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Abstract The scaling relationships
(Mark Kuhn-Houwink-Sakurada
l l p c ) , r r e . o n s i d e r e d  f o r  r h e  f o l -
lo r r  ine  h l  d rodynamic  va luc .  in .
t f lns ic  v iscos i ty ,  ve loc i ty
sedrmentation coemcient and
tf anslationel diffusion coelicient
i | l r d  I h c  c o n c e n t r d l  i o n  s e d i m e n t a
tion coemcient (Gralen coefficient).
Bv  u lso  tak ing  in to  account  the
r  .1 \ \  l i |  UD. l  leng th  we can ob ta in
' 'normahzed 

sca l ing  p lo ts "  u ,h ich
plo\' lde a convenient rvay of rep-
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Introduction

Molecular hydrodynamics provides a porverful lteans
for studying polymers and rnacromolecular svstems. The
principal experimental values we can mcasure are the
coemcien ls  o f  t rans la t iona l  d i f lus ion  (D)  and ve loc i ty
sed imenta l ion  ( . r ) ,  wh ich  bo th  man i lcs r  r rans la r iona l
motion, and the intrinsic viscosity ([r7]). which rranilests
the  ro ta t iona l  mot ion .  Fundamenta l  rc la t ions  ex is t
which connect these values ri ' i th the rnolecular seight
(,44) aod the size of a polymeric chain (in tcnrs of eirher
( l r ) ,  the  mean square  end- to ,end d is tance.  o r  (s r .  the
mean square radius of gyralion) are the lvell-known
relations of Einstein Stokes, Kirkwood Riseman. Sved-
berg and Flory | 5l which are. respecrively

In  these re la t ions , / i s  the  t rans la t ion  l i i c t iona l  c r
cient, 40 the viscosity of soivent. f the temperatLlle
Na Avogadro 's  number ,  k  the  Bo l tzmann cons lan l .
@s and Ps are dimensionless hydrodynantic paraure
These paraneters (@o and Po) are depcndent ()n
relative contour length (1i,4, lhere Z is the corr
length and ,1 is the Kuhn segment length. see [rrcr ).
relative transverse dinension of the chain (r/ .,1. * hc
is hydrodynamic diameter of the chain) and also on
thermodynamic quality of the solvent [6].

The ke1' molecular paramelers are the ololec
weight and the size of the macromolecule. The ntolcc
weight ma),be characterized by , '1.1 : M1.L, whcre ,1.
the molecular weight per unit length. This parameler
is distinctive of a particular type of macromolecule

The size is determined by the equil ibrium rigidity.
diameter of the chain and the excluded-volume ell
The equil ibrium rigidity may be defined for sufl icie
long l inear  cha ins  in  the  0  cond i r ion  (Gauss ian  s ra l i !
as the ratio of the rnean square end-to-end distl lncr
the  contour  length  I :  (hz l lL  e .6 ,  71 .  Th is  ra r i r
called the Kuhn segment length. A[other chaftrcteri
o f  equ i l ib r ium r ig id i ty  i s  the  pers is rence length .  n .  r ' l
i s  a  ha l f  the  Kuhn segment  lengrh :  I  :  2u  [2 .  6 .7 ) .

D: kr/. [

f : Po,to$tl'/t

r :  ( l  t  p , , ) M  / N 1 f

l , t l  -  @o\nt j t /2  /u

( 1 )
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( 3 )
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Molecular information is also contained in the first
coef'ncients of the concentration expansion for these
experimental values. For instance, the most widely
known is that for the intrinsic viscosity [4] = kr, that is
the nrst concentration coeltcient in the expansion of the
dynamic viscosity of a solution

4  :  4 o ( l  +  k f  +  k r c 2  + . . . )  ( 5 )

rr = [rr] - tim(4 - 4dl4oc (6)

with the concentration, c, in grams per cubic centimetre,
and the intrinsic viscosity, [4], in cubic centimetres per
gram.

In some cases molecular information can also be
obtained from comparison of s6 with the concentration-
dependence "Gralen" coemcient (k,), t8-101 from the
re la t ion

s  ' - s ; ' ( l + t , c + . . )  
,  ( 7 )

with t. also in cubic centimetres per gram. In terms of
molecular parameters

t ,  -  s ( l r ' l t t t  lu (s)

l ,here B is a dimensionless parameter.
The values of [rl], r0 and D0 are also directly related to

the molecular weight by the well knoun Mark-Kuhn-
Houwink-Sakurada (MKHS)  re la t ionsh ips  [ ,  2 ,  7 ] :

I , t ) :  K, {b ' (e)

( 1 0 )

( l l )

These are often referred to as hydrodynamic "scaling

relations". The additional scaling relations may be
obtarned fo r  any  pa i r  o f  exper imenta l  va lues
t  4 l  -  s i '  sn  -  D f i ' " : k '  -  53" .e rc ) .  Par t tcu la r ly  in fo rma-
tive is the relation ofk, to so (ls - r3t') since this relation
can be obtained in a single series o[ sedimentation
velocity experiments [9, I l ].

Discussion

Hydrodynamic theory of a wormlike chain
with excluded-volume effect

A more complete interpretation of experimental hydro-
dynamic values (s6 or D6) and [4] can be derived by
applying the theories of the translational-friction coef-
ficient u2l and intrinsic viscosity l3l for wormlike
chains, after taking into account excluded-volume
effects. ln these theories [2, l3] the Porod statistic is
applied for the neighbouring (adjacent) segments and
the excluded-volume effects take into account the remote

segments by the parameter e in the relations
( r r )  -  N1+€ -  Mt+ '  U4 l .

The analytical expression may be obtained [ 5, l6] only
for translational friction on the basis of the theory [2]:

lslPN^ : MID)Ft' - Mf ' troP

- 13l0 - e.112 - elllUft*a/2 lA(t-dt2)M(t E)/2

+ (MyP /3rc)ltn A ld - dl3A - E$.)) . ( 1 2 )

The asymptotic l imit (M -+ oo) for the purely nondrain-
lng case corresponds to

f  -  lAoPo( l  -  t ) (3  -  t )  l3 ] l l t  
t ) l lM ( t+ t ) /2  M(1+t ) /2

( 1 3 )

For the intrinsic viscosity only the asymptotic l imit
(.r1 -+ oo) is currently known theoretically [3, I5, l7]:

l\ '  : @(€)A(3-3t)/2 M-\t+3')/2

x  I l  +  (5 /6 )e  +  ( l l6 )82) - tMt t+3 ' ) /2

In the case of e : 0 these relations transform into the
uell-known Flory (intrinsic viscosity) and the Kirk-
u ood Riseman (translational friction) relations for non-
draining Gaussian coils. Since (l + 2e\12 =6,i and
ba = | + e)12 [1a] Eqs. (l l) and (14) reveal the physical

sense of the MKHS parameters (K' Kd and r(,) and their
correlations with the scaling indices become clear [ 5].

The analysis of these relations (Eqs. l2-14) allows us
to enumerate the molecular parameters (except ,41')
u hich underpin [4], so and other experimental hydrody-
namic values such as

L The Kuhn segment length (which characterizes the
equil ibrium rigidity of the chain).

2. ML - the mass per unit length.
3. d the hydrodynamic diameter of the chain.
4. s - the thermodynamic quality of the polymer-solvent

system.

MKHS relationships and fractal concept

The fulf i lment of the MKHS relationships reflects the
fundamental principle of scale invariance for polymeric
molecules [8]. This principle applies not only to l inear
polymers, but also to branched polymers. The scale
indices br b. and ba are simply related to the fractal
(scale) dimensionality of these particles (i.e. in this case,
the nlacromolecules).

The "fractal" concept was introduced by Mandelbrot

[19] and is now widely applied in physics {20, 2ll. The
physical fractal may be formed by the connection of the
separate particles into a single loose integer, called a
"cluster", rvhich has, as a rule, a noninteger fractal
dimension. This dimension may be determined from the

( 1 4 )

Da - K,tNIbo



dependence of the number (A/) ol single particle clusters
on the distance r on rvhich the nunber is calculated:

( 1 5 )

Since fbr identical parLicles N is directly proportional to
the mass (weight) M, it is possiblc to give the weight
distribution of clusters in tcrms of siz€:

( 1 6 )

An individual macromolecule is regarded as a fractal
object (cluster of connected repcat units, connected
monomer cluster), which may be represented by the
actual fractal dimension [19]. The relations (Eqs. 1-4, 8)
and (Eqs .91 l )  p rov ide  us  w i th  the  poss ib i l i t y  o f
relating the fractal dimension to the scaling indices of
MKHS relationships:

d f :  l b d l  
r :  ( 1  6 , )  '

:  3 l ( t  +  b4)  -  (b t ,  +  3)  l (br ,  + t ) ( t 7 )

This use of the fractal concept providcs us with the
possibil i ty ofrelating completely different ob.jects with the
same fractal dimension or same scale invariance. From
the point of view of molecular physics and molecular
hydrodynamics the fractal concept is a nore general one
than is the simple use of particular properties of
individual objects. Molecular hydrodynamics allows us
in fact to estimate not only the scaling indicies (fractal
dimension), but also ro inrerprct at the molecular level
parameters such as @s. Pt), K4, Kd and K l 6].

Normalized scaling relations

It is possible to eliminate from our consideration the
effects of different M1 r'alues by using the corresponding
normalized scaling relations.

We will consider the dependence of the terms [4]M1_,
lsllMy and [D] on the contour length of the molecules
L : M I Myand k,M; on [-r]/M1 on a double-logarithmic
scale. where [s] = s04e/(l-up6) and [D] = De4s/Z In these
cases the terms [4]M1, ls)lM6 lDl and k"My following
Eqs. ( 1)-(4) and Eq. (8) wil l depend first of all on the size
of the coil in the solution. The normalized MKHS plot is
shown in Fig. L In this plot all possible conformations of
l inear macromolecules are repres-ented.

We have now found that the normalized (reduced)
scaling relations allow the classification of polymers
according to the size of the molecules, which wil l depend
in the main on the equil ibrium rigidity ol the chain. This
preliminary classification of the macromolecules on the
basis of their rigidity (extra rigid, rigid, semiflexible,
flexible) is important for the choice of the corresponding
theory for the interpretation of hydrodynamic data
(with or without the excluded-volume effects).

The same principles underlie the plot of k"M1 versus
[s]/M1 (Fig. 2) as discussed by us earlier [22]. It is clear

4 5

log(MML I 103)

Fig. I Normalized doublelogarith ic plot of [4].VL against A4Mal
fbr the following pol)'mer-solvent systems: B schizophylan in water
[26]. C - DNA in aqueous bulTer [27 30], D - globular proteins in
aqueous bufler [ ,3l] ,  E xanthan in 0.1 M NaCl [32], F- poly(l-
vinyl-2-pyrrolidone) in 0. I M sodium acetate u 5], G cellulose nitrare
in ethylacetate 1331, Il pullulan in water [34-38], / methylcellulose
in water [39], -I - poly'r,methylsryrene in cyclohexane (d condirion)
{4G.131 and in trans-decalin (0 condition) 1431, ( polystyrene in
cyclohexane (d condition) [42, 4a]

1 . 0  t 5  2 Q  2 5  3 0

r€(gM!  r10 I )

Fig,2 Normalized doubl.-logarithmic plot of k,,.l/L against [s]M|r
for the same pollnrer-sol\enl systems as shown in Fig. I

evidence of the usefulness of a direct comparison of the
values for k, and ss, determined from a single series of
experiments.

It is worth noting that the behaviour represented in
Figs. I and 2 is similar in several important ways. First
of all the terms [4]M1 and k,My and the slopes of their
dependencies are greater for more-rigid polymers. This
is because the terms [4]My - k,My - $2lt/2 lL - v lL
lollorv from Eqs. (4) and (8), where y' is the volume
occupied by macromolecule and L is its contour length.
This ratio characterises the volume occupied per unit
length of macromolecule (it is easy to choose the iength
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Fig.3 Normalized double-logarithmic plot of [r]MLi agatnst MMI)
for the same polymer-solvent systems as shos,n in Fig I

of a repeat unit in this case). Obviously these values are
greater for rigid polymers, and small for the compact
molecules (e.9. globular proteins or dendrimers [23, 24]).
By contrast the dependence of [s]M.r versus MMll
(Fig. 3) reveals - the opposite tendency because
[s] lMv-  t1 \1rz1t t : ,  and th is  rat io  character ises the
degree of coiling or the contraction of a macromolecuJe;
this ratio is obviously greater for small and compact
molecules and smaller for rigid ones. In this way the
sedimentation coemcient is more sensitive to changes in
molecular weight for compact molecules and is smaller
lor rigid ones [25]. Similar arguments may be applied to
the [D) - MMlt plor.

We can now see how it is possibie, using the
equilibrium rigidity parameter, to develop the concept
of a "master curve", bringing together all types of
polymer-conforrnation. The plot required is one in which
[q]MtlA'is plotted as a function of MIMyA (Fig.4).
This dependence, which follows directly from Eq. 4,
shows that polymers whose equilibrium rigidities vary

lo9(MMriAi)

Fig,4 Double normalized double-logarithmic plol of [4]nr'Lrll
agatnsl MMItA-t (master curve) for the same polymer systems as
shown in Fig. I

by up to about 200 fold [from flexible chaios such as
pullulan, poly(vinyl pyrrolidine) and poly(sryrene) to
extra-rigid rods such as shizophylan and xanthan)l all
follow the same trend when represented in this way.
There are small deviations from this curve, which in the
upper region may be attributed to the excluded-volume
effect, and in the lower region to the influence of rhe
diameter of the chain, decreasing the draining of the
macromolecules. In this new approach we have devel-
oped (and intend in the future to develop further) a
formalism which allows the well-known MKHS rela-
tionships to be alternatively described in terms of the
fractal dimension associated with the polymer. in
particular with the equil ibrium rigidity parameter of
the l inear polymer chain. It is clear that this newly
derived relationship enables us to give, over a very wide
range of solution types and parameters, an integrated
description of polymer hydrodynamic behaviour.
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