
Abstract The hydrodynamic properties of macromole-
cules and bioparticles, represented by bead models, can
be calculated using methods implemented in the com-
puter routine HYDRO. Recently, a new computer rou-
tine, SOLPRO, has been presented for the calculation of
various SOLution PROperties. These include (1) time-
dependent electro-optic and spectroscopic properties re-
lated to rotational diffusion, (2) non-dynamic properties
like scattering curves, and (3) dimensionless quantities
that combine two or more solution properties in a form
which depends on the shape of the macromolecule but
not on its size. In the present work we describe the in-
clusion of more of those types of properties in a new ver-
sion of SOLPRO. Particularly, we describe the calcula-
tion of relaxation rates in nuclear magnetic resonance
(NMR). For dipolar coupling, given the direction of the
dipole the program calculates values of the spectral den-
sity, from which the NMR relaxation times can be ob-
tained. We also consider scattering-related properties,
namely the distribution of distances for the bead model,
which is directly related to the angular dependence of
scattered intensity, and the particle’s longest distance.
We have devised and programmed a procedure to calcu-
late the covolume of the bead model, related to the sec-
ond virial coefficient and, in general, to the concentra-
tion dependence of solution properties. Various shape-
dependent dimensionless quantities involving the covo-
lume are calculated. In this paper we also discuss some
aspects, namely bead overlapping and hydration, that are
not explicitely included in SOLPRO, but should be con-
sidered by the user.
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Introduction

The hydrodynamic properties of rigid macromolecules and
bioparticles can be conveniently calculated by represent-
ing the molecule as bead models (Bloomfield et al. 1967;
García de la Torre and Bloomfield 1977) whose hydrody-
namics is described by theoretical and computational pro-
cedures (García de la Torre and Bloomfield 1981; García
de la Torre 1989) which are now implemented in the 
public-domain HYDRO computer program (García de la
Torre et al. 1994). Recently, the present authors have de-
veloped further this methodology, presenting another pub-
lic-domain program, SOLPRO, for calculating additional
SOLution PROperties (García de la Torre et al. 1997). In
a typical calculation, HYDRO is called first to obtain the
basic hydrodynamic properties, namely the translational
diffusion coefficient, sedimentation coefficient, intrinsic
viscosity, rotational coefficients, and relaxation times.
Next, the subroutine SOLPRO can be called to calculate
more advanced dynamic properties, particularly time-de-
pendent birefringence and fluorescence anisotropy, or non-
dynamic properties such as angular dependence of radia-
tion scattering. Another utility of SOLPRO is the calcula-
tion of quantities that combine hydrodynamic and non-hy-
drodynamic solution properties in dimensionless forms
which have the important feature of depending on the shape
of the macromolecule, but not on its size (Harding 1995).

In the present work, we report the inclusion in SOLPRO
of new solution properties which extend the applicability
of bead modeling using HYDRO+SOLPRO. In experi-
mental work, solution properties are obtained for various
solute concentrations, and the values extrapolated to infi-
nite dilution are the primary results to be used in structu-
ral analysis. However, the concentration dependence (usu-
ally, the slope in a property versus concentration plot) also
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contains information on the size and shape of the macro-
molecular solute. The concentration dependences can be
expressed in terms of the quantity called molecular covo-
lume (Ogston and Winzor 1975; Harding and Johnson
1985a), which has been now included in SOLPRO.

It is known that rotational quantities (rotational diffu-
sion coefficients and relaxation times) are among the prop-
erties most sensitive to the detailed size and shape of the
macromolecule. These quantities are experimentally ob-
tained in a somehow indirect, rather involved manner from
instrumental techniques that monitor the rotational dynam-
ics. In the previous version of SOLPRO we extended the
HYDRO calculation of rotational diffusion and relaxation
times to predict the results of two such techniques: tran-
sient electric birefringence and fluorescence anisotropy
decay. Another technique which is gaining popularity re-
cently is NMR relaxation spectroscopy, which is being
used to gain insight into the detailed shape and backbone
dynamics of proteins (see, for instance, Clore et al. 1990,
Barbato et al. 1992, Tjandra et al. 1995) and nucleic acids
(see, for instance, Birchall and Lane 1990; Eimer et al.
1990; Nuutero et al. 1994). In the new SOLPRO subrou-
tine we have programmed the calculation of the correla-
tion and spectral density functions from which the NMR
quantities, such relaxation rates and nuclear Overhauser
effect (NOE) enhancement, can be predicted.

As commented above, in the former version of SOL-
PRO we included the calculation of a non-hydrodynamic
property, the angular dependence of radiation scattered by
the macromolecule in solution, i.e., the form or structure
factor. For the same bead models used for hydrodynamics
a Debye-formula calculation of the form factor, including
the influence of the elements (beads) was presented. In the
field of X-ray scattering there exists a common practice of
transforming the experimental angular dependence into a
distribution of distances between points in the particle, ex-
pressing as a final result the distance distribution function
(Glatter and Kratky 1982). In the new SOLPRO we have
implemented analytical formulas that give the distribution
of distances between points in an array of spheres and some
characteristic particle distances and lengths.

Dynamic NMR

For dipolar chemical shift anisotropy and quadrupolar re-
laxation mechanisms, relaxation rate constants are linear
combinations of values of the spectral density function,
J(ω), particularized by some specific characteristic values
of the frequency ω.

A simple but frequent example is the dipolar interac-
tion between a proton (1H) and a different nucleus X 
(such as X = 13C or 15N) (Palmer et al. 1996). The NMR
relaxation times, T1 and T2, respectively, and the NOE en-
hancement are calculated from J (ω) (Abragam 1961) as
linear combinations of the values J (ωH –ωX), J (ωH),
J (ωX), J (ωH+ωX), and J (0), where ωX is the Larmor fre-
quency of the X nucleus (Evans 1995). For the full expres-

sions of T1, T2, and NOE, see, for instance, Clore et al.
(1990). The spectral density function is related to the ro-
tational dynamics of the macromolecule by means of the
fundamental relationship

(1)

m is a vector defining the orientation of the axis of the re-
laxation interaction, i.e., a vector along the X-H vector in
the case of dipolar interaction given here as an example.
m (0) and m (t) are the orientations of the X-H vector at
some initial time (0) and after some time (t) has elapsed.
The scalar product m (0) · m (t) = cos θ (t) where θ (t) is
the angle subtended by those two orientations, and P2 (c)
≡ (3 c2–1)/2 is the second-Legendre polynomial of c =
cos (θ (t)).

Thus, the problem of calculating NMR relaxation quan-
tities reduces to the determination of the correlation func-
tion

P2 (t) = 〈P2 (m (0) · m (t))〉 (2)

where m is a specific unitary vector within the particle.
When the particle is a rigid body (in the absence of any

internal motion), as is assumed in the context of HYDRO/
SOLPRO, the evaluation of the correlation function im-
plicit in Eq. (2), for a vector m attached to a rigid particle
of arbitrary shape, is a general problem that appears in a
variety of situations. This problem was solved in the fun-
damental work of Favro (1960), and applied to NMR re-
laxation by various workers (Woessner 1962; Huntress
1968). If µk (k = 1, 2, 3 or x, y, z) are the components of
vector m in a Cartesian system of coordinates whose axes
along the directions of the rotational diffusion tensor, Dr,
then the correlation function is a sum of up to five expo-
nentials:

(3)

The five rotational relaxation times are the same as for
other rotational properties (Favro 1960; García de la Torre
and Bloomfield 1981; García de la Torre et al. 1997):

τ1 = (6D – 2∆)–1 (4)

τ2 = (3 (D + D1))–1 (5)

τ3 = (3 (D + D2))–1 (6)

τ4 = (3 (D + D3))–1 (7)

τ5 = (6D + 2∆)–1 (8)

where D1, D2, D3 are the eigenvalues of Dr in an ascend-
ing order, and

D = (1/3) Tr Dr (9)

∆ = (D2
1 + D2

2 + D2
3 – D1D2 – D1D3 – D2D3)1/2 (10)

Tr indicates the trace of a matrix, i.e., the sum of its diag-
onal components.
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The amplitudes, al, in Eq. (3) are given by

(11)

(12)

(13)

(14)

(15)

where

(16)

and

(17)

where m and n are the two other indices different from k.
We use the notations F′ and G′ in Eqs. (11)–(17) to distin-
guish them from the related quantities F and G used in the
calculation of fluorescence anisotropy decay.

The correlation function P2 (t) decays to zero from
P2 (0) = 1 for t = 0. Thus, the five coefficients obey the
condition

(18)

Mean and initial relaxation times, τmean and τini, can be de-
fined and calculated as described elsewhere (García de la
Torre et al. 1997). In particular, the mean relaxation time
is called the correlation time, τc (see below), in NMR lit-
erature:

(19)

Now, going back to the NMR spectral density function, it
turns out that, if P2 (t) is a sum of exponentials, then for
each component we have

(20)

so that, finally:

(21)

Note that, as a consequence of the normalization of P2 (t),
it turns out from Eq. (18) that the zero frequency value of
the spectral density function is

J (0) = τmean (22)

The new version of SOLPRO calculates values of the
J (ω) function. It accepts input data for the components
of the unitary vector (µx, µy, µz) in the user’s chosen par-
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ticle-fixed system of coordinates. Internally, the m vec-
tor is transformed to the main axes of the rotational dif-
fusion. Previously the rotational relaxation times τl and
the amplitudes al are obtained, which allows the calcula-
tion of τc, as well as τini and τmean. It is also possible to
calculate, optionally, a table of P2 (t) for a user-given
range of times. Finally, J (ω) is evaluated for a set of ω
values (combination of Larmor frequencies) specified by
the user.

In order to avoid the complexity of the hydrodynam-
ics of asymmetric particles (mostly, when software
pieces like HYDRO and SOLPRO were not available),
it has been a common practice in NMR relaxation to rep-
resent the particle by simplified models. For the sake of
completeness we mention them in the present descrip-
tion. One of them is the axially symmetric rotor, with
only two distinct rotational coefficients, Dr

⊥ and Dr
,. For

this case, only three components enter in P2 (t) and in
J (ω):

(23)

(24)

where τ′1 = (6 Dr
⊥ )–1, τ′2 = (Dr

, + 5 Dr
⊥ )–1, τ′3 = (4 Dr

, + 2 Dr
⊥ )–1

and a′1=(3 cos2 α–1)/2, a′2=3 sin2 α cos2 α, a′3= (3 sin4 α)/4
(Woessner 1962; Huntress 1968; Barbato et al. 1992). Of
course, Eqs. (23) and (24) are exactly valid for axially sym-
metric particles such as revolution ellipsoids and rods. In-
deed, SOLPRO does not treat specially this case since the
general equations are applicable without any problem. One
just notices that two pairs of relaxation times coincide; for
example (although necessarily in this order), we may ob-
tain τ2 = τ3 = τ′2 and τ4 = τ5 = τ′3, with a′2 = a′2 + a′3 and a′3
= a′4 + a′5. Finally, a most common assumption in the 
interpretation of NMR relaxation has been to treat the par-
ticle as an isotropic rotor, either because the particle was
in fact approximately spherical, or just as a simplifying as-
sumption. For a spherical particle, P2 (t) is a single expo-
nential:

P2 (t) = exp (– t/τc) (25)

where τc is the (single) rotational correlation relaxation
time, and

J (ω) = τc/(1 + τc
2 ω2) (26)

If Eq. (25) is considered just as an approximation, then it
follows from Eq. (19) that τc = τmean, accepting the fitting
criterion that the area under P2 (t) must be the same. Thus,
the mean relaxation time reported by SOLPRO can be used
to analyze experimental results elaborated in the isotropic-
rotor hypothesis and presented as τc.

As described in our previous paper (García de la Torre
et al. 1997), the first version of SOLPRO included the cal-
culation of compound, dimensionless quantities that com-
bine two or more solution properties in a form that depends
on the shape but not on the size of particles. Some of these
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quantities, or shape functions, that combine a rotational re-
laxation time with other properties, are:

(27)

(28)

(29)

where η0 and ρ0 are the viscosity and density of the sol-
vent, respectively, Mr is the molecular weight of the solute,
ῡ is the specific partial volume of the solute, [η] is the in-
trinsic viscosity of the solution, s is the sedimentation co-
efficient, and NA the Avogadro number. In Eqs. (27)–(29),
τk can be any of the five main rotational relaxation times
(k = 1,…,5). These are independent of the technique (bi-
refringence, fluorescence polarization anisotropy, or NMR
relaxation) used to monitor rotational diffusion. Also, τk in
Eqs. (27)–(29) represents the mean, or the initial, or har-
monic mean relaxation times. These are dependent on the
technique, and therefore the NMR values, calculated in the
new version of SOLPRO, will differ from those from other
techniques.

Scattering properties

The angular variation of the intensity of radiation scattered
by macromolecules in solution depends sensitively on the
size and shape of the particle. As is well known, the radius
of gyration of the macromolecule, Rg, which is a useful
measure of macromolecular size, can be extracted from the
low-angle (Zimm or Guinier) region of the scattering dia-
gram. The full angular dependence over a wide angular re-
gion is expressed in terms of the so-called form factor P(h),
with h = (4π/λ) sin (θ/2) where θ is the scattering angle and
λ is the wavelength of the incident radiation in the solu-
tion. The P(h) function depends remarkably on the shape
of the particle.

For a bead model, composed of spherical elements, Rg
and P(h) are calculated by HYDRO and SOLPRO, respec-
tively. By the way, we note that the first version of 
SOLPRO contained a programming error that was kindly
reported by Dr. J. Gapinski (University of Poznan, Poland).
The example of the P (h) calculation in Fig. 5a, b of García
de la Torre et al. (1997) was affected by that error, which
has been corrected in the newer version of SOLPRO.

Now, we have included in SOLPRO the calculation of
other scattering-related properties, namely the distance
distribution and the longest chord, for models composed
of spherical beads. Typical results for the scattering-related
properties for the IgG3 bead model that we are using as 
example are shown in Figs. 4 and 5 (see later). The distri-
bution of distances in Fig. 4 is obtained according to the
procedure described below, and the scattering curves in
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Fig. 5a, b are calculated as described in our previous paper
(García de la Torre et al. 1997). We are not aware of ex-
perimental data for this protein which could be used to test
the results in Figs. 4 and 5, which are merely intended to
illustrate a typical outcome from SOLPRO (and, by the
way, to correct the above-mentioned error which affected
two figures in our previous paper). Particularly, results for
wide-angle scattering beyond the first or second minimum
may be meaningless when h exceeds largely the recipro-
cal of the spatial resolution length of the bead model.

Distribution of distances

The angular dependence of the intensity of scattered radi-
ation depends on the shape of the particles, which deter-
mines how the mass of the particle is spatially distributed.
The scattering phenomenon is due to the interferences of
the rays emitted by every pair of points within the parti-
cle. As a consequence, the normalized angular dependence
of intensity (i.e. the “form factor” of the particle), P(h),
can be written in terms of the distribution of the distances,
p(r), between every two pairs of points within the macro-
molecule:

(30)

and p(r) is expressed as a Fourier transform:

(31)

with the normalization condition

(32)

In practice, the integrals over distance in Eqs. (30)–(32)
can be extended up to an upper limit r = L , where L is 
the longest distance (also named longest chord) between
points within the particle. This has the obvious property
that p(r) = 0 for r>L . The distance distribution p(r) can
be obtained from the experimentally determined angular
dependence of X-ray scattering intensities (Glatter and
Kratky 1982).

The prediction of the distance distribution function for
a rigid particle of arbitrary shape can be done only numer-
ically. A finite (but necessary large) number, Ne, of scat-
tering elements are placed within the particle. This can be
programmed by superposition of a regular lattice (for in-
stance, a simple cubic one) on the particle, taking into ac-
count all the points that fall within the particle. All the dis-
tances between the N2

e pairs of points are calculated, and 
a histogram of the distribution of these distances gives p(r).
If u is the separation between lattice points (i.e., the reso-
lution of the model), the number of points is proportional
to u–3 and the number of pairs and therefore the comput-
ing time grows as u–6. For instance, increasing the resolu-
tion by a factor of 2 would increase the central processing
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unit (CPU) time by a factor of 64. Then the determination
of p(r) with high resolution by this numerical procedure
can be extremely time-consuming.

Fortunately, for the specific case of a bead model, i.e.,
when the particle is a rigid array of spheres, the above pro-
cedure can be avoided since p(r) can be calculated from
analytical expressions. Let P11 (r; a) be the distribution of
distances between points of a sphere of radius a. Also, let
P12 (r; a1; a2, d12) be the distribution of distances from
points of a sphere of radius a1 to points of a sphere of ra-
dius a2, with center-to-center distance d12. Then, for an ar-
ray of N spheres, p(r) can be expressed as a combination
of P11 and P12:

(33)

In Eq. (33) we have assumed the same uniform density
(electron density for X-ray scattering) for all the beads, and
fi is the volume fraction of the bead: fi = Vi/∑ Vi = ai/∑ ai

3.
In a standard monograph, the intra-sphere distribution

P11 has been given as attributed to Porod (Glatter and
Kratky 1982):

(34)

but the inter-sphere distribution was not presented, so that
we had to derive it. It turns out that the functional form of
P12 depends on the range of r:

• If d12 – a1 – a2 <r<d12 + a1 – a2:

(35)

• If d12 + a1 – a2 <r<d12 – a1 + a2:

(36)

• If d12 – a1 + a2 <r<d12 + a1 + a2:

(37)

where q = r – d12.

Maximum dimension and moments 
of the distance distribution

As commented above, an important characteristic dimen-
sion of a rigid particle is the longest distance, or longest
chord, defined as the maximum distance between any pair
of points within the particle with p (r) = 0 for r>L . For a
bead model, L can be calculated trivially:

L = rij + σi + σj (38)
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where (i, j) is the pair of beads for which the center-to-cen-
ter distance, rij, is a maximum.

Although the longest chord can be defined and calcu-
lated rather trivially, the most important parameter related
to the distance distribution is the square of the radius of
gyration, R2

g, which actually can be obtained from the sec-
ond moment of the distribution:

(39)

However, R2
g is more often determined from the low-angle

behavior of the form factor. The term sin (h r)/(h r) in
Eq. (30) can be expressed as a Taylor expansion in even
powers, (h r)2i. This leads to

(40)

where

(41)

and R2
g ≡ R2 (2i = 2). At very low angle, terms with 2i = 4,

6,…, can be neglected and P (h) depends only on the sec-
ond moment. Common expressions of the very-low-angle
(h O R–1

g ) behavior, employed in analysis of experimental
data, are

(42)

and

(43)

In the spirit of combining two or more solution properties
into a shape-dependent quantity that does not depend on
the particle size (Harding 1995), we propose here (we have
not seen it in the literature) a combination of the two 
scattering-related properties, Rg and L, in the form of the
ratio

(44)

Two important typical values are H = EFFFF20D/3 = 2.58 for
a solid sphere, and H = EFF12 = 3.46 for a long rod (it
should be noted that these values may not be the lowest
and the highest bounds of H; for instance, H = 2 for a
spherical shell and for a ring). The dispersion of these
typical values suggests that H can be sensitive enough to
macromolecular shape to be used for structural determi-
nation.
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Covolume

Concentration dependence

At moderately low concentrations, the solution properties
of macromolecules vary linearly with concentration, de-
pending on the thermodynamic or hydrodynamic non-
ideality of the system (or both). In the case of the interpre-
tation of thermodynamic equilibrium data (such as from
sedimentation equilibrium distributions in the analytical
ultracentrifuge, the angular intensity distribution of scat-
tered light in classical or static light scattering measure-
ments, or the osmotic pressure of a macromolecular solu-
tion), the concentration dependence coefficient is the sec-
ond thermodynamic virial coefficient, B (or A2) (ml mol/
g–2) given, for example, in terms of the apparent molecu-
lar weight at a finite concentration c (g/ml) by

(45)

where the concentrations are sufficiently low that the
higher-order terms are ~0. For osmotic pressure, which de-
pends directly on the number concentration of the macro-
molecular solute, ξ = 1; for Rayleigh or UV absorbance
optical records of sedimentation equilibrium solute distri-
butions, which depend directly on the weight concentra-
tion of the macromolecular solute, ξ = 2; for the angular
intensity distribution of scattered light in classical or static
light scattering, which also depends directly on the weight
concentration of macromolecular solute, ξ also = 2. For
Schlieren optical records of sedimentation equilibrium so-
lute distributions, which depend directly on the weight con-
centration gradient, ξ = 4. [For a heterogeneous solute, M
in Eq. (45) will be Mn for osmotic pressure, Mw for static
light scattering and Rayleigh/UV absorbance sedimenta-
tion equilibrium, and Mz for Schlieren sedimentation equi-
librium.] In the case of hydrodynamic transport properties
such as the sedimentation coefficient and translational dif-
fusion coefficient, the coefficient in concentration is not
the thermodynamic second virial coefficient. In the case of
the sedimentation coefficient it is the parameter ks (ml/g)
in

(46)

or

(47)

(Schachman 1959) and in the case of the translational dif-
fusion coefficient it is the parameter kd (ml/g) in

Dapp G D (1 + kd c) (48)

where

kd = 2BM – υ – ks (49)

(see Harding and Johnson 1985a). Thus B can also be ex-
perimentally obtained from measurement of kd and ks,

s s k capp sG ( )1−

1 1 1
s s

k c
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sG ( )+

1 1
M M

B c c
app

higher order terms in= + +… …ξ

and a good example of agreement between B measured
from Eq. (49) and B from sedimentation equilibrium in
the ultracentrifuge [Eq. (45) with ξ = 2] has been given
for turnip yellow mosaic virus (Harding and Johnson
1985b).

Molecular covolume

The thermodynamic second virial coefficient B for a ho-
mogeneous, monodisperse solution of macromolecules 
depends on the size, shape, and polyelectrolyte properties
of the macromolecular solute. It is usual (Tanford 1961;
Ogston and Winzor 1975; Jeffrey et al. 1977; Nichol and
Winzor 1985) to separate the combined contribution of size
and shape (i.e. due to “excluded volume”), Bex, from that
of molecular charge:

B = Bex + Bz (50)

The most general expression for Bz for a macromolecular
solute of charge (valency) z is:

Bz = [1000 z2/(4M2 I)] [(1+2 κ as)/(1+κ as)
2+…] (51)

where I is the ionic strength (in mol/l), as is the equivalent
Stokes radius of the (solvated) particle. κ (cm–1) is the in-
verse Debye-Huckel screening length (Debye and Huckel
1923) and its magnitude may be evaluated from the expres-
sion κ = 3.27×107 EFI (I in mol/l) at 20°C. At the isoelectric
pH of a protein, z, and hence also, Bz = 0. At sufficiently
high ionic strength, (z, Bz) → 0.

The excluded volume contribution to the second virial
coefficient, Bex, is related to the excluded volume of a mac-
romolecule or “molecular covolume” u (ml) by

Bex = u NA/(2M2) (52)

= U/(2M2) (53)

the product u NA is known as the “molar covolume” U
(ml/mol). The molecular covolume, u, for impenetrable
spherical particles has a simple interpretation: it is the vol-
ume of solution from which the centers of two molecules
are mutually excluded. At non-zero but low concentrations
the molecular covolume u is determined by pairwise, two-
particle interactions.

In the most general case, the molecular covolume can
be expressed in terms of an integral, given by

(54)

ζ (r, V) is the interaction potential between two particles
that depends on their relative positions, given by r, and
their relative orientations, given by V. We may fix one of
the particles so that a specific center of it, C (for instance
the center of mass), is at the origin of a lab-fixed system
or coordinates, and with some specific system of axes (for
instance, the main axes of inertia) aligned with the lab-
fixed axes. The position of the second particle with respect
to the first one is specified by the position vector of the
point C of particle 2 with respect to point C of particle 1.

u K kT= − −[ ]−{ }∫ exp ( , ) /ζ r rΩ Ω1 3 3d d
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K in Eq. (54) is a normalization constant such that K ∫ d3V
= 1. The orientation of particle 2 with respect to particle 1
(axes x2, y2, z2 with respect to axes x1, y1, z1) can be char-
acterized, in the most general case, in terms of three Euler
angles, V = (θ, φ, ψ). Thus, the integral in Eq. (54) is 
sextuple, involving the three coordinates of r and the three
Euler angles. For instance:

• r in Cartesian coordinates (x, y, z); V in Euler angles:

(55)

• r in spherical coordinates (r, θ, φ); V in Euler angles:

(56)

The above expressions are normalized to the set of Euler
angles setting K = 1/(8 π2):

(57)

In the case of asymmetric particles, it would be possible
to express V in terms of only the two polar angles θ ∈
(0, π) and φ ∈ (0, 2π), with a normalization constant 
K = 1/(4 π).

Now, regarding the interaction potential, it is assumed
to have a simple form for particles whose only interaction
consists of just forbidding overlapping, i.e., ζ (r, V) = ∞
if the particles overlap and ζ (r, V) = 0 if they do not.

Then, the molecular covolume is

(58)

where f12 (r, V) = –1 or 0 depending on whether particles
1 and 2 overlap or not. The simplest example is that of
spherical particles of radius a. The problem is orientation-
independent, and the triple integration over Euler angles
reduces trivially to the normalization condition [Eq. (57)].
Furthermore, the remaining integration over r reduces to
the region where f12 = 1, which is a sphere of radius 2 a.
The integration is carried out in spherical coordinates 
[Eq. (56)], and we finally obtain the covolume of spheri-
cal

(59)

where V is the volume of the (solvated) particle. The most
general rigid particle shape for which u has been worked
out is that for (pairwise interactions) involving general tri-
axial ellipsoids at dominant Brownian motion where all 
orientations are equally probable. This was studied by 
Rallison and Harding (1985), who followed a scheme out-
lined for general particles earlier by Isihara (see Isihara
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1950; Hirschfelder et al. 1954; Yamakawa 1971). The 
general expression is

u = 2V + 2RS (60)

where R and S are both double integrals. Although it is pos-
sible to evaluate one of the integrals in each double inte-
gral analytically, the results are so complicated as to be
opaque, so it is as easy to evaluate the whole double inte-
gral in both R and S numerically, and this can be done 
using standard packages of Harding et al. (1997) and Hard-
ing (1998).

Estimation of u for arbitrary particles 
using a Monte Carlo procedure

For the evaluation of the sextuple integral involved in the
calculation of u [Eq. (54) or (58)] we propose a simple
Monte Carlo recipe, which is inspired in the fact that the
integrand f12 can only take one of two values, 0 or 1.

We first set particle 1 in a convenient position and or-
ientation. The particle is rotated in such a way that the long-
est distance vector within the particle, L (whose modulus
Lz is the longest chord), is parallel to axis z. A standard
transformation based on Euler angles is employed for ob-
taining the bead coordinates after this step. Next, the 
longest dimensions in the x and y directions, Lx and Ly, are
obtained. Thus, the particle is enclosed in a parallelepi-
pedic cage with sides Lx, Ly, and Lz. Then, the center, P, 
of the cage is determined and the coordinates are translated
to a system of axes with the origin at P. The half-dimen-
sions of the cage centered at P are Lx/2, Ly /2, and Lz/2; 
the longest dimension of the cage is the diagonal, D =
(L2

x +L2
y +L2

z )1/2.
The positions and random orientations of particle 2 can

be obtained by translating particle 1 from P to Q [thus r in
Eqs. (54)–(58) would be the PQ vector] and rotating the
coordinates with a uniformly random set of Euler angles,
Ω in Eqs. (54)–(58); cos θ is uniformly random in (–1, 1)
and φ and ψ are uniformly random in (0, 2 π). It is clear
that the two particles cannot overlap if their respective
cages do not overlap either. Overlap is not possible if 
center Q of particle 2 is outside a parallelelepiped centered
at P with sides 2X = Lx + D, 2Y = Ly + D, 2Z = Lz + D.
Therefore, we restrict the Monte Carlo sampling to posi-
tion Q with coordinates (xQ, yQ, zQ) that are uniformly 
distributed random numbers in the intervals (–X, +X), 
(–Y, +Y), (–Z, +Z), respectively. The volume of such re-
gion is Vregion = 8 XYZ.

For the generated r and V, it is checked whether or not
the particles overlap. This condition can be easily pro-
grammed since our particles are bead models: particles
overlap if any two beads overlap. A very large number of
such trials, Ntrials, are made, of which Noverlap result in over-
lapping. Then, the molecular covolume is given by

(61)u
N

N
V= overlap

trials
region
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and the reduced covolume ured is therefore

ured = [Noverlap/Ntrials] · [Vregion/V] (62)

Tests of the procedure

We have checked the performance of our Monte Carlo pro-
cedure in SOLPRO for covolume, applying it to some sim-
ple cases where the result is known: ellipsoids (including
the sphere) and cylindrical rods.

For a single sphere, the exact result is u = 8V, where V
is the volume of the sphere. With only 60 000 Monte Carlo
trials, we obtain u/V = 8.0±0.3. If the number of trials is
107, we obtain u/V = 7.998. The excellent accuracy and ef-
ficiency of our procedure is due to the compactness of the
sphere, but not to its spherical symmetry. Indeed, a simi-
lar performance can be expected for nearly isometrical,
globular particles.

A more difficult situation for our procedure occurs 
with elongated particles. It is clear that, for slender bod-
ies, Vregion is much larger than the particle’s volume. As a
consequence, the “hit ratio” in the Monte Carlo procedure
(Noverlap/Ntrials) is quite small, and therefore the statistical
(relative) error in its determination is large. The statistical
error can be reduced by increasing Ntrials, but this has the
obvious cost of increasing the CPU time. Furthermore,
bead models of elongated particles usually have a large
number of beads, N, and the CPU time required for check-
ing overlap in each trial increases with N2.

The second virial coefficient and covolume of cylindri-
cal rods can be calculated from simple expressions. For
very long rods, when the length L is much larger than the
diameter, d, the limiting result was given by Zimm (see
Yamakawa 1971): u = πL2 d/2. For not too long rods, the
following result is available (Isihara 1950; Hirschfelder 
et al. 1954; Yamakawa 1971)

(63)

which tends to the Zimm result in the L/d → ∞ limit. We
model rods as straight strings of N touching (i.e., tangent,
non-overlapping) beads of identical size, with radius σ, so
that L = 2 σ N. There is some ambiguity in the correspon-
dence between the cylinder diameter d and the diameter of
the beads, 2 σ. A first possibility, method A, is making 
d = 2 σ, σ = 0.5 d, so that the bead model is inscribed within
the cylinder. This model underestimates the volume of the
particle, and one may think that it would therefore under-
estimate its covolume. Second, in method B the volume of
the bead model is equalized to that of the particle, making
σ= 0.613 d. Covolume is not strictly related to the particle’s
volume, but rather to the volume that it excludes, and thus
the thickness of the bead model can be regarded in terms
of the minimum distance of separation between the axes
to two side-by-side touching rods. As one rod of beads
slides along the other, this distance varies from 2 σ to 
1.732 σ, and the proper (geometric) average, 1.92 σ, 

u
L d d
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d
L

= + + 
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is taken as the equivalent cylinder diameter, so that 
σ = 0.521 d.

In Table 1 we list simulated and theoretical values of
covolume. We present results obtained from SOLPRO
with a very large Ntrials (affected by a negligible error),
that are employed for the comparison with theory, and re-
sults with a moderate Ntrials, showing their statistical er-
ror. The latter required a quite reasonable CPU time; the
worst case, L/d = 100 took 50 min of CPU time on a Pen-
tium 200 personal computer. The Ntrials values were such
that the resulting statistical errors are about 1%. The ra-
tios of simulated-to-theoretical values, given in Table 1
for the three models, approach unity in all cases. For short
rods, method C is better, while for longer rods the best re-
sult is found for method B. Anyhow, the ratios are in most
cases between 0.9 and 1.1; in other words, the deviation
of the SOLPRO results from the exact ones is typically
under 10%.

We have made a similar study for prolate ellipsoids;
covolume is given by an exact expression (Isihara 1950;
Yamakawa 1971) and can be readily evaluated using the
ELLIPS2 program (Harding et al. 1997). As for the previ-
ous problem, there is some ambiguity in defining the 
bead model. Method A is as proposed by Bloomfield et al.
(1967): the model is a string of colinear beads with differ-
ent radii, decreasing from the center toward the ends, and
has the same length, 2 a, as the true ellipsoid, in which the
bead model is inscribed. Method B is a volume-equalized
modification of the former (García de la Torre and Bloom-
field 1977): the bead model is constructed with an ellip-
soidal envelope with semiaxes (a, b′, b′), with b′ such that
the volume of the model is the same as the (a, b, b) ellip-
soid. The results are given in Table 2, with a presentation
similar to that in Table 1 for rods. The results calculated
with a moderate Ntrials follow a trend similar to that for rods
(actually, we report this for one of the methods). Also, the
simulation-to-theoretical ratios behave like those for rods:
while the inscribed model underestimates the covolume
(–9%), the volume-equalized model overestimates it
(+13%), with deviations of roughly 10%, as for rods. From
the empirical findings with models A and B, we note that
if one would take the simple mean of the results with and
without volume equalization, the final result would be very
close to the theoretical one.
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Table 1 Covolume of cylindrical rods: Monte Carlo results from
SOLPRO and comparison with theoretical results

p = Ntrials = 107 Ntrials variable uMC/utheor methods
L/d uMC

Ntrials u′MC A B C

5 50.5 5×104 50.7±0.3 0.781 0.827 1.028
10 173.6 2×105 174.6±1.1 0.841 0.884 1.072
20 637.6 3×105 639±7 0.878 0.920 1.098
30 1 397.6 5×105 1 390±10 0.896 0.937 1.112
50 3 777.7 8×105 3 770±40 0.906 0.946 1.117

100 14 897.4 1×106 14 800±100 0.920 0.960 1.128



Covolume-based shape-dependent quantities

Dimensionless quantities that combine covolume and
other solution properties can be formulated in such a way
that they behave as shape-functions, depending on the
shape of the particle but not on its actual size. A very sim-
ple combination is the ratio of covolume, u, to the volume,
V of the particle; it is the so-called reduced molecular 
volume:

(64)

For the sphere, ured = 8, while for a very long rod, ured =
2L/d.

The determination of the effective volume for a parti-
cle in solution is not a trivial problem, owing to hydrody-
namic effects (as seen above for bead models of ellipsoids
and rods) or hydration (vide infra). Therefore, it is safer to
combine covolume with hydrodynamic properties, and two
compound quantities have been formulated: the ψ function
of Jeffrey et al. (1977), combining ured with a translational
property, and the Harding’s Π function (Harding 1981) that
combines ured with the intrinsic viscosity. These functions
are formulated as:

(65)

(66)

In Eq. (65), P = f/f0 is the Perrin function, where f is the
translational friction coefficient of the particle and f0 is that
of a sphere of the same volume. In Eq. (66), ν is the so-
called viscosity increment (Einstein function), such that
the intrinsic viscosity [η] = ν ῡ , where ῡ is the particle’s
partial specific volume.

The present version of SOLPRO combines the value of
the covolume of the bead model with the volume calcu-
lated for it, V = (4/3) π∑ σi

3, to obtain ured. The covolume
is also combined with the hydrodynamic properties, ob-
tained in HYDRO or elsewhere and passed to SOLPRO,
to evaluate the ψ and Π functions.

Π = ured

ν

ψ
π

= −u
Pred

162 2
3

u u
Vred =

Example of HYDRO/SOLPRO calculation

As an example of the use of SOLPRO, we present the re-
sults of a calculation on a typical bead model, correspond-
ing to the human immunoglobulin antibody molecule
IgG3, proposed by Gregory et al. (1987), which was al-
ready employed as an example in previous descriptions of
HYDRO (García de la Torre et al. 1994) and SOLPRO 
(García de la Torre et al. 1997). This model is depicted in
Fig. 1. In Fig. 2 we reproduce some parts of the output pro-
duced from SOLPRO when the printing option is activated
(IPRIN=1). We only reproduce those parts related to the
new features of SOLPRO.

We first notice that SOLPRO calculates the radius of
gyration and volume of the model in the same way as 
HYDRO. The reasons for repeating here the calculations
are that SOLPRO may be used without a previous call to
HYDRO (for instance, if one wishes to obtain only scat-
tering quantities), or because the model submitted to 
SOLPRO may be different from that used in HYDRO if
one is considering particular effects such as hydration (see
below).

For the calculation of properties related to NMR relax-
ation, the dipole was arbitrarily taken along the axis of the
Fab subunits. The ranges of time and frequency, for P2 (t)
and J (ω), respectively, are taken as 4 τ1 and 4 τ1

–1, using
an “automatic” setting of the program, where τ1 is the long-
est of the five relaxation times. These two functions are
plotted in Fig. 3.

The distribution of distances, p (r), calculated from
SOLPRO is plotted in Fig. 4. For the sake comparison, we
have included also in Fig. 4 the distribution of distances
for a spherical particle having the same radius of gyration
as IgG3. Thus the effect of elongated shape on p (r) can be
appreciated. This effect is noticed in the value of the com-
pound activity, H = 2.887, which deviates from the value
for a sphere, H = 2.582.

In Fig. 5 we present graphs of the scattering form fac-
tor, P (h). We have repeated that calculation as in our pre-
vious paper just to correct an error arising from a bug de-
tected in that part of the computer code.
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Table 2 Covolume of ellipsoids: Monte Carlo results from SOLPRO and comparison with theoretical results

p = a/b Model not equalized Model equalized

Ntrials = 107 Ntrials variable Ntrials = 107 Ntrials variable
uMC uMC

Ntrials u′MC Ratio Ntrials u′MC Ratio

1 33.5 6×104 33.8±0.4 0.999 33.5 6×104 33.8±0.4 0.999
2 59.6 4×104 59.1±0.5 0.784 77.3 4×104 76.4±0.7 1.017
3 114.9 4×104 114.3±0.7 0.838 158.7 4×104 157.7±1.5 1.158
5 280.5 5×104 280±3 0.887 361.1 5×104 360±2 1.141

10 999.9 1.2×105 1 007±9 0.905 1 258.1 1.2×105 1 266±11 1.138
20 3 796.3 3.7×105 3 810±30 0.913 4 707.7 3.5×105 4 720±40 1.133
30 8 442.3 3.5×105 8 450±60 0.920 10 409.6 3×105 10 490±90 1.134
50 23 233.8 8×105 23 300±200 0.924 28 444.4 4×105 28 600±200 1.132

100 92 149.1 1×106 92 100±900 0.925 112 479.5 2×106 111 700±500 1.139



Regarding the results for covolume, one should keep in
mind that the open (non-compact) and elongated shape of
IgG3 requires a large number of Ntrials to reach a reason-
ably low statistical error. With Ntrials = 600 000 (which only
took about 1 min on a Pentium 200 PC), we obtained u =
6690±30 Å3, with an error of about 0.5%.

Other aspects

There are some aspects of the calculation of primitive or
compound solution properties that are implicit in hydro-

dynamic theory and in bead modeling strategies. We men-
tion here two of such aspects, giving some guidelines or
warnings to the SOLPRO user.

Bead overlapping

Hydrodynamic theory and computer algorithms for bead
modeling (HYDRO) have been devised for assemblies of
non-overlapping spheres. Such must be the case for quan-
tities such as the bead friction coefficient and the modi-
fied hydrodynamic interaction tensor to by physically
correct. HYDRO contained a patch to avoid a program
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Fig. 1 Model for the human
immunoglobulin IgG3, 
according to Gregory et al.
(1987)



abortion or severe numerical errors that may occur if two
beads would occasionally overlap due to minor modeling
errors or physical assumptions (as in the simulation of
random-flight flexible chains). However, some authors
have employed bead models with systematic (sometimes
intensive) overlap. It would be convenient to have hydro-
dynamically adequate ways to cope with bead overlap-
ping but the problem is still under consideration 
(Carrasco 1998).

The calculation in SOLPRO of other, non-hydrody-
namic solution properties is based, again, on the assump-
tion of non-overlapping beads. Thus, our theoretical de-
velopment of distance distribution is only valid in such a
case. The radius of gyration and, mostly, the particle 
(model) volume itself are also calculated in such an as-
sumption. Therefore, it is recommended that HYDRO and
SOLPRO will be used for bead models without overlap-
ping. We recall that in a pair of touching but non-overlap-
ping spheres, the fluid between them, around the point of
tangency, is hydrodynamically trapped, so that the tangent
pair has indeed a region of hydrodynamic overlap.

Hydration

Macromolecular hydration has not been explicitely con-
sidered either in HYDRO or in SOLPRO. Of course, the
bead model employed for calculation of hydrodynamic
properties in HYDRO should include the user’s view of
hydration. However, some of the properties calculated in
SOLPRO may not be affected by hydration. Such is the
case of the scattering-dependent properties, if one assumes
that scattering does not distinguish hydration water from
bulk water.

The difficulty regarding hydration is that its influence
on the particle shape depends on the shape itself. Basically,
we differentiate two schemes to treat hydration, as de-
scribed below.

The uniform expansion

In the uniform expansion scheme, we assume that the shape
of the hydrated particle is the same as that of the dry parti-
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Fig. 2 Parts of the output from SOLPRO, from the new calculati-
ons in the latest version. Parts from the calculations in the previous
version (marked with asterisks) have been removed



cle, with the only difference of a uniform change in size.
This assumption is acceptable when the particle is compact
(without large cavities that would act as “water pockets”),
and not too anisometric, so that the relative size increases
of any linear dimension due to the hydration layer is roughly
the same in any direction, and can be expressed as

(67)

where δ is the hydration degree. This scheme is the same
as the classical procedure for describing macromolecular
properties in terms of hydrated ellipsoids (Tanford 1961)
and it is has been devised with globular proteins in mind.
In the case of ellipsoids, it is assumed that the anhydrous
and the hydrated particle have the same axial ratio.

h = +





1
1 3

δ
υ ρ

/

In a general case, if phyd and panh are the values of any
solution property, corresponding respectively to the hy-
drated and anhydrous particle, in the present hypothesis of
uniform expansion they are related by:

phyd = hn panh (68)

where the exponent n reflects the dependence of the prop-
erty on linear size. For the compound quantities (shape
function), n will be a combination of those for the involved
properties. When those properties are all hydrodynamic
(including covolume), the shape functions are defined,
from the early studies of ellipsoids, in such a way that they
are independent of the degree of hydration. Otherwise, a
correction for hydration must be applied.

On the assumption that the scattering-related proper-
ties, Rg and L, and the volume entering in some compound
properties correspond to the dry particle, then the practi-
cal procedure that we propose for the uniform expansion
case is as follows:

1. Devise a hydrodynamic model whose size and shape
already includes hydration and call HYDRO to obtain the
hydrodynamic quantities.

2. Call SOLPRO, passing to it the same “hydrated”
model along with the HYDRO result.

3. Correct (by hand after the computer calculation, or
making a change in the computer program) some of the
SOLPRO results, multiplying by the following factors, Rg,
h–1; L, h–1; V, h–3. On the other hand, Dt, f, τ′ , and [η] re-
main unchanged.

According to some authors (Kumosinski and Pessen
1985), certain types of scattering techniques “see” some-
how the particle’s hydration, distinguishing between
bound water and water in the bulk. In the present, uniform
expansion assumption, an adequate way to treat such a sit-
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Fig. 3A, B NMR relaxations functions calculated for IgG3 with a
dipole along the Fab subunit: A P2(t); B J(ω)

Fig. 4 Distribution of distances, p (r), for the IgG3 model. The p (r)
function for a sphere (dashed line) having the same Rg=74.92 Å as
IgG3 (continuous line) is represented. Rg and L for IgG3 and the
sphere are marked

Fig. 5A, B Scattering function calculated for the bead model of
IgG3: A Low-angle scattering; B wide angle-scattering



uation consists of applying a different expansion factor, t,
to the scattering related properties. Typically, 1≤ t≤h, with
t = 0 if scattering were insensitive to hydration. In the
above-mentioned scheme for calculations, some correc-
tions would be different, particularly: Rg, t/h; L, t/h.

When hydration is present, the handling of the shape-
dependent functions P, ν, β, G, etc. should be made with
care, accounting for the hydration effect in the obtention
of the experimental values of these functions; for details,
see Carrasco et al. (1998).

The non-uniform expansion

The uniform expansion hypothesis is extremely inadequate
in certain circumstances, particularly for elongated struc-
tures such as DNA pieces, fibrous proteins, etc. Let us con-
sider the example of a rod-like fibrous protein with L =
1400 Å and d = 20 Å (anhydrous), with ῡ = 0.7 cm3/g and
a hydration degree δ = 0.3 g/g, so that the expansion fac-
tor would be h3 = 1.43, h = 1.13. If expansion were uni-
form, the hydrated length of the protein would be 1630 Å,
with an increase in length of over 200 Å, which is abso-
lutely unreasonable. The proper approach in this example
is to assume a layer of water of a few Å around the pro-
tein. The relative increase in length is negligible, but the
relative increase in diameter is appreciable. If the expan-
sion is attributed to the radial directions only, then the hy-
drated diameter would be 20 EFFF1.43F = 24 Å, which seems
quite reasonable.

It is therefore clear that, when expansion due to hydra-
tion is not uniform, the dry and the hydrated shapes are not
the same, and therefore slightly different bead models must
be used. In the above example, the dry protein would be a
string of 70 beads of diameter 20 Å (inscribed model; see
section on Tests of the procedure, above), while the hy-
drated protein would be modeled with about 59 beads of
about 24 Å. In the general case, the hydrated model would
be used for the HYDRO calculation. The results would
passed in the subsequent call SOLPRO, but with the coor-
dinates of the anhydrous model.

It should be pointed out that both of the above proce-
dures to account for hydration are approximate and not
strictly correct, particularly when applied to scattering cal-
culations. Both the uniform and the non-uniform proce-
dures do not account for the different and fluctuating scat-
tering density of water in the hydration layer [for a recent
study of hydration effects in scattering, see Svergun et al.
(1998)]. Thus the procedures should be applied with cau-
tion to model scattering-related properties when hydration
is important in relative terms; this may be the case for some
globular proteins. In other instances, including large pro-
teins and macromolecular complexes, hydration may be
relatively less important, with the scattering being mainly
determined by the size and shape of the macromolecular
material. In regard to hydrodynamic properties, the pos-
sibilities of choosing one or the other procedure, along with
the choice of the h and t factors in the uniform expansion
method, seemingly cover well all the application. At any

rate, these procedures are the only feasible ways to include
hydration in both hydrodynamics and scattering in the
common methodological framework of bead modeling.

Computer programs

Both HYDRO and SOLPRO are public domain programs,
with the form of FORTRAN subroutines which will be
linked to the user’s main program. The source code for both
subroutines is freely available, so that calculations can be
customized to deal with any specific effect (hydration, for
instance) or modeling needs. For users who wish to avoid
programming, or if a FORTRAN compiler is not available,
we supply also executables for various computers. All the
program files and further information can be found on the
internet www page http://leonardo.fcu.um.es/macromol.
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