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1.

INTRODUCTION

Besidesconfonhationaland homogeneityanalyses,the principle use of the analytical
ultracentrifuge is for the absolute (i.e. not requiring calibration standards)
measurementof molecular weight and relatedparameters(such as interaction constants
and thermodynamicnon-idealitycoefficients).Thereis currently a rangeof software
that has beenproducedby usersof the ulffacentrifugeover the yearsfor this purpose.
This rangesfrom simple linear regressionanalysisof log concentrationyerszs radial
displacementsquaredplots from the sedimentation
equilibrium of well-behavedsingle
solute protein systemsright through to softwarefor the analysisof complicatedselfassociatingand non-idealsystems.For example,the FORTRAN programsBIOSPIN
and NONLIN from the laboratoryof David Yphantisat Storrs,Connecticut,havebeen
very popular for this purpose.
In our laboratory at Nottingham, we have been using various forms of a
program called MSTAR for the molecular weight analysis of systems of
macromoleculesfrom sedimentationequilibrium patternsrecordedusing the Rayleigh
interferenceand absorptionoptical systemsof an analyticalultracentrifuge.It derives
from an early program written by Michael Creeth- then at the University of Bristol for a Wang desk-top calculator and later extended and adapted for mainframe
FORTRAN by one of us (SEH). Theseversionswere for the analysisof a relatively
limited number of datapoints recordedfrom Rayleigh fringe profiles using manually
operatedmicrocomparators.It has now beenrecently adaptedby us to the case of
Rayleigh interferencedata capturedsemi-automaticallyoff-line from the Beckman
Model E via a laser densitometergel scanner(seeChapter5 of this volume) and also to
6e caseof absorptiondatacapturedon-line from the BeckmanOptima XL-A.
MSTAR seryestwo purposes:
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(i) First, for a finite loading concenffation,it will estimatethe (apparent)whole
cell weightaveragemolecularweight (M$,6pp)using a procedureinvolving an
operationalpoint averagemolecular weight, M-: this procedureappears
systems.
particularlywell suitedfor the analysisof difficult heterogeneous

e
(ii) Secondly,it estimatesapparcntpoinr weight averagemolecular weights as a
function of the square of the radial displacement (or equivalently point
concentration).Providing the initial fringe or absorbancedata is of sufficient
quality, it will then estimatepoint z-averagemolecularweight and the Roark"compound"average,free of first order effects
'
Yphantisl Myz point average(a
of non-ideality).
Purpose (ii) resembles a similar objective of the Yphantis program
BIOSPIN2'3 although (i) is different. It also has a facility for evaluating meniscus
concentrations,useful for the evaluationof low speedsedimentationequilibrium solute
distributions recordedusing the Rayleigh interferenceoptical system.MSTAR does
not assumeany model (monodisperse,monomer-dimer,Gaussiandistribution, e/c.)
and henceis different from programslike NONLIN2'3 for the analysisof non-ideal
self-associationsand our own POLY for the analysisof non-ideal systemswhich are
sense.
polydispersein a discrete(asopposedto quasi-continuous)

I

a
r
e

In this Chapterwe will describethe two versionsof MSTAR: MSTARI (for
the analysis of sedimentationequilibrium solute distributions recorded using the
Rayleigh interferenceoptical system)and MSTARA (for distributionsrecordedusing
absorption optics). Although in their current form they have been written for a
mainframe computer (with graphicspeculiar to the IBM/3084Q at the University of
Cambridge), it is expectedthat both forms will be availablefor a PC in the near future.
2.

MOLECULAR

WEIGHT PARAMETERS SOUGHT

Although all three principle molecular weight averages,Mn, M* and Mr, are in theory
extractable, becausethe bulk of our work in the past has involved the use of the
Rayleigh optical system and becausewe have been looking at highly polydisperse
which are not well suitedfor using the meniscus
systems- such as polysaccharides
havenot beenreadily obtainable"and hencewe
number
averages
depletion method
have focussed almost exclusively on the extraction of weight average molecular
weights, and - to a lesserextent- on z-averagemolecularweights. Although the lowspeedmethod for many systemsof macromoleculesis more suitable,only the highspeedmethod readily yields number averagemolecular weight data - for the latter
BIOSPIN is recommended.
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A method for the evaluation of Mn(a), the point averagemolecular weight is
normally required.

!T
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Point Average Molecular Weights
The simplest molecular weight parameterto come out of sedimentationequilibrium
analysis, if Rayleigh or absorption optics are used, is the apparentpoint weight
avsragemolecular weight, M*app(t) defined bt'
t 4 ln C(r)

M*,upp(r)=iffi

(1a)

where C (r) is the concenfiation(/rnl) at a radial position r and k is a run constant
given by
(

^

vo)ok =-l -2ffi.

e)

where o is the angular velocity of the rotor (rads/sec),R is the gas constant,T the
absolutetemperature,V the partial specificvolume of the macromolecularsolute (in
mVg) and p the solution density (in g/d)t. The reasonwhy the molecular weight in
eq. (1) is an apparent one is that it correspondsto a finite concentration C. If
absorptionopticsareused,thenwithin the validity of the Lambert-Beerequation
A = etCl

(3)

[where e1 is the extinction coefficient 1mt.g-l.cm-l), and I the cell path length (cm)],
the absorbance,
A, at a given wavelength,l, is proportionalto C and hence

M*.upp(r)=it#

(lb)

If Rayleighoptics areused,the fringe displacement,J is alsoproportionalto C:

- Elc

J=--1,

(4)

(c/. egs. (2.5) and (2.6) of ref. 5) where E is the specific refraction increment
(rnl.g-'). Unfortunately unlessthe meniscusdepletionmethodis employed,Rayleigh
interferencepattems yield directly fringe displacementsonly relative to the meniscus',
and we denotetheserelative fringe displacementsby j(r), where
j(r) = J(r) - Ja
(5)
Ja being_themeniscus fringe number. The form of eq. (1) for Rayleigh optics is
therefore5

M*,upp(r)=
*,sr# =* 4r++Jd

(1c)

There are various ways of exfractingJn (or equivalentlyC): MSTARI usesa fairly
simpleprocedurewhich is summarisedin section3 below.
r

In practice, the solvent density can be used: this significantly affects only the
interpretationofvirial coefficientinformationand can be positively advantageous
(seeChapter 17 this volume and ref. 4, pp.284-285).

rF
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To obtain point z-averagemolecular weights, Mr,upp(t), an estimatefor the
meniscusconcenffationis nol required,evenfor distributionsrecordedusing Rayleigh
optics. However a double derivative of the fringe data is required:

= M*.app(r).
M,.upp(r)
+ {**H*}
d t , f l d-E-JJ
C(r)lr
= rI a6['"
li

(6a)

(6b)

(c/ eqs" (2.I2) and Q.aD ot ref. 5) and so data of a high quality is usually needed,
unlessheavydatasmoothingroutinesareemployed.
"compound"point average.This
It is possiblealso to defineanotherderivedor
is the Roark-Yphantisl MyZ point average,which is free from first order effects of
thermodynamicnon-ideality:
nn
^/i ) - W.upp(r)
L"yz\'
Mr.upp(r)

(7)

Whole Cell Weight Average Molecular Weight
Arguably the most useful - at least the most basic - parameter to derive from
sedimentationequilibrium analysisis the (apparent)averagemolecularweight for the
distribution of solute averagedover all radial positionsin the solution column of the
ce[, M$.aoo.This is conventionallyobtainedby estimatingan averageslopeof a plot
of log C iersus 12,or equivalently,from determinationof the concentrationsof solute
at the cell meniscus(r=a) and base(r=b), Cn,C6 respectively,and from knowledgeof
the initial loading concentrationCb:

M$.app=Kole
{*.. }

(8)

where the concenfiationscould either be on a weight basis,in terms of absorbance
(with the limits of the Lambert-Beerlaw) or in terms of absolute Rayleigh fringe
displacements,J. For simple, well behaved,monodisperse,approximatelyideal
solutes this equation gives adequate(i.e. to within t57o) estimatesfor M$,upp
(provided that the term Vp in eq. (2) is not too close to unity). For heterogeneous
solutions, particularly where there is strong curvature in the log C versus 12 plots
(especiallyif Rayleigh opticsare being employed),and also if the optical recordsnear
the cell baseare not clearly defined, estimatesfor C5 can be very difficult to obtain
with any reasonableprecision.We find a useful way of minimising theseproblemsis
to use an operationalpoint average,M*. M* can be found from Rayleighor absorption
sedimentationequilibrium recordsvic the relation
^.i .^.. - C(r)-Ca
L . . (F-az)
1 i . + 2ki
- - ^-'
rlc(r)
Cal dr
M*(r)

(9)
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SeveralyearsagoTMichael Creethand one of us (SEH) exploredthe propertiesof M*
in somedetail and found it to havesomeusefulfeatures,one of which is that at the cell
baseM* = M$,app:as is pointedout later in Chapter27 of this volume, use of M*
generallyprovidesa betterway of estimatingM$,uppcomparedto the conventionaluse
of eq. (8) (seeTable 1 of Chapter27). Further,an independentestimateof the initiat
cell loading concentration,Csisnot required.As the name implies, it is this M*
function which forms the basisof MSTARI and MSTARA.
The M* function providesno improvementon obtainingwhole cell z-average
molecularweights,Mp,6ppso the currentversionsof MSTAR don't evaluatethis.
Reduced Molecular Weights
Opticalrecordsfrom sedimentation
equilibriumdo not yield molecularweightsdirectly
but reduced(apparent)molecularweights,A11,definedby
Ai = k M6pp,i

(10)

(c/.eqs. (1), (6) and (8)) wherek is given by eq. (2), and wherethe subscripti can
representpoint number,weight, z or y2 averages,or the whole-cell weight average,or
the star operational average(eq. (8)). We use the symbol Ai for reduced averages
following the original conventionof Rinde8.Another popular alternativeis the use of
'reduced
moments",oi, whereoi = 2Ai (seee.g.Chapters7 and 13 of this volume),
although,sinceour main focus of attentionhasbeenon polydispersemacromolecules
like polysaccharidesand glycoconjugates,
we preferto usethe Rinde notationto avoid
confusionof o with standarddeviationsof molecularweieht distributions.

3.

DETERMINATIONOF MENISCil CONCENTRATIONS

For theevaluationof pointweightaverage
molecularweightsandwholecell weight
molecularweightsfrom Rayleighinterferenceopticalrecords,and also for the
ion of whole cell weight averagemolecular weights from absorptionoptical
it is necessaryto estimatethe solute concentrationat the meniscus,Ca (or
valently, for Rayleighoptics,J).
Cu from Absorption Optical Records
y if the absorptionsystemis usedthis is usuallytrivial, sinceabsorptionis a
record of soluteconcenffationwithin the Lambert-Beerrange.A simple linear
ation to the meniscus usually suffices: even for cases where a long
lation has beennecessary(due to errorsin cell filling), this extrapolationhas
reasonable
results.

Note that the symbol A is usedfor absorbancewhereasthe symbol for reduced
molecularweight is A; (i.e. with a subscriptor superscript).

I
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Cs (or Ja) from Rayleigh Optical Records
As hasbeenwell reportedin the past,this is unfortunatelynot aseasysincethe optical
records are a dhect record of relative concentrations.Creeth and Pain) considereda
whole variety of proceduresfor extracting Jn. We have generally used a procedure
describedin ref. 7; we will give an outline of it here.
One of the forms of the fundamentalequationof sedimentationequilibrium is

#?t-itt, =2[' l dr

( 11 )

(see e.g. eqs. (8) and (26) of ref. 6). Creethesuggesteda new variable, A* (r), be
identified by writing

i(r) _ J(r)

Ja

(r2)

F(')=r;ID-Am
Substitutingeq. (12) and eq. (5) into eq. (11) gives

i ( r ) , . 1 , . z )2
^ Ii r j d t
lAi a(r.) = J u ( r z - a +

(13)

a

gives
A funher re-arrangement

' ,i(')-.
(r" - a')

= J,A*(r)* ,2-A-(?
i ,i' a,
(r" - a")

(14)

i

Thus a plot ofj (i / @ - a2)againstI(r) I (r2- a2;,whereI(r) is definedby
r

I(r)= J rj dr

(15)

gives an intercept at r=a of JaA*(a) and a limiting slope at r=a of 2A*(a). Hence
2 x intercept at r=a
,
J a= s l o p ea t r = a

(16)

The integral can be evaluatedusing a standardnumerical package (in the case of
MSTARI this is the NAG (Numerical Algorithms Group, Oxford, UK) routine
DO1GAF as will be describedbelow. A similar procedurehasbeengiven by Teller et
al.Lo
"
For systemsthat are fairly ideal and monodispersesuch a plot is approximately
linear (Fig. 1a) and extractionof Jnis thereforeeasy.For other systemshowever it is
not linear and the functional form of the integral in eq. (15) is not known (Fig. 1b).
Two opposingcriteria have to be taken into account:(i) becausea limiting slope is
required at the meniscus,greater weight shouldbe paid towardsthosedatanearerthe
meniscus; (ii) unfortunately, as is well known, fringe displacementdata are not
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I
accuratenear the meniscusand so less weight should be applied. This apparent
dilemma is offset by *re facility of havinglargeamountsof fringe datafrom automatic
(off- or on-line) data capture,and so in practicewhat we do is to use a sliding strip
procedurewhich is iterated along the jl1r2-a2)versus Il({-a2; curve, the procedure
repeatedfor severalsliding strip lengths.Theseestimatesfor J3 ("Ju,upp")can then be
"ideal" value (Fig. 2). The
J6
extrapolatedto zero meniscusposition to given an
systems(Fig. 2b).
procedureusually works well evenfor very heterogeneous
We will now considerin turn the two versionsMSTARA and MSTARI of
MSTAR. We will considerMSTARA first sinceit is easyto implement(no problems
of Juestimates).
4.

MSTARA

Evaluation of the Integral, I(r)
I(r) is evaluatedvia eq.(15) by employingthe NAG routineD0IGAF. DO1GAFis a
methoddue to Gill and Millerll for integratinga function of which at leastfour data
points are known. In the XL-A implementationof this program,the first datapoint is
r=rt (>a). In such casesI(r) is split into two parts: from a to 11and from 11to r. The
secondpart is evaluatedwith DO1GAF and the first part (which, in fact, is usually
quite small comparedwith the secondpart) with a simple linear extrapolation (see
Appendix). The whole procedureis summarisedin Fig. 3. Once I has beenevaluated,
M-t can then be readily calculatedand an exampleof a plot of M* versus the radial
displacementsquaredparameter,( (togetherwith the correspondingplot of ln A
versus\) is given for IgM in Fig. 4 where
"

a

,

)

t'-a'
b'-a'

\' - - .

(r1)

Point Weight Average Molecular Weight
We can now retrun to ttrecalculationof the point (apparent)weight averagemolecular
Valuesof Myyspp(r)are calculatedby consideringsliding strips
weight i.e. Mye,app(r).
of consecutive(1, ln J) datapoints and calculatingthe slopeof the sliding strip at the
middle point. (Sliding strips are alwayschosenso that they containan odd number of
points. This is ensuredby defining their length to be 2w+1 where w is an integer. As
will be seenbelow, this is convenientsincew has a naturalmeaningin this method).
This slope calculationis done using threeNAG routines.First, EO2ADF (which uses
Chebyschevpolynomials)is called to fit a quadraticline to the datapoints. This is the
process referred to as FIT in Fig. 5. Next the fitted line is differentiated (in its
Chebyschevrepresentation)with EO2AHF - DIFF in Fig. 5. Finally, since both the
line and its differential are still in the form of sums of Chebyschevpolynomials,
EO2AEFis called to evaluatethem at the middle point of the strip. For the sake of
completeness,the residuals(i.e. the differencesbetweenthe actualdatapoints and the
6s) were also calculated(RESID in Fig. 5). Fig. 5 is a flow diagramsummarisingthe
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Figure 3. Calculationof A* (and henceM*). I6bs1is definedin the appendix.
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Figure 4. MSTARA (a) ln A versusland (b) correspondingM* versw ( plots from
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buffer (pH=6.8, ionic strength, I=0.1) at a loading concentration of -o.o mg/ml.
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Loop over i : I to n*ry(=Npoins - 2w)

Loop overj : I to l* (=2w + 1)

x1O e-r(i+j-l))
X2(j) <- 12(i+j-1)
Y1O <- A (i+j-l)
Y2O <- ln A (i+j-l)

Nextj

FIT (r2,ln A): storein T1
FIT (r, A): storein T2
DIFF (r2,ln A): storein T3
DIFF (r, A): storein T4
RESID (r2,h A): storein T5
RESID (r, A): storein T6

Pk(i+w) <--Tk(w+l)

Next i

Figure 5. Sliding strip calculations.The Tk (1<k<6) arc temporary matrices used
inside the loop over i. At the end of the calculations(andhencejust before the loop is
incremented),the middle value (l.e. the (w+l)ft value)from eachTk is transferredto a
permanentarray Pk. The FIT, DIFF and RESID operationsare referred to in the text.
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procedure.To reducethe diagramto as simplea form as possible,all technicalities
arising solely from the NAG routineshavebeenomitted.It is assumedthat the reader
is either familiar with the routinesin questionor can becomefamiliar with them. By
"technicalities"is meant
suchfeaturesas theroutinesworkins in termsof a normalised
abscissa,
i
2x - (x6sr, + xmin.)
(xmax- xmin)

; -

(18)

This sliding strip procedureis repeatedfor as many datapoints as possible.
Obviously, it cannotbe carriedout on thepoints at the very beginningand very end of
the data.In particular,if we useour abovedefinition of eachsliding strip consistingof
2w+1 points (i.e. thecentralpoint andw pointson eitherside),the methodcannotbe
used for the first w and the last w points. Therefore,if we start with N 1r2,ln l;
points then the maximum numberof (r, M*) points we can derive is N-2w" Once
polynomialscan be usedto generateplots of
evaluatedthe sliding strip Chebyschev
point M* versus r (or equivalently() or point M* versus C (or absorbance).
MSTARA givesbothand Fig. 6 givesan examplefor IgM usinga slidingstrip length
of 13 (i.e. w=6). As would be expected,dataof this type becomesmore noisy near
the meniscusor, equivalently,smaller values of (C-CJ where the concentration
incrementsAC are small.
Point z-average Evaluations
The z-average(apparent)molecular weight is calculated from eq. (6b). When
calculatingthe local slopesof ln C vs.P. opportunityis alsotakenof doing the same
for the (r, j) data (seeFig. 3). Thus, when it comesto calculatingMr, an array of
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Figure 6. Plot of point weight average (apparent)molecular weight versus
concentration(in absorbanceunits at 278 nm) for a low speed sedimentation
equilibrium on humanlgMl (otherdetailsas Fig. 4).
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dC/dr values is already available (exceptthat it is deficient in the first w and last w
values).The seconddifferentiation in eq. (6b) (i.e. with respectto r2) is now carried
out with anothersliding strip procedure.For generality,the number of points usedin
each strip isZz+l where z is anotherintegerwhich is, in general,not equal to w. We
havebeenusing the defaultvalue z=7.
An important featureof eq. (6b) is that it showsthat the Mr(r) clearly do not
dependon the value of Jn.However, becauseof the double differentiation in eq. (6a)
(or (6b)), Mz,appis very sensitiveto data error and we have found so far that
absorptionopticsdo not providereliableenoughdatafor Mr,uooto be evaluatedunless
whole curve quadratic fitting to the data is used, with the usual risks of
"oversmoothing".

5.

MSTARI

MSTARI is similar to MSTARA exceptfor two features.First, the data is taken from
the analytical ultracentrifuge in the form of a photographic negative showing the
fringes from the Rayleigh interferometerin the optical system.After this negativehas
beenenlarged,the data are digitised on a gel scannercontrolledfrom a PC. As noted
above,data near the meniscusare generallyunavailableor, at least,very noisy. The
laser densitometer ANALYSE software (Chapter 5) incorporates a procedure to
extrapolatethe fringe databack to the meniscus.This obviatesthe needfor a procedure
(seeaboveand the Appendix) sinceby the time
equivalentto the calculationof I516sp
presented
it
is
complete.
MSTARI
already
to
the data is
The seconddifference is that, as pointed out above,Rayleigh interferomery
"fringe" units () are relative to the
only gives concentrationin relative units. These
concentration at the meniscus (J). Thus, before starting the calculations, it is
necessaryto evaluate Jn. This is done by using the method leading up to eq. (16).
Despite the problem of Ja evaluation (a problem which can be avoided t/ the high
speed meniscus depletion method can be applied), data captured using Rayleigh
interferomeffy tend to be more precisethan that capturedusing absorptionoptics and
so the Mr,apo(r)resultsare usually more realistic:Fig. 7 12showsplots of ln J versus
"ideal" "monodisperse"
l, M" versus(, M* versusJ and M, versw J for a relatively
system(colonic mucin T-domains);Fig. 8 13gives the correspondingsetof plots for a
very non-idealsystemof xanthan.
6.

MODE OF OUTPUT FROM MSTAR

The principle mode of output is graphical:For MSTARI this will be plots of jl(P-az)
versus V(P-*) and J6,appversusr in the initial running of the pro$alnme (to obtain an
estimatefor J) and pl6ts of ln J versus\,M* versusl,M* versusJ (and6) and M,
versusJ (and the option of Myz versusJ). Estimatesfor J3 and M"(E-+l) are usually
best done by manual extrapolation (becauseof the perils of computer extrapolations of
non-linearplots!). MSTARA producesplots of ln C (or A) versusl, M* versas(, M*
versus l,M* versus C (or A) and the option of My2versus C (or A). Both versions
of MSTAR gives the option of printed output from the various calculation stages,
including M*, M* and M" versus\ol C althoughwittr the largenumberof datapoints
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involved (100 - 200), this can yield an unwieldy runountof output. The routine also
however prints out an estimatefor C6 (the initial loadingconcentrationin appropriate
units) basedon the usualconservationof massequation:
b

(b2+a2)
j C(r) dr - Co 2

(1e)

a

and the comparisonof this with the "expected"C0providesa usefulcheckfor possible
CITOTS.

7.

MSTAR AND THERMODYNAMIC NON.IDEALITY

MSTAR makesno provision for calculatingvirial coefficients.All molecularweights
are appiuent values - i.e. correspondingto a finite concenffation,C. However, for
most systemsat low loadingconcentrations(for proteins5 1.0mg/ml; polysaccharides
5 0.4 mg/ml), non-idealityeffectscan be negligible.In casesof severenon-ideality(as
manifestedby strong downwardcuryatureof M* versusC, A or J plots), a crude
estimatefor the "ideal" molecularweight can be obtainedby extrapolatingM* (or the
reciprocal thereof) back to zero C, A or J. For example,in the xanthan example of
Fig.7c, an "ideal" value for M*(J-+O) of =3x106could be inferred.This procedure
can lead to underestimates
howeverespeciallyif thereis significantre-distribution of
the samplein very polydispersematerials,so somecaution has to be expressed.The
most rigorous - albeit time consuming- procedureis to measureM$,uoo (from
M (E+l) - seee.g. ref. 14) at a seriesof loadingconcenfiations
cs and extrapolate
back to zero C6.
MSTAR does permit the input of a known thermodynamic (or "osmotic
pressure")secondvirial coefficientB from which idealM valuescan be calculated

#=# -2BC

(20)

The M valuesin all theplots thenrefer to ideal molec.u/'w
weights,not apparent ones.
8.

MSTAR AND FLOTATION EQUILIBRIUM

For systemsof macromoleculeswhose density is /ess than that of the solvent (e.g.
lipoproteinsin aqueoussolvent or syntheticpolymers in chloroform), the solute
distributionat equilibrium will be oppositeto that of the centrifugalfield - i.e. flotation
equilibrium. The situation for low-speedflotation equilibrium hasbeenconsideredin
ref. 15 and a versionof MSTAR for this caseis currently being written.
APPENDIX . CALCULATION

OF 'BLOCK' FOR MSTARA

For MSTARA we needto calculate(for the evaluationof M*(r) via eq.(9)) the integral
rl

2 lr(C(r) -

=J
r1

Ca) dr

(C(r) - Cu) d(r2)
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Figure 7. MSTARI analysis of solute low speed sedimentationequilibrium
distribution data for colonic mucin T-domains. M$,uop (from plot (b)) ( 0 . 5 0 + 0 . 0 2 ) x 1 0 6 g / m o l . L o a d i n g c o n c e n t r a t i o n- 1 . 0 m g / m l . S o l v e n t :
phosphate/chloride buffer (pH=6.8, I=0.10). Rotor speed = 5200 rev/min;
temperature= 20"C. (From ref. 12).
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units.
whereC can either be in g/ml or in absorbance
r1
l,rut

I b l o c k =J t C t r ) - C a ) d ( r 2 )
a

for smallr1-a)
Assumeln C vs.12is linear(reasonable
i.e.

lnC(r)=X+Yf

or

C(r) = ext X expYr2
r1

Thus lor*r=J{e*l X exp Yr2 - Cu} d(r2)
--

Xl
exP
Y

{expyr12- expya2} - calrf - azl

Also note:
= exPX exPYa2
C3 = C(1=a.1
and
C6: C(r=b) = exp X exPYb2
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