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There is only one place to start, one 
person to start with, when you talk 

about problem solving:

George 
Pólya



When I finished my first paper on 
problem solving, I sent it to Pólya 

with this note: 

“Isaac Newton wrote: 

‘If I have seen further, it is by 
standing on the shoulders of giants.’

Now that I work in problem solving, I 
truly understand the meaning of his 
words.”



So, let us turn to the task:

Solving the problem of 
Powerful Instruction

- or -

What are the properties of 
classrooms that produce students 
who are powerful (mathematical) 

thinkers and problem solvers?



This is a very challenging 
problem, so we should approach 
it using one of Pólya’s strategies:

“If you cannot solve the given 
problem, try to decompose it 
into a series of subproblems.”



Here are 3 problems in sequence:

1. Can we understand and 
support individual students’ 
problem solving?

2. Can we understand teachers’ 
decision making?

3. Can we understand productive 
learning environments?



1. Can we understand and support 
individual students’ problem solving? 

(1975-1985)

The challenge was: Pólya’s 
descriptions felt right. But, how 
could we help students learn to use
the heuristic strategies he 
described?



A Brief Overview

• What is Problem Solving? 

• Aspects of Problem Solving, in 
Mathematics and in Writing (!)

• Examples and Evidence



What is Problem Solving?

A Working Definition:

You are engaged in Problem Solving 
when you are trying to achieve 
something, and you do not know a 
straightforward way to do so.



Examples:
Finding the product of two 37-digit numbers is 
NOT problem solving. (It’s hard and you may goof, 
but you know how to do it.)

Writing an essay trying to convince someone of 
your perspective; and

Working a mathematics problem where you have 
to make sense of it and figure out what to do,

ARE acts of problem solving.



The Big Picture

The following four categories of 
knowledge determine the quality (and 
success) of problem solving attempts:

(i) the knowledge base

(ii) problem solving strategies (heuristics) 

(iii) “control”: monitoring and self-regulation, 
or metacognition

(iv) beliefs, and the practices that give rise to 
them.



Category 1:

The knowledge base



The Knowledge Base

What you know makes a difference.

(No surprise there!)

But, the nature of “knowing” is more 
complex than you might think.



For example, we do not perceive 
reality directly! 

If we did, optical illusions 
would be impossible…



For example, which horizontal line segment is 
longer?

http://www.torinfo.com/illusion/illus-6.gif
http://www.torinfo.com/illusion/illus-6.gif


Here is another picture. What can you tell me 
about the two curves?



In fact, the curve on the top is a 
vertical translation of the curve on the 
bottom!



The point is that we construct “interpretive 
filters” that shape what we see…

And understand!



Here is another indication we know more 
about your thought processes than you 
might think… 

Memorize the following numbers.
687 and 492

Then close your eyes and try to do the 
multiplication in your head:

687

x   492



I’m waiting…

You just can’t do it, can you?



Category 2:

Problem Solving Strategies



Problem Solving Strategies 
(Also Known as Heuristics)

Examples in Writing:
- Organize and outline the paper.

- Use Topic Sentences for paragraphs.

- Simple writing instructions:

Tell them what you’re going to tell them

Tell them

Tell them what you told them



In Mathematics:

Here are some of the problem solving 
strategies described in George Pólya’s book 
How to Solve It:

- draw a diagram

- look at cases

- solve an easier related problem…



The issue: Pólya’s strategies may sound simple, 
but they’re not as easy to use as you might 

think.

For example, consider the strategy “Make 
sense of the problem by looking at 
examples.”

How do you know which examples to look 
at?

Here are some problems…



**Try n = 1,2,3,4,5  and look for a pattern.**

• What is the sum of the first  n  odd #s? 

• What is the sum of the numbers

1  +   1  +  1  +   1   +  . . .   + 1        ?

1x2 2x3      3x4 4x5 (n) x (n+1)



What can you say about the relationship between the 
roots of P(x) and the roots of Q(X)?

Let

and

  

P(x) = a0 + a1x + a2x
2 + ...+ anx

n

  

Q(x) = an + an-1x + an-2x
2 + ...+ a0x

n

**Select easily factorable polynomials.**



Given            and        ,

define

Does                            exist?  

If so, what is it? 

   

a0

   

a1

   

an+1 =
1

2
(an-1 + an ).

**Pick nice values such as  0  and  1. **



Take two squares the same size; put a corner of one on the 
center of the other. 

What is the maximum intersection? 
What is the minimum intersection?

**Pick special orientations - e.g., at 

0 or 45 degrees to the horizontal.**



Of all the triangles with perimeter P, 
which one has the largest area?

**A range of empirical values may 

give you a “feel” for the answer…**



Steps in using a simple strategy like 
"Exploiting an easier related problem"

1. Think to use the "strategy".

2. Know which version of the strategy to use.

3. Generate appropriate and potentially useful 

easier related problems.

4. Select the right easier related problem.

5. Solve it.

6. Be able to exploit it….

The Moral:  The strategies are tough,and you 

need detailed training.



The Results

Students solved problems I couldn't.



Category 3:

“Control”: Monitoring and 

Self-Regulation, or Metacognition



Monitoring and Self-Regulation, 
or Metacognition

What matters isn’t simply what 
you know – it’s how and when 
you use what you know!



Examples from writing

• Does your paper (or letter, or…) meander, 
because you’ve lost track of the argument?

• Is it incomprehensible because you know 
the reasons behind what you’re saying but 
you haven’t told the readers?

• Have you lost track of your audience?



A math example:

Determine

   

x

x2 - 9
ò dx.



Half the students used the substitution

  

u = x2 -9.

   

1

x2 - 9
=
A

x - 3
+
B

x + 3
.

  

x = 3sinq.

And half of the rest used a trig substitution,

Half of the remaining students used the technique 

of partial fractions:



They violated a fundamental rule of problem 
solving:

Never do anything difficult until 

you have made sure you need to!



I could show you students going off on a 
20-minute wild goose chase…

But I’ll save you the pain.





If there were time, I’d show a contrasting 
example,

A mathematician working a complex 2-part 
problem, and making very effective use of 
what he knows.





Methods for Inducing Good "Control”

1. Watching videotapes

2. Role-modeling solutions

3. Serving as "control" for class

4. Asking nasty questions during 

problem solving sessions….



What (exactly) are you doing?

(Can you describe it precisely?)

Why are you doing it?

(How does it fit into the solution?)

How does it help you?

(What will you do with the outcome  

when you obtain it?)





Category 4:

Beliefs, and the Practices that Give 
Rise to Them.



Beliefs about writing

Writing is easy - you just write down what’s 
in your head.

Writing is like telling a story. You start at the 
beginning and follow the narrative.

(Both of these beliefs cause problems. I spent 
about 5000 hours writing my problem solving 
book…)



U. S. National Assessment 

of Educational Progress

Carpenter, Lindquist, Matthews, & Silver, 1983

An army bus holds 36 soldiers.  If 1128 

soldiers are being bussed to their training site, 

how many buses are needed?

29% 31R12

18% 31

23% 32

30% other



Kurt Reusser asks 97 1st and 2nd graders:

There are 26 sheep and 10 goats on a ship.  

How old is the captain?

Alan drove the 50 miles from Berkeley to Palo 

Alto at 8 a.m. On the way he picked up 3 friends.

76 students "solve" it, using the numbers.

H. Radatz gives non-problems such as:

No question is asked.  Yet, from K-6, an increasing % of 

students "solve" the problem by combining the #'s and 

producing an "answer!



Some Typical Student Beliefs about Mathematics

1. There is one right way to solve any mathematics 

problem.

2. Mathematics is passed on from above for 

memorization. 

3. Mathematics is a solitary activity. 

4. All problems can be solved in 5 minutes or less.

5. Formal proof has nothing to do with discovery or 

invention.

6. School mathematics has little or nothing to do 

with the real world.



I could go on, with lots of examples and lots 
of data. But here are some bottom lines.



On Beliefs and Practices

Students develop a host of beliefs that can 

either enhance or impede their mathematical 

effectiveness.

They learn those beliefs as the result of the 

abstraction of typical practices in their 

mathematics classrooms.

Rich classroom practices can result in 

students' developing more productive beliefs 

and behaviors.



Summary and Conclusions:

The following four categories of knowledge determine 
the quality (and success) of problem solving attempts:

(i) the knowledge base

(ii) problem solving strategies (heuristics) 

(iii) “control”: monitoring and self-regulation, or 
metacognition

(iv) beliefs, and the practices that give rise to them.



Students develop their sense of mathematics 

(or any other subject matter) from their 
experience with it.

It is possible to create a culture of mathematical 

sense-making in the classroom, where students 

experience mathematics as a form of sense-

making.

In such a context, they can develop the kinds of  

knowledge and beliefs that will enable them to be 

effective problem solvers. 

That is the kind of environment one would hope to 

see in our mathematics classrooms. In fact…



The issue is not just mathematics. 

Properly conceived, writing or any 

other academic discipline is a sense-

making, problem-solving activity.

They can all be taught as such – and 

there is evidence that teaching for 

problem solving “works.”

We owe this to our students.



For Detail, 
see:



2. Can we understand teachers’ 
decision making?

(1985-2010)

Can we understand how and why 
teachers make the decisions they do, 
in the midst of the classroom? More 
generally, what about decision 
making in any knowledge-intensive, 
socially complex domain?



YES.



People’s moment-by-moment decision 
making in teaching; in medicine; and … in 
all knowledge-rich domains, can be 
modeled as a function of their:

• Resources (esp. knowledge)

• Orientations (esp. beliefs)

• Goals

For detail, see…

The bottom line:





So, let’s turn to the original, most 
challenging problem:

What matters in classrooms?

(2005 – present)



For the rest of this talk, I’ll focus 
on 2 key questions:

What really matters? 

and,

How can we help make it happen??



What are 5 essential (i.e., necessary 
and sufficient) properties of 

classrooms from which students will 
emerge as knowledgeable and 

resourceful thinkers and problem 
solvers?

Question 1:



Why 5 (or fewer)?

It’s as many as most folks can keep in 
mind. (In fact, it may be too many to work 
on at one time.)

If you have 20, you might as well have 
none. People can’t keep that many things 
in their heads, and long check lists don’t 
help. What matters is what people can act 
on, in teaching and coaching.



What properties should those 5 
things have?

They’re all you need (there’s nothing 
essential missing).

They each have a certain “integrity” and 
can be worked on in meaningful ways.

Their framing supports professional 
growth.



I’m going to spare you the details of the 
6 years of R&D that resulted in TRU …

Say Thanks!*

… and try to give you a sense of the 
framework directly.

*See https://truframework.org/ for papers!

https://truframework.org/


This is an experiment, I hope it 
works.

I am going to show you a video clip that 
shows students engaging powerfully 

with mathematics, and then I’ll use it to 
illustrate the TRU Framework.



The video is of students from a 
low SES inner-city school in Chicago.

They are working a 

Formative Assessment Lesson

titled “Translating between Fractions, 

Decimals, and Percents.”



This lesson is available 
for free, along with 99  
other formative 
assessment lessons 
(a.k.a. “Classroom 
Challenges”). Just 
google “mathematics 
assessment” to find 
the Mathematics 
Assessment Project 
website.

To date we have over 
7,500,000 lesson 
downloads. (More 
later.)



Fractions, decimals, percents

Take turns to:

1. Fill in the missing 
decimals and 
percents. 

2. Place the cards 
in order of size.

3. Check that you 
agree.



1. Match each area card to a decimals/percents card. 

2. Create a new card or fill in spaces on cards until all the cards have a match. 

3. Explain your thinking to your group. 

4. Place your cards in order of size. Check that you all agree. 

Area A 

 

 

Area B 

 

 

Area C 

 

 

Area D 

 

 

Area E 

 

 

Area F 

 

 

Area G 

 

 

Area H 

 

Area I 

 

 

Fractions, decimals, percents



Fractions, decimals percents

• Add these cards.

• Place all cards in order 
of size. 

• Check that you agree. 

P-72

3

8  

4

5  

1

2  

3

4  

6

10  

5

4  

1

8  

  

 



Here’s the full solution.

The gray cards are the ones that students had to create for themselves. 



In this part of the lesson the 
students work in small groups. 

The teacher circulates.

In the first part of the clip one student is 
explaining to another how to convert 

50% to a decimal.

Note how all the groups are explaining 
to each other.



Later on, the students need to draw an 
area model and fraction for 1.25.

One student draws this:



A second student challenges him, 
saying he has shaded in 1, not 1.25.

The first student says no, each square is 
worth 5, so they add up to 125.



The second student leads the first 
through this argument:

You have a whole, which is 100%.

Which is bigger, 125% or 100%?

Doesn’t that mean 125% should be 
bigger than a whole?

He leads the other student to see that 
125% is 1 ¼.





Here you see the students struggling 
meaningfully with the mathematics –

and really learning.
(This is only part of the lesson, the 

teacher does have a role.)



We have a great deal of evidence that 
in (Western) classrooms using lessons 
and pedagogy like this, students learn 
much more than in classrooms when 
the teacher shows them what to do 

and they practice.



Now back to the first main question:



What are 5 essential (i.e., necessary 
and sufficient) properties of 

classrooms from which students will 
emerge as knowledgeable and 

resourceful thinkers and problem 
solvers?

Question 1:



Our distillation of the research, 
and a great deal of empirical 

work, suggests that the following 
five dimensions of classroom 

activity are essential.

I’ll illustrate them by 
referring to the tape.



The Five Dimensions of Powerful Classrooms

The Content

The extent to which 
the content 
students engage 
with represents our 
best current 
disciplinary 
understandings
(as in CCSS, NGSS, 
etc.). Students 
should have 
opportunities to 
learn important 
content and 
practices, and to 
develop productive 
disciplinary habits 
of mind. 

Cognitive 
Demand

The extent to which 
classroom 
interactions create 
and maintain an 
environment of 
productive 
intellectual 
challenge conducive 
to students’ 
disciplinary 
development. 
Students should be 
able to engage in 
sense making and  
“productive 
struggle.”

Equitable Access 
to Content

The extent to which 
classroom activity 
structures invite and 
support the active 
engagement of all 
of the students in 
the classroom with 
the core content 
being addressed by 
the class. No matter 
how rich the 
content being 
discussed, for 
example, a 
classroom in which 
a small number of 
students get most 
of the “air time” is 
not equitable.

Agency, 
Ownership, and 

Identity

The extent to which 
students have 
opportunities to “walk 
the walk and talk the 
talk,” building on each 
other’s ideas, in ways 
that contribute to 
their development of 
agency (the 
willingness to engage) 
and ownership over 
the content, resulting 
in positive identities as 
thinkers and learners.

Formative
Assessment

The extent to which 
classroom activities 
elicit student 
thinking and 
subsequent 
instruction 
responds to those 
ideas, building on 
productive 
beginnings and 
addressing 
emerging 
misunderstandings.
Powerful 
instruction “meets 
students where 
they are” and gives 
them opportunities 
to deepen their 
understandings.



Note how this framework focuses 

on the student point of view. 

Four of the five dimensions have 

to do with the ways in which the 

students experience the content.



What’s important about this 

framework?

Here are some central points.



Five central points about TRU:

1. The TRU Dimensions are necessary and 
sufficient. That is, 

If things go well along all 5 dimensions, 
students will emerge from the classroom 
as powerful thinkers.
If things go badly along any of the 
dimensions, they will not. (See the papers 
at http://truframework.org/ for detail…)

http://truframework.org/


Five central points about TRU:

2. TRU involves a fundamental shift in 
perspective, from teacher-centered to 
student-centered. 

The key question is not:
“Do I like what the teacher is doing?”
It is:
“What does instruction feel like, from 
the point of view of the student?”



Observe the Lesson Through a Student’s Eyes

The Content
• What’s the big idea in this lesson?
• How does it connect to what I already know?

Cognitive 
Demand

• How long am I given to think, and to make sense of things?
• What happens when I get stuck?
• Am I invited to explain things, or just give answers?

Equitable Access 
to Content

Agency, 
Ownership, and 

Identity

• What opportunities do I have to explain my ideas? In what ways 
are they built on?

• How am I recognized as being capable and able to contribute?

Formative 
Assessment

• How is my thinking included in classroom discussions?
• Does instruction respond to my ideas and help me think more 

deeply?

• Do I get to participate in meaningful math learning?
• Can I hide or be ignored? In what ways am I kept engaged?



Five central points about TRU:

3. TRU does not tell you how to teach, 
because there are many different ways 
to be an effective teacher. 

TRU describes the principles of powerful 
instruction, so it serves to problematize
instruction. Asking, “how am I doing along 
this dimension; how can I improve?” can 
lead to richer instruction without imposing 
a particular style or norms on teachers.



This is critical when you think about 
Professional Development.

There is not one “right” way to implement 
professional development using TRU. What 
matters is that teachers have experiences 
that enable them to get better at the 5 
dimensions. 
There are many powerful ways to do this… 
as in Chicago, NY, Silicon Valley, Oakland, 
San Francisco… See Schoenfeld et al, in 
press.



Five central points about TRU:

4. TRU is NOT a tool or set of tools. 
TRU is a perspective regarding what 
counts in instruction, and  
TRU provides a language for talking 
about instruction in powerful ways. 
With this understanding, you can 
make use of any productive tools 
wisely.



But we have tools, of course…

See

http://TRUFramework.org

for the tools I’ll show you when 
discussing Q2.



Five central points about TRU:

5. TRU doesn’t compete with other 

initiatives; it works with them 

and makes them stronger.

You can use it to “problematize” the 
approaches you take.



Question 2:

How can we support teachers in 
developing the knowledge and skills 

that enable them to craft such 
learning environments? 



The Mathematics Assessment Project 
has produced 100 

“Formative Assessment Lessons” 
(FALs) to help teachers engage in 

“diagnostic teaching.”

Tools to Support 
Powerful Classroom Instruction



There have been more than 
7,500,000 lesson downloads, from

http://map.mathshell.org/.

You saw a bit of the Fractions, 
Decimals, and Percents Lesson



The FALs make a BIG difference. 

I have TONS of evidence, which 
I’ll spare you.

Well, maybe 2 slides…



MDC = “Math design 
Collaborative,” which 
was designed to help 
implement the 
Formative Assessment 
Lessons.

The results: 



Participating teachers were expected to 
implement between four and  six Formative 
Assessment Lessons, meaning that students 
were engaged only 8-12 days of the school 
year. 

Nonetheless, the studies found statistically 
significant learning effects of approximately 
4.6 months for the Formative Assessment 
Lessons.



The TRU Conversation Guide is 
designed to foster reflective 

conversations about instruction.

A Tool for Planning for and Reflecting on 
Teaching



Frame each dimension with questions:

The Content

How do ideas from this unit/course develop in this lesson/lesson 
sequence?

Cognitive Demand

What opportunities do students have to make their own sense of 
important ideas?

Equitable Access to Content

Who does and does not participate in the meaningful work of the class, 
and how?

Agency, Ownership, and Identity 

What opportunities do students have to explain their own and respond 
to each other's ideas?

Formative Assessment

What do we know about each student's current thinking, and how can 
we build on it?



. . . and expand the questions,

to problematize instruction. 

That is: Ask a series of questions that 
help to plan for instruction that 
provides students with deeper 
opportunities along each of the five 
dimensions.



The TRU Conversation Guide





To support collegial observations, 

we offer the

TRU Observation Guide,

Which highlights things to look for is 
a lesson is going well.

The guide can be used by coaches or 
TLCs for planning and debriefing 
classroom observations…



The TRU Observation Guide





The first version of the Observation 
Guide was actually built by San 

Francisco Unified School District, and 
it’s being used in a number of school 

districts across the US.

So, (1) these ideas work at the “ground 
level.” They’re not just “academic.” 

And (2), it shows how people can make 
good use of principles and ideas when 

they’re not told what to do.



These and other tools are available at

https://truframework.org/
and 

http://map.mathshell.org/...



In concluding, let me return to the 
titles of this talk...

Problem solving – What have we 

learned since Pólya’s introspection?

and
Solving the problem of Powerful 

Instruction



We’ve learned a LOT. Have we solved 
the problem of 

Powerful Instruction?

No, but in the spirit 
of Pólya, we are 
making good 
progress.



Resources:
The TRU Math Suite and supporting documents 

are available on the
Teaching for Robust Understanding Framework 

web site: 
https://truframework.org/. 

Also, be sure to visit 
The Mathematics Assessment Project web site:

http://map.mathshell.org/
(Just Google the project names.) 

https://truframework.org/
http://map.mathshell.org/

