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1 Introduction

In a recent paper, Andrews (1999) derives limiting distributions of inequality-
restricted parameter estimators when a parameter is on the boundary of the
parameter space, employing as an example a Dickey-Fuller regression. It is
well known that the original Dickey-Fuller tests have low power and several
extensions designed to improve the power of the tests have been developed.
(See Pantula, Gonzalez-Farias and Fuller (1994) for a comparison of those
extensions.) In this note we ask whether a Dickey-Fuller type test of im-
proved power can be achieved through inequality- restricted least squares
accounting simultaneously for the prior knowledge that the autoregressive
parameter is at most one and that any drift is non-negative.
Andrews analyses for the time series Y; the generating model

Y: = 010Yi—1 + G20t + O30 + & 1)

where we take g; to be i.i.d(O,O'Q), an assumption that can be relaxed, and
where lagged first differences of the series can be added to the regression.
If it can be assumed that any drift is non-negative, it is natural to consider
the inequality-restricted estimator imposing the prior information {f10 <
1,820 > 0}. The least squares, or quasi-maximum likelihood, estimator is
then

O rr cargmax I7(f) st. fe{f¢€ R3:0,<1,6,> 0} (2)
[/

where I7(6) = —3 YT (v — Xi6)%: X] = (Yi-1,1,1);6' = (61,62,63).

Let 61rr be the first element of gy and consider the normalized esti-
mator T(@l rr — 1), on which a test of the unit root null hypothesis might be
based. Under the null hypothesis, two true parameters (619, 620) are on the
boundary of the parameter space. When some true parameters are on the
boundary, the classical Taylor expansion to derive the asympotic distribution
cannot be used because the objective function is not differentiable at the true
boundary parameters (Amemiya, 1985). Nor does the bootstrap provide a
solution. Andrews (2000) gives an example in which the bootstrap method
is not valid when some true parameters are on the boundary. Stochasti-
cally approximating the objective function by a quadratic function, Andrews
(1999) proves that under the null hypothesis, where 619 = 1,629 = 0, and
given the prior of non-negative drift, 639 > 0,

BT(éRT — 00) = 5\

where Br is a scaling matrix and M is a solution to some quadratic minimiza-
tion problem. The distribution of A can be easily simulated by approximat-
ing some functionals of a standard Brownian motion using the Quadratic



Programming Subroutine of GAUSS. In fact, for any 639 > 0, the lower
tail area of the limiting null distribution is the same as the Dickey-Fuller
distribution - that is, the same as that of T(@lT — 1) from ordinary least
squares estimation of (1) without any restriction. Hence, there is no dif-
ference in the critical values. However, for 839 = 0, a different asymptotic
null distribution results. We now explore the case of finite sample sizes T,
considering the practicalities of basing a unit root test on the estimator (2).

2 Finite sample properties of the test

Although the limiting null distribution of the Inequality-Restricted DF (IRDF)
statistic T(@l rT — 1) is the same for all 639 > 0, ideally one would like the
same results to hold in finite samples for practical test implementation. We
simulated series from the generating model (1) with 619 = 1,62 = 0, and a
range of values of 039 > 0, taking e; to be standard normal. Figure 1 shows
1%, 2.5%, 5%, and 10% critical values, estimated from 200,000 replications
for T = 25, 50, 100, 250. It is noticeable that these critical values do de-
pend on the values of the drift parameter 39, and that the discontinuity
at f39 = 0 in the asymptotic null distribution is not evident in the finite
sample counterparts. Note also that, as 03¢ increases, the critical values
quickly approach limits. Those limits are in fact the corresponding finite
sample critical values of the standard Dickey-Fuller statistic T(@lT —1). It
thus appears that any practical implementation of the test employing finite
sample critical values would require knowledge of the parameter f39 under
the null hypothesis, and presumably therefore of E(AY;) more generally.
Of course, were such information truly available, it could be used at the
estimation stage.

We now assess the power, or rejection probabilities, of five variants of
the tests. These are:
(1) The usual Dickey-Fuller test, based on T'(17 — 1), and using empirical
finite sample critical values taken from Fuller (1996), denoted DF-.
(#3) The test based on T(@lT— 1), but compared with the asymptotic Dickey-
Fuller critical values, denoted DF,. This is considered for two reasons.
First, while the asymptotic critical values are valid for any distribution of
gy, finite sample null distributions depend on the distribution of &;, and
strictly speaking the published critical values are only correct when g; is
normal. Second, in this way we can compare with a feasible test based on
the inequality-restricted estimator.
(ii7) A test based on T(f1ry — 1) employing empirical critical values com-
puted by the authors, as in Figure 1, in effect assuming F(AY;) - that is,
f30 under the null hypothesis - is known. Of course, in practice this test
is infeasible, but its evaluation allows us to assess size-adjusted powers of



an approach based on inequality-restricted estimation, abstracting from the
issue of unavailability of critical values. We denote this test TRDFr.
(iv) A test, IRDF,, in which T'((#; gr —1) is compared with the same critical
values as in (47), as would be correct asymptotically for a null generating
process with positive drift.
(v) A final possibility, denoted TRDFy, is comparison of T(81rr — 1) with
the same critical values as in (4), as would be appropriate under the null as
030 — OQ.

Time series were generated from the model

Yi=p+pt+ Zy; Zy = 01021+ €1 (3)

where &; are 1.4.d.N(0,1). In terms of model (1) then, 629 = 3(1 —619) and
630 = (1 — 610) + Bb10. The advantage of the formulation (3) is that the
interpretation § = E(AY;) holds under the null and alternative hypotheses
(and corresponds, of course, to f39 under the former). Without loss of
generality, we can take p in (3) to be zero. Figure 2 shows estimated
rejection probabilities for the five tests, based on 5,000 replications, for a
range of values of 019 and 3, and for the same sample sizes as in Figure 1,
in each case testing at a nominal 5% significance level.

For small values of 3, the TRDF, test, which by construction is correctly
sized, has noticeable power advantages, though compared with DF, and
IRDF, (which use common critical values) these advantages evaporate as
[ increases. This is to be expected as prior "knowledge” that 3 is non-
negative will only be of value when data are relatively uninformative on
this point. So, there appear to be occasions where the use of inequality-
restricted estimation is potentially valuable. Unfortunately, however, as
already noted, the IRDF, test is practically infeasible, as the critical values
depend on a parameter whose value will be unknown. Moreover, as is clear
from Figure 1, the conditions under which inequality-restricted estimation
is most valuable, where the drift parameter is relatively small, are precisely
those in which the asymptotic critical values are least appropriate. The
IRDF, and IRDF, tests are both feasible approaches based on inequality-
restricted information. However, the results of Figure 2 fail to reveal any
grounds for preferring them in comparison with their standard Dickey-Fuller
counterparts.

3 Model with constant and no trend

Consider the simpler variant of the Dickey-Fuller test in which the alter-
native hypothesis is of stationarity around an unknown fixed mean. One



might have prior information that this mean is non-negative. In that case,
the model

Y = 010Yi—1 + 620 + &

could be estimated subject to the constraints {619 < 1,020 > 0}, and a test
based on the statistic T(@l rT —1). Using the same approach as in Andrews
(1999), it is straightforward to show that the limiting null distribution of this
statistic is free of nuisance parameters. However, in simulation experiments
not reported here we have found that, under the null hypothesis where
010 = 1,029 = 0, the finite sample distribution of the test statistic based on
inequality-restricted estimation depends heavily on the initial value Yy of
the series. This parallels the results reported in Figure 1 for the estimation
of model (1).

4 Summary

Prompted by the results of Andrews (1999), we have investigated the pos-
sibility of basing a unit root test on inequality-restricted estimation, which
might incorporate for example prior knowledge that drift is non-negative.
Unfortunately, the finite sample distribution of a test statistic based on such
an estimator depends strongly on the amount of drift in the generating pro-
cess. Hence, a test based on correct critical values is practically infeasible.
Moreover, for feasible tests based on inequality-restricted information, we
were unable to find any advantages in comparison with corresponding vari-
ants of the simpler Dickey-Fuller test.
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