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ABSTRACT: The resonant vibrations of small (microliter) sessile water
droplets supported on solid substrates were monitored using a simple optical
detection technique. A small puff of air was used to apply an impulse to the
droplets and their time dependent oscillations were monitored by passing a laser
beam through the droplet and measuring the variations of the intensity of the
scattered light using a simple photodiode arrangement. The resulting time
dependent intensity changes were then Fourier transformed to obtain informa-
tion about the vibrational frequencies of the droplets. The resonant frequencies
of droplets with masses in the range 0.005—0.03 g were obtained on surfaces
with water contact angles ranging from 12 % 4° to 160 = 5°. The contact angle
dependence of the resonant frequency of the droplets was found to be in good
agreement with a simple theory which considers standing wave states along the
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B INTRODUCTION

Resonant vibrations of liquid droplets have received a sig-
nificant amount of recent scientific interest. Studies of the
behavior of isolated liquid droplets date back to the times of
Lord Rayleigh.! However, much of the experimental and theore-
tical work that was performed on the resonant vibrations of
droplets appears to have initially been motivated by studies of the
effects of vibration on the formation of high purity crystals under
zero gravity conditions.””* A number of other potential applica-
tions of vibrating droplets have also been identified, including the
possibility of using isolated droplets for electric field enhanced
liquid—liquid extraction,” electrospray synthesis of mixed oxide
ceramics, and for the measurement of surface tension” and
contact angles.’® This has led to a host of extremely elegant
experiments involving the study of, for example, acoustically and
magnetically levitated droplets.” More recently, a renewed inter-
est in this field has been generated by studies of the actuation of
small droplets on gradient energy surfaces.” ° The idea being
that these surfaces have a gradient in wettability that is caused by
either a chemical gradient or a gradient in topographical surface
structure. When droplets are placed on these surfaces they
display a contact angle which is dependent upon their position
on the surface. Vibration of the droplets close to their resonant
frequencies enables them to sample nearby conformations and
has been shown to overcome pinning and contact angle hyster-
esis effects and to facilitate the motion of the droplet down the
surface energy gradient.8 As a result of this renewed interest, a
number of authors have studied the resonant behavior of small
liquid droplets on vibrated surfaces®®'®~'* and in electrically
driven sessile droplets.'>'* However, a serious limitation of these
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studies has been that they are performed over a limited range of
contact angles. In many cases, the experiments are restricted to
studies of droplets vibrating on a single surface and hence, only
one possible contact angle value.

The theory of droplet vibrations is well developed and the
earliest theoretical interpretation of the resonant behavior of
liquid droplets was provided by Lord Rayleigh and developed
further by Chandrasekhar.' More recent studies by Strani and
Sabetta® and Smithwick and co-workers* considered the vibra-
tion of sessile droplets in a spherical bowl. Although this theory
was successfully extended to planar surfaces, determination of
the contact angle dependent eigenvalues associated with the
different vibrational modes of the droplet involved solving the
determinant of an infinitely large matrix. A more recently devel-
oped model proposed by Noblin et al. offers a more intuitive
interpretation of the origin of the vibrational modes of sessile
droplets.'* This theory considers the number of half integer
wavelengths that can fit around the meridian profile length of a
droplet and uses the dispersion relation for capillary waves in an
infinitely deep liquid bath to obtain an approximation for the
frequencies of the resonant vibrational modes.

Experimental work on sessile droplets has also been performed
by a number of authors. For example, a range of studies have been
performed on droplets that were either horizontally”'*'® or
vertically'>'¢ vibrated using a loudspeaker or surface acoustic
wave generator.” Another method of driving the oscillations in
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droplets involves the use of ac electric fields.'*'” This method not
only allows for the measurement of the resonant properties of
small conducting liquid or “leaky” dielectric drops, but also
facilitates control of their wetting interactions by changing the
interfacial energies of the drops via the introduction of surface
charges to the system. Methods of detection of the resonant modes
have involved high speed image acquisition of the vibrating
droplets,”"*"* optical deflection based techniques where a laser
beam is passed through the droplet and its motion monitored
using a position sensitive detector™'® and optical tweezer based
approaches.'* The studies on sessile droplets have been motivated
by the need to develop a fundamental understanding of their
resonant behavior and by a number of more practical applications.
These include studies that were designed to use vibration to
overcome contact angle hysteresis effects and enable the determi-
nation of equilibrium contact angle values,®'*!7 actuation of the
motion of liquid droplets on gradient surfaces”"> and to drive the
internal mixing of multicomponent systems.'® A recent study by
Mchale and co-workers'? has also studied vibrations in electrically
driven “liquid marbles” with contact angles close to 180° in an
attempt to use them as analogues of free/levitated drops.

This work describes an experimental study of the contact angle
dependence of the resonant frequencies of sessile water droplets.
A simple optical detection method is used to monitor the
oscillations when a small impulse is applied to the droplets. This
method is so simple that it can be easily implemented in any
laboratory equipped with a laser, a photodiode and a data
acquisition card—making the subject of these experiments suita-
ble for use in undergraduate based projects. The novelty in this
work lies in the measurement of the resonant vibrations of sessile
droplets over a broad range of contact angles (~12—160°) and in
the application of a modified version of the theory proposed by
Noblin and co-workers'* to the data. To the best of our knowl-
edge, a detailed study over a broad range of contact angles has not
been performed. We show that the functional dependence of the
resonant frequency of sessile water droplets on contact angle is the
same as that predicted by the simple theory and that the measured
values of the lowest frequency modes agree with the predictions of
the theory to within a constant numerical factor.

B EXPERIMENTAL SECTION

Small microliter water droplets with masses in the range 0.005—0.03 g
were placed on solid substrates and mounted on the surface of an
analytical balance. In each case the mass of the droplet was recorded to
within £0.0001g, a laser beam (HeNe, 633 nm) was passed through the
droplet, allowed to reflect off the substrate and the scattered light was
collected using a low cost Silicon photodiode (RS Components, UK)
attached to an amplifier and connected to a PC via a National
Instruments USB-6008 data acquisition card (see Figure 1). The
droplets were forced to vibrate by applying an impulse in the form of
a small puff of air (by simply blowing on the droplet) and the time
dependent oscillations of the intensity of light measured by the photo-
diode were recorded. Data were sampled over periods of 3—5 s using a
sampling rate of 1kHz. The time dependent signal was then Fourier
transformed to obtain information about the frequency dependence of
the droplet oscillations. Each droplet was vibrated at least 3 times to
ensure that the shapes and positions of the peaks in the spectra produced
were reproducible. The droplets were then reweighed after each
measurement to ensure that significant evaporation losses had not
occurred during the experiments. Figure 1 shows an example of the
time dependent signal obtained for a sessile water droplet supported on a
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Figure 1. Oscillations of sessile water droplets. The inset in the panel (a)
shows a schematic diagram of the experimental setup used to measure the
oscillations of the droplets. Panel (a) also shows the time dependent signal
measured by the photodiode for a 0.0140 £ 0.0001g water droplet
supported on a polystyrene substrate (6 = 81 £ 3°). A puff of air was
applied to the droplet at a time t & 0.1 s. Panel (b) shows the frequency
response of this droplet obtained by Fourier transformation of the data in
panel (a). The dominant peak in this spectrum corresponds to the n = 2
vibrational mode of the droplet (see text). The insets in the panel show
examples of images of droplets supported on Silicon, Polystyrene, and
hydrophobic sand substrates. These images are similar to the ones that were
used to determine the contact angle of the droplets on these surfaces.

polystyrene substrate (Figure 1a) along with its corresponding power
spectrum (Figure 1b).

The above process was repeated for droplets of different mass that
were supported on different solid substrates. The substrates that were used
included spin-cast polymer films (all obtained from Polymer Source,
Quebec), glass microscope slides, single crystal silicon wafers (Si, Compart
Technology, UK,[100] orientation, native oxide intact), cured polydi-
methylsiloxane (PDMS, Sylgard 182, Dow Corning) surfaces, and a fine
grade of hydrophobic sand. The spin-cast polymer films were prepared by
dissolving Polystyrene (PS, 600 kDa) and Polymethylmethacrylate
(PMMA, 600 kDa) in toluene and spin coating the resulting solutions on
to a clean glass slide before annealing under vacuum at 120°C for 2 h. Glass
microscope slides and Si wafers were used as supplied and PDMS films were
prepared by mixing the resin and cross-linker in a 10:1 ratio before spreading
onto a glass slide and annealing at 120 °C for 2 h. The hydrophobic sand is
sold as a child’s toy and is available under the trade name “Aqua Sand”. This
material is essentially a fine grade of sand which has been exposed to the
vapors of Trimethylsilanol (CH;);SiOH. A thin layer of PDMS was cast on
to a clean glass slide and then coated with a thick layer of the hydrophobic
sand. These layers were then compressed using a second glass slide and then
the PDMS was left to cure overnight at room temperature. Once cured, any
excess sand was gently removed leaving behind a glass slide that was
completely coated with a thin layer of the hydrophobic sand.
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Table 1. Measured Water Contact Angle Values for the
Substrates Used in the Droplet Vibration Experiments

substrate contact angle (deg)
glass 12+4
silicon 301
polymethylmethacrylate (PMMA) 64+2
unannealed polystyrene (uPS) 81+3
polystyrene (PS) N2+1
polydimethylsiloxane (PDMS) 120+1
hydrophobic sand 160+ S
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Figure 2. Mass dependence of the resonant frequency of sessile
droplets. Plots are shown for the square of the fundamental frequency
(f) of the droplets vs the reciprocal of the droplet mass (m). Data are
shown for droplets supported on glass (O), Silicon ((0), PMMA (A), PS
(m), PDMS (@), and hydrophobic sand (A) substrates. The contact
angles of water droplets on each of these surfaces are listed in Table 1.
The inset in the top left of this figure shows the n = 2 vibrational mode of
a droplet having a profile length, / and contact angle, 6. The images on
the right are photographs of a 0.0122 g water droplet at rest (top image)
and on a vertically vibrating PDMS surface (bottom image, frequency of
vibration = 32.6 Hz).

The contact angle of water droplets was measured on each of the
substrates by collecting an image of the droplet using a Philips SPC
1030NC webcam and then analyzing each image using Image Pro Plus
4.0 (Media Cybernetics). In each case, a small droplet was placed on the
surface of the substrate and gently vibrated, prior to imaging, by applying
short puffs of air similar to those used to vibrate the droplets above.
Vibrating the droplets has been shown to overcome any contact line
pinning effects and to give a uniform contact angle at all points along the
three phase contact line.'"? In each case, the droplets were rotated to
ensure that the contact angle was the same at both sides of the droplet
and that it was the same within error when viewed from different
directions. Each droplet was also vibrated again after measurement to
ensure that the contact angle did not change. Table 1 gives details of the
measured contact angles obtained on each surface along with their
experimental uncertainties. Examples of images obtained from sessile
droplets supported on silicon, polystyrene and hydrophobic sand
substrates are shown as insets in Figure 1.

Changes in the droplet shapes were also studied by imaginga 0.0122 g
water droplet on a PDMS surface which was mounted on a loudspeaker
and vibrated vertically at a frequency of 32.6 Hz. The driving signal was
provided by a signal generator and home-built power amplifier that were
connected to the loudspeaker. Images were collected at a rate of 60
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Figure 3. Contact angle dependence of the resonant frequency of
sessile water droplets. The solid symbols are experimental data obtained
from the slopes of the £ vs 1/m plots in Figure 2. The solid line
represents the prediction of the simple theory obtained from eq 4 and
the dashed line is the result of multiplying the solid line by a factor of 2/3
(see text).The inset shows a schematic diagram of a sessile droplet that
was used in calculating the average height of the droplet (see text).

frames per second using a Fuji Finepix S9600 digital camera. The images
were focused on to the camera using an Olympus UPlanFl 10x
transmission microscope objective. Examples of snapshots taken from
the resulting movies are shown as insets in Figure 2. A movie of the
droplet vibrations can also be found online as Supporting Information.

B RESULTS AND DISCUSSION

An expression for the contact angle dependence of the
resonant frequency of sessile droplets can be derived using a
method similar to that described by Noblin and co-workers."?
This simple theory begins by considering standing wave states
around the surface of the droplet. Under conditions of resonant
vibration the profile length (I) of the droplet (see inset Figure 2)
will contain a half integer number of wavelengths (1), such that,

nl
[ =2RO = — 1
d (1)
where R is the radius of curvature of the droplet, 0 is the three
phase contact angle and n is an integer corresponding to the
mode number (n = 2,3...).

Droplets that are smaller than the capillary length (~2.7 mm
for water), can be approximated to the shape of a spherical cap.
The volume of a droplet, V, which subtends a contact angle 0
with the surface is therefore given by the following:

7R}
V:T:T(COS39—3COSG+2) (2)
P

where m is the mass of the droplet and p is its density. The
dispersion relation for capillary waves on a liquid surface is given
by}ZO

1/2
_ (¥
()

where fis the frequency of vibration and Yy is the surface tension
of the liquid.
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Combining eqs 1, 2, and 3 gives an expression for the contact
angle dependence of the frequency of the n™ vibrational mode of
the droplet;

ﬂzgcl@@e—k“9+nyﬂ (@

24m 6

This has a similar functional form to the vibration frequencies
obtained for free/levitated droplets; """

j = (1‘0'— G + Z)y)”z

3mm

(5)

where j = 2,3 /4.... is the mode number. If we approximate j(j — 1)
(j +2) ~j then a similar functional form to that obtained in eq 4
is recovered to within a geometrical factor which depends upon
the contact angle (6).

According to eq 4, the square of the resonant frequency of the
droplet should be inversely proportional to the mass of the
droplet. The main panel in Figure 2 shows plots of f* vs 1/m for
droplets supported on the substrates studied here. These plots
confirm the functional dependence of the resonant frequency on
droplet mass. A consideration of the plots in this ﬁ§ure shows
that the contact angle dependence of the slope of f vs 1/m is
nonmonotonic. Figure 3 shows a plot of the contact angle
dependence of this slope along with the predictions of eq 4.
The value of y used to generate the solid line in Figure 3 was 72 X
1072 Jm 2" The plot of eq 4 shown in Figure 3 displays a clear
maximum at a contact angle of §~70°. This result was also
reported by Yamakita and co-workers.® The maximum in this
plot arises because of the need to fit a half integer number of
vibration wavelengths along the profile length of the droplet at
resonance. For a fixed mass of droplet and a given mode number,
the highest frequency (shortest wavelength) will occur when the
profile length, I is a minimum. Inserting R from eq 2 into eq 1 and
differentiating gives,

dl Z(Sm) 13 (cos®  — 3cos O + 2 — Osin® O (6)
do TP (cos® @ — 3cos 6 + 2)4/3

The profile length of the droplet is therefore a minimum when
dl/df = 0. This occurs when the numerator in the second bracket
in eq 6 is equal to zero. A plot of this function (not shown) reveals
that the minimum in the drop profile length and hence the
maximum frequency for a given mass and mode number occurs
when 0 = 70° in agreement with Figure 3.

The value of n was chosen to be n = 2 for the lowest
vibrational frequency of the droplet. Our justification for
assigning this mode to the vibrational frequencies shown in
Figure 2 comes from the fact that the drop shape expected for
the n = 2 mode agrees very well with the droplet shapes
obtained from the pictures of the vibrating drop shown in the
insets in Figure 2. The droplet shown in these images had a
mass of 0.0122 3= 0.0001 g and was vibrated at a frequency of
32.6 Hz. This mass and frequency are consistent with the
data for droplets on PDMS surfaces shown in Figure 2. We
also note that the measured frequencies obtained for dro-
plets on PDMS surfaces agree with the values obtained by
Daniel et al.'® who reported the existence of a sessile drop
mode (their so-called “rocking mode”) at frequencies that

are lower than the lowest vibrational modes associated
with levitated drops (the j = 2 mode in eq S). Further

consideration of the drop shapes obtained in the present
study reveal that they are also consistent with those pre-
dicted by Daniel et al."

At this point it is worth stressing that the frequencies
associated with the n = 2 mode for sessile droplets are not the
same as the j = 2 mode of levitated droplets. In the work of Daniel
et al,'® these authors plotted their frequency data for the “rock-
ing mode” as a function of 1/m and compared it to higher
vibrational modes of the sessile droplets. The frequency assign-
ments given to the higher modes were based upon the modes
associated with levitated droplets. So the n = 2 mode discussed by
Daniel et al. actually corresponds to the j = 2 mode for levitated
drops given by eq S, this is not the same as the #n = 2 mode for
sessile droplets reported here. This point can be illustrated by
considering the case when the contact angle is 180° in eq 4—
which gives the closest approximation that a sessile drop can
achieve to a levitated droplet. In this case, the ratio of frequency
of the n™ sessile drop mode and the jth levitated drop mode is
given by the following:

fn . n
A ) @)

Inserting n = j = 2, we obtain (fn=2)/(ﬁ=2) = (1/8)1/2, i.e., the
lowest frequency mode for the sessile droplet is lower than the
lowest frequency mode of the free droplet as observed by Daniel
et al. and others.> A further consideration of the work of Daniel
et al. reveals that the difference between the “rocking mode” and
the next highest mode in the vibrational response of sessile
droplets (which the authors compare to the levitated drop
modes) is consistent with the ratio calculated above. The
agreement between the predicted and measured shape of
the sessile droplets shown in Figure 2 suggests that the n = 2
mode assignment is appropriate for the frequencies measured for
the lowest vibrational frequencies of sessile droplets obtained in
the present study. Moreover, the fact that this work is consistent
with the work of other authors'" both in terms of the observed
drop shapes and the measured frequencies associated with the
lowest vibrational modes of sessile drops gives us further con-
fidence in this assignment.

The agreement between the functional form of eq 4 and the
measured data is encouraging and suggests that the assumptions
made in formulating this model are correct—at least to a first
approximation. However, the measured values are consistently
smaller than the predictions of this simple model by a factor of
2/3 (see dashed line in Figure 3). This factor probably arises as a
result of the simplifying assumptions made in formulating the
model. The first assumption relates to the use of the spherical
cap approximation used in eq 2. This approximation assumes that
the dominant contribution in determining the shape of the
droplets arises due to surface tension and neglects the effects
of gravity. A simple calculation using eq 2 shows that for contact
angles 6 > 30° the radius of curvature of the drops, R =
(3m/mp(cos® O — 3cos O +2))"/, is typically less than the capil-
lary length of water Lc,, = ((y)/(pg))1/2~2.7 mm (assuming
acceleration due to gravity g = 9.8 ms ', y=72mJm and p =
1000 kgm *). In this regime, the spherical cap approximation is
an acceptable one for the droplet shape over the range of droplet
masses studied. However for contact angles less than 30°, the
radius of curvature begins to exceed the capillary length of water
and the effects of gravity start to become important in determin-
ing the droplet shape. These simple calculations are confirmed by
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similar, but more detailed calculations based on the studies by
Rodriguez-Valverde and co-workers,”* which indicate that capil-
lary effects dominate when the droplet volume V =< 0.1Lcap3’.
Another potential source of error in the model relates to the fact
that the expression used to describe the dispersion properties of
the li%uid surface in eq 3 is only valid for an infinitely deep bath of
liquid*® and is unlikely to be directly applicable to small liquid
droplets in an unmodified form. In fact, this expression is only
expected to be valid when the distance from the surface of the
droplet to the substrate is much larger than the characteristic length
scale associated with the vibrations ~A/27. From simple geometry,
the height of a point on the surface of a spherical cap which has a
radius of curvature, R, is given by h = R(cos ¢ —cos 0), where ¢ is
the angle subtended at the center of curvature between the point
and the vertical axis of the drop (see inset in Figure 3). The average
height,(h), of the droplet is then given by the following:

7] .
(h) = % 79(cos ¢ — cos 0)dp = R(% — cos 0) (8)

If /2w <(h), then inserting A from eq 1 we have the
condition that eq 3 is satisfied when (20)/(n7) +cos 6 —
(sin 0)/(6) << 0. This inequality is only valid for large values
of n and for contact angles larger than ~110°, indicating that the
expressions in eq 3 and eq 4 are not strictly valid for n = 2 and for
small contact angles.

Another factor which is neglected in the model relates to the
effects of damping on the droplets"'° due to viscous dissipation
within the drop. The influence of damping has not been incorpo-
rated into the model. However, if the vibrating drops are con-
sidered to be damped harmonic oscillators, then the inclusion of
damping in the system would be expected to reduce the measured
resonant frequencies relative to those predicted by eq 4. We note
that these damping effects are likely to be contact angle dependent
and that the results shown in Figure 3 indicate that a constant
scaling factor of ~0.81 exists between the measured resonant
frequencies of the sessile droplets and those predicted by equation
eq 4 over the entire range of contact angles. This does not seem to
be consistent with the idea that viscous damping effects in the
droplets alone are responsible for shifting the resonant frequency
of the lowest frequency mode of the droplets relative to the
calculated values. The contact angle dependence of dissipation
effects in the sessile droplets will form the subject of future studies.

Despite all of the limitations of the model discussed above, the level
of agreement between the dashed line corresponding to the modified
version of the model and the data are very good. Any small remaining
differences are attributed to variations in the surface tension of the
water droplets used in this work that occur as the result of the
presence of small impurities and/or errors in the measured contact
angles obtained using the simple webcam based approach.

Bl CONCLUSIONS

A simple method for the optical detection of droplet vibrations
was used to measure the contact angle dependence of the lowest
frequency vibrational modes of sessile water droplets. The mea-
sured frequencies were found to be consistent with a previously
observed low frequency “rocking mode” in sessile drops. They
were also found to be in agreement (to within a factor of 0.81) with
the predictions of a simple theory which considers the frequencies
associated with standing wave states along the profile length of the
droplets.

Il ASSOCIATED CONTENT

© Supporting Information. A short movie entitled drop-
wobble.avi has been uploaded as Supporting Information. This
movie shows the vibration of a 0.0122 g water droplet vibrated
on a PDMS surface at a frequency of 32.6 Hz. The movie
was collected at a frame rate of 60 fps, but has been reduced to
make the droplet oscillations easier to see. There is also some
aliasing of the droplet motion due to the vibration frequency and
the frame rate used to acquire the images. This material is
available free of charge via the Internet at http://pubs.acs.org.
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