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Abstract

In a semi-aggregative representation of a game, the payoff of a player depends on
a player’s own strategy and on a personalized aggregate of all players’ strategies. Sup-
pose that each player has a conjecture about the reaction of the personalized aggregate
to a change in the player’s own strategy. The players play an equilibrium given their
conjectures, and evolution selects conjectures that lead to a higher payoff in such an
equilibrium. Considering one player role, I show that for any conjectures of the other
players, only conjectures that are consistent can be evolutionarily stable, where consis-
tency means that the conjecture is, to a first approximation, correct at equilibrium. I
illustrate this result in public good games and contests.
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1 Introduction

Aggregative games are a special class of games in which the payoff of a player depends on
the player’s own strategy and on a (common across players) aggregate of players’ strategies.
An early example of a work on aggregative games is Corchén (1994), but in a more recent
series of works Richard Cornes and Roger Hartley elucidated the usefulness of studying the
mathematical structure of these games for establishing equilibrium existence and for finding
equilibria in situations going beyond textbook symmetric examples. They applied this
methodology to such classic examples of economic analysis as public good games (Cornes
and Hartley, 2007) and contests (Cornes and Hartley, 2003, 2005), as well as listing further
examples (Cornes and Hartley, 2011) and studying the structure of aggregate games further
(Cornes and Hartley, 2012).

Before turning his attention to aggregative games, Richard also worked on applications
of the concept of conjectural variations. This concept was extensively analyzed in the
context of industrial organization games (see e.g. Laitner, 1980; Bresnahan, 1981; Perry,
1982); its application in common property exploitation model was considered in Cornes and
Sandler (1983) and in public good games in Cornes and Sandler (1984a).

In this paper, I also focus on a representation of games that is similar to the aggregative
one and on conjectural variations. The representation is such that a player’s payoff depends
on the player’s strategy and on a certain aggregate of all player’s strategies, personalized
for the player. Thus the aggregates do not have to be the same for all players, as in
a usual aggregative game. Nevertheless, the aggregates fulfill a similar role of reducing
the dimensionality of what a player needs to consider about the other players. In such
a representation (which I call semi-aggregative), what is relevant for the player is how
the aggregate measure of players’ strategies possibly changes. This is precisely what the
conjectures of the players in such a game are about.

Given their conjectures about possible changes in the respective aggregates, the players
in the game behave rationally, that is, maximize their payoff. Their decisions characterize
an equilibrium, for the given conjectures. But where do the conjectures come from? 1
suppose that they represent players’ innate beliefs, but those beliefs are subject to evolution.
Different conjectures will lead to different equilibrium choices and thus different payoffs.
From the point of view of evolution, those conjectures that led to higher payoff are more

likely to propagate.

! Another interpretation is that players first choose conjectures and then play the game. The search is then
for an equilibrium in the game of choosing conjectures. I nevertheless prefer the evolutionary interpretation,
which makes it clearer that the process of forming beliefs and choosing strategies occur at different times.

This evolutionary interpretation is an example of the “indirect evolution approach” (Giith and Yaari, 1992).



I focus on the setting where a game is not necessarily symmetric, thus players can have
different roles (for example, one player can have a larger marginal benefit from a public
good than another player, or a lower cost of contributing to it). Since roles are different,
evolution is considered as happening within each role separately. Instead of considering an
explicit dynamic process, I look for evolutionarily stable conjectures, which are conjectures
that no other conjectures can invade by achieving a higher payoff for this player’s role, given
the conjectures of the other players and the equilibrium that the players play.

I find that the evolutionary stability of conjectures is linked to their consistency. An
equilibrium in the model is at the intersection of the reaction functions of the players, which
also define the reaction of the aggregates. If a player’s strategy changes, for whatever reason,
the reaction functions determine how the other players change (optimally) their strategies,
and thus how the aggregates change. Conjectures are considered consistent if the belief of
a player locally coincides, to the first approximation, to the actual change in the player’s
personalized aggregate. The main result of the paper is that, in well-behaved games, only
consistent conjectures of a player can be evolutionary stable for this player.

The result extends the link between consistent and evolutionarily stable conjectures.
Previous works noted this connection in simple duopoly models (Dixon and Somma, 2003;
Miiller and Normann, 2005), in two-player games (Possajennikov, 2009) and in symmetric
aggregative games (Possajennikov, 2015). What I add in this paper is that the link between
consistent and evolutionarily stable conjectures hold in more general n-player asymmetric
situations. Thus it is not only that evolution selects consistent conjectures when other
players’ conjectures are consistent; for any conjectures of the other players, it is best, from
the evolutionary point of view, to have a consistent conjecture.

This result is illustrated on two examples of games that were often the subject of Richard
Cornes’s work and that are aggregative or naturally semi-aggregative, namely public good
games and contests. In these settings, I show that for many parameter values consistent
and evolutionarily stable conjectures coincide, thus consistency is not only a necessary but

also a sufficient condition for evolutionary stability.

2 Games and Conjectures

2.1 Semi-aggregative representation of games

A simultaneous-move game on the real line is G = (N, {X;}";,{u;};), where N =
{1,...,n} is the set of players, X; C R is the strategy set of player ¢, and u; : X7 x...xX,, —
R is the payoff function of player ¢. It is assumed that the game is well-behaved: strategy

sets are convex and the payoff functions are differentiable as many times as required.



For any game, the payoff of player ¢ can be written as u;(x;, A;), where A; = fi(z1,...,zy)
for some function f; : X1 x ... x X,, = R.2 I call the representation of the payoffs in the
form w;(z;, A;) semi-aggregative, since A; can be seen as a personalized aggregate of player
i, which summarizes the dependence of the payoff of player ¢ on the strategies of other
players. Note that the aggregate A; can include the strategy x; of player i. A game is
aggregative if there exists a semi-aggregative representation with A = A; for all 4, i.e. with
the same functions f; for all players and a common aggregate A.

While in general games the payoff representation discussed above may appear strange,
there are classes of games for which a (semi-)aggregative representation is natural. For
example, in a differentiated product oligopoly, the price p;(qi,...,q,) for the product of
firm ¢ is determined by the inverse demand from the quantities chosen by all firms. This
price can then naturally be taken as the personalized aggregate of firm ¢. The payoff for
firm 4 is the profit m;(gi, p;) = pigi — Ci(q;), where Cj(g;) is the cost function of firm 7.3

For another example, consider a (pure) public good game. Each player i contributes a
part z; of the endowment m; to the public good, leaving m; — x; for private good consump-
tion. The aggregate production of the public good is A = "' | z;. Player ¢’s payoff is given
by the utility function w;(m; — z;, A), which is already a semi-aggregative representation. In
fact, with pure public goods the game is properly aggregative, since the aggregate amount
of public good A is the same for all players; it is not needed to have personalized aggregates
for each player.

The advantage of the semi-aggregative representation is the reduction in the dimen-
sionality of the problem. In a sense, a player sees his or her opponents as one aggregate
opponent and is only concerned about the aggregate effect of such an opponent on payoff.
In the next subsection I discuss how this can be used to formulate in a simple manner

players’ expectations about the behavior of other players.

2.2 Conjectures and conjectural variation equilibria

Suppose that player ¢ has some conjectures r; about the reaction of other players to a

change in the player’s own strategy. With the semi-aggregative representation of the game,

e
the conjectures are about the change in the personalized aggregate, r; = (3‘;‘?) , Where

the superindex is meant to convey that it is an expected, rather than actual, change. It

is assumed that the conjectures are constant, r; € R;, where R; is a convex subset of R,

2For example, consider the identity Ui (Z1, ..., @n) = X +us(x1,. .., 2n) — zi. Let A; = fi(z1,...,20) =
wi(Z1,...,on) — x; and write u;(zi, A;) = z; + A.
3In a homogeneous good market with one price, the aggregate (the price) is the same for all firms, and

the game is properly aggregative.



i.e. conjectures do not depend on the current strategies of players. This assumption again
reduces the dimensionality of the problem while still allowing consideration of consistent
conjectures.

A change in player i’s own strategy x; also can directly affect the aggregate A; =
fi(x1,...,2,). But the conjecture is about the total effect of a change in z; on A;: it

incorporates the direct effect g‘;‘? but also the effect from the expected changes in the other

players’ strategies. This formulation is slightly more general than the one with the aggregate
being a function of the other players’ strategies only, as was used in e.g. Perry (1982) for
oligopoly and in Cornes and Sandler (1984a) for a public good model. It can still represent

the usual Nash behavior: r; = 2t

t means that the strategies of the other players are kept
fixed; player ¢ does not expect the other players to react.
Having conjecture r;, player i maximizes payoff u;(x;, A;). The first-order condition for
maximization is
Fi(zi, Ajyri) = gZ(xi,Ai)—i—gZ(xi,Ai) -r; = 0. (1)
Suppose now that all players have certain conjectures, summarized by vector r =
(r1,...,7r). Suppose further that for each player i, the solution of the player’s maximiza-
tion problem is characterized by equation (1). A conjectural variation equilibrium (CVE)
for the given vector r of conjectures consists of the vector of players’ strategies x*(r) =
*

(zi(r),..., 2z} (r)) and the vector of personalized aggregates A*(r) = (Aj(r),...,A}(r))

that satisfy the system of equations

E(l.’LvAZaTZ) :07 1= 17"'7n7 (2)
Al_fl(xh,xn)zo, /L:].,,’I’l

It is assumed that the solution of this system of equations exists for the values of conjectures
in sets R;. There may be multiple solutions of the system; in the analysis below I consider
any particular solution that is locally unique and well-behaved.

Although conjectures are about changes in a player’s strategy and reactions to them,
the conjectural variation equilibrium is a static concept. However, it can be interpreted as
a convenient short-cut summarizing the result of a more explicit dynamic analysis*, and

this is the interpretation I have in mind by focusing on CVE in this paper.

“In a duopoly context, Dockner (1992) and Cabral (1995) show that a dynamic model indeed can lead
to the same outcomes as certain CVEs, and Itaya and Dasgupta (1995) and Itaya and Okamura (2003) do

so for a public good game.



2.3 Consistent conjectures

Recall that a conjecture of player i is a belief about the change in the personalized aggregate
A; in response to a change in player ¢’s strategy xz;. To define consistent conjectures, let
x; vary unconstrained and concentrate on optimal responses of the other players. Consider

the system of equations

Fj(xj, Ajiry) =0, j=1,...,n,j #1 (3)
Aj — fi(zy,...,2) =0, j=1,...,n,

which is like system (2) except that the first-order condition for player ¢ is not there. Thus,
the strategy x; of player ¢ is not constrained to be optimal; it can take any value. The
strategies of the other players are still characterized by the first-order conditions; thus the

system describes optimal responses of the other players to arbitrary values of x;. Denote a

solution of system (3) as (27*(x:), ..., 2} (z5), 275 (@), . . 2 (20); AT (@), .., ApF(24)).
Consider a vector of conjectures r and a certain CVE (x*, A*) = (2F,...,z5; A, ..., A})

for these conjectures. Note that for x; = x there exists a solution of system (3) with

z3*(27) = af for all j # i and A7*(z]) = Af forall j =1,... n. Consiii*er such a solution
and consider A*(x;). Conjecture r; of player i is consistent if r; = dj;, (x*, A¥), i.e. the

conjecture about the reaction of the personalized aggregate is, to a first approximation,
correct at equilibrium.?

Whether a particular conjecture r; is consistent depends on the vector of conjectures
r_; of the other players. Given a vector r, it is possible that some players hold consistent
conjectures and others not. One can define conjectures to be mutually consistent if for all ¢,
r; is consistent against r_;. However, it will not be important for the analysis of conjectures
of player ¢ what conjectures the other players hold thus I do not focus only on mutually

consistent conjectures.

3 Evolutionary Stability of Conjectures

Imagine that for each of the n player roles there is a large (infinite) population of players,
and players from each population from time to time are called to play the game G against
opponents randomly drawn from the other populations. Consider the population for the
role of player i. Each player in the population has some conjectures. Suppose that in all
other player populations conjectures have stabilized on some values r_;. Thus, if called to

play, a player with a certain conjecture r; from the population of players ¢ will play the

>This consistency requirement was introduced by Bresnahan (1981) for a duopoly, and also used e.g. in

Perry (1982) in an oligopoly and Cornes and Sandler (1984a) in a public good game context.



game against the other players with conjectures r_;. Suppose that when the game is played,
a CVE is played. The question is: for the given conjectures r_; of the other players, which
conjecture of player i is evolutionarily stable?

Different conjectures in the population for the role of player ¢ will lead to different CVEs

S

and thus to different payoffs. Conjecture T‘Z-E is said to be evolutionarily stable (Maynard

Smith and Price, 1973; Selten, 1980) if

ui(x’f‘(rlES, r_;), A?(rzES, r—;)) > wi(x; (ri,vr—;), A (r;,r—;)) for any r; # T‘iES.

The above inequality means that in the population for the role of player i, a player with
conjecture riES will get a higher payoff when called to play than a player with any other value
r; of the conjecture. The evolutionary intuition is that players with any other conjecture
r; in the population for the role of player ¢« would have lower fitness than the players with
conjecture ’I“iES . Therefore evolution will favor players with conjecture TZ-ES to survive and
thrive.6

With the alternative interpretation that players first choose their conjectures and then
play a CVE of the game G, an evolutionarily stable conjecture of player i is a strict best
response of player ¢ to the given conjectures of the other players. If a vector of conjectures
I‘ES — (T‘FS, . TES ES

..,7y”) is such that for each player ¢ the conjecture 7;

is evolutionarily stable
given r?f , then (7“{35 e rfs ) is a strict Nash equilibrium in the game where players choose
conjectures and their payoffs are determined via conjectural variations equilibria.
Whatever the interpretation, an evolutionary stable conjecture solves
max wi(x; (riyr—s), A; (ri,r—;)).

The first-order condition for maximization is’

Ou; Ox;  Ou; dA] 0
6%'1' 87“1' (9AZ d?’i -

Therefore (provided that g}f{i # 0 and ?‘ﬁ # 0), —gsz//gz = g’;‘g //g:: Since from equation
(1) r; = —gs_i;gf{_, an interior evolutionarily stable conjecture satisfies

dA} /dr;
ES ) v

o — ) 4
i ozt /Or; )

Speaking somewhat loosely in mathematical terms, if dr; = Or; is treated as a small

change in the independent variable r;, then it can be canceled from (4). Note also that

5Note that the definition focuses on player i treating the other players conjectures as fixed; Selten (1980)

showed that such an approach is appropriate in asymmetric games.
"To save space, arguments of derivatives are omitted. It is understood that they are evaluated at r =

(rf% r_;) and CVE (x*(r), A*(r)).



dl‘i =

i 7z~ Recall that a conjecture
is consistent if r; = djﬁ*. Since at a CVE A7*(x}) = A}, the first-order condition for

evolutionary stability and the consistency condition are essentially the same.®

dx; = Oz if only r; changes. Therefore pBS — 44

For a more formal demonstration of the reasoning, consider system (2).

To simplify
notation, focus on i = 1. Differentiating each line of (2) with respect to ri,

oFy 0x% OF| dA} OF;
Sl 0 et + o = -2t
Ox1 Ory 0A1 drqy or
0 N OF,, 0x}, 0 n oF, dA}, 0
0x,, Ori 0A,, dri
ooy Ohox, dAf 0~
Oxy Or o oz, Ory dry N
Ofyn Ox] Ofn Ox}, dA*
- e 0 n = 0
Ox1 Ory + + ox, Orq + + dry
Define 5 5
F F
o1 0 7x 0
OF, OFy
M= gy
—871 —ﬁ 1 ... 0
Ofn Ofn
OF: OF:
875 0 6X22 0
OF, OF,
[V e e
—11 _ % _ O fo 1 0 )
Oxo OTn e
Ofn Ofn

8The relationship between consistent conjectures and the conjectures that maximize the indirect payoff
function w;(z] (rs, r;), Aj (r3,75)) was noted by Itaya and Dasgupta (1995) for a two-player public good game.



and

OF: OF:

0 R 0 X 0
OF, oFy,
gf gf R 0 .. 9
Moaa=| -5 ~on om0 0
ofs _0fs dfa 1 0

oz 0o 0Tn
“Or1 " Ocs oz O o1

P ox] OF OF
If |[M| # 0, by Cramer’s rule, af = ( 8r11> |M_11| and 8r1 ﬁ( )" Gt M4l

Therefore, if [M_11| # 0 (from equatlo

(4) becomes

(1) Gh =S4 thus G £ 0 if S8 7 0), equation

D)"Y M_14]

ES __ — (_ ’M_11| ) (5)

1

*k

To determine df‘l/;ll , consider system (3).

Differentiating each of the equations with

respect to x1,

8F2 8.%‘;* 8F2 dA;*
—_— 0 0 — 0 = 0
8.7}2 8:131 + + 8142 dacl +
OF,, (9 ok OF,, dA**
0 n 0+ 0 T n 0
Of Oy 87 T g O dny of
1 1 1 1
—_— 0 - 0 —
8:(:2 ox1 8xn o0xy + dxy + T o0xy
afn 8x§* Bfn ax** dAY* Ofn
—— 0 0 . R —=
Oxo 011 Hxn 0x1 + + et dxq o0z
Define oF oF
0 5o 0 &x 0
OF, oFy
0 0 o 0 i
L= 1 _ng % 0 0
Ofn Ofn
0 —5% - —5x 0 !




and

OF: OF:
0 5o 0 7 0
OF, oFy
82 gf e ag} 0 ... &
9fs  _0f2 _9f 0
oz L OTn
orr “om o o 0 .1
Then |L_11| = (—1)"|M_11| and |L_j4| = —|M_14]|. Using Cramer’s rule again, dd’g* =
—|M_ —1)n=1 M L . .
ﬁﬂj_m’ = (_1‘)71‘]\/}:‘“ = ! )|MJ11| ““, which is the same as the right-hand side of

equation (5). Thus

Proposition 1 Consider a semi-aggregative representation of the game G and consider
conjecture profile r = (r1,...,r,). Suppose that there exists a CVE (x*(r), A*(r)) for this
r. If gff( #0, |[M|#0 and |[M_11| # 0 atr and (x*(r), A*(r)), then if r; is an evolutionarily

stable conjecture for player i, then it is a consistent conjecture for player i.

Since the analysis was based only on the first-order condition for evolutionary stability,
it is not necessarily the case that a consistent conjecture is evolutionarily stable. Con-
cavity or quasi-concavity conditions on the indirect function w;(x;(r), A;(r)) can guarantee
this. Instead of stating these conditions in general, evolutionarily stability of consistent
conjectures is demonstrated for particular games in section 4.

The practical usefulness of the result is that it is usually easier to find consistent con-
jectures than to derive the indirect function to search for the evolutionarily stable ones.
Since the result shows that in well-behaved games only consistent conjectures can be evo-
lutionarily stable in the interior of the conjecture space, the search for evolutionarily stable
conjectures can be reduced to the consistent ones.

The conceptual usefulness of the result is to provide foundations for consistent con-
jectures. Consistency of conjectures is not always accepted as a plausible criterion for
preferring some conjectures over others.” The result in this paper shows though, that if
players are endowed with conjectures that are subject to evolutionary pressure (or, equiv-
alently, if players could choose conjectures before playing the game), then only consistent
conjectures can survive such a process.

Note that the proof of the result concentrated on player ¢, while taking arbitrary con-

jectures held by the other players. The conjectures of the other players may or may not

9See e.g. Makowski (1987); Cornes and Sandler (1996, p. 32) say that they do not attach any particular
importance to consistent conjectures.

10



be consistent; if one wants all players to have evolutionarily stable conjectures, then only
profiles with mutually consistent conjectures can be such. The result shows that it is best
for player 7 to have consistent conjectures whatever the conjectures of the other players are
(but which value of the conjecture is consistent, and thus possibly evolutionarily stable, for
player i depends on the current conjectures of the other players).'?

The current result generalizes the previous ones in Possajennikov (2009, 2015) to asym-
metric games with more than two players. In principle, the games do not even need to have
an obvious aggregative structure: what was used is that the players make conjectures about
the appropriate quantity A; that was relevant for their payoff. In general, the function
fi determining this quantity may be complicated and thus it is not likely that the players
would consider conjectures about it; however, in some games, illustrated in the next section,

the aggregate quantity A; arises naturally in the formulation of the problem.

4 Examples

4.1 Semi-public good games

Cornes and Sandler (1984a,b) explored the public good model, including the impact of
various conjectures and the possibility of impure public goods, where a player’s contribution
to a public good also provides a private benefit. I will use instead the formulation of semi-
public goods from Costrell (1991) that models the same idea — that a player benefits more
from his or her own contribution to a public good than the other players do — in a more
transparent manner. The formulation also encompasses a pure public good model.
Suppose that each player ¢ has a money endowment m; that can be spent either on a
private good or on a semi-public good. Assuming for simplicity that prices of all goods are
equal and normalizing the price to 1, m; = y; + x;, where y; is the amount spent on the
private good and x; the amount spent on the public good. Player ¢ has the utility function
u;i(yi, G;), where Gj is the quantity of the public good available to player i. The semi-public
nature of the public good is modeled by G; = z; + b; Z#i xj, where 0 < b; < 1. Player
i benefits most from his or her own contribution to the public good, but other players’
contributions also spillover to player i’s benefit. Quantity G; naturally plays the role of the

personalized aggregate for player 7.1

10The observation that the consistent conjecture is the best response conjecture of one player to any given
conjecture of the other player was made in Dixon and Somma (2003) for a linear-quadratic Cournot duopoly

game.
"Note that if b; = 1 for all 4, then the public good becomes a pure public good and the same aggregate

G = > , x; can be used for all players.

11



To illustrate the result in the previous section, consider the three-player case (n = 3)

and Cobb-Douglas utility functions for all players
ui(i, Gi) = (my; — ;) G,

with 0 < «; < 1. Suppose that each player i has conjecture r; > 0. Player i’s first-order
condition for utility maximization is —ay;(m; —x,;)ai*lGil_ai +(1—y)(m;—x;)* G, “r; =0,

or, in the interior where z; # m; and G; # 0, —«;G; + (1 — «;)(m; — z;)r; = 0. Therefore
o;G; + (1 — ai)xim = (1 — ai)min

characterizes the solution of player i utility maximization problem.'?

To find consistent conjectures for player 1, consider the system

OéQGQ + (1 — 012)1'27‘2 = (1 — Ozg)mg’l“g
3Gz + (1 —az)rsrs = (1 —az)mars
G1 — 1 — bl$2 — b1$3 =0
GQ — ngl — T2 — bzﬂ?g =0
G3 — by —bgrg —x3 = 0.
Substituting the last three equations into the first two,
((1 — 042)?”2 + ag):L'Q + Oégbgl’g = (1 — Oég)mzrg — 0421321’1
agbore + ((1 — az)rs + az)xrs = (1 — ag)msrs — asbsx.

If b; < 1,7 = 2,3, then the solution of these two equations is guaranteed to exist. It is

96’2‘*(901) _ (mg(l — 042)7"2 — a2b2$1)((1 — CM3)7’3 + 043) — Oégbg(mg(l — 043)7'3 — Oé3b3.’L‘1)
((1 — 042)7“2 =+ Ozz)((l — Oég)T'3 + Ckg) — a2b2agb3
((1 — Ozz)?“z + ag)(mg(l — Oz3)7“3 — 043[73331) — (mQ(l — 042)7’2 — OéQbQ.%'l)Oégbg
((1 — 042)7“2 + Ozz)((l — Oég)?“3 + Ckg) — aoboagbs ’

r3" (1)

Since G7*(x1) = x1 + byxd™ (1) + b1x5*(x1), the consistent conjecture is
1 2 3

TC _ dGT* —1_b agbz((l — 043)7“3 + ag) + ((1 — az)?”g + ag)ongg — 2a9bgagbs
C=""L =1

dzy ((1 — az)TQ + 042)((1 — 043)7'3 + Oé?,) — agbgagbs

This consistent conjecture is the unique candidate to be evolutionarily stable. Note that

the consistent conjecture is less than unity, meaning that player 1 (correctly) expects the

2The second-order condition a;(1 — a;)(mi — x;)* %G, * 1 (=G? — 2(my; — x:)Giri — (mi — x)°r2) < 0

is satisfied for r; > 0 and all interior z;, G;.

12



other players to partially offset an increase in his or her contribution to the public good.
This exacerbates the inefficiency of the private provision of the good.

A CVE of the game is characterized by the equations

OélGl + (1 — Oél)l'ﬂ‘l = 1-— al)mlrl
Oé2G2 + (1 — Oég)ib‘QT'Q = 1-— OéQ)mQTQ
043G3 + (1 — 043).%'37“3 = 1-— )m37"3

(
(
(
Gi—x1—bizg—bizs = 0
Gy —byx1 — 29 —boxs = 0

0.

Gg — b3:L‘1 — bgl’g — X3 =
Substituting the last three equations into the first three, the system becomes

(T —a1)r1 + a1)wy + agboze + agbzrs = (1 —ag)mir
asboxry + ((1 — Oég)?“z + CKQ)J}Q + agbsrs = (1 — Oég)mQTQ

agbsx + agboxs + ((1 — a3)7’3 + 043)333 = (1 — ag)mgrg.
Let

‘M| = ((1 — 041)7’1 + 051)((1 — 042)?”2 + az)((l — ag)Tg + 043) + 2ai1byabaasbs
—albl((l — 042)7“2 + ag)agbg — ((1 — 041)7“1 + al)a2b2a3b3

—arbiagba((1 — az)rs + as),

‘Mﬂ = m1(1 — 041)7’1((1 — Ckg)?”g + 042)((1 — 043)7“3 + (13) + a1b1m2(1 — 042)7’2@3173
+a1b1m2(1 — ()42)7’2&3()3 — albl((l — 042)7’2 + ag)mg(l — 043)7’3

—ml(l — al)Tlagbgagbg — Ozlblmg(l — 042)7“2((1 — Oég)T’g + Oég),

|M2| = ((1 — 041)7“1 + al)mg(l — Oég)’l“g((l — a3)’l"3 + 043) + m1(1 — 041)7“10421)20431)3
+041b1042b2m3(1 — 043)7“3 — alblmg(l — Ckg)?“gazbg — ((1 — al)rl

+a1)a2b2m3(1 — 043)7’3 — m1(1 — 041)7”10521)2((1 — a3)7’3 + 043),

|M3’ = ((1 — 041)7"1 + O[l)((l — O[2)7“2 + Oég)mg(l — 053)7“3 + m1(1 — Oél)’l“loégbgagbg
Fa1bima (1 — az)ra3bs — mi(1 — a1)ri1((1 — az)ra + az)aszbs
—((1 — 051)7“1 + Oél)mg(l — OéQ)?“QOégbg — Ozlblagbgmg(l — 043)?”3.

* * [Ms| x _ | M| | M2 |+|Ms|
Then z7 = 70 L2 = ‘M|,x ™ and G| = M| +b1T'
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Evolutionarily stable conjectures of player 1 are found from the problem
max(my — 23(ry, r-1))*Gi(r1, ro)iT
The first-order condition for maximization is

*\Qup— *\—Q dx * * dGy
(myq — 7)™ 1<G1) oGy + (1 — a1)(my — z7) L) =o.
drq dry

Since in a CVE —a;G; + (1 — o) (m; — x;)r; = 0, the condition simplifies to

*\QL { R\ —Ct dry dGj
(m1 —271)* (G1)" ™' (1 — aq) (—7‘1 drll + dr11> = 0. (6)
Consider % = ﬁ (Bg\fll”M] - |M1|LM|). Since —%Mll = mi(1 — ar)((1 — az)ry +

8IM|

ag)((l—ag)r3+a3) ml(l—al)Oszgagbg and (1 al)((l—az)T2+a2)((1—a3)r3+

az) — (1 — a1)asbaasbs,
dei _ K
d7“1 |M’
where |K1| = a1(1 —a1)mi((1 —ag)re(1—ag)rs + (1 — az)reaz(l —b1bg) + az(1 — asz)rs(1 —
b1b2) + 062043(1 — bybg — b1bg — bi1by + 2b1b2b3) + bl(((l — 0@)7“2 + a2(1 — bz))m3(1 — ag)Tg +
ma(l — ag)ra((1 — as)rs + ag(l —b3)))) > 0.
Consider now (ilfll = le% + by <Z% + (cilff) Since leif _ ﬁ <6(\91\;112\ M| — Mo ’8\M|) and

3(\9]\512\ (1 — al)mg(l — Oég)?“z((l — CK3)7“3 + 043) + m1(1 — a1)a2b2a3b3 — (1 — al)OéQmeg(l —

(((1 — 042)7‘2 + 012)((1 — Oég)’l“g + 043) — 0425204353),

043)7‘3 — m1(1 — 041)02[)2((1 — 043)7‘3 + Oég),

= asb — asbs).
- |M| 2((1 — asrs) + az — agbs)

Analogously,
dry ‘M| 353(( 0427‘2) + o — CLQbQ).

Therefore, —rq dTl + drl = 0 is equivalent to

(1 =7 (1 — az)ra + a2)((1 — a2)rs + a3) — asbaazbs) +
bl(agbg((l — 0537“3) + ag — Oégbg) + agb3<(1 — OzQT'Q) + a9 — agbg)) =0
and thus a candidate evolutionarily stable conjecture is

BS (agbg((l — 013?”3) + a3 — a3b3) + a3b3((1 — 0427"2) + o — agbg))
ri’°=1-b
(((1 — 042)?”2 + ag)((l — 042)7‘3 + Ozg) — Onggongg)

the same as the consistent conjecture.

)

Now note that the left-hand side of the first order condition (6) is positive for r; < £

and negative for 71 > 7. Thus £ is indeed evolutionarily stable.

14



Proposition 2 If the parameters of the semi-public good game of this section are such that

for given v,y and consistent

(a;b;i (1 — awry) + o — arbe) + arbr((1 — ayrj) + a;j — a;b;))
(1 = aj)rj + a;) (1 — aj)rg + o) — abjaby)

T,L»Czl—bi

the CVE (x*(r), A*(r)) is interior, then conjecture r$ is evolutionarily stable for player i.

To illustrate the proposition, consider first the symmetric case m; = me = mg = m,

a1 = ay = a3 = a, by = by = bg = b. It is then natural to expect conjectures to be

symmetric too, 11 = rg = r3 = r. The (mutual) consistency condition then reduces to
2ab? (a+(1—a)r—ab 2 . .

r= 1= J Ol — 1 - . This holds if (1 — a)r? + (2a + ab — 1)r +

a(2b® —b—1) = 0. For r = 0, the left-hand side is a(2b> —b— 1) < 0 for 0 < b < 1; for

r = 1, the left-hand side is 2ab? > 0. For positive values of conjectures there is thus one

consistent ¢ € (0,1), confirming the result in Costrell (1991) that consistent conjectures
correspond to negative reactions, i.e. if a player increases his or her contributions, the other
players decrease theirs.

The proposition can be used to find consistent and evolutionarily stable conjectures also
for cases that are asymmetric either in parameters or conjectures. For example, consider
symmetric values of parameters m = 1, b = 0.5 and a = 0.5. If players 2 and 3 have the
(Nash) conjectures ro = r3 = 1, then the consistent conjecture for player 1 is r{ = 0.8 (and
it is evolutionarily stable because the CVE for these conjectures is interior). Table 1 shows
the numerical calculations to find (mutually) consistent conjectures for some particular
values of the parameters, and it also shows that the CVEs for these conjectures are interior.
Therefore the consistent conjectures in Table 1 are also evolutionarily stable. Note that
as the parameter « increases, less weight is put in the utility function on the public good;
mutually consistent conjectures then decrease and so do contributions to the public good.
The last line in the table shows that asymmetries between players should not be too large
for an interior solution to exist; if the parameter oy increased further, x] becomes 0 and

the propositions cease to apply.

4.2 Contests

Consider rent-seeking contests introduced in Tullock (1980) and investigated using the tech-
niques for aggregative games in Cornes and Hartley (2003, 2005). Each player i contributes

3Note that if b = 1, then r = 0 is the solution of the consistency condition (Sugden, 1985). However, for
7 = 0 the solution of the players’ maximization problem is not interior and the first-order conditions do not

characterize it. The propositions do not apply in this case.
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Table 1: (Mutually) consistent conjectures in the public good game with m =1, b= 0.5

o g ag | ¢ =rES 2§ =pES5 o0 =05 a3 x5 x3

0.25 0.25 0.25 0.879 0.879 0.879 0.569 0.569 0.569
05 05 05 0.781 0.781 0.781 0.281 0.281 0.281
0.75 0.75 0.75 0.712 0.712 0.712 0.106 0.106 0.106
025 05 0.5 0.784 0.821 0.821 0.637 0.217 0.217
04 05 05 0.782 0.797 0.797 0.423 0.255 0.255
0.65 0.5 0.5 0.779 0.758 0.758 0.070  0.320 0.320

a costly effort z; > 0 and can win a prize of value V' with probability - +”“"' . Each player

1
vty

1’s payoff function is thus given by

uz(xz,A) = %V — CiTj,

where A = 1 + ... + z, is the aggregate.!* This aggregate is the same for all players;
the game is truly aggregative. The game can still be asymmetric though, represented by
possibly different marginal costs ¢; of the players.

Consider player ¢ with conjecture r; > 0. The first-order conditions for player i’s payoff
maximization problem is F; = %V—ci =0, or ﬁ(biV(A—miri) —¢;A?) = 0. Writing
A= x; + A_;, the first order condition becomes ﬁ(—qx? + (1 —=7r)V —2¢,A_ )z + (V —
¢;A_;)A_; = 0. The left-hand side is negative as x; — oo and positive at x; = 0 if
V —¢;A_; > 0. In this case, the equation

V(A —2ir;) —cA* =0 (7)

characterizes the choice of player i.
Consider again for illustration the case of three players (n = 3). The system describing
a CVE is

V(A - 1317“1) - 61A2 = 0
V(A — JJQ’I”Q) — 02A2 =0
V(A — x37’3) — 03A2 = 0

0

A—:Cl—l’g—xg =

(since there is only one aggregate, there is only one additional accounting equation). To

solve the system, from the first three equations x; = WAV(V —¢;A). Therefore A — HAV(V —

Mo avoid indeterminacies, let u; = % if A=0.
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aA) — TZAV(V — A) — TBAV(V —c3A) =0, or r17ror3V3 — ror3VE(V — 1 A) — riraV2(V —
caA) —r1raV2(V — c3A) = 0. Thus

_ Tar3+rirTy +Tir2 — rirar3
ror3c) + rir3cy + riracs

A*

V. (8)
To find consistent conjectures of player 1, consider the system

V(A—$2T2)—CQA2 =0
V(A—$3T3)—63A2 = 0

A—Jfl—xg—xg = 0.

Solving for x5 and x3 from the first two equations and substituting into the third one gives
A—xl—WAV(V—cQA)—TSiV(V—c;;A) =0, or (rgca+racg) A%+ (ror3—ro—13)V A—rorsVay = 0.

Using the implicit function theorem,

dA** o T2T3V

dx, 2(rgcg + roc3) A** + (rors —rg — r3)V

Since A**(x7) = A*, dﬁf;* (x7) can be found using A*. Rearranging, the consistent conjecture

satisfies

rors(rarscy + rirsce + r1r2c3)

o 2(r3co + rocs)(rors + 1173 + 1119 — r17r9r3) + (rors — ro — 13)(rorser + rirsce + r1racs)

Simplifying this expression leads to (corir3—cirers+csrire)(rors+rirs+rirg—rirars) = 0.
If rors + rirg + rirg — rirers = 0, then A* = 0 thus 2] = 25 = 2§ = 0, which is not an
interior equilibrium. Thus consider cori7r3 — c172r3 + c3r1r2 = 0. The consistent conjecture
of player 1 possibly leading to an interior CVE is thus

TC o c17r2rs
73C + 12C3

For evolutionary stability analysis of conjectures of player 1, consider

zi(r,r-1) .
e VAR _1).
H}"?X A*(Tl, I'_1) 1 (TI’ g 1)

The first order condition for maximization is ﬁV (%A* - x’{%) — 01% = 0. Using
equation (7), the condition can be rewritten as
Vi dx] dA*
et 7”171 —_ = O (9)
(A*)Z dT‘l d?”l
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Equation (7) also implies that ] = %A* - :—1‘/(/1*)2. Therefore f% = % (Ccllf: Ty — A*) -

%% (QA* C(lij’?‘: ry— (A*)2>. Equation (9) can then be written as

3 . dA*
L (A" =V —2cr1— ) =0.
(A*)27°1 <Cl V C1T1 d’l“l ) 0

* —Trar3(CaT, C3T92—C1T3—C1T: C1TaT .
dA* __ or3(car3tesra—cirs—ci 2+21 2 3)V, and substitut-
dry (rerzci+rirgea+riracs)

ing, the first-order condition (9) becomes

Using A* from equation (8), finding

x}  —(earirg — cirars 4 carir3)(cars + carg — €113 — €112 + €17273)
(A*)? (rorger 4+ rirgea + riracs)?

V=0 (10

Therefore, provided that the CVE is interior, the first order condition is satisfied only if
c3rire —cirersy + coryry = 0, i.e.
FES — 17273
c3ry + oty

The unique candidate for the evolutionarily stable conjecture of player 1 is the consistent
conjecture of the player.

Suppose that cors + csrg — c113 — c172 + c11r9r3 = (co — ¢1)13 + (€3 — ¢1)r2 + 1113 > 0,
which is the case unless all ; = 0 or unless player 1 has marginal cost much higher than
those of the other players. Then the left-hand side of (10) is positive if r; < 7 and

negative if r > TlES . The consistent conjecture is then evolutionarily stable.

Proposition 3 If the parameters of the contest game of this section are such that for given

rj, T, and consistent
o_ _ GTTE
CkTj + CjTk
the CVE (x*(r), A*(r)) is interior and (c¢j —¢;)ri+ (ck —ci)rj+cirjri > 0, then conjecture
C

rs

7 s evolutionarily stable for player i.

Consider again a few numerical examples to illustrate the proposition. Suppose that
the players are symmetric, ¢; = co = ¢3 = ¢, and that they hold symmetric conjectures
r1 = r9 = r3 = 1. Then the condition for the (mutually) consistent conjectures becomes
r = 5. The consistent conjecture is then r¢ =0, i.e. each player expects that a increase in
his or her effort is fully offset by the decrease in the effort of the other players, leaving A
unchanged. Although A* =V and z} = % is an interior equilibrium with such a conjecture,
the proposition does not apply because the condition (¢;—c¢;)rg+(ck—c;)rj+cirjry > 0is not
satisfied. Indeed, if r; = 0 for one of the players, then equation (7) becomes A(V — A) = 0,
leading to A = V in equilibrium and zero payoff to all players. Any conjecture r; # 0
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Table 2: Consistent conjectures for player 1 in the contest game with V =1

a1 e oc3 | =rPS r3 x] x5 x3

1 1 1 0.375 0.75 0.75 | 0.406 0.203 0.203

1 1 1 0.5 1 1 0.375 0.188 0.188

1 1 1 0.625 1.25 0.125 | 0.344 0.172 0.172
075 1 1 0.281 0.75 0.75 | 0.925 0.027 0.027
075 1 1 0.375 1 1 0.764 0.076 0.076
075 1 1 0.469 1.25 1.25 | 0.655 0.010 0.010
125 1 1 0.781 1.25  1.25 | 0.200 0.194 0.194

2 1 1 1.25 1.25  1.25 | 0.044 0.197 0.197

of player 7 implies a corner solution z; = 0 in a CVE, again with zero payoff. Therefore
r¢ = 0 for all players is not evolutionarily stable but can be seen as neutrally stable for
player ¢: alternative conjectures cannot lead to a higher payoff although they can be equally
successful.'?

Although the proposition does not apply to the symmetric case, it still can be used for
asymmetric costs or conjectures. Table 2 shows numerical calculations for finding consistent
conjectures of player 1, for given conjectures of players 2 and 3 (conjectures o and r3 are
not consistent; mutually consistent conjectures are always zero for the parameters in the
table). Those conjectures of player 1 are also evolutionarily stable because the conditions
in proposition 3 are satisfied. Consistent conjectures of player 1 increase with the given
conjectures of the other players and with the cost of player 1 but typically stay below unity,
implying that the player correctly expects the aggregate to increase by less than the increase
in his or her own effort. However, it is also possible that player 1 correctly anticipates that
the aggregate increases by more than the increase in player’s own effort if the cost and
the other players’ conjectures are high enough (the last line of the table). Equilibrium
efforts are inversely related to cost parameters and to conjectures; but it is possible (the
penultimate line in the table) that a player with a higher cost makes a higher effort in
equilibrium than the other players, due to this player holding lower conjectures (that also

happen to be consistent).

15For n = 2, there are non-zero symmetric conjectures that are consistent and evolutionarily stable. The
consistency condition for n = 2 is r; = Z7;. If ¢; = ¢;, then any r is consistent. It is shown in Possajennikov
J
(2009) that any 0 < r < 2 is evolutionarily stable then.
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5 Conclusion

Richard Cornes has done much work on public good games, on contests, and on games
with aggregative structure in general. Some of his work also considered conjectural vari-
ations, mostly in public good games. In this paper I also consider conjectures and I use
representations of games that share some properties with aggregative games. In such rep-
resentations, there is a personalized aggregate for each player; I call these representations
semi-aggregative.

The idea of a semi-aggregative representation is that a player forms appropriate conjec-
tures about how the aggregate changes and how it affects the player’s payoff. In a sense,
the game is reduced to just two players: the player him- or herself and the aggregate oppo-
nent. Thus the dimensionality of players’ conjectures is reduced and such conjectures can
be analyzed.

I show that if conjectures are subject to evolution, then only consistent conjectures can
be evolutionarily stable. The result provides foundations for the (much discussed) notion
of consistent conjectures as the result of evolution. On the other hand, the result can be
used to find evolutionarily stable conjectures more easily, through finding first consistent
conjectures. While this observation is not new for some classes of games, the result in this
paper extends it to any well-behaved game.

The result is illustrated on the examples of (impure) public good games and contests.
Although finding the exact value of consistent (and evolutionarily stable) conjectures in
specific asymmetric games is still a difficult task (thus only 3-player examples are considered
for illustration), the point of the examples is to show that it can be done, and that often
consistent conjectures are indeed evolutionarily stable. The choice of public good games
and contests as the examples shows that those games, to which Richard Cornes dedicated

much of his work, are still a source of useful insights.
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