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1. Introduction

Amongst the hydrodynarnic shape parameters
used for modelling bioiogical macromolecules in
solution. the 'viscosity increment' z for ellipsoids
of revolution as derived by Simha has been verv
widelv used. The viscosity increment can be simply
related to the experimentall l  determinable intrin-
sic yiscosity.lZ by

": j:r
,,

where ( is the (soivated) specific volume of the
particie. The exacr definition of l and of the
conditions under which it can be reiated to mea-
sured properties ol macromolecuhr solutions is
thus of some importance. In the present work *e
identify a long-suspected error in Simha s lreat-
ment. show that the final result is nonetheless
valid because of apparent cencellation of errors,
and discuss the iinportance of rhe Brorvnian rota-
tional velocity (o,) in distinguishing shear-induced
from pure translational motion of solute particles.
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Ou.sranding unceriarnties in rhe widely employed Simha {J. Phys. Chern. 4.1 ( 1940) 15) tunction for the viscosity increment /
of macromolecules as modelled bl" a,xially s_vmmetnc ellipsoids are resolved. A simple development of the anailsis aiso feveals
an inreresting relalionship belween, and the translational frictional properiy oi macromolecuies.

The value of r for the apparently hypothetical case
of <r- = 0 is shown to be capable of very simple
derivation under consistent assumptions. to yieid a
value idenrical with that given by classical hydro-
dynamics; a result which may tuel future applica-
tion.

2. The Simha formula

In his i940 paper, Simha [] gave the foilowing
formula lor relating z to the axial ratio for ei-
l ipsoids of revolution in dominant Brownian rno-
tion
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*here rz. 6 and b are the 3 semi-axes oi the
e l l ipso iC 1b>a fo r  ob la te  and b<a fo r  o ro la te )
and the ai, terns. etc.. rvhich depend on a and r5
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are elliptic integrals defined bl Jeffery [2]. This
relationship could be evaluated numerically for
both cases and a table of values for p as a function
of axial ratio *'as given by Mehl et al. [3]. Eq. I
can be simplified after cancellation of terms to:
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There have remained. however, some uncenalnrles
in the derivation presented by Simha. as first
pointed out b)- Saito [4] in 195 i -

In 1922. Jeffrey {21 had calculated the viscosity
increment for a suspension of ellipsoids subject to
purely hydrodl"namic (or 'convective' 

[5]) forces
and torques and no Brownian motion. Simha's
paper was an attempt to extend Jeffrev's analysis
to the case where Brownian motion was dominant.
.{ccording to Simha. as a result oi the Bro*'nian
motion the suspended ellipsoids rvould have ran-
dom orientations and have zero angular velocity:
'@, = 0 in Jeffery's formulae 22, 24 ar,d 26'. Saito

[4] later st.rted thar the latter .rssumption \rJs
incorrect, showing in his eqs. 3.7 that the particles
should rotate on average rvith the local angular
veiocitv of the fluid. This can also be proved from
Brenner [6]: combining his eqs. 7.36 and 8.36

*'here Q and <a are. respectively, the angular veloc-
ity pseudo vectors of the particle and the fluid. In
Brenner's origir,al paper. eq. 7.36 is misprinted
and should read

i . - O = - j 3 : : \ - ( n ' + O ' )

Surprisingly" horvever. Sairo obtained the same
final formuia as Simha and this fecr ied him to
suggest that perhaps Simha had made'some errors
in calculation'. In order to explain this incon-
sistency rve ourline the method foiloq,ed b5' Simha
and Jeffery,

3, The flon lelocif.r and pressure

We need to caiculate the additionai dissipation
of energy caused by introducing the particle into a

given florv, and we do this by comparing the given
flow rvith the consequent disturbed flow within a
suitable sphere. S, of radius R. centred on the
pJrticle position. We impose two requirements
upon S: firsrly. that it is smail compared with rhe
scale of spatial variations in the given flow. and
thus within it that f low is a l inear variation of
velocity with positionl secondly, that it is large
compared with the size of the particle. and thus
that the disturbed flow wil l not appreciably differ
frcm the given flow by the time the surface of S is
reached, Naturall.v, these requirements can onll be
met vhen the particle is. as we have assumed. very
much smaller than the scale of spatial variations in
the velocity field of the given flow.

For our purposes then, the disturbed florv may
be taken to be the flow of an incompressible fluid
in the region between the rotating ellipsoidal
surlace ol the particie and the concentric spheical
surface S. On the inner surfase we impose the
usual no-slip boundary condition, whilst on S we
require the veiocitv field to be equal to its value ii1
the original i low. We grve rhe velocity component\
of the two flows with respect to rectangular Carte-
sian axes fixed in the rotating particle so that its
ellipsoidal surface will always be grven bv

- . 1  
*  J , l  , - :  _ ,

n t  h )  . a

The undisturbed flow is given. *'ithin S. by

.* here 9,, are the components of the velocit), gradi-
ent tensor which are. bll our assumptions, indepen-
dent of position rvirhin S. In this equation and in
subsequent equations, the indices range ov€r the
va lues  l .  I  lnd  J  lnd  rhe  summat ion  conrent ion  is
used rvherebv when an index is repeated within a
term r summation is indicated over lhe three val-
ues of that index.

Using ell ipsoidal harmonics. Jeffrey was able to
give the florv velocitl and pressure in the regior, of
S for large but l inite R. He gives the result under
the assumption that the angular velocitv is such
that no net hvdrodvnamic torque acts on it, i .e..
hvdrod;-namic effects alone affect the motion of
the panicle. ln order to consider the Brownian
motion we lollorv Simha in dropping this restdc-
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f o  - r  n  I( i , , ) = l f  o  - 6 1
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Table I

The relationstup between the ootation used in lhls study

and thal used by Jcffrey [2]

tion whence the flow near S is found, to leading
order, to be

u . u . - 4 e . f r -  l l - + e I r  + l' 1 "  R ' l  d \ '  L  R r  R )  l

In this equation, Q - A,,x,x,, whilst the ,.{ i/ terms
ihemselves are coefficients independent of position
but dependent on the gi7 terms and the compo-
nents.!i ol the angular velocity of the particle:
their explicit vaiues are given by Jelfrey (see table I
for the relationship between his notation and ours).
We consider lhe values of the ,,1,, below.

On the assumption that terms of second order
in the velocity may be neglected and that the
particle spins are of the same order as the fluid
velocities, the dynamic equation for the fluid re-
duces to

from which the pressure. p. can be found. For the
disturbed flow rle find the pressure on S to be

50aO
? = P t j -  

R 3

*'here po is a constant,

4. The dissipation of energr-

Assurning a steady state. we can compare tl le
rates of dissipation of energy $'ithin S in the two
flows by comparing the corresponding rates for
working of the viscous stresses on the surface S.

This rate of working, dlrydl, is given by

*=  [  , n ,  ,  o '

where

"  fa , ,  a , , l
" , , : - p q , - - ' r l d .  -  

a * , l

are the components of the stress tensor, and

t R

are the components of the unit normal to S.
For the disturbed flow we find

d w 8 ^ . 3 :
d r  

=  
i t \ u  ) d 4 x - -  3 n \ A r t 3 , t

where the o,t:!(B,t +tr,) t"tmr are the compo-
nents of the local distortion in the undisturbed
l'lorv. On the other hand. ihe well-known formula
of Stokes gives, for the undisturbed florr'
d w 8
E  

=  
t r \ a ,  t a  t t  1 < '

We thus obtain dn e\pression for -\. the cxtra
dissipation of energy when the particle is present,
nameiy

J = ! n 1 e , , g , ,

If we split gi, into its symmetdc and skew-
symmetic parts. we have

\=  +  n \  (  A ,  r  a ,  t  + .1 , ,E ,  t )

where {,, : !(.g,t - gr,).Jeffre-n-'. as a consequence
of the dynamic assumption mentioned above. was
v'orking with symmetrical ,4,r. and so naturally
obtained only the first term in our expression for
A; and it appears that Simha, although he removed
the restriction on I, failed to find the second term:
Using Jeifrey's notation (table l)

A , r d  i ,  = \ A o L  B b +  C c ) + (  F -  F ' )  I  L ( G +  G ' )  s

+ ( H - H ) h

, 1 , , t , t - ( F '  -  F )  t ' ( G '  - G ) q  - (  I 1 '  H )  i

whilst the values of, for example. F and F' are

B n l  r : a n (  t  o , )

l d ; ( r l o  - f r . /D )

Yi. l ' t - ' rLrt t  .Jr )

: " ; , ( t?o  * , ' ro . )
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In Jeffrey's paper, the .16 terms. etc.. in the numer-
ators of the above expressions are misprinted as

at9, etc.
We can thus deduce that

Y ! '  +  t o '  *  " ' )  f ' + ( r '  - c r ) ( { - , r ) /

which gives precisely the same value (,/ : 4). The
derivation is as follows:

The effective volume i'lux associated wirh the
t rans la t ion  o [  a  so iu tc  , ,o lume c(  {  c  j  mass  con-
centration, 4 = specific volume of the particle) is
in  the  i im i t  c  -  0  equa i  ro  4c l ,  I  l ] .  The e f fec t i ve
f ree  so ivent  ro lume f racr ion .  t l  -  4cV, l  l .  u i l l  be
precisely equal to the area fraction occupied by
free solvent in any given plane, by standard stereo-
Iogical principles. Assuming zero slip across the
area corresponding to effective solute volume, and
the pure solvent viscosity coefficient to be other-
wise applicable. it follows at once from the basic
definition of viscosity (force/area) that the solu-
tion viscosity will be incremented by ( I - 4c(1 I.

and hence that in the limit as c -- 0, r (as defined
earlier) - 4. The case considered is of course hypo-
thetical. though it could be of potential interest in
describing solutions in which the particles were
constrained in some manner and hence unable to
rotate. lt is of value. however, to see that con-
sistent assumptions lead to a consistent result,
even using very different rheoretical approaches.
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( F =  F ' ) l =

( r ' - r ) { =

: ( r T o  -  c r % )

(  b :  -  f r ) / {  +  ( b r  +  c r ) ( €  -  o ,  )

:( b:Bo r- .:'/o )

where we have utilised the various relationships
betrveen an, Bo, etc.. that are given by Jeffrey.

Now Simha apparently did not f ind the A,/t, l
term (it is missing from his eq.5) and thus lvould

not have had terms like (F'-F) in his calcula-
tion. We can see, however. that taking o, = 0. as
he apparently did. in the (Fr F')/ term gives the
same final result as tahing ur, : { in the sum of the
( F + F')/ and the ( -F'- F ) terms. Since the same
argument applies to the other terms we conclude
that Simia's formuia (eq. l). although incorrect for
o, = 0 on account of the omission of the term
1.,{,,. is, by a fortunate coincidence. actually cor-
rect i l  o, = €, <o, = 4, t"3 = (.

It is worth noring that if one does take o, = g

an<i includes the A,,t,, term, one obtains for
spherical particles ,=il. in contrast to Einstein's

1 7 - 9 1  \ 3 l u c  o f  1 . 5 .  T h e  r e s u l t  / = 4  f o r  o ,  - 0

agrees with rhat previouslv found bJ Brenner [10].
The conditions are physically equivalent to the
particies being randomly orientated but having
zero angular velocity. i.e., being rigid with respect
to rhe local angular velocity of the fluid. This is
appropriate to particles undergoing translation
only (e.9.. in sedimentation) but not sheir. I l  is of
some interest to note therefore that a very simple
dedvation of r. based upon the translational prop-
erties of uncharged solute particies. can be devised


