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Abstract

This paper argues that the determinants of the welfare gains from trade are funda-
mentally different in the presence of international production linkages. We highlight
the salient features of supply chain trade by means of three novel counterfactual
exercises in a simple Armington-type trade model. Towards this end, we develop
new tools to derive closed-form solutions for arbitrary counterfactuals that allow us
to split the compound welfare effects into several meaningful channels. Our main
finding shows that, in a global production network, the gains from trade do not so
much depend on a country’s own geography and technology, but on its access to
other countries with superior geography and technology of their own. In particular,
our analysis highlights a few key countries that tie the global production network to-
gether by intermediating other countries’ value added. (JEL codes: C67, F12, F63).

Keywords: global supply chains, gains from trade, trade intermediation.

1 Introduction

Global supply chains are one of the defining characteristics of today’s production processes.

They carry many potential benefits. Most importantly, they allow countries to specialize

in tasks in which they have comparative advantage. This increases overall productivity

and the size of world welfare. However, it is not immediately clear that all countries

benefit alike. In fact, production fragmentation might even hurt countries –developing and

developed alike– that do not manage to participate in the global production network.

In this paper, we investigate this relationship between international production frag-

mentation and worldwide income inequality. For this purpose, we develop a simple model
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of trade in a global production network.1 Of course, we are not the first to study the

effects of production fragmentation. Already the early theories of Ethier (1979, 1982), and

later Eaton and Kortum (2002), Yi (2003), Alvarez and Lucas (2007), and Costinot et al.

(2013), have made clear that this has important implications for the sensitivity of national

incomes to changes in trade barriers and factor costs.2 Also, it is widely recognized since

Feenstra and Hanson (1996) that production fragmentation has different effects on the

economic fortunes of distinct groups of laborers within a nation (e.g. Antràs et al., 2006;

Grossman and Rossi-Hansberg, 2008). All these studies stress, however, the very same

factors determining the gains and losses of a further increase in production fragmentation

that were already highlighted in older trade theories: a country’s own technology and its

own geographic location.

What has received little attention is that, in a global production network, a country

does not only have access to the products and markets of its direct trading partners. It

also, indirectly, has access to the products and markets of all the other countries in the

supply chains that its trading partners are part of. In other words, in a global production

network, the fortunes of a nation also depend on the geography and technology of its

trading partners. In fact, our main result shows that this is the single-most important

factor for understanding the effects of increased production fragmentation on world income

inequality: a country’s welfare gain is exclusively determined by its access to other countries

with superior technology and geography of their own (Theorem 3).

So, why did prior research fail to stress this salient feature of supply chain trade? A

simple answer is that solving a general equilibrium model of trade in a global supply chain

is a complicated matter in itself. As a result, prior research has mainly focussed on rather

stylized counterfactual exercises –such as the move to autarky or to a state of frictionless

trade–, uses simplifying assumptions –such as uniform trade costs around the world–, or

resorts to simulations of the old and the new equilibrium under different trade cost regimes.

The main methodological contribution of our paper is to show that closed-form solutions for

arbitrary counterfactuals are feasible in modern trade models. This allows us, on the one

hand, to separate the compound welfare effects of increased production fragmentation into

1Throughout the paper, we will use the terms “global supply chain” and “global production network”
interchangeably to denote a multi-stage, multi-country spanning production process leading to a final
output.

2For empirical evidence in support of these theoretical models, see Bems et al. (2011), Baldwin and
Taglioni (2011), and Altomonte et al. (2012). Caliendo and Parro (2014), di Giovanni et al. (2014), and
Aichele et al. (2014) use them to simulate the impact of policy changes. Another stream in the international
economics literature investigates the effect of input-output linkages on the location of industries (Krugman
and Venables, 1995; Baldwin and Venables, 2013).
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several meaningful channels, whose relative size can be easily compared between countries.

On the other hand, it opens up the scope for a whole new range of counterfactual exercises

that could previously only be looked at using simulations.3

We illustrate most of our ideas by means of a simple Armington-type trade model

(Anderson, 1979) with tradable final and intermediate goods, and labor as the sole original

production factor. Moreover, producers employ a constant elasticity (CES) production

function in our model that subsumes all inputs under the same aggregator. The extent of

fragmentation arises endogenously in this model. It depends on the size of a coordination

cost that accrues, on top of the usual trade costs, when a firm uses a foreign intermediate

good instead of domestic labor for production. Because the equilibrium characterization

is relatively easy, this model is ideal for our case, as we can focus on the analysis of the

counterfactuals. However, we do also show how our methods and insights can be readily

applied to a broader class of trade models, at the example of the Ricardian model of Eaton

and Kortum (2002).4

We first show that the combination of Armington-type trade and CES technology ad-

mits for a unique equilibrium, in which all product and labor markets clear. Conveniently,

the model admits for closed-form solutions for the prices and trade volumes of all the trad-

able final and intermediate goods. This means that, unlike in earlier related models (e.g.,

Eaton and Kortum, 2002; Yi, 2003), only each country’s wage rate is implicitly defined.

Interestingly, our expressions for prices and trade volumes bear a close resemblance with

the coefficients of a Leontief matrix that is commonplace in input-output models (Leontief,

1986). In our context, this matrix relates a country’s prices and trade volumes to each and

every other country’s inverse wage rate, discounted by the trade and coordination costs

involved in getting access to these countries via all direct and indirect trade routes in the

global supply chain. Hereby, the matrix ties down a country’s overall welfare to its exact

3Hereby our paper is closely related to Arkolakis et al. (2012) that show that the overall welfare gains
from any trade cost reduction can be inferred from two simple statistics in any model that predicts the
gravity equation, including our model. Their results are however silent about where these gains come from,
whether they are based on a country’s own technological or trade cost advantages, or that of its trading
partners. Our closed-form solutions do allow us to exactly pinpoint the important determinants of the
gains from trade. This focus also sets our study apart from the literature on the adjustment margins to a
trade cost reduction, e.g. new goods or services or the exit of inefficient firms (Melitz and Redding, 2015;
Arkolakis et al., 2008; Feenstra, 2010).

4We have motivated this paper with the argument that, in a global supply chain, countries can specialize
in tasks in which they have comparative advantage. Obviously, this argument calls for a Ricardian model.
The Armington model is, however, nothing but a special case, where each country is endowed with an
exogenous set of unique capabilities and where a trade cost reduction only changes the extent to which a
country takes advantage of its capabilities.
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position in the world trade network.

Next, we expand on and generalize results from the network literature, notably Ballester

et al. (2006) and Temurshoev (2010), and show that we can quantify changes in the input-

output matrix entirely based on its original state. This allows us to do comparative statics

analysis for any variation of countries’ geography or technology. To also pinpoint the effects

on wages, we re-introduce classic comparative statics analysis for general equilibrium into

the realm of trade theory. It turns out that the wage effects in the different nations are

determined by the immediate changes in the input-output matrix and a multi-country

extension of the Harrod foreign-trade multiplier (Harrod, 1936). The latter is responsible

for the transmission of income shocks throughout the entire world economy.

We then illustrate the power of our comparative statics approach in three counterfactual

exercises. Together they highlight the salient features of supply chain trade. We focus on

a global, a country-specific, and a country-pair specific change in the trade or coordination

costs, respectively. Our main findings are the following:

(i) It has been argued that –by functioning as containers for foreign technologies– the

intermediate goods shipped between the different stages of the global supply chain miti-

gates country-specific productivity differentials. Consequently, production fragmentation

might reduce world income inequality (Baldwin, 2011). We investigate this hypothesis by

considering a worldwide trade or coordination cost reduction. Our main result, Theorem

3, shows that whether or not a poor country catches up to a richer country solely depends

on its access to key intermediaries, i.e. other countries with a superior supplier and market

access (as defined in Redding and Venables, 2004). Because access to these intermediaries

is unrelated to the level of per capita income in our model (this is much more determined

by a country’s own market and supplier access), this finding suggests that a catch up is

principally possible.

(ii) Next, we consider the externality that a trade cost reduction along a single trade

route between two countries imposes on the welfare of third countries whose trade costs

remain unchanged. Common intuition tells us that the labor demand in third countries

is negatively affected, because of the more intense competition from the two, now better

connected, countries. Decomposing the overall effect into a wage and a consumer price

externality, we show that this is a clear cut case only in a world without international

production linkages (Theorem 4). In an integrated supply chain, the same cost reduction

implies an additional positive externality on foreign labor demand, because of the trading

partners’ increased demand for intermediate inputs.
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(iii) In our third counterfactual we identify those countries that are the most valuable

trading partners in a global supply chain. Towards this end, we introduce a novel concept

into the realm of international trade. We borrow the Ballester et al. (2006) concept of a “key

player” –introduced also earlier in Rasmussen (1956) and Hirschman (1958)– that identifies

the importance of a country by looking at how its isolation would affect other nations’

welfare. In other words, we are looking at the flipside of the often studied gains from

trade, where the focus is on the isolated country’s welfare itself (e.g. Arkolakis et al., 2012).

Our findings highlight a few countries that derive their importance for the global supply

chain not by adding value themselves, but by intermediating the value added produced in

other nations. Being connected to those key intermediaries, is the single-most important

determinant of a country’s welfare gains from a further deepening of the global supply

chain (see counterfactual (i)).

To get a feeling for the importance of these salient features of supply chain trade vis-

à-vis the classic gains from trade, we also take our model to the data. We develop a

simple novel empirical strategy for this purpose. It uses the structure of our model in

combination with readily available trade and production data to estimate three empirical

constructs that are sufficient to perform all our counterfactual exercises. Here too does

our classic comparative statics approach pay off, because our closed-form solutions tell

us exactly which constructs of variables and parameters we need. Our results show that

intermediation is indeed an important feature of today’s world economy. The average

country derives its importance, measured by the welfare it generates in other countries, for

30% from its role as an intermediary.

Next to the theoretical articles that we already mentioned, our paper closely relates

to a series of empirical studies that, following Hummels et al. (2001), aims to attribute

the value generated in a global supply chain to the participating nations and sectors.5

The contribution of our paper is that we provide a sound theoretical foundation for the

measures developed in these papers. In particular, our results on the welfare implications

of trade intermediation (counterfactual (i)) add substantive relevance to the measure of

vertical specialization trade (Hummels et al., 2001). Moreover, the measures we develop

in this paper (counterfactual (iii)) do not only apply to the observed input-output linkages

in a global supply chain. Our analysis explicitly takes commodity and factor substitution

into account when asking the counterfactual question: is a country is really indispensable

or can other countries easily replace its position in the global production network?

5Important recent studies along this line are Koopman et al. (2010), Antràs et al. (2012), Johnson and
Noguera (2012a), Baldwin and Lopez-Gonzalez (2014), and Los et al. (2014).
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Finally, our paper is related in spirit and methodology to a growing literature emphasiz-

ing the consequences of interdependent decision making in social and economic networks.

It is most closely related to two recent studies on the impact of the network structure of

a national supply chain on macroeconomic outcomes (Acemoglu et al., 2012; Oberfield,

2013). One of the common findings is that an idiosyncratic productivity shock to a sector

propagates unlike faster, if that sector is proximate to a sector that is a key intermediary

to the economy. The mechanisms behind our findings are very related. But unlike these

earlier studies, we are interested in the impact of network structure on income inequality

in the world economy.

The remainder of the paper is organized in five sections. In Section 2, we present our

variant of the Armington model and derive its predictions concerning equilibrium trade vol-

umes, prices, and income levels. Section 3 sets out our empirical strategy. Subsequently, in

Section 4, we turn to the comparative statics analysis. Besides deriving several counterfac-

tual predictions analytically, we also illustrate them numerically based on a combination

of data and the estimates from Section 3. Section 5 shows how our comparative statics

approach can be applied to other trade models, at the example of the Eaton and Kortum

(2002) model. Section 6 concludes.

2 Global Supply Chains in an Armington model

Consider a world of i = 1,2, ...., n trading countries, where each country i ∈ N hosts a

number of people Li > 0. One category of products traded in our model are the varieties

of a final product, which are indexed by vfin ∈ Vfin. Their producers use labor as the sole

original production factor. Labor is inelastically supplied and immobile across countries;

the total labor endowment is given by Li, and wi > 0 denotes the wage rate in country

i. The other carriers of (foreign) labor value added in our model are the varieties of an

intermediate product. They are indexed by vint ∈ V int and are produced by a distinct set

of firms selling domestically and abroad. Moreover, as these firms themselves use tradable

intermediates in their production, all countries are embedded in an integrated production

network.

In the following, we further specify our model and solve for its equilibrium:

Final goods market: in every country i, there is a homogeneous group of consumers

with Dixit-Stiglitz preferences, who maximize their utility subject to the constraint that
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expenditures must not exceed wi. A consumer’s indirect utility can be written as Ui =

wi/P c
i , where P c

i denotes the consumer price index.

The following assumptions tie down our model to the Armington case:6

Assumption 1 (Market structure). For every variety v ∈ {Vfin ∪ V int} there is one, and

only one, country with a perfectly competitive sector able to produce this variety. The

number of varieties producible in country i are vfini ≥ 0 and vinti ≥ 0 (with at least one

inequality being strict), ∑i∈N v
fin
i = ∣Vfin∣ and ∑i∈N v

int
i = ∣V int∣.

Assumption 2 (Technology 1). The unit costs of production and shipment –and thus the

competitive equilibrium prices– of all final goods varieties vfin ∈ Vfinj shipped from country

j ∈ N to country i ∈ N are identical. The same holds for the intermediate goods varieties

vint ∈ V intj shipped from exporter j to importer i.

The consumer price index can then be written as

P c
i = [∑

j∈N

vfinj (pfinji )1−σ]

1/(1−σ)

(1)

where pfinji > 0 denotes the destination-specific sales price of a typical final goods variety

from country j sold in country i, and σ > 1 the elasticity of substitution between varieties.

From this, the demand in country i for an individual variety produced in j can be

obtained from Roy’s identity, qfinji = −P c
i (∂Ui/∂p

fin
ji ). The total value of all final goods

shipments is then given by

Xfin
ji ≡ vfinj pfinji q

fin
ji Li =

vfinj (pfinji )
1−σ

(P c
i )

1−σ
wiLi (2)

We will call this equation henceforth the final goods trade equation.

Intermediate goods market: turning to the producer demand for domestic and foreign

intermediate inputs, we make –next to the assumptions introduced above– the following

assumption:

Assumption 3 (Technology 2). Every (final and intermediate goods) producer operates

with the same CES production technology that subsumes all input factors under a single

6Assumptions 1-3 will be relaxed in Section 5.

7



aggregator. Also, producers substitute between input factors with the same elasticity σ > 1,

with which consumers substitute between final goods varieties.7

Specifically, to sell qik > 0 units to country k ∈ N , a producer from country i requires

inputs according to

li ≥ 0, (qintji ≥ 0)
j∈N

such that: qik =
κi
τik

[l
(σ−1)/σ
i + θ∑

j∈N

vintj (qintji )(σ−1)/σ]

σ/(σ−1)

(3)

where li denotes the number of workers employed and qintji the amount of intermediate

inputs purchased from one of the vintj ≥ 0 competitive upstream sectors in country j. The

parameters κi > 0, τik ≥ 1, and 0 ≤ θ < 1 depict the total factor productivity in country i, a

country pair-specific transportation cost, and the relative factor productivity of intermediate

inputs, respectively.

With this specification, we depart from a convention in the international economics

literature (e.g. Krugman and Venables, 1995; Eaton and Kortum, 2002; Yi, 2003). Prior

studies have typically assumed that the varieties of intermediates are first agggregated

under a CES function before they enter, together with labor, a Cobb-Douglas aggregator

of the form

qik =
κi
τik
lβi [θ∫

v∈Vint
(qi(v))

(σ−1)/σ
dv]

(1−β)σ
σ−1

(4)

where β > 0 and 1 − β > 0 measure the fixed labor and intermediate goods cost shares,

respectively. There are two major advantages of our specification. First, it turns out

that technology (3) allows us to derive closed-form solutions for equilibrium prices and

outputs of all the tradable goods in our model. Thereby, we can move a signification

step ahead in the solution of an n-country general equilibrium model with international

input-output linkages. Second, by giving up the assumption of constant input shares in

production, technology (3) can accommodate the stylized empirical fact of a declining

labor cost share (Karabarbounis and Neiman, 2014) and an increasing intermediate input

share (Feenstra, 1998) in all major economies over the course of the past thirty years. A

common explanation for this trend are the major ICT breakthroughs of the mid 1980s that

7We relax this assumption in Section 5. None of our results hinge on it. Assuming different elasticities
in our model would still allow us to establish a unique equilibrium and to conduct all the desired compar-
ative statics analyses. Only the empirical implementation of our model in Section 3 would become more
cumbersome, as it would require us to a-priori assume specific values for the different elasticities.
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have lowered the costs of outsourcing and thereby facilitated the substitution of (foreign)

intermediate inputs for domestic labor. This trend is well-captured by an increase in the

parameter θ of production function (3).

To see this, note that cost-minimization yields the following (destination-specific) min-

imum variable costs for a producer

cik =
P p
i

κi
τikqik (5)

where the associated producer price index is given by

P p
i = [w1−σ

i + θσ ∑
j∈N

vintj (pintji )1−σ]

1/(1−σ)

(6)

Using Shephard’s lemma to obtain the input demand functions, li = ∂(∑k∈N cik)/∂wi and

qintji = ∂(∑k∈N cik)/∂p
int
ji , we arrive at the following expression for the labor cost share

wili
wili +∑j∈N v

int
j pintji q

int
ji

=
w1−σ
i

(P p
i )

1−σ
(7)

Hence, our model predicts that –when keeping wage rates and input prices fixed– an

increase of θ lowers the share of labor costs and increases the share of domestic and foreign

intermediate inputs in production.

Continuing with the solution of the model, in a competitive equilibrium, the country-

pair specific prices need to equalize with the unit costs of production and shipment

pfinik =
P p
i

κi
τ finik and pintik =

P p
i

κi
τ intik (8)

where, as of now, we allow for possibly different trade costs for final goods, τ finik , and

intermediate goods, τ intik .

Furthermore, combining the input demand function, qintji = ∂(∑k∈N cik)/∂p
int
ji , with the

identities (2) and (8) results in our intermediate goods trade equation, which measures the
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value of all intermediate goods shipped from country j to i:

X int
ji ≡ vintj pintji q

int
ji [vfini + vinti ] (9)

= θσvintj (pintji )1−σκ−1
i (P p

i )
σ
∑
k∈N

[vfini τ finik qfinik Lk + v
int
i τ intik q

int
ik (vfink + vintk )]

= θσ
vintj (pintji )1−σ

(P p
i )

1−σ ∑
k∈N

[Xfin
ik +X int

ik ]

This equation nicely formalizes two distinctive features of trade in a global supply chain.

First, the demand for intermediate inputs produced in country j does not only increase in

the size of the importer market i, but also in the distance of country i to its own export

markets k ≠ i and the size of the latter (a pull factor). In other words, equation (9) states

that the gravity of nations k ≠ i, j has a trade-enhancing effect on the intermediate goods

flows between j and i, instead of the distorting forces emphasized in earlier theories (see

e.g. Anderson and van Wincoop, 2003) that can also be found in our final goods trade

equation (2).

Second, equation (9) suggests that –despite the fact that all suppliers at the same stage

of the global supply chain compete for the downstream demand– a price reduction by any

one of them, dpintli < 0 for l ≠ j, has a countervailing positive effect on the demand of country

l’s competitor j. The reason is that the input price reduction leads to a cost reduction at

the downstream stage, which in equilibrium results in a price reduction for the downstream

output. But this means that the demand for the composite good and thus the demand

for all its inputs rise (a push factor). Formally, this can be seen from the fact that the

augmented price index, (P p
i )

σ−1, in equation (9), which captures the intensity of upstream

competition, appears in its inverted form in Xfin
ik and X int

ik (after substituting (8) for pfinik
and pintik ). There, it reflects the productivity of country i’s producers. The lower pintli is

the higher that productivity, and thus the higher the demand in country i for intermediate

inputs.8

Returning to the solution of the model, the systems of trade equations and producer

price indices need to clear in equilibrium. In the following, we show that this requirement,

combined with our technology specification (3), allows for a closed-form solution for all

prices and trade volumes up to the wage rates, which remain the only implicitly defined

8In total, we find ∂Xint
ji /∂pintli = 0 for l ≠ j, which indicates that the higher demand for inputs is just

offset by the intensified competition at the upstream stage. Yet, a comparable price reduction in the final
goods market yields ∂Xfin

ji /∂pfinli > 0.
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variables in our model.

Substituting the competitive prices (8) into (6) and taking both sides to the power of

(1 − σ), we obtain

(P p
i )

1−σ = w1−σ
i + ∑

j∈N

(P p
j )

1−σθσvintj κσ−1
j (τ intji )1−σ (10)

Similarly, substituting (8) into (9) we get

(P p
i )

σ−1
∑
j∈N

[Xfin
ij +X int

ij ] = (P p
i )

σ−1
∑
j∈N

Xfin
ij + θσvinti κσ−1

i ∑
j∈N

(τ intij )1−σ

× (P p
j )

σ−1[∑
k∈N

Xfin
jk + ∑

k∈N

X int
jk ] (11)

Equation (10) shows the often encountered interdependence between the producer price

indices in different nations (e.g., Eaton and Kortum, 2002; Alvarez and Lucas, 2007).

Given the functional form of the formerly studied price indices, an explicit solution was

considered impossible because of their non-linear interdependence. However, by virtue of

our CES specification (3), we are able to express the row vector of augmented price indices

in matrix notation as

1T (P p)1−σ = 1TW 1−σ + 1T (P p)1−σA (12)

where 1 is a column vector of ones and 1T its transpose, W 1−σ and (P p)1−σ are n × n

diagonal matrices with elements w1−σ
i , respectively (P p

i )
1−σ, on their diagonals, and A is

the n × n full matrix of trade intensities

A = θσV intKσ−1(T int)1−σ (13)

Here, θσ is a scalar, V int and Kσ−1 are n×n diagonal matrices with elements vi, respectively

κσ−1
i , on their diagonals, and (T int)1−σ is the n×n full matrix ((τ intij )1−σ), where all entries

in row i of this matrix belong to the exporting country i and entries in column j belong

to importer j.

Similarly, denote by M̄ and M̄ c the n×n diagonal matrices with entries (P p
i )

σ−1∑j∈N [Xfin
ij +

X int
ij ] respectively (P p

i )
σ−1∑j∈N X

fin
ij on their diagonals. The system of equations (11) can
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be written in matrix notation as

M̄1 = M̄ c1 +AM̄1 (14)

To solve these systems, suppose the following:

Assumption 4 (Existence of Leontief inverse). The largest, real-valued component of all

characteristic roots of A, ρ(A), satisfies 0 < ρ(A) < 1.

It follows from spectral theory (e.g., Debreu and Herstein, 1953) that the matrix inverse

[I −A]−1 exists and is given by [I −A]−1 = ∑
∞
h=0A

h, with A0 = I, A1 = A, A2 = AA, etc. In

other words, in order to ensure convergence of the matrix series, Assumption 4 imposes an

upper bound on the number of traded varieties and the factor, country, and country-pair

specific productivity parameters. To see this, note that an alternative sufficient condition

for existence of [I −A]−1 is that either maxi∈N{∑j∈N aij} < 1 or maxj∈N{∑i∈N aji} < 1. This

alternative condition shows also more directly that all we require is a sufficiently small

value for θ. The economic interpretation is that, for producer prices to be strictly positive

and import volumes to be bounded from above, the intermediate goods available on world

markets need to be relatively unproductive in comparison to the domestically available

labor.9

Given that Assumption 4 is met, the market-clearing price indices and trade volumes

of our model can be summarized in the following matrix expressions10

1T (P p)1−σ = 1TW 1−σ[I −A]−1 = 1TW 1−σ
∞

∑
h=0

Ah

1T (P c)1−σ = 1TW 1−σ
∞

∑
h=0

AhB (16)

M̄1 =
∞

∑
h=0

AhM̄ c1 =
∞

∑
h=0

AhBWL(P c)σ−11

9Variants of this condition are common in models of supply chain trade. For the very same reason,
Eaton and Kortum (2002, p. 1747) and Alvarez and Lucas (2007, p. 1729) impose an upper bound on the
variability of the sector-specific productivity draws in their models, such that highly efficient intermediate
goods are very unlikely.

10Expanding on the matrices in (16), we can furthermore express the intermediate goods trade equation
(9) by

Xint
ji = (P pj )

1−σaji[ ∑
k∈N

∞
∑
h=0

a
[h]
ik ∑

l∈N
bklwlLl(P cl )σ−1] (15)
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where (P c)1−σ, W , and L are the diagonal matrices of consumer price indices, wage rates,

and population sizes, respectively, and where in analogy to (13) the full matrix B contains

the pairwise trade intensities for final goods

B = V finKσ−1(T fin)1−σ (17)

To add meaning to the matrices in (16), the entries i in the vectors 1T (P p)1−σ and

1T (P c)1−σ correspond to the supplier access of the producers and consumers in country i

respectively, as defined in Redding and Venables (2004). The entries in M̄1, on the other

hand, correspond to their definition of market access. It is straightforward to show that

UiLi = (M̄i)
1/σ/P c

i , i.e. the real labor income in country i is the product of its supplier and

market access.

The new dimension of the matrices in (16) that we exploit is that they clearly show

how a country’s welfare is tied down to its exact position in the world trade network.

The inverse matrix [I −A]−1 = ∑
∞
h=0A

h plays a key role here. This matrix has long been

of interest to regional and development economists who, dating back to Leontief (1936),

have studied the flow of factor content in a national supply chain.11 In the context of our

stylized two-sector economy, the interpretation is as follows: the vectors of supplier access,

1T (P p)1−σ and 1T (P c)1−σ, state that every input-producing nation contributes with its

labor force to the productivity, respectively the consumption, in other nations. The value

added of country i is w1−σ
i . This value added is used by all foreign manufacturers: some

of them employ it directly, while others use it indirectly, embodied in the intermediate

products of yet another nation. The matrices

Sp ≡W 1−σ
∞

∑
h=0

Ah and Sc ≡W 1−σ
∞

∑
h=0

AhB (18)

keep track of all the direct and indirect value flows between any pair of countries. The

summand W 1−σA captures the value added of each country embodied in its intermediate

good shipments to other countries. The summands W 1−σAh, for h > 1, on the other hand,

keep track of each country’s value added that reaches other countries only after another

11Two recent examples are Temurshoev (2010) and Acemoglu et al. (2012). While the majority of
studies in this field assumes Leontief’s original fixed technical coefficients, for which the existence of a
solution to the linear relationships (10) and (11) is obvious, Burres (1994) and Acemoglu et al. (2012)
show that also with a Cobb-Douglas technology, value flows and prices are (log-)linearly interrelated. This
homeomorphism between Leontief and Cobb-Douglas model is not surprising given the fact that both
models are nested in our CES specification (3).
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h − 1 intermediate production steps.

Similar, the market access vector M̄1 suggests that the demand for goods produced in

country i depends on the size of every other country’s market. The real size of market j

is wjLj(P c
j )
σ−1. The final goods producers from country i approach this market directly;

their access depends on the trade intensity bij. The intermediate goods producers, in

contrast, access market j indirectly, through all the final products that incorporate their

intermediate outputs. These direct and indirect market accesses are contained in matrix

M ≡
∞

∑
h=0

AhBLW (P c)σ−1 (19)

In other words, the matrices in (16) show that a country that is directly or indirectly

better connected, i.e. takes in a more central position in the global production network,

experiences lower production costs, a higher demand for its products, and a larger welfare.

In support of this view, the matrices in (16) are closely related to the Katz-Bonacich

centrality vector corresponding to the world trade network (Katz, 1953; Bonacich, 1987).

Labor market and general equilibrium: So far, we have found that the prices and

quantities of all tradable goods in our model can be expressed as functions of only exogenous

parameters and wage rates. We now turn to the labor market, pin down the wages, and

thereby close the entire world economy.

Workers are immobile between countries but free to move between their domestic in-

termediate and final goods sectors. So, each country has a uniform wage rate wi. Since

all of a country’s firms make use of the same labor share w1−σ
i /(P p

i )
1−σ, the economy-wide

labor demand is given by

wiLi =
w1−σ
i

(P p
i )

1−σ ∑
j∈N

[Xfin
ij +X int

ij ] = w1−σ
i M̄i (20)

From (16), it follows that M̄i can be expressed as a function of only parameters and wages.

Hence, an equilibrium for our model is given by a wage vector w = (w1,w2, ...,wm) that

solves (20). The following result is inspired by Alvarez and Lucas (2007) and establishes

existence of a unique, positive wage vector with this property:

Theorem 1. There is a unique w ∈ Rn
++ such that λw, with λ ∈ R++, establishes an

equilibrium for equation system (20).

The proof can be found in the appendix. There, we show that the sufficient conditions
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for existence of a Walrasian wage equilibrium are satisfied. Moreover, the wage vector

is unique up to a common scale factor λ. Combined with the trade and price equations

(1)-(16), it then follows that all available goods are traded in all markets at a positive and

finite price. Also, since Ui = wi/P c
i is homogeneous of degree zero with respect to w, the

per capita income is uniquely determined in our model.

In the following sections, we expand on this result and conduct various comparative

statics analyses for our equilibrium. Together, they highlight the salient features of trade in

a global production network. Besides deriving several general propositions, we complement

our analytic predictions by illustrating them numerically for the global trade network of

2005. We do this based on a simple empirical strategy.

3 Empirical strategy

Our empirical strategy uses the structure of our model in combination with readily avail-

able data on final and intermediate goods trade flows (UN COMTRADE)12, total indus-

trial value added and production (WDI and UNIDO), and various observed trade cost

determinants (CEPII). It provides us with three empirical constructs that are sufficient to

numerically perform all the comparative statics exercises introduced in Section 4. These

constructs are estimates of each country’s producer price index, (P p
i )

1−σ, and the A and B

matrices that capture the final and intermediate goods trade intensities respectively, i.e.

(6), (13) and (17). Each of them is not directly observable in any readily available dataset.

We obtain these empirical constructs by estimating the following simple gravity equa-

tion, which is similar to that estimated in Costinot et al. (2012):

ln X̃k
ij = s

k
i +m

k
j +Λijδ

k + εkij (21)

12All data we use is for the year 2005. The coverage of bilateral trade flows is most comprehensive in
this year, allowing us to include as many countries as possible (100). We use the UN’s BEC classification
to distinguish between final and intermediate goods: the BEC class “consumption goods” is considered
as final goods; the combined BEC classes “capital goods” and “intermediate goods” are our intermediate
goods. We consider capital goods as intermediate inputs as they are used in the production of other goods.
Results excluding capital goods are available upon request.
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where k ∈ {fin, int} and

X̃ int
ij =

X int
ij

∑k∈N [Xfin
jk +X int

jk ]
=

X int
ij

(Ind.Prod)j

X̃fin
ij =

Xfin
ij

wjLj
=

Xfin
ij

∑k∈N [Xfin
jk +X int

jk −X int
kj ]

=
Xfin
ij

(Ind.V A)j

The parameters ski and mk
j are sector-specific exporter- and importer- fixed effects, Λij is

a vector of observable bilateral trade cost determinants (distance, and sharing a common

border, language, or colonial history), and δk the corresponding sector-specific coefficient

vector measuring the relative importance of each trade cost determinant. On top of this, εkij
captures any sector-specific unobserved bilateral trade cost components that are assumed

to be orthogonal to all included regressors.13

Based on the theoretical equivalents of (21), i.e. equations (2) and (9), in combination

with (8), and (16), we can use the estimated parameters from (21) to immediately obtain

13Costinot et al. (2012) avoid the need to include observable trade cost determinants. They capture
trade costs by a full set of ij-specific fixed effects (while the error term contains any sector-specific trade
cost component). Such ij-specific effects do, however, not only capture trade costs, but also any exporter-
and importer-specific market size and productivity differentials. This is no problem in Costinot et al.
(2012), where the exporter fixed effects are the main focus of study (see their footnotes 18 and 32). In
our case, however, trade costs are a crucial ingredient for our counterfactual exercises. The fact that their
estimates are confounded by the sector averages of the ski and mk

j effects, for k ∈ {fin, int}, makes the
Costinot et al. (2012) “dummy-approach” unsuitable for our purposes. It makes it e.g. impossible to
calculate the Leontief matrix (I −A)−1.
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the three constructs we are after:

˜(P p
i )

1−σ
= exp(m̂int

R − m̂int
i )

= (
θσvintR κσ−1

R (P p
R)

1−σ

(P p
R)

1−σ
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
exp(m̂intR )

(
(P p

i )
1−σ

θσvintR κσ−1
R (P p

R)
1−σ

)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
1/ exp(m̂inti )

= (
P p
i

P p
R

)

1−σ

aij = exp(ŝinti + m̂int
i +Λij δ̂

int + eintij )

= (
vinti κσ−1

i (P p
i )

1−σ

vintR κσ−1
R (P p

R)
1−σ

)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
exp(ŝinti )

(
θσvintR κσ−1

R (P p
R)

1−σ

(P p
i )

1−σ
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
exp(m̂inti )

(τ intij )
1−σ

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
exp(Λij δ̂

int+eintij )

= θσvinti κσ−1
i (τ intij )

1−σ

(22)

b̃ij = exp(ŝfini − (m̂int
R − m̂int

i ) +Λij δ̂
fin + efinij )

= (
vfini κσ−1

i (P p
i )

1−σ

vfinR κσ−1
R (P p

R)
1−σ

)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
exp(ŝfini )

(
P p
R

P p
i

)

1−σ

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
˜(P pi )

σ−1

(τ finij )
1−σ

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
exp(Λij δ̂

fin+efinij )

=
vfini κσ−1

i (τ finij )
1−σ

vfinR κσ−1
R

where R refers to a reference country whose two exporter dummies (one for each sector) we

exclude when estimating (21) to avoid perfect multicollinearity.14 Furthermore, we avoid

the need to specify countries’ internal trade costs, τ intii and τ finii , by calculating the trade

intensities aii and b̃ii directly using (9) and (8), and (2), (8), (16) and (22), respectively:

aii = X̃ int
ii (23)

b̃ii = X̃fin
ii

⎛
⎜
⎝

∑j≠i [
˜(P p
j )

1−σ
b̃ji]

˜(P p
i )

1−σ

⎞
⎟
⎠

Unlike internal trade costs, the internal flows Xfin
ii and X int

ii can be immediately retrieved

from our trade and production data: Xfin
ii = (Ind.V A)i − ∑j≠i[X

fin
ij + X int

ij − X int
ji ] and

X int
ii = (Ind.Prod)i − (Ind.V A)i −∑j≠iX

int
ji .

Three remarks are in place: first, it is important to note that our empirical strategy

works by virtue of our production function specification (3), where all input factors are

14This is why our estimates of (P pi )
1−σ and B are confounded by the reference country’s exporter-effect

in the same sector, explaining all the R-terms in (22). Note, however, that this does not impose any
problem for our counterfactual exercises, where these terms will always cancel out. It makes the choice of
reference country irrelevant - we choose Germany.
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subsumed under the same CES aggregator. Making this assumption in other trade models

generating the gravity equation could also prove useful from an empirical perspective, as it

facilitates meaningful combinations of a country’s estimated importer- and exporter-fixed

effects.

Second, by including the residuals when calculating aij and b̃ij, we take εkij in (21) as

an integral part of overall trade costs. In this way, we can reconcile the zero trade flows

reported for 20% of our exporter-importer pairs by assuming prohibitively high trade costs

on these trade routes. We could also exclude the residuals from (22), hereby implicitly

interpreting the zero trade flows as measurement error.15 Results when excluding the

residuals from (22) are available upon request. Of course, we could also do our analysis

on a selected sample of countries where each country exports to, and imports from, each

other country. Results for this much smaller sample of 40 mainly developed countries are

also available upon request.

Finally, the largest characteristic root of our estimated matrix A is well below one:

ρ(A) = 0.76. This ensures, see Assumption 4, existence of a unique equilibrium in our

model and justifies the comparative statics analysis that we do in the remainder of the

paper.

4 Counterfactual analysis

In the following, we perform various counterfactual variations of the trade intensity matrices

A and B, as defined in (13) and (17), and investigate the implications around the unique

equilibrium point in our model. Our focus is on the central components of these matrices:

the coordination cost parameter θ and the trade cost matrices T fin and T int. However, the

methods developed in this section readily lend themselves to the analysis of other parameter

variations, such as consumer preferences, population sizes, or total factor productivity.

Our approach is that of classic comparative statics analysis. This means that we focus

on small shocks to A and B so that, on the one hand, Assumption 4 is satisfied even in the

new Leontief matrix [I −A′]−1, where A′ indicates the new matrix. On the other hand, we

approximate the changing wage rates by the total differential of system (20). The novelty

of our approach with regard to prior comparative statics analyses of similar trade models

(e.g., Eaton and Kortum, 2002; Arkolakis et al., 2012; Costinot et al., 2013) is that our

15See Silva and Tenreyro (2006), e.g. footnote 3 and 4, for a more detailed discussion on how to reconcile
the existence of zero trade flows. See also e.g. Helpman et al. (2008) for a paper that unlike our Armington
model explicitly considers the selection into trade, both theoretically and empirically.
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approach allows us to start from any initial parameter constellation and to study the effect

of any (small) variation of the same. An alternative approach has been developed in Dekle

et al. (2008) and Caliendo and Parro (2014). They define an equilibrium in changes that is

–unlike our comparative statics approach– independent of many time-constant parameters

that are difficult to identify in the data, such as bilateral trade costs. However, they need to

rely on numerical simulations to determine the effects of a shock, because all variables are

only implicitly defined in their equilibrium. The advantage of our approach is its closed-

form solutions. Based on this, we are not only able to derive several general propositions

on the overall welfare effect of a shock, but we can also arbitrarily decompose it into several

meaningful components. Moreover, our approach is less data intensive in other respects,

because the explicit solutions tell us exactly which data and estimates are sufficient for our

numerical counterfactuals.

We assess all comparative statics effects in terms of real income per capita, Ui = wi/P c
i .

Since we hold population sizes fixed and assume full employment, our results also apply to

other welfare measures, such as income per worker or per capita or total labor income. For

a small shock to matrices A or B, the relative income change in country i can be written

as dUi/Ui = dwi/wi − dP c
i /P

c
i . Since we do have explicit solutions for consumer prices, the

second effect is easily obtained. Yet, we still need to understand how a shock to A (or B)

translates into a wage change and, importantly, how it affects [I −A]−1.

The following lemma, which is proven in the appendix, characterizes the total differen-

tial of the system of labor market equations (20). Because (20) and Ui are homogeneous

of degree zero, we fix the wage rate in any one country and investigate the changes in the

remaining ones:

Lemma 1. The effect on w of a small shock dA = A′ −A (or dB = B′ −B) is given by

dw

w
=

1

σ
{

∞

∑
h=0

(Φ−i∗)h}

+i∗

dM̄

M̄
(24)

where dw/w is such that dwi∗/wi∗ = 0 for any one i∗ ∈ N . Moreover, the superindex −i∗

indicates that row i∗ and column i∗ is deleted from a matrix, whereas +i∗ means that a

vector of zeros is inserted in row i∗ and column i∗ in a matrix. Finally, dM̄ = M̄ ′ − M̄ and

Φ−i∗ denotes the (n − 1) × (n − 1) matrix

Φ−i∗ ≡
1

σ
{[M̄]

−1
M [I + (σ − 1)[Sc(P c)σ−1]

T
]}

−i∗

(25)
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where M̄ and (P c)σ−1 are the diagonal matrices defined in (16), and Sc and M are given

in (18) and (19), respectively.

The matrix ∑
∞
h=0(Φ

−i∗)h is closely related to the Harrod foreign trade multiplier (Har-

rod, 1936). Our version is a multi-country extension that captures all the feedbacks of

a single idiosyncratic wage shock throughout the entire world economy. A positive wage

shock in any one country raises labor demand in all other nations by, on the one hand,

increasing demand for their products and, on the other hand, weakening the competitive

position of the country whose labor costs went up (see (25)). And since this leads to higher

wage/income levels around the globe, it in turn starts another round of demand increases,

etc.

Based on Lemma 1, we can summarize the per capita income changes in the following

column vector

dU

U
=

1

σ
Ψ

dM̄

M̄
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
wage effect

−
1

1 − σ

d(Pc)1−σ

(Pc)1−σ

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
price effect

(26)

where the n × n full matrix Ψ, with positive elements on its diagonal and negative off-

diagonal elements, is given by

Ψ ≡ (I − [Sc(P c)σ−1]
T

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
wage-induced

price effect

) [
∞

∑
h=0

(Φ−i∗)h]

+i∗

(27)

Next, we derive for three different changes to matrix A an expression for the new

Leontief matrix, [I −A′]−1, where in the spirit of comparative statics analysis we relate this

matrix to its initial state, [I −A]−1. The following lemma expands on established results

on the exact solution for the inverse of a matrix sum (Henderson and Searle, 1981), and

generalizes previous applications of these results in the economics literature by Minabe

(1966, p. 58), Ballester et al. (2006, Lemma 1, p. 1411), and Temurshoev (2010, Lemma

2, p. 877):

Lemma 2. Consider square matrices A and A′ and scalars x, y ∈R, such that 0 < ρ(A) < 1

and 0 < ρ(A′) < 1:

1. For x→ 0+ and A′ = A+xÃ, where Ã is identical to A except that an arbitrary number
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of entries is set to zero (i.e. for all ij ∈ N ×N either ãij = aij or ãij = 0)

[I −A − xÃ]
−1
= [I −A]

−1
+ x[I −A]

−1
Ã[I −A]

−1
(28)

2. For A′ = A+xIij, where Iij is a square matrix with a one in cell ij and zero everywhere

else, and the scalar ∑
∞
h=0 a

[h]
ij denotes cell ij of matrix [I −A]−1

[I −A − xIijA]
−1

= [I −A]
−1

+
x

1 − x∑
∞
h=0 a

[h]
ji

[I −A]
−1
Iij[I −A]

−1
(29)

3. For A′ = IxiAIyi, where Ixi = (I+xIii), Iyi = (I+yIii), and Iii denotes a square matrix

with a one in cell ii and zero everywhere else, and where the scalar ∑
∞
h=1 a

[h]
ii denotes

cell ii of matrix [I −A]−1A

[I − IxiAIyi]
−1

= Ixi[I −A]
−1
AIyi −

(x + y + xy)

1 − (x + y + xy)∑
∞
h=1 a

[h]
ii

(30)

× Ixi[I −A]
−1
AIii[I −A]

−1
AIyi

The proof can be found in the appendix. Property (1.) provides the foundation for a

proportional change to an arbitrary number of cells in matrix A, as long as this change

is marginally small. Properties (2.) and (3.), in contrast, describe the impact of a large

proportional change to matrix A. Here, we focus however on a single cell ij, respectively

a proportional variation of row i and column i.16 In the following, we exploit Properties

16Expanding on Property (2.) of Lemma 2, one can also trace back any arbitrary large variation of
[I −A]−1 to the original matrix in a sequence of k ≥ 1 functional mappings. Let Iisjs be a square matrix
with a one in cell isjs and zero everywhere else. Moreover, let yisjs be a well-defined scalar of the
endomorphic function

fisjs([X − Y ]−1) = [X − Y ]−1 + yisjs[X − Y ]−1Iisjs[X − Y ]−1

with the property that fisjs maps a matrix of the space of square matrices of the form [X − Y ]−1 into
another element of the same space, and where X is non-singular matrix and Y is a square matrix of the
same dimension. Based on this definition, we can write

[I −A −
t

∑
s=1

xsIisjs]
−1 = fitjt(fit−1jt−1(fit−2jt−2(...fi1j1([I −A]−1))))

whereby at any step s > 1, fis+1js+1(fisjs) can be written as fis+1js+1 = [I −A]−1 + [I −A]−1Disjs[I −A]−1
for some well-defined n × n matrix Disjs .
An alternative approach to investigate the effect of arbitrary large changes to matrix [I −A]−1 is proposed
in Sonis and Hewings (1992).
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(1.), (2.) and (3.) in turns.

4.1 A global trade cost reduction

Our first counterfactual exercise focuses on a proportional increase of all cells in the trade

intensity matrices: A′ = δAA and B′ = δBB, with δA, δB > 1. This might be triggered by

a worldwide improvement of transportation technologies, or in the case of a change in A,

a reduction in the costs of coordinating remote production processes, i.e. an increase in

θ. The aim of this exercise is not only to answer the question which countries benefit (or

lose) from such a cost reduction, but also to explain why. That is, we want to identify the

model parameters and variables that predict the gains from trade.

A motivation for our analysis comes from the interesting hypothesis that the emergence

of a global supply chain leads to a convergence of income levels (Baldwin, 2011). As the

argument goes, the access to foreign intermediate inputs enables every nation to take

advantage of the technologies developed in other parts of the world. At the same time, the

fragmentation of production increases the scope for specialization. Thus, countries only

need to contribute incremental value to an existing supply chain to make their products

an export success. Does the emergence of a global production network inevitably lead

to income convergence? And if not, how does this depend on a country’s position in

the network? Our model allows us to look at these questions from a general equilibrium

perspective and to compare the relative gains (or losses) across countries.

For comparison, we first investigate the gains from increasing the trade intensity of only

final goods shipments:

Theorem 2. Consider a proportional increase in all cells of matrix B such that B′ =

(1+ δB)B, with δB > 0, and A′ = A: It follows dw/w = 0. Moreover, the price effect in any

country i ∈ N is given by the column vector

dU

U
=

δB
σ − 1

d(Pc)1−σ

(Pc)1−σ
=

δB
σ − 1

1 > 0 (31)

A first insight from the result, which is proven in the appendix, is that the gains from

increasing the intensity of final goods trade are solely determined by its impact on consumer

prices. Labor demand, in contrast, and thus wages are entirely unaffected. Second, the

per capita income in every nation grows at the exact same rate.

The logic behind the first part lies in our CES specification for consumer preferences

plus the assumption of a constant price markup over trade costs, i.e. pfinij = xτ finij with
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x > 0, both of which are however common in the literature (e.g. Krugman, 1980; Eaton

and Kortum, 2002; Melitz, 2003). As a consequence, the final goods trade equation (2)

and the labor demand equation (20) are homogeneous of degree zero with regard to a

proportional change in matrix B. Thus, labor demand and wages remain unaffected. The

intuition is that the final goods producers from all nations gain from an improved access

to their overseas (and domestic) markets. As the increase in trade intensity experienced

by a firm is proportional to its original trade intensity, every firm gains in proportion to its

original market share. So, no firm yields any competitive advantage. On the other hand,

consumers from all nations benefit from their access to cheaper products. And because the

supplier access vector is homogeneous of degree one with respect to a common change in

B, as shown in (16), the price reduction experienced by consumers is proportional to their

original supplier access, which explains part two of the result.

Hence, when only final goods shipments are affected, such as in a world where only final

goods are traded (i.e. θ = 0), the welfare gains from a global trade cost reduction can –in

absolute terms– be perfectly predicted from the trade cost elasticity, 1 − σ, and the level

of consumer prices, P c
i , in a country.

We move on to investigate a trade or coordination cost reduction in the intermediate

goods sector, i.e. a proportional increase in all cells of matrix A.17 Based on Property (i)

of Lemma 2 for Ã = A, we obtain the following result:

Theorem 3. Consider a small and proportional increase in all cells of matrix A, such that

A′ = (1 + δA)A, with δA → 0+, and B′ = B. Also, fix dwi∗ = 0 for i∗ ∈ N : The per capita

income change in any i ∈ N is given by the column vector

dU

U
=

δA
σ − 1

(P c)σ−1[ Sp
∞

∑
h=1

AhB

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
supplier access

effect (i)

]

T

1 (32)

+
δA
σ

Ψ [M̄]
−1
[

∞

∑
h=1

AhM̄

´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
market access

effect (ii)

−M[Sp
∞

∑
h=1

AhB(P c)σ−1]
T

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
competition effect (iii)

]1

where (P c)1−σ and M̄ are the diagonal matrices defined in (16) and Sp, M , and Ψ are the

17Our exposition focuses on the effect of a coordination cost reduction, i.e. increasing θ. A global
reduction in the cost of shipping intermediate goods has the exact same effects.
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full matrices defined in (18), (19), and (28), respectively.

The result, which is proven in the appendix, states that consumers unambiguously

gain from a coordination cost reduction (effect (i) in equation (32)). Yet, they do so

only indirectly, because in a first instance it improves their final goods suppliers’ access

to intermediate inputs (see equation (6)). Thus, unlike in Theorem 2, the price reduction

experienced by consumers is not proportional to their initial supplier access, but to the

supplier access of the nations producing their goods. The benefit of a coordination cost

reduction to consumers is therefore dependent on the trade intensity of their home country

with the nations hosting their final goods suppliers. Furthermore, it depends on the latters’

trade intensity with their own suppliers of intermediate inputs. Formally, while in Theorem

2 the absolute effect of an increase in B on consumer prices can simply be written as

d(Pc)1−σ = δB [SpB]T1, the counterpart of Theorem 3 is given by

d(Pc)1−σ = [ (δA S
pA)B

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
discounted cost red.

final goods prod.

+ (δA S
pA)AB + (δA S

pA)A2B + ...
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

discounted cost reduction input producers

at upstream stages 1, 2, ...

]

T

1 (33)

= δA [Sp
∞

∑
h=1

AhB]

T

1

Turning to the effect on wages, the terms (ii) and (iii) in equation (32) show that –unlike

in Theorem 2– labor demand is no longer unaffected. The explanation lies in a fundamental

difference between the demand for final and intermediate goods, which we already pointed

out earlier (below equation (9)): a cost reduction on all the intermediate goods shipped

from any country i reduces the production costs, and hence increases the sales volume, of all

countries that use country i’s intermediate goods in subsequent production steps. Hence,

country i’s workers benefit from an increased demand for their intermediate products.

Moreover, as an increase in θ affects the coordination costs at all stages of the global

supply chain, every input producing nation experiences another indirect demand increase,

as their downstream customers also increase their sales volumes. This is summarized in

the following expression, which is equivalent to effect (ii) in (32)

dM̄ = δA A M̄
´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶

discounted sales incr.

at downstr. stage 1

+A(δA A M̄) +A2(δA A M̄) + ...
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

discounted sales increases

at downstream stages 2, 3, ...

= δA
∞

∑
h=1

AhM̄1 (34)
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Equation (34) suggests that not all laborers from all nations benefit alike. Instead, the

labor demand increase experienced in a country depends on its direct and indirect trade

connections with all countries at the downstream stages of the global supply chain. Thus,

some countries actually gain a competitive edge over others. In fact, effect (iii) of equation

(32) shows that for the very same reason the workers of some nations might actually need

to accept wage cuts, because the coordination cost reduction intensifies competition in

their sales markets.

To sum up, Theorem 3 shows that the predicted changes in prices and wages are not at

all related to a country’s own initial supplier and market access, i.e. the country’s initial

level of welfare. Instead, these changes are solely dependent on the supplier and market

access of the country’s trading partners. Thus, whether or not a country gains or loses from

a further integration of the global production network depends entirely on its connections

to countries who themselves have a superior supplier and market access. Put differently, a

country benefits from being well-connected to important trade intermediaries.

An interesting implication of this result is that it provides hope for convergence of

income levels around the globe. Access to important trade intermediaries only determines

the welfare gains from trade, but not the current level of welfare (this is determined by a

country’s own market and supplier access). A further integration of the global production

network might therefor help developing countries catch up with developed countries’ living

standards.

To put perspective on this possibility, Figure 1 plots the per capita income gains pre-

dicted by our model as a result of a 1% proportional increase of all cells in matrices A

and B against the level of GDP per capita in 100 countries in 2005. The predictions are

calculated using (31) and (32) in combination with our estimated empirical constructs for

(P p
i )

1−σ, A, and B from (22). We also need to fix a value for σ at this point of the pa-

per. For all our counterfactual exercises we chose σ = 8.18 Our choice directly influences

the magnitude of the overall welfare effects: the larger σ the smaller the welfare effects.

However, very important for our purposes, changing σ leaves the relative size of the differ-

ent welfare channels and the relative effects in different countries largely untouched. For

18We could instead estimate σ using e.g. the method developed in Caliendo and Parro (2014). Yet, their
approach uses bilateral tariff data that is typically available at a much finer-grained level than the broad
sector classification, intermediates and final goods, used in this paper. Of course, we could aggregate the
available tariff data up to the two sectors that we use. This aggregation is, however, not straightforward
and can be done in several different ways, each using different assumptions, and each resulting in a different
estimate of σ. We therefore decided to keep things simple and fix σ at a value that lies in the middle of
the range of existing estimates (see e.g. Caliendo and Parro (2014), Eaton and Kortum (2002) or Romalis
(2007)).
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Figure 1: The gains from a deepening of the global supply chain
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Notes: The figure shows the welfare gains from a 1% proportional increase
of all cells in the trade intensity matrices A and B against real GDP per
capita for 100 countries in 2005. The increase in real GDP per capita is
calculated using (31) and (32) in combination with the estimated empirical
constructs for (P pi )

1−σ , A, and B from (22). Moreover, we fix σ = 8 and
dwi∗ = 0 for i∗ = USA, and use a country’s total industrial value added
(WDI) for wiLi. As a first step in calculating (32), we obtain each country’s
(P ci )

1−σ , augmented wages, w1−σ
i , supplier and market access, as well as the

Ψ matrix using (16), (18), (19), and (28), respectively. A ● (△) shaped marker
indicates that country i experiences a larger (smaller) wage increase than the
USA, dwi > dwUSA (dwi ≤ dwUSA). The USA is marked with a ○.

example, choosing σ = 5 in the calculations underlying Figure 1 increases each country’s

welfare gain by roughly 75%. However, the (rank)correlation between countries’ welfare

gains when fixing σ at 5 or 8 is 0.999.

Figure 1 shows an average country’s welfare gain of about 0.25%. This is almost twice

as large as the predicted 0.14% welfare increase of a trade cost reduction at only the final

stage of the global supply chain (depicted by the dashed horizontal line in the figure). Much

more interesting, however, are the large differences between countries. Overall, a further

integration of the global supply chain is predicted to result in a further divergence of per

capita incomes. Rich countries gain on average more than poor countries. This average

picture does however hide quite some heterogeneity. Many low-middle income countries

actually experience larger gains than the US or the large European economies. Generally,
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we find a diverse geographic spread of both the most and the least gaining countries. An

exception are the Sub-Saharan African and Middle-Eastern countries: almost all of them

are among the least-benefiting countries.

Interestingly, the most important determinant of the overall welfare effect is the impact

on a country’s labor demand. In Figure 1, a triangle marks those countries that –in order

to stay competitive in the now more integrated global supply chain– have to accept a

wage drop relative to the US. With only a few exceptions, these are also the countries

that experience the smallest overall welfare gains.19 It suggests that the fortunes of any

country in a further integrated global supply chain will mainly depend on whether it

attracts more labor demand than other nations, or not. As argued in Theorem 3, this is

entirely dependent on how well that country is connected to countries that are important

intermediaries in the global production network. These intermediaries will be identified in

Section 4.3.

4.2 A unilateral trade cost reduction

In our second counterfactual, we explore the welfare effects of a cost reduction along a

single trade route. Because of the distinct effects from the facilitation of a country’s in- and

outgoing trade flows, we focus on a one-sided trade cost reduction, such that A′ = A+δAijIij

and B′ = B + δBijIij for an exporting nation i and an importer j ≠ i.20 Naturally, this raises

exports and the demand for labor in country i and improves the supplier access of the

importer j. Another interesting question is, however, whether welfare in third countries

is positively or negatively affected, also because it is well-understood that the sign of

this externality is an important factor for the success of multilateral trade negotiations

(Panagariya, 2000; Aghion et al., 2007). Here, we show that the sign of the externality

depends nontrivially on the extent of production fragmentation.

We start by considering a unilateral export cost reduction in a world without interna-

tional production linkages:

Theorem 4. Suppose that θ = 0 and dwi = 0. Consider a unilateral increase in the final

19This is also shown by the fact that the correlation of the overall welfare effect, dUi/Ui, with the
wage effect, dwi/wi, is 0.81, whereas it is only −0.002 with the overall price effect, dP ci /P ci , including the
wage-induced price effect (as defined in equation (27)).

20As an example for this type of intervention, one might think of a preferential export procedure installed
in country i or an import tariff reduction negotiated with country j. Note, however, that we do not consider
tariff revenues in our welfare analysis and also abstract from optimal tariff policies.
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goods trade intensity bij, such that B′ = B + δBIij with δB > 0. It follows:

(i) for all k ∈ N : d(P c
k)

1−σ > 0 and (ii) for all k ∈ N /{i}: dwk < 0.

The result, which is proven in the appendix, suggests an unambiguously positive exter-

nality on consumer prices, but a negative externality on foreign wages. The latter is simply

explained by the fact that a better access of exporter i to importer j intensifies competition

for all the other final goods manufacturers from countries k ≠ i, including the producers

from j. Thus, their demand for domestic labor, and hence wage rates, decline. This in

turn produces another round of wage drops governed by the Harrod-Keynes multiplier (27)

resulting in unambiguously lower equilibrium wage rates in countries k ≠ i (as compared

to country i where we have fixed dwi = 0). In contrast, part (i) of the result states that

consumers in all nations benefit from a price reduction for their consumption goods. This

is easily explained for importer j due to its better access to country i’s products. For

the remaining nations, including i, the reason is the above mentioned wage declines that

trigger a worldwide price reduction on consumer goods.

Hence, in a world without production linkages, whether or not a third country gains

or loses depends essentially on the importance of the world market for the supply of con-

sumption goods for that country versus its role as a sales market. This result is not only

specific to our model, but applies to a much broader class of trade models (e.g. Krugman,

1980; Eaton and Kortum, 2002; Melitz, 2003).21

The difference of introducing a fragmented production process into the picture is that

there are additional positive externalities of a comparable export cost reduction. These

might be strong enough to turn the negative result of Theorem 4 Part (ii) around. To see

this, suppose again dwi = 0 but now θ > 0. Consider a unilateral increase in both trade

intensity matrices A and B, such that A′ = A + δAIij and B′ = B + δBIij. According to

equation (26), we can decompose the total per capita income effect in a third country into

a wage and a price effect. More interesting, however, based on Property (2.) of Lemma

2 that provides us with an explicit solution for matrix [I − A − δAIij]−1 , we can further

21The externality on third countries’ welfare is essentially the same in a more realistic bilateral trade
agreement, i.e. when B′ = B + δBijIij + δBjiIji. The difference is that both countries i and j can expect an
increase in their labor demand. Fixing dwi = 0, this means that dwj might become positive. And since a
wage increase in country j is accompanied by a higher demand for foreign products, labor demand, and
thus wages, in a third country k ∈ N /{i, j} might actually rise, if country j is among its preferred sales
markets. Nevertheless, fixing the wage rate in the country i or j that expects the largest labor demand
increase yields unambiguously lower wages in all other nations. Thus, the results of Theorem 4 carry
immediately over.
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decompose the wage and price effects into several meaningful channels.

The individual effects of a unilateral export cost reduction between countries i and j

on the per capita income in a third country k ∈ N /{i} are shown in cell k of the following

column vector

dU

U
=

1

σ − 1
(P c)σ−1[ (P p

i )
1−σδB Iij

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
supplier access effect (i)

+
(P p

i )
1−σδA

1 − δA∑
∞
h=0 a

[h]
ji

Iij
∞

∑
h=0

AhB

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
supplier access externality (ii)

]

T

1

+
1

σ
Ψ[M̄]−1{

∞

∑
h=0

Ah δBIijwjLj(P
c
j )
σ−1

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
market access externality (iii)

+
∞

∑
h=0

Ah
δA

1 − δA∑
∞
h=0 a

[h]
ji

IijM̄

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
market access externality (iv)

(35)

−M[(P p
i )

1−σ(δB Iij +
δA

1 − δA∑
∞
h=0 a

[h]
ji

Iij
∞

∑
h=0

AhB)(P c)σ−1]

T

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
competition externality (v)

}1

Breaking down the total income effect, the unilateral export cost reduction results –just

as in a world without production linkages– in a price reduction on consumer goods sold in

country j (effect (i)) and fiercer competition for all other countries k ≠ i’s producers (effect

(v)). What makes the presence of a global supply chain very different are the three addi-

tional positive externalities: consumers in all countries benefit from the fact that country

j’s producers gain access to cheaper inputs from country i’s intermediate goods industry.

This cost reduction is partially passed on to the rest of the world (effect (ii)). Moreover,

foreign workers benefit due to an increased demand for their intermediate products from

country i’s final and intermediate goods industry (effects (iii) and (iv) respectively). As

already mentioned earlier below equation (9), the origin of these positive welfare channels

lies in the fact that a more intense trade relationship between countries i and j facilitates

the flow of intermediate goods through the entire global supply chain. Depending on the

size of these two positive externalities vis-à-vis the negative competition effect (v), wages

may now even go up in (some) third countries. This would never happen in a world without

production linkages, see Theorem 4.

Equation (35) shows that the sign (and size) of the overall externality on a third coun-

try’s wages depend on that country’s precise position in the world trade network vis-à-vis

the two trading partners. Hence, to get a feeling for whether our findings play a role

in reality, we predict the strength of the average wage externality for each of the 9,900
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Figure 2: Avg. wage externality of a unilateral export cost reduction
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Notes: The figure plots, for each of the 9,900 exporter-importer pair in the trade network
of 2005, the average effect of a 1% export intensity increase along the trade link ij on the
wage rates in nations k ∈ N /{i} against the average wage effect of a corresponding 1%
export intensity increase of ij assuming a world without production linkages (θ = 0). The
average wage effect on the x-axis is calculated using the second and third line of (35) in
combination with our estimated empirical constructs from (22). The average wage effect on
the y-axis is based on the same equation (35) and on the same empirical constructs, but
under the assumption that ∑∞h=0A

h = 0 in (35). In all calculations we fix σ = 8, δA = 0.01aij ,
δB = 0.01bij , use a country’s total industrial value added (WDI) for wiLi, and for every
exporter-importer pair ij we set dwi = 0.

exporter-importer pairs (100 countries times 99 links) in our 2005 dataset. Towards this

end, we use (35) in combination with our empirical constructs from (22) to predict the

wage effect on every country k ∈ N /{i} as a result of a 1% increase in the export inten-

sity for both the final and intermediate goods shipped from country i to country j, i.e.

δA = 0.01aij and δB = 0.01bij. Figure 2 plots, for each exporter-importer pair, the resulting

average wage externality in third countries in a world without input-output linkages (θ = 0)

against that predicted in the integrated global production network of 2005 (θ > 0).22

In a world without production linkages these wage externalities are, as expected, always

negative. Things are quite different in 2005’s integrated global supply chain: for 28% of the

exporter-importer pairs, the negative wage externality is mitigated. These are the pairs

22We calculate the wage changes in a world without input-output linkages by simply setting θ = 0 or
equivalently ∑∞h=0Ah = 0 in (35). Yet, strictly speaking, it is impossible to quantify these changes, simply
because our empirical constructs and data at hand are from a world with significant input-output linkages.
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shown to the right of the solid 45○-degree line in Figure 2. We even find positive wage

externalities for 4.6% of the exporter-importer pairs, i.e. those in the positive domain of

the x-axis. Remarkably, since we always fix dwi = 0 for the exporting nation i, these are

exporter-importer pairs, where the average third country benefits more than the country

reducing its exports cost. On the exporter’s side of these pairs, we always find the same

few countries. Among them Hong Kong and Panama stand out. As becomes clear in the

following section, the reason is that these countries primarily facilitate the flow of value

added through the global supply chain, while at the same time adding little value of their

own. In other words, they are “pure” intermediaries of other countries’ value added; their

own industry poses no substantial competitive threat. On the importer’s side of these

pairs, we typically find the large economies, like the US, China, or Great Britain, with an

appetite for consumption goods. A country’s improved access to the final goods shipped

by these “pure” intermediaries does not, unlike improved access to the intermediate goods

that they intermediate, make it a fiercer competitor on world markets.

4.3 Identifying key countries

Here, we expand on the analysis from the previous sections and show who these countries

are that contribute most to other nations’ gains from trade. That is, we identify the key

intermediaries in the global supply chain. For this purpose, we draw on the analytical con-

cept of hypothetical extraction developed in the regional economics literature (Rasmussen,

1956; Hirschman, 1958) and the literature on network robustness (Ballester et al., 2006).

This concept identifies the importance of a node for a network by the impact of its isolation

on the utility of all remaining nodes. Accordingly, we isolate one nation after the other

from the world trade network and calculate the magnitude, but more importantly also the

sources, of the income losses inflicted on the remaining nations.23

Formally, denote by B−i and [I−A−i]−1 the trade intensity matrices obtained from B and

[I −A]−1, respectively, after isolating country i from them. This corresponds to replacing

row i and column i in matrices A and B by vectors of zeros, i.e. B−i = (I − Iii)B(I − Iii)

23This counterfactual exercise is not only of hypothetical value. Several recent tragic events have made
clear that our world economy is vulnerable to idiosyncratic shocks hitting any one nations, which have
led not only to significant drops in the welfare of the afflicted nation, but also of its direct and indirect
trading partners. Moreover, even though we interpret the isolation of a country as a hypothetical trade
embargo, the findings from this section do also predict the consequences from the destruction of a nation’s
productive capacities. This becomes clear from our expressions for the trade intensity matrices A and
B, (13) and (17). In case of both these matrices, the modification of row i in (T int)1−σ or (T fin)1−σ is
equivalent to a modification of cell ii in matrices V or K.
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and, by substitution of x = y = −1 in Property (3.) of Lemma 2, it follows

∞

∑
h=0

(A−i)
h
= Iii +

∞

∑
h=0

Ah −
1

∑
∞
h=0 a

[h]
ii

(
∞

∑
h=0

Ah)Iii(
∞

∑
h=0

Ah) (36)

where ∑
∞
h=0 a

[h]
ii denotes cell ii of matrix ∑

∞
h=0A

h. The key player nation is defined as

follows:

Definition 1. The key player nation is the nation i∗ whose isolation causes the largest per

capita income loss in all remaining nations j ∈ N /{i∗}. Equivalently:

i∗ = arg min
i∈N

{∑
j≠i

Uj(A−i,B−i) −Uj(A,B)

Uj(A,B)
} (37)

Before we identify this nation and provide a detailed breakdown of the overall effect of

its isolation on the welfare in other countries, we briefly elaborate on formula (37).

Here, we define the key player country in terms of its contribution to the per capita in-

come of a representative inhabitant in every other nation. Plausible alternative definitions

can be easily implemented: by summing up the income losses for a subset of nations one

can, for example, identify the key country for a certain world region. Or, by weighting the

per capita income losses with the respective population sizes, one can determine the total

welfare losses inflicted on other nations.24 Moreover, Property (3.) of Lemma 2 allows for

less extreme versions of the key player analysis presented here, where the in- and out-going

trade flows of a nation would be reduced by less than 100%.

Note furthermore that our key player analysis is closely related to two strands in the

international economics literature. On the one hand, there is the obvious link to the

standard gains from trade analysis (e.g., Arkolakis et al., 2012) that looks at the welfare

losses in the isolated nation itself25. On the other hand, our analysis is closely related to an

empirical literature that decomposes the observed trade flows in a global supply chain with

the aim of identifying the value added that certain sectors and/or countries contribute to

it. Related to the upstreamness measure of Antràs et al. (2012), our decomposition of the

overall welfare effects of isolating a country (shown in equation (38) below) allows us to

investigate whether the country is more active at the top or the bottom end of the global

24Note that, in comparison to our unweighted formula, such a modification would render smaller nations
more prominent key players, because of the larger weight on the total losses incurred in more populous
nations.

25Also in our model these gains can be readily inferred using the two sufficient statistics stressed in
(Arkolakis et al., 2012).
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supply chain. Also, like in Hummels et al. (2001) and Johnson and Noguera (2012a), we can

break down the observed exports of a country into value added and vertical specialization

trade.

Our analysis contributes to this literature in two important ways: first, the theoret-

ical foundation of formula (37) in a general equilibrium framework –combined with our

empirical implementation of Section 3– allows for a meaningful interpretation of our de-

composition of observed trade flows. It identifies directly how important a country is for

other nations’ welfare based on one of the six channels presented in (38). Second, unlike

earlier decompositions, our formula does not only apply to the observed input-output link-

ages in a supply chain. It also allows to ask the counterfactual question: is a country really

indispensable or can other countries fill in its position? Based on its theoretical foundation,

formula (37) takes commodity and factor substitution into account.26

The following column vector shows how the effect of isolating country i ∈ N on the per

capita income in any j ∈ N /{i} can be decomposed into several meaningful channels

dU
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]1

whereby, for the isolated nation i, we fix dwi = 0.

Equation (38), which is developed in the appendix, highlights six channels through

which welfare is affected in other nations: on the supply side, there is (i) the foregone

access to the final goods produced in country i, and (ii) the foregone value added by country

26A drawback of formula (38) is that it is based on a simple model with a very stylized supply chain,
whereas earlier trade flow decompositions are suited for realistic supply chains involving multiple sectors.
However, it should be noted that our model readily lends itself to extensions involving more than two
sectors.
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i’s intermediate goods industry. The latter reduces consumer access to cheaper products

only indirectly, since in a first instance it lowers producer productivity in the remaining

nations j ≠ i. Finally, consumers lose access to the value added by the intermediate

goods producers from countries j ≠ i, which was incorporated in the products exported

by country i before the shock (effect (iii)). These three channels have already been set

apart in earlier studies: a comparison of the combined channels (ii) and (iii) with channel

(i) shows the upstreamness of a country, similar to the measure by Antràs et al. (2012).

Moreover, channel (ii) measures the value added trade of country i in the upstream stages

of the global supply chain, whereas channel (iii) captures its vertical specialization trade

according to Hummels et al. (2001) or Johnson and Noguera (2012a).

Equation (38) highlights three additional channels on the demand side, however: chan-

nel (iv) and (v) show that wages in the remaining nations are negatively affected by the

lost access to the demand for final and intermediate products respectively that originated

from country i. As the only positive effect, channel (vi) measures the degree to which

a country’s isolation relaxes competition in world markets, with positive effects on labor

demand in other nations. In other words, it captures the possibility that some countries

might not be indispensable, because others can easily fill the gap that their isolation would

leave behind.

Overall, the (relative) size of channels (i)-(vi) allow us to pinpoint the different roles

that countries can take in the global production network. Figure 3 illustrates this for the

2005 trade network. It shows the 43 countries whose isolation is predicted to cause an

average per capita income loss of more than 0.025% in the remaining 99 countries.27 In

addition, the figure uses channels (i)-(v) of (38) to show in how much this total loss is

due to losing the country as a player in final goods markets, (i)+(iv), as a producer of

intermediate goods, (ii), and as an intermediary of other countries’ value added, (iii)+(v).

Moreover, it shows to what extent a country’s isolation can be mitigated by other countries,

i.e. channel (vi).28

The average per capita income loss is largest when severing all trade ties with Germany,

the overall key player: 0.7%. Isolating the average nation shown in Figure 3 causes a loss

of only 0.14%. Splitting up this total effect shows that 60% of this overall welfare loss is

27Results for the other 57 countries are available upon request.
28In our discussion of Figure 3, we focus primarily on the relative size of the channels (i)-(vi), but less

so on the total effect of isolating a country. The absolute size of the latter is inversely related to the value
we fix for σ. The larger σ, the more substitutable are the different final and intermediate goods varieties
produced around the world. This makes it easier for other nations to fill the gap left by the isolated nation,
thereby yielding a lower per capita income loss.
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Figure 3: Key Players and Key Intermediaries
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Notes: The figure shows the 43 countries in our 2005 dataset whose isolation is predicted to cause
an average per capita income loss of 0.14% in the remaining 99 nations. We calculate the per capita
income effects using (38) in combination with our empirical constructs from (22). Moreover, we fix
σ = 8, use a country’s total industrial value added (WDI) for wiLi, and set dwi = 0 for the isolated
country i. The 43 countries are sorted in ascending order of overall key player ranking. Distinguishing
by the four channels in the legend, the average per capita income loss of 0.14% consists of an average
0.15%, 0.13%, resp. 0.11% per capita income loss due to losing a country as a provider of final,
intermediate, and intermediated goods, respectively. This average loss of 0.39% is mitigated by a
0.25% per capita income gain due to weaker competition.

due to the isolated country’s foregone contribution to the upstream stages of the global

supply chain, channels (ii)+(iii)+(v) (see also the notes below Figure 3). Only an average

50% of a country’s contribution to the upstream stages consists of the value it adds itself,

(ii); the other half stems from its role as an intermediary of other nations’ value added,

(iii)+(v).

These averages however hide substantive variation between countries. Some countries,

e.g. China, Spain, Thailand, India, Vietnam or Turkey, are primarily active in the final

stage of the global supply chain, channels (i)+(iv). Others, e.g. Japan, South Korea,

Canada, Russia or Saudi Arabia, are more specialized in contributing value added to the

upstream stages, channel (ii).29 And, yet other countries derive their importance from

29Our inclusion of “capital goods” in our definition of intermediate goods (see footnote 12) exacerbates
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being an intermediary, channelling the value added generated in one part of the world

to the demand for it in another part, i.e. channels (iii)+(v). Singapore, Belgium, The

Netherlands, Malaysia, and Hong Kong are the most noteworthy examples.

This latter group of countries is of particular interest to us. In Section 4.2, we argued

that “pure” intermediaries, i.e. intermediaries that add little value of their own to the

global supply chain, generate the largest positive wage externality in other countries when

lowering their export costs. Figure 3 highlights Hong Kong (on position 35 of the overall

ranking) as the country that stands out in this respect. The per capita income loss in

other nations associated with the country’s isolation is for 81% determined by its role as

an intermediary. Also, there is very little scope for other countries’ to mitigate this welfare

loss, which is indicated by the negligible competition effect (vi) for Hong Kong.

Furthermore, as we have seen in Section 4.1, a country’s access to key intermediaries

is the single-most important predictor of the welfare gains from a further integration of

the global production network. Based on the analysis in this section, we can identify

these countries. To see this, note that when we consider only a small shock to the trade

connections of the isolated nation, i.e. x = y → 0− in equation (36), and sum up channels

(iii), (v), and the intermediation part of (vi), over all nations i ∈ N in (38), we retain

equation (32) of Theorem 3. In Figure 3, Germany, Belgium, the Netherlands, China, and

Singapore are the five countries with the largest average contribution to the per capita

income in other nations based on their role as intermediary.

However, the averages shown in Figure 3 do not reveal for which particular countries

these key intermediates are so important. Figure 4 provides this missing piece of informa-

tion. Here, we position all countries in our dataset in a network graph. An arrow from

country i to j in this graph indicates that country i is either the single-most important

intermediary of country j or that, at least, the trade intermediation through country i

contributes to a significant extent to country j’s per capita income (at least 0.45%).

Figure 4 clearly shows that trade intermediation is a geographically very confined phe-

nomenon.30 In the Americas, the US is the single most important trade intermediary for

these numbers in case of Russia and Saudi Arabia. However, also when excluding “capital goods”, they
remain among the countries whose importance is to a large extent derived from the value they add to the
upstream sector.

30This is also supported by the empirical evidence provided in Johnson and Noguera (2012b). They
find a negative correlation between geographical distance and the share of vertical specialization trade
in the gross trade flows between countries. As already mentioned earlier, vertical specialization trade is
immediately related to channel (ii) of our equation (38).
Note, furthermore, that if we would plot a network of gross trade flows between countries, the picture looks
quite different, with some significant trade links across the Atlantic and Pacific Oceans. Such a picture of
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Figure 4: Key intermediaries

Notes: The figure positions all 100 countries in our dataset in a network graph. For each country,
we show its most important trade intermediary in terms of the welfare channels (iii), (v), and the
intermediation part of (vi) as defined in (38). On top, we add the 1% most important intermediation
links among all the 9,900 country pairs in our dataset that each contribute by at least 0.45% to
the per capita income in the receiving nation. All intermediation links are indicated by an arrow
pointing from the intermediary to the receiving country. The thicker an arrow, the larger the per
capita income contribution on the range of 0.45–2.2%. Moreover, the size of each country’s node
reflects the country’s overall importance as an intermediary (as also shown in Figure 3). To calculate
all effects underlying this Figure we use (iii), (v), and the intermediation part of (vi), as defined in
(38), in combination with our empirical constructs from (22). Moreover, we fix σ = 8, use a country’s
total industrial value added (WDI) for wiLi, and set dwi = 0 for the isolated country i.
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almost all other countries on the American continent. With the single exception of Kenya,

the US shares no intermediation links with any other country outside the American conti-

nent. A similar picture holds for the key intermediaries located in Europe and South-East

Asia (Germany, the Netherlands, Belgium and Singapore). These countries contribute

significantly to the welfare in their respective regions, but they play virtually no role else-

where. Noteworthy exceptions are France, Italy, and Great Britain in Europe and China

in Asia. These countries are also important intermediaries for a number countries outside

their immediate neighborhood.

This geographically localized nature of trade intermediation also sheds light on our

finding in Section 4.1 that a further integration of the world economy is expected to only

widen the worldwide income gap (see Figure 1). Figure 4 shows that many developing

countries in Africa, Central Asia, and the Middle East are the countries with the worst

access to the key intermediaries in today’s production network. These key intermediaries

are mostly located in the rich parts of the world, explaining why the already rich countries

benefit most from a further deepening of the global supply chain. Figure 4 does however

also identify the most important intermediary for each individual developing country. In

order to realize the largest welfare benefits from participating in the global production

network, improved access to these intermediaries is key for developing countries. For many

African countries the strong historical ties to Europe are still very important in this respect.

In the Americas these have been entirely replaced by the United States. Finally, China

plays an important role here: it is the key intermediary for some of the poorest countries

in South- and Central Asia as well as for some African nations, like Ethiopia and Gambia.

5 Global supply chains in a Ricardian model

In this section, we show in how far our main results, Theorems 2-4, carry over to the Eaton

and Kortum (2002) model of Ricardian trade, that relaxes our Armington Assumptions

1-3.

In the Eaton and Kortum model, henceforth the EK model, every country is in princi-

pal able to produce all varieties v ∈ V . However, a country only exports a certain variety,

if it has a destination-specific comparative advantage in its production. This advantage is

endogenously determined. In particular, the probability that country i has at most effi-

a more integrated world economy can also be found in a network graph similar to Figure 4, where we take
all six welfare channels of equation (38) into account. It can be found in the Appendix.
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ciency z in the production of variety v is, in our notation, given by the Fréchet distribution

function, Fi(z) = exp[−κiz−µ], where κi > 0 and µ > 1 are shape parameters. Consumers

and firms from country j ∈ N then purchase variety v from the lowest cost producer, trade

costs included. Thus, a comparative static shock to any one link in the world trade net-

work has additional implications for the number of goods exported by a nation, on top of

the intensive margin adjustments considered in our Armington model. Moreover, unlike

our assumption of a CES production technology (3), the EK model builds on the nested

Cobb-Douglas technology (4).

Although the EK model starts from this richer micro-foundation, it arrives at the same

two aggregate constructs that also fix an economy’s welfare in our Armington model: the

price index and the labor market equation. In the EK model, the logarithm of the producer

price index for tradable intermediate inputs (equation (16) on p. 1756) is, in our notation,

given by

ln [P p
i ] = ln [γ] −

1

µ
ln [∑

j∈N

w−µβ
j (P p

j )
−µ(1−β)aji] (39)

where γ > 0 is a construct of exogenous parameters (equation (9) on p. 1749), β and

(1 − β) are the labor-cost and intermediate input-cost shares in production, respectively,

and aji = κj(τ intji )−µ is the bilateral trade intensity between exporter j and importer i. To

stay close to our setup, let us slightly modify the EK model by assuming that consumers

buy from a separate sector that produces only final consumption goods, which are shipped

at the bilateral trade cost τ finji . Otherwise, this sector operates under the same conditions.

Thus, there is a distinct consumer price index P c
i , whose logarithm is similar to (39), apart

from aji being replaced by bji = κj(τ
fin
ji )−µ.

The EK labor-market equation (on p. 1757) needs to be adjusted accordingly

ln [wi] = ln [∑
j∈N

βvcijwjLj + (1 − β)vpijwjLj] − ln [Li] (40)

Here, vpij and vcij are the probabilities that the lowest price vendors for the firms, respectively

the consumers, in country j are the producers from country i. These probabilities are given

by

ln [vpij] = −µ ln [γ] − µ ln [wβi (P
p
i )

1−β] + µ ln [P p
j ] + ln [aij] (41)

ln [vcij] = −µ ln [γ] − µ ln [wβi (P
p
i )

1−β] + µ ln [P c
j ] + ln [bij]
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As already mentioned earlier, the EK model does not admit any more explicit solution

than that. In particular, the system of interdependent price indices (39) can only be solved

numerically. However, as shown by Alvarez and Lucas (2007), system (39) implicitly defines

a functional mapping of wages into the price vector lnPp(w, ⋅). In addition, the same

conditions for existence of a unique Walrasian equilibrium are satisfied as in our Theorem

1.

Turning to the comparative statics for this equilibrium, it follows from Theorem 1 of

Alvarez and Lucas (2007) and Proposition 17.G.3 of Mas-Collel et al. (1995, p. 618) that

an arbitrary, but small, change to matrix A (or B) has the following effect on the system

of price and wage vectors

d ln[Pp] =
∞

∑
h=0

((1 − β)K)
h
(dAln[Pp] + dln[w] ln[P p] × d ln[w])

d ln[Pc] = dAln[Pc] + dln[Pp] ln[P c] × d ln[Pp] + dln[w] ln[P c] × d ln[w] (42)

d ln[w] = {
∞

∑
h=0

(Φ−i∗)h}

+i∗

(dAln[w] + dln[Pp] ln[w] × d ln[Pp] + dln[Pc] ln[w] × d ln[Pc])

where K is an n × n matrix with elements

ξij =
w−µβ
j (P p

j )
−µ(1−β)aji

∑k∈N w
−µβ
k (P p

k )
−µ(1−β)aki

(43)

and ∑
∞
h=0(Φ

−i∗)h is the Harrod multiplier matrix similar to equation (25) in our model.

Moreover, dA ln[Pp],dA ln[Pc], and dA ln[w] denote the direct effects of a shock to matrix

A on prices and wages, respectively, whereas the remaining summands in (42) show the

indirect effects caused by these changes in the other equations of the system.

Due to the more complex interdependencies between the wage and price vectors in

(42), a general characterization of arbitrary comparative static variations is much more

difficult than in our Armington model. However, we can still derive clear cut results for

the counterfactuals underlying our Theorems 2-4:

A global trade cost reduction: first, consider a proportional increase of all cells in

matrix B such that B′ = (1 + δB)B with δB > 0. Because the EK model assumes CES

consumer preferences and constant price markups over trade costs, we obtain the same

result as in our Theorem 2: an increase in the intensity of final goods shipments only

affects consumer prices, but not the wage rates, in any one nation, whereby each country’s
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welfare gain is proportional to its initial supplier access.31

Next, suppose A′ = (1+δA)A with δA → 0+. It follows dA ln[Pp] = −(δA/µ)1, dA ln[Pc] =

0, and dA ln[V p] = δA×1, where 1 denotes the n×n full matrix of ones. To find a fixed point

of system (42), let us assume that d ln[w] = 0. Since the row sum of matrix K in (42) is

one (as verified in (43)), it follows that d ln[Pp] = −(δA/(µβ))1. Substituting this into the

second equation of (42) gives dln[P p] ln[P c]×d ln[Pp] = −(δA(1− β)/(µβ))1. Furthermore,

after substitution into the third equation, we find indeed that d ln[w] = 0 is part of a fixed

point of (42). However, the interpretation of this fixed point is partially inconsistent with

our Theorem 3: both the EK model as well as our Armington model predict that the effect

on consumer prices is amplified, when matrix A changes in comparison to an equivalent

change in matrix B. Yet, in the EK model, the price effect is independent of the position

of a country in the global production network: just as in Theorem 2, consumers from all

countries gain in proportion to their initial supplier access. Moreover, the change in matrix

A does not materialize in a wage effect.

To explore the nature of these diverting findings, we also solved a variant of the EK

model with our preferred CES production technology (3) that relaxes the Cobb-Douglas

assumption of a constant labor cost share in production. In that case, a proportional

change in matrix A produces the exact same picture as our Armington model: a country’s

gains from trade depend on how well it is connected to key intermediaries. As such, our

main result, Theorem 3, crucially hinges on the stylized empirical fact that the gradual

international fragmentation of production over the past thirty years has indeed substan-

tively reduced labor cost shares in production (Feenstra, 1998; Karabarbounis and Neiman,

2014).

A unilateral trade cost reduction: consider a unilateral increase in the export inten-

sity of the final goods shipments from country i to country j, such that B′ = B + δBbijIij

where δB > 0. Suppose, in a first instance, a world without production linkages, i.e. β = 1,

A = 0. If we fix dwi = 0 we immediately arrive at our Theorem 4 stating that d ln[Pc
k] < 0

and d ln[wk] < 0 for all k ≠ i.32

Consider, now, the same cost reduction, but 0 < β < 1 and A > 0. Then, contrary to the

above, foreign wages might increase. The reason is the additional effect caused by a wage

31To verify this, note that it holds dB ln[Pp] = 0, dB ln[Pc] = −(δB/µ)1, and dB ln[V c] = δB × 1, where
1 denotes the n × n full matrix of ones. Thus, by (40) and (41), it must be d ln[w] = 0.

32To verify this, the direct effects of the export cost reduction are dBln[Pp] = 0 and dB ln[P ck ] = 0 as
well as dB ln[vckl] = 0 for all k ≠ j and kl ≠ ij, whereas (−1/µ) < dB ln[P cj ] < 0 and dB ln[vcij] = δB . This
immediately implies d ln[wk] < 0 for all k ≠ i and, in turn, d ln[Pc] < 0.
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reduction, d ln[wk] < 0 for any k ≠ i, on producer prices. According to the first equation

in (42), producer prices fall, which in turn implies a wage increasing effect governed by

(41). Thus, the EK model preserves an important result of our paper that the presence of

a global supply chain moderates the welfare effects of a unilateral trade cost reduction by

imposing a positive externality on foreign labor markets.

6 Conclusion

In this paper, we present novel theoretical results concerning the effects of an emerging

global supply chain on the distribution of incomes around the world. The main difference

to prior studies on the topic is that ours stresses a unique feature of supply chain trade: the

well-being of any one nation depends not so much on its own technology and geography,

but much more on the technology and geography of all other nations that are part of

the global production network. We highlight this salient feature by means of three novel

counterfactual exercises in a simple Armington-type trade model. We introduce a novel

set of methods for this purpose that allows us to look at the closed-form expressions for

these counterfactuals (where, up to now, only simulations were thought to be feasible).

Beyond the theoretical implications of our paper, and the potential usefulness of our novel

methods in other modern trade or economic geography models, the network perspective

that we advocate here has important practical implications. For example, our insights can

be of use for the development of optimal trade policies, or for the identification of countries

that are of systemic importance for the world economy. At the very least, our network

perspective further challenges the mercantilistic view of trade by showing that in today’s

highly integrated global production network, we are all in the same boat.

Even though our mathematical results are based on the assumptions of a simple Arm-

ington type trade model, the same insights can also be found in other modern trade models,

which we confirm in Section 5 at the example of the Eaton and Kortum (2002) model. An-

other very valuable extension of our model is to incorporate a supply chain of more than

just two production stages, such as in Caliendo and Parro (2014). This will bring the

model much closer to reality and improve its suitability for quantitative exercises based on

one of the world input-output datasets that are currently under development.
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7 Appendix

7.1 Proof of Theorem 1

Proof. To prove existence of at least one equilibrium, we verify that there is a w =

(w1,w2, ...,wn) ∈Rn
++ such that the transformed equation system (20)

zi(w) =
w−σ
i

(P p
i (w))

1−σ ∑
j∈N

[Xfin
ij (w) +X int

ij (w)] −Li (44)

satisfies the following properties: for all i ∈ N and vectors w

i) zi(w) is continuous,

ii) zi(w) is homogeneous of degree zero,

iii) ∑i∈N wizi(w) = 0 for all w ∈Rn
++ (Walras’ Law),

iv) for k = maxj Lj > 0, zi(w) > −k for all w ∈Rn
++ and

v) if w →w0, where w0
−i ≠ 0 and w0

i = 0 for some i, then maxj zj(w)→∞.

Existence then follows from Proposition 17.C.1 of Mas-Collel et al. (1995, p. 585). A
smiley (,) indicates the end of the proof.

(i) The continuity of zi(w) follows immediately from Assumption 4, which ensures that
some continuous functions Xfin

ij (w), X int
ij (w), and P p

i (w) exist, which are given by (2),
(15), and (16), respectively.

(ii) Since (2), (15), and (16) are all homogeneous of degree one, it follows that zi(w) is
homogeneous of degree zero.

(iii) To verify Walras’ Law, we expand equation (20) to get

∑
i∈N

wizi(w) = ∑
i∈N

[ ∑
j∈M

Xfin
ij (w) + ∑

j∈N

X int
ij (w) − ∑

j∈N

X int
ji (w) −Liwi]

so that ∑i∈N wizi(w) = 0 follows from the fact that ∑j∈N X
fin
ji (w) = Liwi.

(iv) A lower bound on zi(w) is implied by zi(w) > −Li for all w ∈ Rn
++. Thus, let

k = maxj∈N Lj. It holds zi(w) > −k for all i ∈ N .
Finally, to prove part (v) suppose that w → w0, where w0

−i ≠ 0 and w0
i = 0. For any

country i with vfini > 0, countries j, k ∈ N , and w ∈Rn
++ it holds

zi(w) > max
j∈N

w−σ
i

(P p
i (w))

1−σX
fin
ij (w) − max

k∈N
Lk (45)

= max
j∈N

bijLjwj

wσi ∑k∈N (P p
k (w))

1−σ
bkj

−max
k∈N

Lk
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By inspection of (16), it immediately becomes clear that the denominator of (45) ap-
proaches zero in the limit as wi goes to zero (a similar argument can be made for a country
with vfini = 0 but vinti > 0). This implies that limw→w0 zi(w)→∞ and therefore establishes
existence of an equilibrium. In fact, since zi(w) is homogeneous of degree zero, if w is an
equilibrium so is λw for any λ ∈R++.

To prove existence of exactly one equilibrium wage vector, we verify that zi(w) has the
gross substitutes property

∂zi(w)

∂wj
> 0 for all j ≠ i and for all w ∈Rn

++.

Uniqueness then follows from Proposition 17.F.3 in Mas-Collel et al. (1995, p. 613).
For any j ≠ i, the partial derivatives of (44) are given by

∂zi
∂wj

=
w−σ
i

wj
[Mij + (σ − 1)∑

k∈N

MikS
c
jk(P

c
k)
σ−1] (46)

where Mij is the ij’th entry in matrix (19) and Scjk the jk’th entry in (18). Since σ > 1, it
immediately follows that ∂zi/∂wj > 0. ∎
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7.2 Empirical Framework

Table 1: Estimation results - estimating our gravity equation (21)

Trade cost determinant final goods intermediates
ln Distance -1.75 -1.60

(0.05) (0.06)

Common Border 0.98 0.55
(0.15) (0.17)

Common Official Language 0.48 0.42
(0.15) (0.13)

Common Spoken Language 0.33 0.21
(0.12) (0.13)

Colonial Link 1.27 1.12
(0.11) (0.19)

Common Colonizer 0.95 0.81
(0.13) (0.13)

Observations 14920 11246

Notes: A full set of importer- and exporter-dummies is added to the regression. The dependent
variable in the regression is as specified below (21). The data used to do this regression stem from UN
COMTRADE, WDI, and CEPII. We use all available bilateral trade flows of final and intermediate goods,
where we use the UN’s BEC classification to classify each trade flow as involving either intermediate
or final goods. It means that we include more countries in this regression than the 100 countries that
we eventually use to numerically perform all counterfactuals. To be included in our counterfactuals, we
need to observe a country at least once as an importer and once as an exporter of final and intermediate
goods respectively. For countries not meeting this data requirement we do not get an estimate of all four
sector-specific importer- and exporter-effects needed for our counterfactual exercises. Standard errors,
clustered at the importer level, are shown in parentheses.

7.3 Proof of Lemma 1

Proof. Suppose the inverse of the (n−1)×(n−1) matrix {J}
−i∗

exists, where J denotes the

Jacobian corresponding to equation system (20) and {J}
−i∗

the Jacobian of the reduced
system with equation i∗ left out.33

Moreover, fix dwi∗ = 0. The vector of wage changes in the remaining nations is then
given by the total differential of system (20)

{{J dw}
−i∗

}

+i∗

= − {{W 1−σdM̄ 1}
−i∗

}

+i∗

(47)

where W 1−σ denotes a diagonal matrix with entries w1−σ
i on its diagonal. This equation

33In the notation of the proof for Theorem 1, where equation system (20) is written as WZ(w)−WL = 0,
J is the Jacobian matrix of WZ(w).
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Figure 5: Key players

Notes: The figure positions all 100 countries in our dataset in a network graph. For each country,
we show its most important trade partner in terms of the all six welfare channels defined in (38).
On top, we add the 1% most important links among all the 9,900 country pairs in our dataset that
each contribute by at least 1.81% to the per capita income in the receiving nation. All links are
indicated by an arrow pointing from the country contributing to the welfare of the receiving country.
The thicker an arrow, the larger the per capita income contribution on the range of 1.81–8.9%.
Moreover, the size of each country’s node reflects the country’s overall importance (as also shown
in Figure 3). To calculate all effects underlying this Figure we use (38), in combination with our
empirical constructs from (22). Moreover, we fix σ = 8, use a country’s total industrial value added
(WDI) for wiLi, and set dwi = 0 for the isolated country i.

can be rewritten as

{{J W dw/w}
−i∗

}

+i∗

= − {{W 1−σdM̄ 1}
−i∗

}

+i∗

(48)

{{dw/w}
−i∗

}

+i∗

= − {[{J W}
−i∗

]
−1
}

+i∗

{{W 1−σdM̄ 1}
−i∗

}

+i∗

dw/w = − {[{J W}
−i∗

]
−1
}

+i∗

W 1−σdM̄ 1

where W denotes a diagonal matrix with entries wi on its diagonal and where, in the third
line, we have made use of the assumption dwi∗ = 0 in vector dw/w.

Let us, next, prove that {J W}
−i∗

is actually invertible. Note that the diagonal matrix

46



Z(w, ⋅), as defined in (44), is homogenous of degree zero with regard to a common change
in all elements of vector w. It follows that the row sum norm of J W = 0.

Moreover, since Z(w, ⋅) has the gross substitutes property -and the off-diagonal ele-

ments of J W are therefore larger zero-, it follows that the row sum norm of {J W}
−i∗

< 0.
We can then apply Proposition 17.G.3 of Mas-Collel et al. (1995, p. 618) ensuring existence
of an inverse of this matrix, which has moreover all its entries negative.

In fact, the inverse Jacobian matrix can be explicitly determined as follows: the partial
derivatives on the off-diagonal of WZ(w, ⋅), ∂wizi/∂wj for j ≠ i, are given in (46). On the
diagonal, the derivatives are

∂wizi
∂wi

= (1 − σ)
w1−σ
i

(P p
i )

1−σ ∑
j∈N

[Xfin
ij +X int

ij ] −Li (49)

+ w1−σ
i [Mii + (σ − 1)∑

k∈N

MikS
c
ik(P

c
k)
σ−1]

= −σLiwi +w
1−σ
i [Mii + (σ − 1)∑

k∈N

MikS
c
ik(P

c
k)
σ−1]

where, for the second equality, we have made use of the fact that in equilibrium wizi = 0.
Hence, we get

[{J W}
−i∗

]
−1

= [{ − σLW +W 1−σM(I + (σ − 1)[Sc(P c)σ−1]
T
)}

−i∗

]

−1

(50)

= −
1

σ
[{I −

1

σ
[M̄]−1M(I + (σ − 1)[Sc(P c)σ−1]

T
)}

−i∗

]

−1

{W σ−1[M̄]−1}
−i∗

≡ −
1

σ
[{I −Φ}

−i∗

]

−1

{W σ−1[M̄]−1}
−i∗

where, for the second equality, we use the relationship LW =W 1−σM̄ . Matrix ∑
∞
h=0(Φ

−i∗)h

in Lemma 1 is then nothing but a Neumann’s series expansion of the inverse matrix in the
third line of (50). Finally, note that

dw/w =
1

σ
{

∞

∑
h=0

(Φ−i∗)h{W σ−1[M̄]−1}
−i∗

}

+i∗

W 1−σdM̄ 1 (51)

=
1

σ
{

∞

∑
h=0

(Φ−i∗)h}

+i∗

[M̄]−1 dM̄ 1

which completes the proof. ∎
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7.4 Proof of Lemma 2

Before we proof the claim, let us review some well-established results on how to determine
the inverse of a sum of matrices.

Henderson and Searle (1981): let X be a nonsingular square matrix, and U,Y and
V be (possibly rectangular) matrices such that UY V is a square matrix. It holds

[X +UY V ]
−1
=X−1 −X−1U[I + Y V X−1U]

−1
Y V X−1 (52)

The following results are useful special cases of (52):

Minabe (1966, p.58): by successive application of (52) for a nonsingular square matrix
X and a square matrix Y

[X − Y ]
−1
=X−1 +

∞

∑
h=1

(X−1Y )
h
X−1 (53)

Neumann’s series expansion: expanding on Minabe (1966) we get for X = I

[I − Y ]−1 = I + Y [I − Y ]−1 = I + [I − Y ]−1Y =
∞

∑
h=0

Y h (54)

Sherman and Morrison (1949, 1950): for y ∈R, a column vector u, and a row vector
vT of identical length

[X + yuvT ]
−1
=X−1 −

y

1 + yvTX−1u
X−1uvTX−1 (55)

Equipped with these results, we are ready to the proof the claims:

Proof of part (1.). Applying (53) for X = I −A and Y = xÃ, where Ã is such that for
all ij ∈ N ×N either ãij = aij or ãij = 0, we get

[I −A − xÃ]
−1
= [I −A]

−1
+

∞

∑
h=1

([I −A]
−1
xÃ)

h

[I −A]
−1

(56)

Suppose, now, that x→ 0+. We get

lim
x→0+

1

x

∞

∑
h=1

([I −A]
−1
xÃ)

h

[I −A]
−1
= [I −A]

−1
Ã[I −A]

−1
(57)

Expression (28) of Lemma 2 is thus a first-order Taylor approximation around [I −A]−1.
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Proof of part (2.). Expression (29) of Lemma 2 is an immediate corollary of the result
by Sherman and Morrison (1949, 1950), where we fix X = I −A, y = −x, u = (u1 = 0, u2 =

0, ..., ui = 1, ui+1 = 0, un = 0), and v = (v1 = 0, v2 = 0, ..., vj = 1, vj+1 = 0, vn = 0).

Proof of part (3.). Applying (52) for X = I, Y = −A, U = Ixi, and V = Iyi, we get

[I − IxiAIyi]
−1

= I + Ixi[I −AIxiIyi]

−1

AIyi (58)

= I + Ixi[I −A −A(x + y + xy)Iii]

−1

AIyi

Applying (52) again, this time for X = I −A, Y = I, U = −A(x + y + xy)Iii, and V = I, we
find

[I −A −A(x + y + xy)Iii]

−1

= [I −A]
−1
+ [I −A]

−1
A(x + y + xy) (59)

× Iii[I − [I −A]
−1
A(x + y + xy)Iii]

−1

Iii[I −A]
−1

where we have made use of the fact that Iii is idempotent (Iii = IiiIii). Finally, let us rewrite
Iii = eeT , where e is a column vector of zeros with a single one in the proper position. We
can then write

Iii[I − [I −A]
−1
A(x + y + xy)Iii]

−1

Iii = e[1 −
∞

∑
h=1

a
[h]
ii (x + y + xy)]

−1

eT (60)

= [1 −
∞

∑
h=1

a
[h]
ii (x + y + xy)]

−1

Iii

The expression in (30) of Lemma 2 follows immediately from the combined (58)-(60). ∎

7.5 Proof of Theorem 2

Proof. Consider a proportional increase in all cells of matrix B, such that B′ = (1 + δB)B,
with δB > 0, and A′ = A. We verify that consumer prices reduce at the same rate in any
i ∈ N and that nominal wages stay put.

Concerning the price effects, note that (P c
i )

1−σ = ∑j∈N(P p
j )

1−σbji is homogenous of
degree one with regard to a common change in all bji. Thus, for any i ∈ N it is:

d(P c
i )

1−σ

(P c
i )

1−σ
= δB > 0 (61)

Turning to the wage effects, for a marginally small x → 0+ the wage increase in any
i ∈ N is determined by equation (24) of Lemma 1. In particular, this depends on the direct
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effect of a change in matrix B on the market access term

M̄i = ∑
j,k∈N

∞

∑
h=0

a
[h]
ik

bkj

∑l∈N(P p
l )

1−σblj
Ljwj (62)

As the right-hand side of this equation is homogenous of degree zero with regard to a
common change in all bkj, for k ∈ N , it immediately follows dM̄i = 0, and thus by (24),
dw = 0 for a small x → 0+. Taking the integral of the wage effect over x ∈ [0; δB], we find
dw = 0 for any δB > 0. ∎

7.6 Proof of Theorem 3

Proof. Consider a proportional increase in all cells of matrix A, such that A′ = (1 + δA)A,
with δA → 0+, and B′ = B. From Property (1.) of Lemma 2 it follows

[I − (1 + δA)A]
−1
B − [I −A]

−1
B = δA

∞

∑
h=0

Ah
∞

∑
h=1

AhB (63)

Combined with the supplier access matrices in (18), the effect on consumer prices in i ∈ N
can then be summarized in the row vector

1TdSc = δA1TW 1−σ
∞

∑
h=0

Ah
∞

∑
h=1

AhB = δA1TSp
∞

∑
h=1

AhB (64)

which is identical to effect (i) in equation (32) of Theorem 3.
Combining (63) with the market access matrix (19), the effect on market access in i ∈ N

is given by

dM1 = δA
∞

∑
h=0

Ah
∞

∑
h=1

AhBWL(P c)σ−11 −
∞

∑
h=0

AhBWL[(P c)σ−1d(P c)1−σ(P c)σ−1]
T
1

= δA
∞

∑
h=1

AhM − δAM[Sp
∞

∑
h=1

AhB(P c)σ−1]

T

1 (65)

where, for the first equality, we make use of the rule for the derivative of an inverse matrix,
d(P c)σ−1 = −(P c)σ−1d(P c)1−σ(P c)σ−1. For the second equality, we use the identities

[(P c)σ−1d(P c)1−σ(P c)σ−1]
T
1 = (P c)σ−1[1Td(P c)1−σ(P c)σ−1]

T
(66)

and 1Td(P c)1−σ = 1TdSc. The last of these expressions is defined in (64). Moreover,
we use ∑

∞
h=0A

h∑
∞
h=1A

h = ∑
∞
h=1A

h∑
∞
h=0A

h and our definition ∑
∞
h=0A

hBWL(P c)σ−1 ≡ M .
From the final identity in (65) we immediately arrive at effects (ii) and (iii) of (32), when
additionally considering that M̄1 ≡M1. ∎
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7.7 Proof of Theorem 4

Proof. Suppose that θ = 0 (i.e. A = 0) and dwi = 0. Consider a change in cell ij of the final
goods trade intensity matrix, such that B′ = B + δBIij with δB > 0.

Since the matrix of supplier access (18) reduces to Sc =W 1−σB in this case, the effect
on consumer prices can be retrieved from the following row vector

1TdSc = 1TW 1−σδBIij (67)

Cell k in this vector is strictly positive if and only if k = j, and zero otherwise.
Turning to the wage effects, we first need to investigate the direct effect on the matrix

of market access, M̄ = BWL(P c)σ−11. The wage adjustments are then given by equation
(24) of Lemma 1.

The direct effect is given by the column vector

dM1 = δBIijWL(P c)σ−11 − M[1TdSc (P c)σ−1]
T

(68)

where we have made use of the rule for the derivative of an inverse matrix to obtain the
second summand. Since we fix dwi = 0, we can omit row i from the first summand. Thus,
the direct effect reduces to the second (negative) summand in (68).

Substituting equation (67) for 1TdSc and making use of equation (25) of Lemma 1,
this verifies part (ii) of Theorem 4 that dwk < 0 for all k ∈ N /{i}. Furthermore, since

the wage-induced price effect of equation (27) becomes equal to −[Sc(P c)σ−1]
T dw

w > 0, this
verifies part (i) of the theorem stating that d(P c

k)
1−σ > 0 for all k ∈ N . ∎

7.8 The key player formula

In order to derive the column vector (38), we first need to determine the impact of isolating
country i on matrix [I −A]−1B:

From the product rule for matrices, combined with equation (36), the impact can be
written as

[I −A−i]−1B−i − [I −A]−1B = (
∞

∑
h=0

Ah −
1

∑
∞
h=0 a

[h]
ii

∞

∑
h=0

AhIii
∞

∑
h=0

Ah + Iii) (69)

× (B − IiiB −BIii + IiiBIii) −
∞

∑
h=0

AhB

= −
1

∑
∞
h=0 a

[h]
ii

∞

∑
h=0

AhIii
∞

∑
h=0

AhB(I − Iii) −
∞

∑
h=0

AhBIii

where, in the final line, we have made use of the fact that Iii is an idempotent matrix, i.e.
Iii = IiiIii, and the fact that Iii∑

∞
h=0A

hIii = Iii∑
∞
h=0 a

[h]
ii .

We are now ready to determine the price and wage effects of isolating country i: apply-
ing (69) to the supplier access matrix (18), the price effect on any j ∈ N can be summarized
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in the row vector

1TdSc = − 1T 1

∑
∞
h=0 a

[h]
ii

W 1−σ
∞

∑
h=0

AhIii
∞

∑
h=0

AhB (I − Iii) − 1TW 1−σ
∞

∑
h=0

AhBIii

= − 1T[
1

∑
∞
h=0 a

[h]
ii

(I − Iii)W
1−σ

∞

∑
h=0

AhIii
∞

∑
h=0

Ah(I − Iii)B

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
intermediated supply (iii)

(70)

+
1

∑
∞
h=0 a

[h]
ii

IiiW
1−σ

∞

∑
h=0

AhIii
∞

∑
h=0

Ah(I − Iii)B

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
intermediate goods supply (ii)

+W 1−σ
∞

∑
h=0

AhIiiB

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
final goods supply (i)

] (I − Iii)

− 1TW 1−σ
∞

∑
h=0

AhB Iii

where, in the second and third line, we simply decompose the first summand from line
one. Effects (i)-(iii) of equation (37) follow immediately from (70), when considering our
definitions of W 1−σ∑

∞
h=0A

h ≡ Sp and W 1−σ∑
∞
h=0A

hB ≡ Sc, and W 1−σ∑
∞
h=0A

h = (P p)1−σ

and the additional fact that the final summand in line four of (70) can be omitted, because
we ignore the effect on country i itself.

Combining (69) with the market access matrix (19), the wage effect on any j ∈ N is
summarized in the column vector

dM1 = − [
1

∑
∞
h=0 a

[h]
ii

∞

∑
h=0

AhIii
∞

∑
h=0

AhBW L (P c)σ−1(I − Iii)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
intermediated demand (v)

+
∞

∑
h=0

AhB IiiW L (P c)σ−1

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
final goods demand (iv)

] 1 (71)

−
∞

∑
h=0

AhBW L (P c)σ−1[1TdSc(P c)σ−1]
T

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
competition (vi)

where we make use of the rule for the derivative of an inverse matrix and the identity
[(P c)σ−1d(P c)1−σ(P c)σ−1]T1 = (P c)σ−1[1TdSc(P c)σ−1]T .

The demand effects (iv)-(vi) in equation (37) follow immediately, after substituting (70)
for 1TdSc, and after considering our definition ∑

∞
h=0A

hBWL(P c)σ−1 ≡M and the fact that
WL(P c)σ−1 is a diagonal matrix so that IiiWL(P c)σ−1 =WL(P c)σ−1Iii.
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