashion lead to tests based on standard statistics that are of the
correct asymptotic size in the presence of nonconstant w.

Cavaliere and Taylor (2008bc) consider an alternative approach to simulation involving the wild

bootstrap. Again, their focus is on obtaining critical values for the M tests, but the approach is more

broadly applicable. In the case of the Phillips (1987a) coefficient-based test absent deterministic

components, one begins by forming a bootstrap sample of the form
t
x?,n = Zﬁt,nvil?
s=1

. A~ . . b
for t = 1,...,n, where 4;, are the residuals from a regression of z;, on x;_1,, and vy are an
independent sequence of standard normal random variables. The initial bootstrap observation z§ ,,
.

may be set equal to zero. One then computes the bootstrap test statistic Z2 according to

b E?:l x?—l,nx?,n
Zn == n ﬁ - 1 .
Dt (‘rt—l,n)

Note that there is no need to include a correction term for serial dependence in the bootstrap statis-
tic, as the increments in the bootstrap sample are uncorrelated by construction. Asymptotically
valid critical values for the test statistic Z,, may be extracted from the quantiles of Zf’l, computed
by drawing a suitably large number of bootstrap samples.

Boswijk (2005) proposes to test the unit root hypothesis using a new statistic based on the
principle of maximum likelihood estimation. When the innovations are assumed to be Gaussian,

the statistic is formed from a feasible generalized least squares (GLS) estimator of ¢,. In the



absence of deterministic components, and assuming independence of the innovations &;, Boswijk’s

estimator for ¢, is given by
n o~ t\—2
Zt:l Wn, (E) Tt—1,nTt,n

Z?:l W, (%)72 l'%fl,n

Here, @, (t/n) is a nonparametric estimate of w(t/n) constructed from a one-sided kernel-weighted

3=

2

s,n?

average of the squared increments Ax s=0,...,t — 1. Alternatively, estimation may be based
on the squared residuals from a least squares regression of ; ,, on z;_; . Drawing on results due to
Hansen (1995), Boswijk shows that, under suitable technical conditions, @,, is uniformly consistent,

and the feasible GLS estimator is adaptive in the sense that it achieves the same asymptotic

distribution as the true GLS estimator. That is, we have

(32 1) o BB
" [ ve(r)2dr

w

where

Ve(r) = /O exp(—c(r — 3))”(5) dB(s).

When ¢ = 0, so that ¢, = 1, the limiting distribution in (3.4) depends on w. Asymptotically valid
critical values for testing ¢, = 1 can be obtained by simulating the limiting distribution in (3.4)
conditional on &, = w and ¢ = 0.

Finally, we note that Kim et. al. (2002) also proposed a method of testing for a unit root in the
presence of heteroskedasticity, which involved simulating critical values conditional on an estimate
of w. Their approach required w to be constant aside from a single point of discontinuity. We
confine our discussion here to tests that are applicable when w is allowed to vary in a more flexible

manner.

4 A New Class of Heteroskedasticity-Robust Tests

In this section we propose a new approach to constructing unit root tests that are robust to the

presence of heteroskedasticity. Our approach is similar in spirit to the time-transformation tests of

10



Cavaliere and Taylor (2008a), in that we seek to transform the data in such a way that the null
limiting distributions of standard unit root test statistics are the same as would be obtained under
homoskedasticity. Rather than apply a time-transformation to the data, we will seek to rescale the

increments of x; ,, in such a way that they become approximately homoskedastic.

4.1 Construction of the Tests

We shall assume in this section that z; = «, so that our model potentially contains an intercept,
but no trend term. The extension to deterministic time trends will be considered in Subsection 4.3.

Let ug,p, := w(t/n)ey, and suppose we have a series of estimated residuals 1y ,, satisfying

SUP |figm — Up.n| = Op(n~1/?) (4.1)
1<t<n

when ¢, = exp(—c/n), ¢ > 0. Estimated residuals satisfying (4.1) are rather easy to obtain. One
convenient possibility is to set ¢, = ytn — Ye—1,n. Another is to let u;, be the residuals from a
regression of y; , on y;—1,, and a constant. Both choices can easily be shown to satisfy (4.1) using
(3.2).

We can obtain a nonparametric estimate of w by applying the Nadaraya-Watson estimator to

the squares of our estimated residuals ;. For r € [0,1], define

1/2

(e (),
O (r) = Z?‘:lk(t/%j’") . (4.2)

Here, £ : R — R is a kernel function and h,, is a suitably chosen bandwidth. We impose the

following condition on k.

Assumption 4.1 k is continuously differentiable and satisfies [k (x)dx > 0, [|zk (z)|drx < oo,

and [ |zk' (z)|dv < co. The Fourier transform of k, denoted v, satisfies [ |1 (z)|dz < oo.

Assumption 4.1 is satisfied by, for instance, the Gaussian kernel. Note that we do not require k

to be one-sided, as does Boswijk (2005). The bandwidth h, is assumed to satisfy the following

11



condition.

Assumption 4.2 h,, — 0 and nh: — oo as n — .

Assumption 4.2 is quite strong, and forces the bandwidth h,, to shrink at a rate slower than n='/4.

We use this condition to ensure that the derivative of @, is well behaved. Results pertaining to
the asymptotic behavior of the derivatives of nonparametric function estimates typically require
fairly stringent bandwidth conditions; see e.g. Andrews (1995). In practice, h,, could be chosen by
cross-validation, as in Wong (1983), or perhaps simply by visual inspection of &, for various choices
of h,,.

The estimated function @,, can be used to construct a modified version of y; ,, that has approx-

imately homoskedastic differences. Define

t
* Ysin — Ys—1,n
Yin = > Tt t=1,....n
o s=1 wn(é)

n

Yo = 0.

We propose to test for a unit root by applying a standard unit root test to the rescaled series y; ,,.
For instance, we could apply a Phillips-Perron coefficient-based test to y;,,. Our test statistic would

then be R
L(N2-a2)

TN 2
n2 Zt:l yt—l,n

ZF=n (&;; - 1) (4.3)

where ¢;, is the estimated slope coefficient in a least squares regression of y;, on y/ ,, and a

constant, €; ,, are the residuals from that regression, and

n
1
A2 § 22
On - E €t,n7
t=1
n—1 . n
N J 1 ~ ~
An = E I{,(m ) ﬁ E Et,n5t7|j\,n
j=—n+1 " t=[j|+1

Here, x : R — R is another kernel function, and m,, is another bandwidth parameter. We introduce

two further technical conditions.
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Assumption 4.3 « is symmetric and satisfies |k| <1 and £(0) = 1, and is continuous at zero and
almost everywhere else. Further, there exists a nonincreasing function | : R — R such that |k| < |l

and [7_ |zl(z)|dx < co.
Assumption 4.4 m,, — co and n"*m: — 0 as n — cc.

Under Assumption 2.2, Assumptions 4.3 and 4.4 imply Assumption K of Cavaliere (2004b), taken
from de Jong (2000), who uses the conditions to demonstrate the consistency of long run variance
estimators. Note that Assumption 2.2 allows us to set r = 4 in Cavaliere’s Assumption K. In
practical applications, the choices of x and m, could be guided by the discussion in Andrews

(1991).

4.2 Asymptotic Properties

In this subsection we discuss the asymptotic properties of unit root test statistics constructed
from the rescaled series y;,,. We will show that tests based on y;,, will in general achieve standard
null asymptotics; that is, the asymptotics that would obtain if the statistics were computed using a
directly observed, homoskedastic unit root process. Assumptions 2.1, 2.2, 4.1, 4.2, 4.3 and 4.4 are
maintained throughout.

Let us first consider the behavior of our nonparametric volatility estimator @,,. Our first pre-

liminary result states that @, is a uniformly consistent estimator of w.

Lemma 4.1 w, satisfies

sup |wn (1) —w (r)| = op (1)
ref0,1]

as n — oQ.

The proof of Lemma 4.1, and of all other results in this subsection and the sequel, may be found in
Appendix A. The proof of Lemma 4.1 uses mostly standard techniques, as in e.g. Pagan and Ullah
(1999). Continuity of w is critical to obtaining uniform consistency.

We next consider the asymptotic behavior of @], the derivative of &,. Things here are com-

plicated by the fact that @/ (r) is not consistent for w’(r) at the endpoints r = 0 and r = 1. (We

13



define w’(0) and w’(1) as the one-sided limits of w’(r) at » = 0 and r = 1 respectively.) Our next
result concerns the behavior of &/, over an subinterval that is trimmed away from the endpoints

r =0 and r = 1, but with the amount of trimming vanishing asymptotically.

Lemma 4.2 Let 7, be a sequence of small positive numbers satisfying 7, — 0 and h, ‘1, — oc.
Then &, satisfies

I @7, (1) = w' (r)] = 0p (1)
as n — oo.

In terms of the uniform behavior of &/, over [0, 1], the best we can do is the following.

Lemma 4.3 &, satisfies

as n — oQ.

With Lemmas 4.1-4.3 in hand, we are in a position to develop our asymptotic theory for statistics

based on y;,,. For ¢ > 0, define the stochastic process £ (r), r € [0, 1], by

& (r):=B(r) — c/ w(s)" " JS(s)ds. (4.4)
0
When ¢ = 0, we obviously have { = B, a standard Brownian motion. When w is constant, we
have the following somewhat less obvious result.
Theorem 4.1 When w is constant, £(r) = J°(r) := [ exp(—c(r — s))dB(s).

Theorem 4.1 states that, under homoskedasticity, our process £ reduces to the Ornstein-Uhlenbeck
process J¢. It is proved using the Fubini-Tonelli theorem and the well-known representation J¢(r) =
B(r) — ¢ [, exp(—c(r — s))B(s)ds, a consequence of Ito’s lemma.

Our main result is as follows.

Theorem 4.2 As n — oo, we have &% —, 1, Xt —, A, and n_l/QyE“nT],n = NS (7).

14



Theorem 4.2 establishes consistency of the estimators 6, and s », and provides a version of the

functional central limit theorem for y;,,. It is sufficient to establish the asymptotic behavior of a

variety of unit root test statistics when applied to y; ,,. For instance, it follows easily from Theorem

4.2 and the continuous mapping theorem that the rescaled Phillips-Perron test statistic Z; defined

n (4.3) satisfies

; (éc<1>2 ~ &0 1)
f é‘c 2d7"

Z; —d

: (4.5)

where éf} is the demeaned process given by

£ (r) i / € (s

Since & = B when ¢ = 0, (4.5) implies that Z* achieves the usual Dickey-Fuller asymptotics
when the null hypothesis of a unit root is true. Furthermore, Theorem 4.1 implies that, when w is
constant, the process £¢(r) in (4.5) may be replaced with J¢(r) := J¢(r fo J¢(s)ds, a demeaned
Ornstein-Uhlenbeck process. This yields an important property of Z: no local power is lost by
applying the Phillips-Perron test to y;,, instead of to y;,, when w is in fact constant.

When w is not constant, and ¢ > 0, the limiting distribution of Z; will in general be different
to that of the unmodified Phillips-Perron test statistic. The relative local powers of the two tests
will depend on the form of w. Some small sample evidence on local power under various choices of
w will be reported in the following section.

The proof of Theorem 4.2 draws on Lemmas 4.1-4.3, which require strict smoothness conditions
on w to be true. In fact, under some additional technical conditions, it is possible to show that
Theorem 4.2 continues to hold when w and w’ are subject to a finite number of discontinuities. The
trick here is to modify Lemmas 4.1 and 4.2 so that the supremum over r is taken over a smaller set
A, C [0,1] that is “trimmed” away from the discontinuities in w and w’. By allowing the trimming
to vanish at a suitable rate, one can show that Theorem 4.2 continues to hold. A proof along these
lines is substantially more complicated than the proof under our more strict smoothness conditions,

in rather uninteresting ways, so we do not pursue it here. The small sample simulations reported in
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the following section provide ample evidence that the testing procedure proposed here is effective

when w is discontinuous.

4.3 Extension to Deterministic Time Trends

In this subsection we discuss the construction of unit root test statistics based on rescaled data
when 2z = o + ft, so that our model for ¥, includes both a constant term and a linear time
trend. Insofar as the estimation of w and w’ is concerned, the presence of a trend raises no new
challenges. Estimated residuals 4 , satisfying (4.1) are easy to obtain; one simple approach is to
set U pn = Yen — Yt—1,n — n_l(yn,n — Yo,n)- Wn can then be constructed using ., as before, and

Lemmas 4.1-4.3 follow in the same way. The rescaled data y;,, are constructed according to

t _ _ 1 _
y;n _ Z Ys,n ys—1,71 7;(yn,n yO,n)7 + = 1’ on
s=1 wn (E)
Yon = 0

The following result provides an analogue to Theorem 4.2 for the case of trending data.
Theorem 4.3 Asn — 0o, 6% —, 1, \t —, A, and n_l/QyE*m] L= A (r) = AJS(L) [y w(s) " ds.

Unfortunately, Theorem 4.3 makes it clear that we cannot expect unit root test statistics computed
using y; ,, to achieve standard Dickey-Fuller null asymptotics when we include a trend term in our

model. Specifically, when ¢ = 0, we have

1 T
—Yrrn = AB(1r) — AB,(1 / w(s)"tds,
b = AB() = AB() [l

so that the partial sums of y;,, do not behave like those of a homoskedastic unit root process in
general. In this respect, our testing procedure is similar to the time-transformation procedure of
Cavaliere and Taylor (2008a), which yields null asymptotics that are invariant to w when the model
includes only a constant, but dependent upon w when the model includes a trend. In principle, we

could still construct valid tests for a unit root using y; ,, by simulating critical values conditional on
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our estimated volatility function w,, but the motivation for our procedure seems somewhat weak

in this case.

5 Small Sample Simulations

In this section, we report the results of a Monte-Carlo simulation used to evaluate the finite
sample properties of our proposed testing procedure, and of the procedures discussed in Section 3.
All computations were carried out using Oz version 5.00, using 10,000 experimental replications. We
make a number of special assumptions: (a) the sample size n is set equal to 100; (b) the innovations
e; are taken to be i.i.d. standard normal random variables; (c) there are no deterministic terms in
the data generating process; (d) all test statistics are based directly on an estimator of ¢,,, applied
to demeaned data, with no correction for serial dependence; (e) all simulated critical values are
based on 1000 replications; (f) size calculations are based on a nominal size of 5%, and power
calculations correspond to ¢, =1 —7/n = 0.93.

The tests employed in the study are as follows.

DF: The Dickey-Fuller statistic estimated from the demeaned raw data y; ,, compared to standard

critical values.

TT: The Dickey-Fuller statistic estimated from the demeaned time-transformed data y;r’n, com-

pared to standard critical values.

RS: The Dickey-Fuller statistic estimated from the demeaned rescaled data y;,,, compared to

standard critical values.

CT: The Dickey-Fuller statistic estimated from the demeaned raw data y; ,, compared to critical

values simulated conditional on the estimated time-transformation 7,,.

BS: The Dickey-Fuller statistic estimated from the demeaned raw data y;,, compared to wild

bootstrap critical values.
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ML: The Boswijk statistic n(és — 1) estimated from the demeaned raw data y; ,, compared to

critical values simulated conditional on the estimated volatility process w,.

We make one important change to the Boswijk (2005) test, compared to our discussion above.
The nonparametric estimator of w used to implement Boswijk’s test is the same as that used to
implement the test proposed here - that is, @, defined above in (4.2). In Boswijk (2005), the
suggested estimator is based on a one sided kernel, whereas w,, is in general based on a two-sided
kernel. We do this to facilitate comparison between the two tests RS and ML, and to avoid giving
the Boswijk test an unfair disadvantage in the form of a less accurate estimate of w. We use a
Gaussian kernel to estimate w, and set the bandwidth h, equal to 0.25n~Y/%. In (4.2), we set
Ugn = Yt,n — Ye—1,n-

We consider twenty different choices of w in our simulations. The first nineteen of these are
taken from the simulation reported in Cavaliere and Taylor (2007), while the last is taken from
Boswijk (2005). Table 1 displays the various choices of w. (All tables are collected in Appendix
B.) Model 1 is homoskedastic; models 2-5 feature a single variance break; models 6-9 feature two
variance breaks; models 10-11 feature a trend in variance; models 12-17 are exponential Brownian
motions or Ornstein-Uhlenbeck processes; and models 18-19 are GARCH(1,1) models. Finally,
Model 20 is an exponential Ornstein-Uhlenbeck process considered by Boswijk (2005), denoted o3
in his study. This process is of particular interest, as Boswijk argues that the RS test proposed
here has extremely low power when volatility is of this form. Note that, out of all twenty models,
only the homoskedastic model and the two models of trending variance satisfy Assumption 2.1.

Size calculations under a nominal size of 5% are reported in Table 2. There are a few things to
observe here. First, the rejection rates of the DF test are at times well in excess of the nominal 5%
level, exceeding 10% in models 4, 8, 12, 16 and 20, and exceeding 20% in model 15. This finding
is in line with numerous earlier studies in the literature. The TT and CT tests, particularly the
former, tend to be somewhat undersized. Neither test ever achieves a rejection rate in excess of
5%. Rejection rates of the RS, BS and ML tests tend to be quite close to the 5% mark, with
moderate overrejection by the RS and BS tests in model 15.

Size-adjusted power calculations are reported in Table 3. Since the DF, CT and BS tests
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are all based on the same test statistic, the three columns are identical. The T'T test fares rather
poorly here, achieving the lowest size-adjusted power in 14 of the 20 models. Its performance is
particularly bad in models 2, 3, 6, 7 and 11. The size-adjusted powers of the RS test and the
DF/CT/BS tests tend to be roughly equal. The ML test tends to perform marginally better
than the other tests in general, achieving the highest size-adjusted power in 15 of the 20 models.

Raw power calculations are reported in Table 4. The main purpose of including these figures is
to illustrate the loss in raw power associated with the under-sizing exhibited by the TT and CT
tests. The T'T test achieves the lowest raw power in all 20 models, and the CT test achieves the
second-lowest raw power in 19 of the 20 models. The raw powers of the BS and ML tests are
broadly similar, with the RS test marginally behind.

Some broad conclusions to be drawn from these results are as follows: (a) the DF test should
be avoided in situations of potentially unstable volatility, due to its tendency to overreject when the
null is true; (b) the T'T test does relatively poorly compared to the other tests in terms of finite
sample power; (¢) the CT test performs similarly to the RS and BS tests in terms of size-adjusted
power, but pays a price in raw power due to its finite sample undersizing; (d) the performance of
the RS and BS tests is quite similar in general; (¢) the ML test tends to exhibit a mild advantage
in terms of size-adjusted power over the RS and BS tests, and its finite sample size tends to be
very close to the nominal 5% level.

It is perhaps worth noting that the ML test is based on an estimated coefficient that is designed
to approximate the Gaussian maximum likelihood estimator for ¢,,. Thus, the good performance
of the ML test may in part be due to our decision to generate £; as an i.i.d. Gaussian process.
Further simulation studies should consider the relative performance of the various tests when ¢&; is
not Gaussian.

Although only 3 of the 20 volatility models satisfy Assumption 2.1, the results in Tables 2-4
indicate that the rescaled unit root test we have proposed in this paper tends to perform well under
much broader conditions. In particular, discontinuities in w do not seem to present a problem.
Perhaps most surprising is the fact that our test achieves the second-highest size-adjusted power

in model 20, following the ML test. Boswijk (2005) presents simulation evidence indicating that,
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if w were known and used in place of @, to construct our rescaled test statistic, then the local
power of our test under model 20 stays approximately constant at 5% as ¢ increases. Yet in the
simulation reported here, our test achieves power in excess of 20% with only 100 observations.
A possible explanation for this apparent contradiction is that our test is not adaptive when w is
nondifferentiable. It would seem that this failure of adaptivity actually leads to an increase in power

in certain circumstances.

6 Conclusion

In this paper we have proposed an approach to unit root testing that works effectively in the
presence of unstable volatility. Finite sample simulations indicate that our test performs quite well
relative to existing tests of this sort. Moreover, when working with a model without a deterministic
trend, our tests are convenient in that they require the usual critical values that apply under

homoskedasticity.

A Mathematical Appendix

Proof of Lemma 4.1 Begin by writing

where

t—nr
nhy,
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It suffices for us to verify the following three statements:

1
ET?[B{D” v () — Evyp, (r)] = O <\/ﬁhn) (A1)
zl[tpl] Ev, (r) —w (r)2‘ = O(hn) (A.2)

1
sup |n,(r)] = O () A3
s 0 = 0, (- (A3)

(A.1) can be demonstrated using Fourier methods, as in the proof of uniform consistency of
Nadaraya-Watson estimators under mixing conditions (see e.g. Pagan and Ullah, 1999, pp. 36-
39, 44-47). (A.2) can be proved using simple arguments relating to the approximation of integrals

by discrete sums, and a mean value expansion. To see that (A.3) holds, observe that

e S (522) (e + ) (i — )

1 n t—nr
nhy, Zt:l k ( nhy )

N (1) = — (A.4)

We need only show that the numerator in (A.4) is uniformly O, (ﬁ) Boundedness of k and

(4.1) yield
1 &, [t—nr 1 1<
k 7 n n 7 n n o Y | 7 n n
2 e o () ) G| = 0 ()53 i+ v

1 1< 1
= oG ) ko (o)

A law of large numbers for mixing sequences ensures that = "' | [e;| = O,(1). It follows that the

numerator in (A.1) is uniformly O, (ﬁ) [

Proof of Lemma 4.2 Observe that

() - () = Bl ety

2w, 2w

w (1) (o (1) = (1)) = e (1) @n (1) = w (1)
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In view of Lemma 4.1, it suffices for us to show that sup, ¢

Tn,1—Tn]

This will be true under the following three conditions:

1
E sup |v, (r) — Ev,, (r = O( > A5
s 1 ()~ v 1) e (A5)
d
swp BV, ()~ Sw@?| = o) (4.6)
re[r,1—7] r

1
sup |n, (r)] = O (> A7
A (A7)

(A.5) and (A.7) can be proved using minor variations on the arguments used to prove (A.1) and

(A.3) respectively. It remains to prove (A.6). Begin by writing

Evy, (r) ﬁ S K (tq:hm) - nh2 Dt ( nh T) w (%)2

Va(r) =
" sk (5)

Using (A.2) and simple arguments relating to the approximation of integrals by discrete sums, it

can be shown that the first term in the numerator of (A.8) satisfies

1 1—7r —r
cor i (v (50 -+ ()
r€[TH,1—75] n j—1 > hn hn hn

= 0 sup k(l—r)‘+ sup k(_r>’ +o(1). (A.9)
r€(Th,1—74] hn r€[Tn,1—7n] hn

Integration by parts and the mean value theorem can be used to show that the second term in the

sup

Ev, (r h2 <

numerator of (A.8) satisfies

izt ()« (1) - (G )Zik(“’")
e () =+ (7)) = e
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Combining (A.8), (A.9) and (A.10), and applying the mean value theorem, we obtain

EvV, (r) — %w (r)?

I hn,

() el ()
hn rE€[Trn,1—=7n] hn

1—r (1-7r
k +0 sup

hn ( hn ) ’) (TE[Tn,l—Tn]

E(H ‘ +o( sup

hn, TE€[Tn,1—7x]

Since zk(z) — 0 as || — oo, this proves (A.6). W

sup
re [Tn yl_Tn]

= 0 sup
r€[TH,1—75]

+0 ( sup

r€[tn,1—7n]

= O sup
r€[Tn,1—7y)

+0 ( sup

r€[Tn,1—7n]

Proof of Lemma 4.3 In view of (A.5) and (A.7), we need only show that

sup,.co1] |Evy, (1) — 4y (r)2’ = O(1). This may be proved in the same way as (A.6), except

hn

we observe that sup,¢jo 1) 7k (L> = O(1) and sup,¢o,1) k (th) =0(1). 1
Proof of Theorem 4.1 It suffices for us to show that
e /0 " Je(s)ds = J°(r) — B(r).
Begin by using the representation J¢(r) = B(r) — ¢ [; exp(—c(r — s))B(s)ds to write

—c /O J(s)ds = c/or B(s)ds + ¢ /0 (/0 exp(—c(s — u))B(u)du) ds.

Applying the Fubini-Tonelli theorem, we have

—c/or Je(s)ds —c/OTB(s)ds—&—cQ /0 </ exp(—c(s—u))ds) B(uw)du

= —c/ exp(—c(r — u))B(u)du.
0
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Another application of J¢(r) = B(r) — cfor exp(—c(r — s))B(s)ds completes the proof. B

Proof of Theorem 4.2 We first prove n~/2y* Yirn = AEE(r). Using summation by parts, it

can be shown that
[nr] L
1/29[m~] = \f Z <n) (l"t,n - It—l,n)

[nr]

+ (eXp (—%) - 1) an ( ) (n_1/2xt_17n> . (A.11)

Using (3.2), Lemma 4.1, the continuous mapping theorem, and the approximation exp( ) =

1—3—1—0(#), we have

(exp (72) - 1) %d}n <;)1 (nfl/zxt_l_,n) = —cA /OTw (s)” " JS(s)ds.

t=1

Lemma 4.1 and an FCLT for mixing sequences imply that

()
_— Zst = AB (r
- ()

It remains to show that the second term on the right-hand side of (A.11) is uniformly o,(1). Using

the mean value theorem, we have

S w(h) _w(t-w)(l“ )
2 12 <w CERCIAVEE

s () wish) |15
S o i R =yl v P

IA

By (1) Cn (1,1n) + Bp (0) Cn (1, [n70] + 1) + By (0) Co ([n (1 = 70)] + 1), (A12)
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where

W' (r)on (r) = @y, (r)w (r)

o (1)

Y

B, (a) = [sulp ]
rela,l—a

1 t—1
VIR
\/ﬁ s=1

b

$

—

e

>

=
|

1b
2>

and where 7, is chosen as in the statement of Lemma 4.2. An FCLT for mixing sequences and the

continuous mapping theorem imply that

Cn(Lin) = 0,(1)
Cn (I,[nm]+1) = o0,(1)
Ch(In(l=m)]+1n) = o,(1).

From Lemma 4.1, Lemma 4.2 and Lemma 4.3, we have

B, (0) = Op (1)

op (1).

o
3
3

I

It follows from (A.12) that

] = t—1
o() w02 ) (LS )|,
rzl[g,)u ; ((Ijn (L) @, (t—n1)> (@Z S) =0p(1).

This proves n_1/2y[*nr] . = XS (r). 65 —p 1 can be proved easily using (3.2), Lemma 4.1 above,

and a LLN for mixing sequences. 5\;; —, A can be proved in a relatively straightforward fashion by

using Lemma 4.1 and the fact that n*1/2y[*m]’n = NS (r) to show that

n—1 . n
Ca J 1
)\n2 = E K (m) - g EtnE—|j|n | +0p(1),

t=|j]+1
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and then appealing to Theorem 2 of de Jong (2000). W

Proof of Theorem 4.3 In view of Theorem 4.2, it suffices for us to show that

nr] q r
1 ’y n - n) .
— Z w W, - Yon) = 8 = A1) [ w(s) tds.
n Wn (L) © 0
t=1 n
It is easy to see that
1 [nr] 1 ( [nr] 1
B n Yn,n yO,n) - p _ L Z n (xn,n xO,n)
nia W (%) \/ﬁ t=1 W (L)

(Leron(B)) 5 (8

Our desired result now follows from (3.2), the continuous mapping theorem, and Lemma 4.1. W
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B Tables

Table 1: Models of heteroskedasticity considered in Tables 2-4

Model | Volatility Function

=1{r<02}+3{r>02}
=1{r <08} +3{r>0.8}
=1{r <02} + 3 {r>0.2}
=1{r <08} + 1 {r >0.8}
=1{r <01} +3(0.1<r<09)+1{r>0.9}

© ®w N o
&

11 w
12 w
13 w
14 w
15 w
16 w
17 w
18 w
19 w

20 w
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Table 2: Size

Model | DF TT RS CT BS ML
1 44 35 43 40 50 47
2 36 33 39 35 51 45
3 86 25 45 35 57 52
4 146 24 46 42 6.7 5.2
) 53 3.0 45 39 52 4.7
6 36 33 35 38 51 40
7 71 26 48 34 56 52
8 156 27 56 38 63 6.3
9 5.7 33 48 38 53 o1
10 6.7 31 44 39 55 48
11 44 33 41 36 51 47
12 138 27 53 33 68 5.7
13 6.0 26 45 3.7 54 5.0
14 5.0 32 42 37 54 47
15 256 15 93 20 88 52
16 101 20 58 25 64 5.1
17 71 21 46 28 6.0 49
18 46 33 43 39 51 49
19 51 33 44 39 51 51
20 101 20 48 25 58 48
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Table 2: Size-adjusted power

Model | DF TT RS CT BS ML
1 28.8 273 28.7 288 288 294
2 343 213 346 343 343 354
3 24.8 140 269 248 248 26.5
4 149 169 164 149 149 185
5 272 251 276 272 272 289
6 34.0 25.0 36.1 34.0 340 379
7 269 15.7 284 269 269 316
8 154 181 153 154 154 17.0
9 254 242 236 254 254 259
10 235 242 242 235 235 249
11 30.6 20.7 326 30.6 306 31.6
12 124 15.0 19.6 124 124 1938
13 25.8 227 274 258 258 276
14 283 25.0 29.2 283 283 29.7
15 59 133 100 59 59 158
16 209 19.7 20.1 209 209 25.6
17 25.1 234 258 25.1 251 278
18 28.6 270 28.8 286 28.6 285
19 272 251 283 272 272 28.0
20 19.7 173 22.6 19.7 19.7 26.0
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Table 3: Raw power

Model | DF TT RS CT BS ML

1 265 209 256 247 29.0 28.2
2 269 154 285 265 339 331
359 87 251 191 26.7 27.6
350 94 151 142 174 188
284 170 254 231 275 283
272 173 275 282 354 324
350 89 276 21.0 292 32.7
35.0 105 16.8 129 164 204

© o0 N O ot s W

28.2 174 227 21.1 26.0 26.5
10 29.1 16.2 21.3 205 23.1 246
11 279 148 276 243 31.5 299
12 346 85 21.0 154 231 232
13 30.0 14.8 249 21.6 27.7 283
14 283 176 253 233 28.0 28.7
15 412 47 1v9 73 200 16.2
16 36.0 89 225 145 259 26.7
17 327 122 246 179 276 28.2
18 27.1 193 258 244 28.6 284
19 276 181 25.7 241 281 284
20 351 7.8 214 144 26.1 248
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