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The general tiaxial ellipsoid model for tl'te gross codormarion d macromolecules in solution represents a
significant aduance ouer the preuiously, almost ubiquitously used ellipsoid. of reuolution model. A new method is
presented which inuolues the graphical intersection of two triaxial hydrodynamic functions (A anrl R) inuoloing
uiscosity, sedimentation andfluorescence depolarization. The methotl is restricted to macromolecules atsymmetric
enougltfor the functions to be sulliciently sensitiue but nol so asymftEtric for there to be problems o,f irternol
rolations between parts ofthe macromolecules. The method is illustratel by application to data for neurophysin
II monomers and dimers.
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In the first paper of this seriesr the use of the ell ipsoid of
revolution as a model for biological macromolecules in
solution was discussed and the various hydrodynamic
shape functions lor such a model compared. Hydro-
dynamicists have, for a long time, recognized that the
more general triaxial ell ipsoid with its extra degree of
freedom would be a much more realistic model lor many
macromolecules. In paper 2 of this series2 we have shown
that application of the triaxial model is possible bv
combining new functions involvins viscositv. sedimen-
tation and electric birefringence deciy data. In this paper
we present an alternative method involving combination
of viscosity, sedimentation and harmonic m-ean relaxation
data. Although this method is experimentally and numeri_
cally simpler and requires data of less precision, it is
applicable only to a restricted class of macromolecules, i.e.
those asymmetric enough for a particular function (A) to
be sensitive to axial ratio but not so asymmetric for
segmental rotation of parts of the macromolecule with
respect to others, or internal rotation of the fluorescent
chromophore, to become a problem.

In paper 22 we stated that analytic solutions for the
Simha-Saito viscosity increment v, the perrin trans_
lational frictional function P, and the various rotational
frictional and relaxation functions in terms of the two
axial ratios (alb, blc) characterizing a general triaxial
ell ipsoid of semi-axes a2b)c were now available. We
described how these functions required for their experi-
mental evaluation a knowledge of the (swollen) macromole-
cular volume in solution and how this requirement could
be eliminated by combining any two of these functions to
give new volume independent functions. All these fun-
ctions have the ' l ine solution' property, i.e. although a
given value of (alb, b/c) uniquely specifies a value for a
particular function the converse is not true and a given
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value of the function has a line solution of possible values
of (alb, blc).

By plotting two o[ these (swelling independent) func-
tions in the (alb, blc) plane a unique solution can in
principle be found from the intersection. The choice of a
pair of functions for this plot is affected by (i) their
practical experimental measurabil ity, (i i) their sensitivity
to axial ratio and insensitivity to experimental error, and
(ii i) the orthogonality of the intersection. In paper 22 we
showed that use of the swell ing independent R function
was desirable, combined with the swell ing independent
d * functions. Measurement of d * requires resolution of
two decay constants irom an electric birefringence decay.
For globular macromolecules in particular, these can be
very close and resolution requires a complicated 'R

contrained'technique and birefringence apparatus with a
very fast  response t imer (< -8 ns) .

For some macromolecules we have now found a much
simpler approach is possible. Although the general prin-
ciple is the same [vil. intersection of the R function with
some other suitable function in the (alb, blc) planel,
measurement of the A function used for the intersection
can be much easier.

Theory

The A and Rfunctions
The R functiona can be measured experimentally from

the ratio of sedimentation regression coefficient, k, to
intrinsic viscosity [a]. It is relared to the axial ratios hlb.
blc) of a general ellipsoid by;

R : + P ' )  ( 1 )
k - 2

t :ot t
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where the viscosity increment v5 
- 7 and the Perrin

frictional [unction, P2'1 'e arethemselves explicit functions
of axial ratios. Firstly:
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The A and R funcfions can thus be evaluated for any
given value of the two axialratios (alb,blcl with the aid of
high speed computers for the numerical solution of the
el l ip t ic  in tegra ls  ao etc. rs .

The line solutions of (alb, b/c) corresponding to expe-
rimentally evaluated values for A and R can also be
plotted using simple numerical inversion techniquesra
and this has been done for a typical asymmetric particle
with true axial ratios (alb, blc):(5.0, 5.0) in Figure Ia.
Figure 1b gives the same plot allowing for errors of + l/,

2 4 
fru 

I 10

Figure I (a) Plots of constant R and A in the (alb, blc) plane
corresponding to alb:5.0, blc:5.0. (b) As (a) but allowing for
*lo/oerror in the measured value of R, +2\in lt

I
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(21

where the ao etc are elliptic integrals defined by JeffrvyT'10.
The last term in this expression8 is negligible for globular
particles (axial ratio 53) and contributes < -l/" to-
wards v for particles of higher asymmetry. Secondly:

P: _-_

(abc)l
l(a' + ).\b' * )")(cz + ),)f' ' '

The R function is extremely sensitive to axial ratio and,
because systematic errors in concentration measurement
disappear in the ratio kJlrlf, can be measured to a
precision of up to l i lol '4.

The A function' t can be measured experimentally from
a knowledge of the intrinsic viscosity [a], the molecular
weight, M,,and the harmonic mean rotational relaxation
time ro. It is related to the axial ratios of a general ell ipsoid
by:

^=3! ' : f ! !ul ' : - ' -  (4)
N ̂ kTtn kol ts)

where rr,/ro is the harmonic mean relaxation time
r a t i O T . l  

2 . 1  l .

T- h

To

and where

(3)
d)r, l

J
o

(*.+.?) (5)

t l' b
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:

To t"a,(bffi!*"Y,",1:P)
and the do etc are those defined by Jeffreylo

(6)

a2  _b2  b2  _c2  cz  _az  1 t+.----'.-.-.--------_
u'"JF0o-FPo+?yot c\ot ir ;- 1
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in the measured value of R and +2/"inn. It is seen that
the 'A - R intersection method' reproduces the true value
of (alb, blc) to very reasonable limits of precision.

Limitations of the method
The A-R intersection method cannot be apptied to all

macromolecules. Not only must a triaxial ell ipsoid be a
.reasonable approximation to the overall shape of the
macromolecule2 but:

(i) the macromolecule must be sufficiently asymmetric
so that A is sufficiently sensitive. For a precision in A of
- X2% one axial ratio l3 is usually sufficient.

(i i) the macromolecule must not be.so asymmetric that
segmental rotation of parts of the macromolecule with
respect to others occurs.

(i i i) there must be negligible internal rotarion of the
fluorescent chromophorer 6'1 7.

If ( i i) and (i i i)occur the measured zo wil lnot be accurate.
This has been discussed in some detail elsewheret6'r?. A
startl ing example of segmental rotation occurring has
been shown for f ibrinogen by Johnson and Mihalyils,
thus some form of test to check (i i) and (i i i) are not
occurring is desirable. rh can be determined using two
essentially independent methods2l or results uslng more
than one chromophore can be compared23.

Tlre A-R intersection method applied to neurophysin II
monomers and dirners

One system that appears to satisfy the criteria outl ined
in the previous section is neurophysin II (monomers and
dimers)re-21.  Rholam and Nicholas2r  have recent ly
determined the A lunction for both monomer and dimer
(Ana:3.16,  Lo:2.69,  where the subscr ipts  M and D
denote monomer and dimer, respectively). Two inde-
pendent methods were used to obtain the r, values (steady
state fluorescence and fluorescence depolarization) and
found to be in close agreement. Furthermore these ro
values were shown to be consistent with data from
sedimentation velocity and viscosity measurements.

Normally, for homogeneous non-associating systems
in ionic media where'charge effects'have been suppressed
k, can be found reasonably easily and accurately from the
limiting slope of a plot of the sedimentation coefficient, s
uersus concentration c:a'7

s : .so(l - klc) (7)

(where so is the sedimentation coefficient at infinite
dilution) and then corrected to solution density4,T:

k" :  k ' " -  '  (8)

However for a monomer-dimer associating system the
situation is not so simple. /<_ may sti l l  be evaluated from
the re lat iona' ' :

, .  _ . , . f  4 n  M :  ( t  _ t p o \ 3  
,  u , l

K : Z D I" Lr, ru: io;#/ .;J (e)

where po and 4o are the solvent density and viscosity,
respectively, normally corrected to water at 20 or 25'C, u"
is the (swollen) specific volume of the particle * associated
solvent and D is the partial specific volume. In order to use
this equation an estimate for the'swell ing' u"/u is required.
Rholam and Nicolas2o use a hydration value of 0.38 gg 

- t fot

both monomer and dimer. This is equivalent to a uln of 1.54.

Neurophysin II monomer. for the monomer, Rholam
and Nicolasre '2r  have fout i l  M, :10041 g mole-r ,
t : 0.709 ml g 

- ' and so : 1.25 S. Taking D"/D as I .54 from
equat ion (9)  k , :6.41 ml  g- ' .  Combin ing th is  wi th the
value of 5.5 ml g- r for the intrinsic viscosity [q]u, Rr,a is
found to be 1.18. However, because of the error in the
assumed value for nJt, RM can only be accurate to within
+ 50/
L "  / O '

Neurophysin II dimer. From Rholam and
N ico las re '2 r ,  M , :20082  g  mo le - t , ; : 0 .209  m l  g * t  and
so :2.20 S. Again, taking their value for the hydration of
0.38 g S-t @7A:1.54), k" is then found to be 5.32, and
since [ f ]o  :4.6 ml  g- ' ,  R:  1.16.  Again,  because of  error
in D"lD, Re can only be accurate to within *5/,.

The v-a lue ior  [4 ]o:4.6 mlg-1 g iven by Rholam and
Nicolas2r is derived from a iurve-fit foi q,olc for the
system, assuming a Huggins constant K':0.4. This value,
appropriate for extended rigid rods is not very approp-
riate for the fairly modest degree of asymmetry found for
neurophysin, either in its monomer or dimer form (see
below) The extrapolation used is l ikely, however, to give a
reasonable estimate for [ry]r, since the extrapolation to/o
(dimer fraction): Q excludes terms in c. A refined estimtte
ior [ry]e can be obtained by employing an improved
estimatc for K', using the theory of Rowea.- Since
l ( ' : (u , lu)R,  we can take K' :1.5 to an approximat ion,
and by recomputing the partial components of the
reduced viscosity at several concentrations and extra-
polat ing these values to l lc :0 ( i .e . , fM:0)  a value o l
L1lo:4.32 ml  g- t  is  obta ined,  s l ight ly  lower than thar
g iven by Rholam and Nicolas2r .

The value for so given by Rholam and Nicolas2t
( :2.20 S)  was obta ined by i terat ive f i t t ing o l  the s vs.  c
data set. 1'he assumption that neither sM nor se was c-
dependent  ( i .e .  k . .y :k , .o:0)  was c lear ly  made,  though
not explicit ly stated. This procedure leads to results which
are significantly in error. A much more valid procedure
treats k..y and k,o as variables to sy and se assumed by
equat ion (9) .  An interact ive computer  programr2 has been
used to fit the data set of Rholam and Nicolas, and our
best f it (Figure 2) is obtained with values of .so:2.40 S,
k , . o :4 .63  m l  g - t  [ an  appa ren t  k l . u :7 .18  m l  g - r  and
k l . o :5 .34  m l  g - rwas  used  to  a l l ow  fo r  t he  da ta  o f
Rholam and Nicolas being corrected to soluent rather
than solution density (see Rowe, 19774)]. The difference
from the fit of Rholam and Nicolas, though not large, is
highly significant. If their value of so :2.20 S is used, and
concentration dependence taken into account, no value of
the equil ibrium constant, Ko gives other than a very poor
f i t .  Our opt imal  va lue for  K" :6300 dm3 mol  

-1 
is  a lso

slightly different.
Using the corrected values of [ry] and k. for the dimer,

va lues  o f  Ao :2 .53  and  Re :1 .07  a re  ob ta ined .

Results and discussion

From Figure J it is seen that, even with the extra degree of
freedom the triaxial ell ipsoid allows as compared with the
now almost ubiquitously used ell ipsoid of revolution, the
monomer is prolate of axial ratio - 4: 1 : I (alb : a.l + 0.1).
Using the uncorrected data of Rholam and Nicolas2r for
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o

Concentrot,on ( mg mt-';

Figure 2 Ratio of the sedimentation coefficient at concen-
tration c to the corresponding value at infinite dilution, as a
function ofconcentration. The experimental points are those of
Rholam and Nicolas2r. The computed curves correspond to
s u : 1 . 2 5  S ,  s p : 1 . 4 9  S ,  k i , " : 7 . 1 3  m l  g - t ,  k : , . o : 5 . 3 4  m l  g - t ,
D:0.709 ml g-t (monomer and dimer) and monomer-dimer
equil ibr ium constant K, (ml g 

- t ;  of:  A, 102; B, 102.2; C, 102.a; D,
102 6 :  E ,  (bes t  f i t )  102 '8 '  F ,  103 0

o / b

Figure 3 (a) Plots of constant R and A inthe(alb,blc) plane for
neurophysin I I  monomers (R:1.18,  A:3.16) .  (b)  As (a)  but
allowing for + 5l( error in the measured value of R, +2/"in A

the dimer(R: l. l6; Ao:2.69)from Figure 4 anaxialratio
of  -2] :2: l  is  obta ined (a lb:2.75+0.20,  b lc :2.0+O.2) .
Using the corrected form of the data (R :1.07, Ao:2.53)
it is seen that an axial ratio of -2):2f,:l is now obtained
(alb : 2.5 + 0.2, b I c : 2.85 + 0.20).

It would be expected that if the association of two
monomers to form a dimer was a side-by-side process the
gross conformation would change from a prolate (axial
ratio 4:l:1) to a more triaxial conformation (2:2:1). The
results would therefore appear to reinforce the earlier

conclusions. of Rholam and Nicolas, despite the large
error involved in the method used to obtain values lor k"
for a dimerizing system.

In the analyses we have lollowed the assumption of
Rholam and Nicolas that the swell ing, or equivalently

a / b

Figure 4 (a) Plot of constant R and A inthe(alb,blc)planelor
neurophysin II dimers (uncorrected Rholam and Nicholas data:
R: 1.16, A:2.691. (b) As (a) but al lowing for +5/" error in the
measured value of R, +2/" in A

2 4 2 4
a /b

Figure 5 (a) and (b) as Figure 4 (al and (b) but using corrected
Rholam and Nicolas data: R:1.07. A:2.53

o r
o
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the hydration, was the same for both monomer and dimer
{uli:1.54). It is difficult to say how accurate this
assumption was. On dimerization one would naturally
expect some solvent to be excluded from the binding
surfaces, but the net hydration shell could well be larger,
particularly if the monomer is a prolate ellipsoid. Not only
would this contribute another error in the analyses to
extract k", but the overall shape itself may be appreciably
different. The results presented here should, therefore, not
be taken as conclusiue proof of Rholam and Nicholas's
proposed mode of association.
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