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Abstract

Using parametric formulae under lognormality for a broad family of poverty
measures, we show that when inequality measured by the Gini coefficient is
constant, defining the poverty line as a fraction of a central tendency of the
living standard distribution restricts the evolution of the poverty measures
to be stable. Moreover, when the Gini coefficient only moderately changes,
most of the poverty change can be better considered as a change in inequality.
We illustrate these questions by using data from the United States, for which
we compare the evolution of measured poverty for poverty lines anchored on
various central tendencies.

Résumé

A partir de formules paramétriques sous lognormalité pour une large
famille de mesures de pauvreté, nous montrons que lorsque I'inégalité mesurée
par 'indice de Gini est constante définir le seuil de pauvreté en utilisant une
fraction d’une tendance centrale de la distribution des niveaux de vie restreint
I’évolution des mesures de pauvreté a étre stable. De plus, quand I'indice de
Gini change seulement modérément, la plupart du changement de la pauvreté
peut étre mieux considéré en tant que changement de I'inégalité. Nous illus-
trons ces questions a partir de données des Etats-Unis, pour lesquelles nous
comparons 1’évolution de la pauvreté pour des lignes de pauvreté ancrées sur
diverses tendances centrales différentes.



1 Introduction

It has long been accepted that relative notions of poverty are important,
notably to account for the evolution of perceptions of basic needs in society?.
Being poor in a population of poor people can be considered very different
from being poor in a wealthy environment. This concern is often met by
updating the poverty line across time. In particular, it is often considered
that the poverty line should be relative to the distribution of living standards.

The literature about poverty lines is extensive?, and very varied rules to
define these lines have been proposed. Various fractions of the median or the
mean of the living standard distribution have been widely used to update
poverty lines®, notably for dynamic poverty analyses. Half of the mean of
the living standard distribution and half of the median are popular poverty
lines used by national and international administrations.

There exist other updating procedures such as poverty lines anchored on
the mean living standard of a representative group of households whose living
standards are considered to be close to the desired poverty line (Ravallion
(1998)) or poverty lines relying on subjective perceptions (collected by us-
ing special surveys) of poverty by individuals*. We do not deal with these
procedures in this paper.

We focus in this paper on two major poverty measures: (1) the Watts
measure® that is one of the most popular axiomatically sound poverty mea-
sure, (2) the head-count index which, while having mediocre axiomatic prop-
erties, is certainly the most used poverty measure. We also extend the analy-
sis to a large class of poverty measures considered under lognormality of the
living standard distribution.

The aim of this article is to show that under reasonable distribution as-
sumptions, using a fraction of a central tendency as the poverty line restricts

1Sen (1983), Seidl (1988), Foster (1998).

2van Praag, Goedhart and Kapteyn (1978), van Praag, Spit and van de Stadt
(1982), Hagenaars and van Praag (1985), Callan and Nolan (1991), Ravallion
and Sen (1996), Short, Garner, Johnson and Shea (1998), Pradhan and Ravallion
(1998), Ravallion (1998).

3Fuchs (1969), Plotnick and Skidmore (1975), Fiegehen, Lensley and Smith
(1977), O’Higgins and Jenkins (1990), Central Statistical Authority (1997), Oxley
(1998), Stewart (1998).

tyan Praag, Goedhart and Kapteyn (1978), van Praag, Spit and van de Stadt
(1982), Hagenaars and van Praag (1985), Pradhan and Ravallion (1998).

Watts (1968), Zheng (1993).



the evolution of poverty statistics to be stable when the inequality is stable.
Therefore, such updating procedure is ill-adapted to the study of dynamic
poverty, which is confused for usual low levels of inequality changes with dy-
namic inequality described by the Gini coefficient. In section 2, we present
parametric formulae of the Watts poverty measure and the head-count in-
dex under lognormality of incomes. We analyse in section 3 the properties
of poverty measures when poverty lines are updated by using a fraction of
central tendency. Moreover, a comparison of different central tendencies for
fixing the poverty line is provided. In section 4, we present a short appli-
cation using US data. Finally, section 5 concludes. The proofs are in the
appendix.

2 Parametric Formulae for the Watts Poverty
Measure and for the Head-Count Index

The Watts poverty measure is defined as

W= [~ In/)duty) (1)

where p is the cumulative density function of living standards y and z
is the poverty line. The Watts measure satisfies the focus, monotonicity,
transfer and transfer sensitivity axioms. It is also continuous, subgroup con-
sistent and decomposable (Foster, Greer, Thorbecke (1984), Zheng(1993)).
Moreover, when related to social welfare functions, the Watts measure is the
unique measure indicating the absolute amount of social welfare loss caused
by poverty that satisfies monotonicity, continuity, decomposability and scale
invariance (Zheng (1993, 1997)). Because of its axiomatic properties, it is
often a better representation of poverty than other frequently used poverty
indicators. The head-count index is the proportion of the poor in the whole
population, Py = foz du(y) and is the most popular poverty indicator.

The lognormal distribution approximation has been used in applied anal-
ysis of living standards (Alaiz and Victoria-Feser (1990), Slesnick (1993)).
Although it has sometimes (e.g. van Praag, Hagenaars and van Eck (1983))
been found statistically consistent with income data, other distribution mod-
els for living standards or incomes sometimes yield better goodness-of-fit.
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However, what we want in this paper is not so much the goodness-of-fit of
the model as to obtain simultaneously a simple parametric expression of the
Watts measure, the head-count index and an inequality measure, which is
generally not possible with other distributions. As a matter of fact, we use
the lognormal model as a simple way of illustrating a general argument that
could be extended to more flexible specifications of the income distribution.
Ultimately, the usefulness of the distribution model depends on the use one
wants to make of it. In this paper, a more statistically adequate distribu-
tion model would not allow us to present our point as clearly and would
not allow us to exploit the availability of parameter estimates for the log-
normal distribution in the US. Muller (1999) derives a parametric formula
for the Watts poverty measure. The formula for the head-count index, Py, is
straightforward.

Proposition 1

If the living standard, y, follows a lognormal distribution such that In(y)
~ N(m, 0?), then the Watts poverty measure is equal to:

W~(1nz—m)q><m7_m>+o¢<m7_m> 2)

a

where ¢ and ® are respectively the p.d.f. and c.d.f. of the standard

normal distribution.
Inz—
noo (R ()
o

The variance of the logarithms, here equal to o2, is a well known inequality
measure, although it is not always consistent with Lorenz ordering (Foster
and Ok (1999)). However, under lognormality, the Gini coefficient is G =
20(c/+/2) — 1 where ® is the c.d.f. of the standard normal law and ¢ is
on a one-to-one correspondence with the Gini coefficient. To be brief, we
shall mention only the inequality described by o, although all qualitative
statements in this paper are also valid with inequality measured by the Gini
coefficient.

When maximum likelihood estimators are used, standard errors of the
Watts measure can be derived. These are new results.



Proposition 2 Under lognormality,

a) The standard error of the Watts measure estimated with its mazimum
likelihood estimator (i.e. by replacing the distribution parameters in its for-
mula by the MLE) is:

o(W) = %\/@) (1“_’”))2 + % (qS (mT_m))2, where n is the sample size.

(22

Under lognormality, o(W) can be consistently estimated by replacing the pa-
rameters m and o by their respective MLFE.

b) The standard error of the head-count index estimated with its mazimum
likelihood estimlator 18:

nz—m 2

a(Pp) = d)i‘;\/l + % Under lognormality, o(Py) can be con-
sistently estimated by replacing the parameters m and o by their respective
MLE.

Proof: The standard errors are derived from the standard errors of the
MLE, related to the information matrix and from the application of the delta
rule.

3 Restrictions for Poverty Measurement

We now show that when updating the poverty line by defining it as a frac-
tion of the median (or the mean or the mode), the aggregate poverty levels
measured by the Watts measure, the head-count index and a large class of
poverty measures are conserved under lognormality when ¢ is constant.

Let us first remember that the median of a lognormal distribution LN(m,
o?) is €™, the mode is ¢™""and the mean is €™°*/2. Then, for example, a
poverty line defined as a fraction of the median has a formula: z = Ke™,
with K a given number between 0 and 1. Let us consider the general class
of poverty measures that can be written as F' (lnz_m, 0) under lognormality.
We obtain the following results.

Proposition 3

a) Under lognornormality when the variance of the logarithms is constant
(i.e. also when the Gini coefficient is constant), using a proportion of the



median (or the mean or the mode) of the living standard distribution to update
the poverty line as the distribution varies yields o fixed estimate of poverty
as measured by any poverty measure of the form F (IMT_’", )

b) The Watts poverty measure and the Head-Count Index are special cases
of this class of poverty measures.

One sometimes expects that ¢ and other inequality measures vary much
less across years than usual poverty measures. For example, the estimates
in Datt and Ravallion (1992) for India and Brazil in the 1980s show a much
smaller temporal relative variation for the Gini coefficient than for the head-
count index. The deviation between the smallest and the largest observed
levels of the Gini coefficient G across years is 5.6 % for rural India, 6.6 %
for urban India and 6.0 % for Brazil. In contrast, the deviation between
the smallest and the largest observed levels of the head-count index is 43.0
% for rural India, 26 % for urban India and 33 % for Brazil. This rela-
tive stability of the Gini coefficient across years is likely to hold for other
common inequality measures, such as the variance of the logarithms. Then,
in a first approximation and in some contexts, ¢ and G may change little
when compared with changes in poverty measures. In these cases, the condi-
tions of Proposition 3.1 can be considered as approximately satisfied. Then,
the danger of using fractions of central tendencies as updating rules for the
poverty line is plain. Indeed, it is likely that such methods restrict one to
obtain only stable measures of poverty evolution. This may have damaging
consequences for poverty policies if poverty lines anchored on minimal needs
of representative groups, or other types of poverty lines, show very different
poverty evolution.

Alternatively, when o changes only moderately across periods, Proposi-
tion 3.1 indicates that most of the change in poverty can be better consid-
ered as a change in inequality, as measured by the variance of logarithms
or by the Gini coefficient, rather than as a specific poverty phenomenon.

Indeed, at the first order we have with the above relative poverty lines:

dF = oF _ OF (lnz—m) __ OFr
do oz o do*

When inequality changes only moderately, poverty measures that can be

written as F'(Inz — m, o) mostly reflect this change rather than that which
can be specific in poverty evolution. Other notions of poverty lines may
be more appropriate and should allow the separation of analyses of poverty
changes and inequality changes.



In the situation where o varies, it is also of interest to investigate the
impact of choosing a fraction of a given central tendency (median, mean or
mode) for the updating rule.

Proposition 4 For all poverty measures of the type F(Z, o) where 7 =
nz=m 4ith the above relative poverty lines:

% = g—f + g—gﬁ—f for a poverty line equal to the p** fraction of the median.

% = g—f + g—g (l;l—f — %) for a poverty line equal to the p™ fraction of the
mean

% = g—f + g—g (l;l—f + 1) for a poverty line equal to the p** fraction of the
mode.

Subsequently, we can now examine the variations of the head-count index
and of the Watts measure.

Proposition 5 In the cases of the head-count index (Py) and the Walts

measure (W) we have:

a) Py = ®(2),2% = ¢$(Z) and 22 = 0.

b) W =0.(20(2)+ §(2)), %% = 0®(Z) and DX = ZO(Z) + $(Z).

The previous formulae can help to understand the differences between
the evolution of different poverty indicators or poverty indicators calculated
by using different relative poverty lines.

Proposition 6 a) The evolution of Py is attenuated when compared with the
evolution of W and when using the above relative poverty lines.

b) If 8 > 0 (as expected for usual poverty measures) and for small vari-
ations of o, the variations in measured poverty with the considered class of
poverty measures are increasing functions of p if 1/p is the fraction used in
the calculation of the relative poverty line. This is true for all three considered
central tendencies.



If g—g < 0, these variations in measured poverty are decreasing functions
of p.

c¢) With the same class of poverty measures and for small variations of o,
the evolutions of poverty with relative poverty lines based on the same fraction
of the mean and the median are closer than those based on the same fraction
of the mode.

Other parametric approaches less dependent on the lognormality assump-
tion are possible, but deliver formulae less easy to manipulate. For exam-
ple, Datt and Ravallion (1992) derive parametric formulae for Foster-Greer-
Thorbecke poverty indices Py, P; and P5, under assumptions of parametrised
Lorenz curves of types Beta and Generalised Quadratic. However, these are
only implicit formulae and the calculation of poverty measures must be made
using extrapolation methods as roots of complicated equations. This gener-
ally rules out any explicit analysis for these measures under such broad dis-
tribution assumptions. Moreover, the parameters intervening in these Lorenz
curves are not obvious to interpret and cannot be assimilated to inequality
measures or other simple social welfare notion. Therefore, we choose not
to follow this approach and we rather rely on an approximate lognormal
representation. We now illustrate the analysis with data from the United
States.

4 Empirical Illustration

We estimate poverty in the United States by using the Watts poverty measure
and the head-count index. Minimum Khi-Square estimates® of parameters m
and ¢ of the lognormal distribution have been published in McDonald and
Ransom (1979). The distribution is that of US family nominal income for
1960 and 1969-75. We use these data because estimates of m and o for the
lognormal distribution are available.

Tables 1 through 4 show the parameter estimates for m and ¢ and the
estimates of the poverty measures for all years. Figures 1 and 2 show the
evolution of the two poverty indicators across years for different poverty lines.
The poverty lines are defined as follows: zrl = median/2, zr2 = median/4,
zr3 = mean/2, zr4 = mean/4, zr5 = mode/2, zr6 = mode/4. Poverty lines

In practice these estimates are close to the MLE. This justifies to use the above
formulae for the standard errors.



zrl to zr6 are defined relatively to the income distribution. Poverty lines zal
to zab are absolute poverty lines, which have similar definitions to zrl-zr6,
with the corresponding central tendency of the 1960 income distribution.
The standard errors that are shown for 1960 and 1969 prove that the results
are robust to random sample variations..

For all the considered relative poverty lines, poverty slightly fluctuates
across years parallel to the fluctuations of inequality as measured by o. The
relative variations of both poverty measures with the updated poverty lines
are small (a few percent), although they are often non negligible. They
correspond to oscillations of poverty across time around a somewhat stable
position. This is consistent with ¢ being not very different in 1960 and in
1975. However, there are sometimes large rises and falls in poverty between
two years, even with updated poverty lines. Thus, the drop in relative poverty
of 1973 is caused by a fall in inequality as measured by o. Clearly, over the
whole period, the evolution of inequality determines the evolution of relative
poverty. Moreover, using half the mean or half the mode instead of half the
median makes a substantial difference in the level of measured poverty, but
is less important in the measured evolution pattern of poverty.

In contrast, with the absolute poverty lines based on 1960 central ten-
dencies, the estimates show large and regularly negative relative variations
(starting from 1971) of Watts poverty and poverty incidence. Omitting to
update poverty yields an over-optimistic picture of steady poverty disappear-
ance.

The evolutions of Watts poverty and the incidence of poverty are par-
allel, whether absolute or relative poverty lines are used. However, with
relative poverty lines the changes in poverty are attenuated when using the
head-count index, which does not deliver a correct representation of poverty
dynamics by hiding the large changes in poverty severity. With absolute
poverty lines, the attenuation associated with the head-count index is much
less visible.

Stronger relative variations in poverty (much stronger when using relative
poverty lines) are found with poverty lines defined as a quarter of a central
tendency rather than with poverty lines defined as half of the same central
tendency. With these relative poverty lines, the very poor systematically
appear to be more vulnerable to poverty fluctuations across years than the
moderately poor. This type of result may not be robust to poverty lines
calculated differently.



On the whole, poverty changes measured with poverty lines based on
the same fraction of the median or the mean are quite similar. In contrast,
measured poverty variations obtained with poverty lines based on a fraction
of the mode are comparatively attenuated with relative poverty lines and
often accentuated with absolute poverty lines.

5 Conclusion

We investigate in this paper the consequences of updating poverty lines by
using fractions of central tendencies of the living standard distribution. We
show that under lognormal approximation and if the Gini coefficient of in-
equality does not change, the measured evolution of poverty is restricted to
be stable with these updating rules. When the Gini coefficient changes mod-
erately most of the change in poverty can be better considered as a change
in inequality, rather than as a specific poverty phenomenon. An illustra-
tion based on US data confirms the theoretical results and shows the impact
caused by the choice of a particular central tendency in defining the poverty
line. Caution must therefore be employed when using this type of relative
poverty lines. It seems also important to check the robustness of results
to the use of different procedures when updating the poverty line, such as
anchoring the definition on a representative group of households, or using
subjective answers.
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Appendix

Table 1: Estimates of Watts poverty measures

Ao

zrl

2r2

2r3

zrd

2rd

2r6

zal
za2
za3
za4
2a9
z2a6

1960

1.5853
0.7984
0.0849

(0.00188)
0.0133

(0.000590)

0.1657
(0.00278)
0.0335
(0.00105)
0.0158
(0.000657)
0.00143
(0.000148)

0.0849
0.0133
0.1657
0.0335
0.0158
0.00143

1969

2.1339
0.8220
0.0915

(0.00136)
0.0155
(0.000429)
0.1804
(0.00205)
0.0394
(0.000793)
0.0163
(0.000443)
0.00160
(0.0000977)

0.0235
0.00256
0.0538
0.00763
0.00313
0.000197

1970
2.1832

0.8461
0.0241

0.0983

0.0179

0.1960

0.0459

0.0168

0.00177

0.0233
0.00271
0.0526
0.00781
0.00329

1971
2.2004

0.8263
—0.0198

0.0927

0.0159

0.1831

0.0405

0.0164

0.00163

0.0199
0.00210
0.0465
0.00636
0.00257

0.000227 0.000156

1972
2.3031

0.8444
0.0181

0.0978

0.0177

0.1949

0.0455

0.0167

0.00176

0.0165
0.00173
0.0389
0.00524
0.00212

1973
2.38532

0.7664
—0.078

0.0763

0.0107

0.1466

0.0265

0.0150

0.00121

0.00746
0.000488
0.0208
0.00186
0.000623

1974
2.4511

0.7747
0.0083

0.0785

0.0113

0.1514

0.0282

0.0152

0.00127

0.0063
0.000409
0.0179
0.00157
0.000523

0.000131 0.0000211 0.0000177

Ao is 04 — 04—1. The first two rows show the estimates of m and o for all
years. The following rows show the estimates of the Watts poverty measure
for all years and each poverty line. Standard errors of indicators with relative

poverty lines for 1960 and 1969 are in parentheses.



Table 2: Annual Relative Variations of Watts Poverty Measures
1970 1971 1972 1973 1974 1975

m 2.1832 2.2004  2.3031 2.38532 24511 2.5204
0.8461 0.8263 0.8444 0.7664 0.7747 0.7767

Q

zrl  0.0743  —0.0569 0.0552 —0.219 0.0289 0.00681
zr2  0.1551 —-0.111  0.114 —0.397 0.0613 0.0142
zr3  0.0867 —0.0657 0.0642 —0.247 0.0330 0.00777
zr4 01662  —0.118 0.122 —0.416 0.0648 0.0150
zrd  0.0291  —0.0230 0.0216 —0.104 0.0142 0.00331
zr6  0.1083 —0.0804 0.0799 —0.312 0.0468 0.0108

zal —0.00603 —-0.145 -0.170 —-0.549 —-0.147 —0.202
za2  0.0565  —0.224 —-0.174 -0.718 —-0.161 —-0.246
za3 —0.0234 —-0.114 —-0.163 —-0.465 —0.138 —0.182
zad  0.0231 —-0.186 —0.174 —-0.644 —0.156 —0.226
za5 0.0500  —0.217 -0.174 -0.706 —0.160 —0.242
za6  0.1510  —0.310 —0.161 —-0.838 —0.163 —0.283



Table 3: Estimates of the Head-Count Index

Q

zrl

2r2

2r3

zrd

2rd

2r6

zal
za2
za3
za4
2a9
z2a6

1960

1.5853
0.7984

0.192
(0.00220)
0.0412
(0.000961)
0.0319
(0.00258)
0.0905
(0.00154)
0.0478
(0.00105)
0.00562
(0.000226)

0.192
0.0412
0.319
0.0905
0.0478
0.00562

1969

2.1339
0.8220

0.199
(0.00161)
0.0458
(0.000741)
0.332
(0.00188)
0.101
(0.00117)
0.0479
(0.000763)
0.00606
(0.000173)

0.0654
0.00928
0.130
0.0246
0.0111
0.000875

1970

2.1832
0.8461

0.206

0.0506

0.345

0.112

0.0479

0.00648

0.0635
0.00951
0.125
0.0245
0.0113

1971

2.2004
0.8263

0.200

0.0467

0.335

0.103

0.0479

0.00613

0.0566
0.00771
0.115
0.0208
0.00926

1972

2.3031
0.8444

0.205

0.0503

0.345

0.111

0.0479

0.00645

0.0473
0.00635
0.0979
0.0172
0.00763

1973

2.38532
0.7664

0.182

0.0352

0.301

0.0769

0.0473

0.00500

0.0256
0.00216
0.0627
0.00740
0.00271

1974

2.4511
0.7747

0.185

0.0367

0.305

0.0804

0.0475

0.0517

0.0220
0.00182
0.0546
0.00628
0.00229

(
(
(

0.000972 0.000702 0.000583 0.000114 0.0000957 O.

Standard errors of indicators with relative poverty lines for 1960 and 1969
are in parentheses.



Table 4: Annual Relative Variations of the Head-Count Index

1970 1971 1972 1973 1974 1975

m 2.1832 2.2004 2.3031 2.38532 2.4511  2.5204

o 0.8461 0.8263 0.8444 0.7664 0.7747  0.7767
zrl  0.0339 —0.0269 0.0253 —0.111  0.0141 0.00332
zr2 0.104 —0.0782 0.0774 —-0.299 0.0434 0.0101
zrd  0.0396 —0.0312 0.0295 —0.127 0.0160 0.00379
zr4 0.109 —0.0811 0.0806 —0.308 0.0448  0.0104
zrd  —0.000169 0.000352 —0.000247 —0.0114 0.00290 0.000633
zr6  0.0698 —0.0533 0.0516 —0.224 0.0324 0.00753

zal —0.0293  —0.107 —0.164 —0.457 —0.140 —0.184

za2  0.0238 —0.188 —0.176 —0.658 —0.158 —0.232
za3 —0.0420 —-0.0773  —0.152 —-0.359 —-0.127 —0.169
za4 —0.00529  —0.149 —0.173 —0.570 —0.151 —0.210
zad  0.0181 —0.181 —0.176 —0.644 —0.157 —0.228
za6 0.110 —0.277 —0.169 —-0.803 —0.164 —0.273



Proof of Proposition 3.1:

Let be a poverty measure of the form F(":=" o) = F(Z, o) with Z =
IHZT_’". Then,
dF = g—fdg + g—gdZ and d7Z = idz — Ldm — lnff—gmda. This gives

(22

dF = 198(% —dm) + (3F — 522z ) do.
Therefore, if o is constant, dF = 0 is equivalent to dz—z — dm = 0, except
in case where g—g = 0, which is generically negligible. By integration one

obtains: z = K(o)e™, where K(o) is a function of ¢ only.

If K(o) = 1/p with 0 < p < 1, then 2 = €~ is the p fraction of the
median. If K(c) = e”"/2/p, then z = emta?/2

If K(o) = e /p, then z = " i the p'* fraction of the mode. QED.

is the p* fraction of the mean.

e™m

Proof of Proposition 3.2: Deduced from % = g—f — g—gmff—gm. QED.

Proof of Proposition 3.3: a) Indeed, %ij = 0 implies that the evolution
of inequality represented by ¢ has no effect on Py. Then, Py is stable if the
formula of the relative poverty line compensates for the change in parameter
m.

b) This is shown by the formulae of g—f.
¢) Indeed, the formulae of 2€ /9 show that it differs by 1/2 for median
and mean, by 1 for median and mode, by 1.5 for mean and mode. QED.
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