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2 . 1  .

Although the forcee and torques exertBd upon a suspended particJ.e

by a fluid are all ultlmatBly of moleeular originr it is convenlent to

d!.stinguish those that can be explainBd by continuum hydrodynamLcs from

thoee, due to molecular fluctuatS,ons, that glve rise to Brounian motion.

If ue flrEt completsly negl€ct the Brounian motion, it iE clea! thatt

once a ateady state has been attained, suspended particlee free of any

extErnaL inposed lmpreegBd forceE or topquea mugt mov6 in EUch a ulay that

the net hydrodynamic force and torqua, T, acting upon tham ale 26!0,

i . e .  T ,  =  0 .

Let ue consider a steady simple shearlng florrr (Eection '1 .3.), as in,

for €xanp16, a sinple capillary or Ubbelohde viscometer experiment

(Yang, 1961 ). The motlon of the fluid in the n€lghboulhood of any point

can be decompoEed lnto three conponente; a translational velocity rrlhich

valies flom point to pointr an angular veLocity uhich for thiE type of

flou, is the €am€ for all pointsl and a pure straining motion ulhlch again

i€ the san6 for al.l points. If nou a singla, neutrally bouyant, rlgid

ellipeoidal palticle i€ introduced the florrr ui1l be disturb€d, although

at larg€ dietanceE flom the ellipsoid the diEturbance !,i11 tend to zero.

Ue shall aesume that the motion of the ellloeold and of the fluid ls BUeh

that the Reynoldre number (Batchelor, 195?) ie very small. Then it is

possLble on the bagls of uork by oberbeck ('t8?6) and Jeffrey ('tgZZ) to

say uhat the hydrodynamlc foreeE and tolques acting upon thE particle af,E.

In partlcular it ls knourn that the force uill be z€Do ujh€n the tlanelationaL

velocity of the particlE is the same as the translational velocity of the

point in the undisturbed florrr at !,hich the point 1€ suepBnded. The

situation for angular velocity iE more complicated sinee tuo factoDs come
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into play; one gives a tolqu€ if the angular veloclty of the particle

dlffers from th€ angular vel.ocity deflned by tho undisturbad flou (or,

equivalsntlyr by the actual flour at infinity)r uhilst th€ other gives

a torque if the principal axee of the e11lpeoid have a differ€nt

orientation from the prlnelpal axes of the stralnlng motion defined by

the undisturbed florrr. Takan together, these mean that the angular

motion of the particle unda! zelo hydrodynamie torque conditlons Ie vsty

complicated (Chrrlang, 19?5) and a compJ.ete Eolutl.on for it is not knoun.

TuDning to the Erdrnlan motlon uhlch le in th6 natuaB of

fluctuatl,ons the sinplEet question ue can aek ia uhat is the average,

velocity and the averag€ angular velocity of the particle? By the

averaEe uB m€an in th6 filst inetance the time aveaager although ln praitlce

this rrrill be aeeumed equal to the volume av€rage taken over an aneemble ovel

a very laEge number of particles suspended ln unlt volume (see Batchelor,

'19?0 for a detail€d diEcuseion of various methods of aveeaging). Ignoring

for the moment the hydrodynanie forcBsr ue can anau,ea the question by

saylng that on av€aa96 the particle is at reEt in th€ local frame of

reference defined by the undisturbed flou. In other u,olds it is on average

moving uith the translational velocity of tha point in th6 undisturbed fl.otr

at u,hlch It is suepended and ulth the angular velocity deflned by the

undisturbBd flou (Kuhn & Kuhn, '1945, Brinkman .g!-gl' 
'1949, sch€Dlga, 1955).

ldhen ue cone to coneidee the conbined effect of th€ hydrodynanic forces

and th6 Brounian motion no problom ariEeE rrith the tranelational motion

€inca both affects tend ln th6 sama dlsection - motlon ullth the

translational v€locity of the florrl. But for the angular motion thE

situation iE l€ee simplel the t!,o effects do not have the same tendancy

and u€ must considar a lange of poseibilitieg depending on the relativa

etrengths of the tuo. This range is represented by the Peelet nunber



a= G/e (Brenner, 19?2a) rrlhere G is tha Ehear rate and 0 the mean

rotational diffueion coefficLent. lJe shall only be considaring the case

of overuhelmlng Brounian motion (c-r0) in r,rhich the hydrodynamic Bffscts

are conpletely negligible comparBd u,,ith the Brounian motion eff€cts. Thus

ue Ehal1 take lt that on av€rage the particles are rotating uith the local

angular velocity of the ambient f lor,l; and ue may additionally aseume that

the ollentation of the particlee uill be random. This last fact uould not

be eo if hydrodynamic forces and torques uere not negligibla foe they

lntroduce eyetematic metions and hencE preferred orientatione.

2.2, The Simha lvlodel, of 0veEuhelmino Brounlan motion

te coneide! a homogeneoue dllute suspenslon of ldentical rlgld

ellipsoids randomly orianted in an incompr6s€1b1€ Neutonian fluid in

trhich they ace nautrally buoyant. The ambient florrr is taken to be a

slou aimple ehearl,ng flou, uhilet the suependad palticles are taken to

be novlng uith th6 velocity and the angular valocity of the ambi€nt flou

appropriate to the point at uhich each is suspended. NEal each particlB

thls arnblent flou 18 did*urbed but ie stll1 taken to ba a Elorrr (lou

RaynoJ.d te number) florrr Eo that !,,e may apply the claEElcal r€su1ts of

Jeffrey ( ' tszz1 .

This nodel, uhich is taken to be appropriate for the case of ovar-

rrrhelming Brounian motion dErives from Simha (1940) although in his orlginal

uork doubt iE laft about urhether on not the paeticlee are rotating u,ith th6

loca1 angular velocity of the fluid. An attempt to cl€ar this difficulty

ie mada belou (eection 2.5.). The kay eimplifying featuDe of the model

intloduc€d by Simha iE that lt elimlnates the complicated statistical

pRoblem plesented by the Brorrlnian motion by substituting an aseembly of
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particl€s all moving uith the averag6 motion. Thisr togather uith the

aEsumptions of diluteness and random orientationr al]ouls us to compute

the effect of tha auspended particles by simply summlng th6iE individual

effects. The ieotropy of the particle distributlon in the modEl meanE

that non-Nerrtonlan behaviou! nill not appealr and also aLlots us to uae

the en6!9y disslpatlon method of computing the vlecoelty (BatcheLorr 1970t

Brenner, 19?2b, p93).

The slmpllfications of the model are aehiavedr houevetr at a priee.

Non-Nerrltonlan and concentration dependent effectst trrhich to the theoletical.

rheologl,st are of the greatest intereet, hav€ been dellb€rat61y discarded;

and the model, can say nothlng about leeeer d€glBeE of Brounian motj.on.

In ef?eet rrle sha1l be calculating the first term of a Eerlee; neverthalees

thig is of great value to the molecular biologist trrho can deliberately

aDlang€ th€ conditions of a visco€ity 6xperim6nt so that th€ model iE

appllcable :

(i) cieeekue (tssz) has Ehourn that non-Neutonian nornal stress ef?Ects are

of 2nd orderr and can thue be neglected for very 1ou ehear ratEe as in, for

exanpla,  a capi l lary v iscometau (Yang, 1951 ) ;

(ii) VtEcosity coefficiBnte arB normally extrapol.ated to rinfinite dilutionr

i.E. zef,o eoncentratlon-dependent effectsr to glve the rintlinsic viscoeityr

(Van Holde, 19?1)r related to the viecosi ty inclement by equat lon (8).

2.3.  The Viscoeity Incr€msnt

!J€ Let n be ths viEcosity measured in an experiment on a dilute

suspen8ion of particlee ln a fluld of vlgcoeity no. If 0 is the vol,ume

eoncentration - th6 total volume of the perticlee in unit voLume of th6

suspeneion - then the viecosity inclement v is deflned, fDom



equation (z), oy

n --:- = I + V0
lo

(6s)

uhere, uhen v is independent of 0, the llnear dependence o? d no

upon 0 gives the €mpilical characteristic of a dilute suspension.

FEom th€ thEoeetical point of vi6u houever, a dil.ute 6uspen6lon is

one in rrrhich there are no hydrodynamic intelactiona batueen th6

particles and thue one ln uhich each particla indspendently contributeE

to the viscosity the same amount it Uould u€re it alone present. This

contribution for a general €llipsoldal particle uas flret calculated by

Seffrey (tSZZ) using the sirnple Bnesgy diEsipation analysie for averaging

ov6r the particle enEemble (Batchelor, 19?0) and it is a etralghtfortard

matter to extand hls results to coves the caa€ of ellipeoids rotating

uith the 1ocal anguLar velocity of the amblent flou as required by ou!

model..

2.4. The Florrr Velocitv and Pleseule

In older to calculate the addl,tional diseipation of energy caused

by introduclng tha particJ.B into a gJ,ven flotrlr ItE compare that given flotrr

uith the eonsequent di8tulbgd flou ulthin a suitable Epheler Sr of radlue

R, centred on the particle position. tle impose t!,o lsquirements upon S:

first, that it ie smal1 compared uith the scale of Epatlaf variations ln

the given flou, and thus uithin it that fl.ou lE effectively given ae

a lin€a! vari.ation of velocity ruith positlon; secondlyr that it iE large

compaaed ulth the size of tha particler and thus that the dlsturbed flou

!,i11 not appreciably diffes from the given flotrl by the tlme the eurface



of 5 !.s reached. Naturally, these requirements can only be net uh€n

the partlele ls, a9 {r€ have aesumed, very much small€! than the EcaJ.e

of spatial vaeiationE in the velocity field of the given florrl.

For our purposes then, the disturbEd flou may be taken to be the

flou of an incompreselble fluid in the region bstus€n the rotating

elllpeoidal sulface of the paeticle and the eoncentrlc spherlcal sulface

5. 0n the inn€r surface ure impoee thq ueual no-slip boundary eondition,

uhilat on 5 u€ Dequia€ the velocity field to be equal to its valua in

the origineL fIor,. lle give the veloclty components of the tuo florrrE rrlith

!6spect to rectangul.a! Carteaian axee fixed in the rotating particle so

that ite ellipeoidal surfaca u111 aluaye be glvsn by

-2 , .2  -2
- + - - + - = l
az bz c4,

The undlEturbed florrl ls glvBn, uithin S, by

( 56)

= 8 . , :  x .
L J  )

uhere g. . are the componente of the velocity qradiant taneor uhich ale

by our assumptione, indepondent of poeitlon ulthin S. In this equation

and in EubeequBnt equatlons, the lndicee lange ov€r the vaIuBE 1r2r3 and

th6 summation convention ie ueed uh€!€by uhEn an index is eepeated uithin

a term a sunnation is lndlcated over the three valuEs of that indei.

ueing elllpeoidal halnonlcs, Jeffr6y u,s6 able to give the florrl

veloclty and pleasur€ in the Degion of S for R large, but finite. H6 givea

the reEult und6! thg aesumption that the angular veloeity iB such that no

n€t .blgEggEgglg torque acta on it, 1.e. hydrodynamlc effecte alone affect

the motion of the DelticlB. In ord6r to consider the Brorlnian motlon ue

follotrr Simha in dropping this rEetrlction uhence the florrr near 5 i.s foundl

ou .



to laading ordBlr to b€

^  (  r  r ). r  = u ? - + o x ,  l { - + l  . * 9r  r  t  [ r"  Rr j  0* i
l r  r  I
l'_- - "_=l

l ^ r  ^ ) i- K

(ez)

In this eouat ion. Q = A.,x.x. .  uhiLet thB A..  thameelves are coeff lc ients] .J r  J '  r .J

independent of position but deP€ndant on the 8r- and the components, to,

of the angular veloclty of the particle; thelr expliclt vaLuBs ase giv6n

by Jeffley (eee Table 4 for the relationshlp betue€n hlE notatlon and ours).

ly'e consl.dal the valuee of the A.- belotr.

0n the aseumptlon that terms of sscond osdsD in the valoclty may b6

n6g1€cted and that the particle spine are of th€ sane order as the flul,d

valocltiee, the dynamical equation for the fluid t€duces to

n  v - g  =  v p

from uhich th€ pre€Euler pr can bE found.

the prE€eurg on S to b6

D  =  D  -  5 0 n o
'  ' o  

R s

uhe!6 po ia a constant.

(Es )

Fos th6 disturbed florrr ue find

(6e)

2 . s . @

Asaumlng a steady state, ule can compare the rates of dissipation

of energy u,ithin S in the t!,o florrls by comparlng the correepondlng rate6

for uorkinE of tha viecouE EtresseE on the surface S. This rate of

u,orking, du,/dt, is given by

oll I

d t J
u .  o . .  n .  d s

1  1 1  1
(?0)
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( ? 1 )

(?s)

o i j  P t i i * ' [ + . d ]

are th€ compqnsnts of the etreee teneorl and

o = * , n A i j s i j

If ue spllt 8r., into its symmetric and Ekerrl-symmetlic palts, ue have

o = ? r n ( A i j " i j  * A t i E l r )

n .  = J
J K

(?z)

aee the components of the unit normal to 5.

For the di8tulbed flou rue flnd

o�# = + ,rq a. .a.  .R3 * ? 'n Ai js i j  

(?s)

uheee the "i.; = *kr, + grr) .r" the componants of the local distoation

in th€ undlsturbed flou,. 0n the other hand, the rrlell,-knorrln formula of

Stokee givesp for the undisturbed flou

dIlI 8 _3
i i T  

=  
s  n n a " a " R '

(?4)

IrlE thuE obtain an expreesion for A , the Extra dieelpation. of energy ulhen

the partlele i€ present, namely

( ? 6 )
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r ,rrhere 8. .  = Xg..  -  g. . ) .  J6ff !By, aa a conaequence of the dynamical .

aeeunption mentioned abovar uae uorking uith synmetrical Ai-r and so

naturall,y obtained only the fLrst tarm in our expression fos A; and

it app6a!6 that Simha, although he removed the reetriction on At

failed to flnd tha Eecond term. The consequence of this for hiE

calculation uill nou be discuEeed.

2.6. ThE Partl,cle Rotation

Simha takeE the average angular velocity to be zero and on thie

baeis calcuLatee hls uetl knoun folmula for v (equation 9), a fornula

rrrhich hae be€n 6houn to give good agEe€ment ulth observatlone (ltbhlr onc1ey

& Slmhal 1940, Tanford r 1961). A ferrr years later, Saito (1951) ueing the

aesumptlon that the paltlcle€ should rotate on av€rage uith the locaL

undlEturbed rotatlon of the fluid obtained precisef,y the sama result; he

auggeated that Slmha |thas conmitted Eome errots in calculationn but doeE

not investigate the matte! further. Ueing Jeffreyrs notation (taUfe A)

ue have:

A i j t i j  =  (Aq  *  B !  t  c9 )  t  (F  +  F r ) f  +  (G  +  e )g  +  (H  +  H t ) !

(?? )

o i j t i j =  C F ' -  F ) E  +  ( G '  -  G ) n  +  ( H '  -  H ) 6

(za )

uhilst the values of, for example r F and Fr are

, _ g r ! - c 2 a l ( t - r r )
2c'  (bzBo * c2yo)

(?e)
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Yo !  t  b2ot  (E -  i r r r )

zoto bz ao * c2yo)
(8 0)

In Jeffleyts paper the o,o t etc. in the numeratocs of the above explessions

are ml,sprinted aE ao Btc.

lrle can thus deduce that

( t  + r  _rr  =
att l t  * (b2 + c2112 + (b2 - c2) (t  - ,^,r)f
o

2(bztso + czy o1
( 8 1 )

F l

( f  -  r  J 5  =

(r2 - n2t,+r t (u2 - ^2t t\ u  e . r ! e  ,  L u  . . . . 7 i E  -  o r ) E

2ft28 + c2v )- o o '

(82 )

uhere ue have utilieed the valioue lelatione betueen cor Bo €tc. that

are given by Jeffrey.

Nou Simha apparently did not find the Orj 6rj term and thus tlould

not have had termE ltke (Ft- F ) in his calculatlon. lJ€ can Ea€,

houever, that taking 01 = 0 ae he appacently did, in the (F + Fr)f term

giues thB same final rEEult as taking rrl,| = 6 in the eum of the (F + Fr)f

and the (fj - f )! terme. Since tha sane algument appliBs to th6 oth6r.

tEgns ue conclude that Simhats foDmula (equation 9) although incorrect for

r , : ,  = 0 on account of  the omisEion of the term A..  qi j ,  i " ,  by a lucky

coincidencer actual ly couect i f  r r r , ,  -  Er 12= n, t r t3 = 6.

It ls u,orth notlng that if one doee take 0r, = 0 and ineludEE the

4..  t .  .  term, one obtaine for epherieal  part ic les v = 4,  in cont last  to
. l J  L J

Einst6in6 ( ' t906, 1911) valuE of 2.5.  The resul t  v = 4 foro.  = 0 agrees



rrrith that previoual.y found by BDenner (tgZo). In all that folloue ue

take tha aseumption that trt,, = E etc. i.e. that the particles are on

av€rage rotating uith th€ Loeal angulaD velocity of the fluid.

2.7.  Ths Calculat ion of  v

To complets our calculation uB taker as befoter the givsn flotrt to be

loca}Iy a simpla Eheaslng flou uith sheaD rate G. Th€ pRincipal axEg of

any partlcular particle !ril1 not in genesal coincide uribh the sheal axee

but, uslng the Euler angles to d€scBibe Relative orientation of the

tno Eete of axee, ue can calcu.late the components glJ r€lative to the

partlcle axeg in terma of G and the Eular angles e r 0 and S. Hence ue

can obtain A foe that partlcle aE a function of these variableE i the

detai1e can be found at leaet fo! a speciaL ca66 in Jeffreyts papex ('lgzZ).

Since JeffreyrE calculat ionE shou that the Orj  . ""  l lneaD ln the gr-re,

it follous that A trilJ. involv€ G2 "" " factor and h€nc€ that the totaL

diseipation rdill be of the form nG2 as originelly aes€rted.

To find the total dlssipation in unit volume ue average the eff€cts

of tha N partielee on the aesumption that th€y are randomly orlented,

obtalnlng

(Bs )

Th6 intBgsations yield

u = + I '  I  +i l i ' , ' ,p) sineae aof arr,

A =  + :  nn  NG-  Z
J

(s4)



uheee

6 U .

(Bs)

' ' l
- 3 0  

1
I

yt  {a2oo t  b2Bo)

Y  + C' o  o

B (c" t  *  a tc  )
o -  o  o '

I  + Y
o o

e  f t ' g  + c . y )
o -  o  o '

, I
. r l

40 I
I

r r  t l
a  +  B  + y

o o o

Bt t  y t t  *  y t t  o t '  *  o t t  B t t
o o o o o o

a  + B
o o

Thue v is determined from

€9

nvv6?= nvl f  naUcr iP =? "rNez

(86 )

6 L
V = --:-

aDc
(s?)

Hence on substituting for Z ue obtain

1  f  + t " " * 0 " * v i )  1 [  B o ' r o
u =  '  {  "  "" -a6c 

t ;,8pru45' FL'3o+". "1,J .

Y o ' o o  
*  

" o * u o  
l l

o j ( c 2 v o  *  a 2 o o )  t t o G 2 e o * u 2 e o ) J l  ( B s )

lrhele arbrc are the eemi-axesr and the elliptic intBglalg ao etc. nou

dep€nd on arb and c (appendix I ) .
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Th6 folnul,e raduces to the Simha-Saito formula (equation 9) r,rhen

b=cr and giv€s Eineteinrs valuE of 2.5 rrlhen a=b=c. It may be of

int€lest to note that had ue folloued Simha in taking ur. = 0 then Z

uould have containad the follorrling term in addition to thoEe given above,

b 2 + c 2 c 2 r a 2 a 2 + b 2

b29o '  c21 
o 

"2 'Y 
o 

*  ^2oo azao + b2go

(  ag)

It is th6 pagsgncB of thie added term that gives the value of v = 4

fos soh€reo rathB! than the Einstein valu6 v = 2.5 rrlhich iE obtained

ulhen it ls abaent. The value of 2.5 has been confl,rmed experimental"ly

for polystyren€ latex spheree by Chong & Schachrnan (tSSS;.

2.8.  Diacusalon

An equation Eimilar to (88) uaa giv€n by Batchelor (19?0) on the

asaumptlon that the suspended particles, although randomly oeianted,

moved ao that zero hydlodvnamic toDqu€ acted upon them. His rasult u,as

4(oo + Bo +

'I

;T

)
o -

l
o '
-i-
o B

f

L

YI
aDc | | | | l l t l

1 5 ( B  v  +  Y  c  +- o o  o o e '  ( b 2
o -

+ c2)

Bj{c2 * a2) . ( ; (a2 + b2)

uhen uritten in thE same notation aa lre hav€ ueed b6fore. It doee not

eeem likely that (90) Uould be spplicable to the case of ovenrrhelming

Brounian motion sincB one uould neEd to include the Erorrlnian torque

T, ae uell as the purely hydrodynamic torque, T, in satisfying the

(e0)
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eondit ion of  zero net torque, i .€.

T ^ + 1 , , = 9D f r  
( s r )

Randon orientatlon alon6 is not a Eufflcient characterieation of

overuh€lmlng Brounian motion sinee one alEo needs to deecribe correctly

the dietlibution of thE anguLar velocity. Both (88) and (90) ace

obtalned by methods that avoid the ful.l Etatlstloal treatmEnt of the

angular motion but ae explained earllBr ue con€idoa the simpllfied modEl

underlylng (ee) to be the appropcl.ate one for overurhelming Brounian Botion.

In effect, foonul.a (88) generaliee6 the Simha-Saito equation for

allipsoide of revol.ution, uhilst (S0) generaliees ?ormulae of Jeffrey for

el]ipsoide of revolution. In geneDal. th6 tuo focnulae give quite dlfferent

rasulta aE can be seen from Figuee 25 and Table 5, both of uhich are ?or

convenience reetricted to the caee of ellipsolds of revolution. Sinee (g0)

do€E not lsduce to the claseical Sirnha-Saito formul.a the claEsic

experimental evidence on maclomol€eulee uhich favours the latter (nehl, gL

EI, 1940, Lauffenl 1942) etrengthens the vlerd that (SO) ie incorlect. ltoae

recent experimental evidence ie given by Tanford (fS6t) uho alLorrle for

particle suelling due to Eolvation and Table 6 extenda his tablee to

include a comparison rrlith the Jeffrey-Batchelor squation. The tabL6

conpalea the axiaL ratio inferred fBom tlanslational diffueion experimentE

trlith that inferred from viscometric experimente on thE basle flrst of the

Simha-Saito equatJ.on and secondly of the J€ff!€y-Batch€1o! equation.

Tanfocd (tSet) says trrlithin the accuracy of the meaEurements, the

de€cllption of gJ.obular plotBlns in aqueoue solution provided by the

(Simha-Saito) equation ig identical rrrith that provided by (transtational)



diffusionrt. 0n the olher hand ue see that the Jeffrey-Batch el.or equation

gives valuee of the axial ratio that are consistently too hiqh and

outside the expact€d experimental er!o! bounds. frle eoncfuAe that (90)

is not applicable to the cases of interesl to thE molacular biologist.

As pDeviously stated, ue hav6 avoided th€ full statistical treatment

of the angular motion but have mada the assumption ol particles baing on

average at Dest ln lhe }ocal refsrentia.L frame in uhich they aDe

suspend€d to be appnopriate for the caae of oveluhelmj,ng Brouni.an motion.

Although this has been rigorously proved only for axisymnetrie particles

(Brenner, 1972)1 ve havg made the assumption that it uill be a good

approximation fo! genelal tri-axial ellipsoids, at least for lou axial

!at ios.

Since the derivation of equation (88)

fulL statistical treatment of the anguLar

Ral l ison (1978).  His resul ts for the cass

shotd that to first-order in the shear rate

a general anal.y6is using the

nouion has been given by

of ov€luhelming Brounian notion

the non-Neutonian stDess effects

vanish, uhich is consist€nt uith ou! assumption of Ner'rtonian behaviour for

vefy lorr shear ratEg. Hs aJ.so gives an expression for v correct to first-

orde. in the shear rate, although not in the folm of a sinple formula like

squation (ea), Uut by ueing nunerical methods Ral,lison is ab.le to give a

plot  of  v for var ious axial  rat ios;  lhe resul ts are clear ly very close to

thosE obtained flom equation (88) - compare my Figure 26 rrrith Ralfisonrs

Figure ?. Hourev€r, an exact comparison (personal communicalion by

J.tl. Rallison) shor,rs a very slight discrepancy batueen values from

equat ion (88) and Ral l isonrs pFocedure, al though no di f ference at levels

l ikely to be experim€ntaUy signi f icant for globular part ic les ( i .e.

a/dz l .o -  3,o,  b/cz 1.0 -  3.0) is observed, and the discrepancy is not
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apparant Uithin four s igni f icant f igures for a/bz 1.o -- .Z.ot  b/cz

1.0 "-2.0.  The values given in Table 7 are therefore dBf ini t iv€.

I t  has been indicated to us (J. l l .  Ral l ieon, H. Brenner,  pr ivate

commurlications of unpublished uork) that our formul.a requires the

addition of a very small term Delated to the deviation Prom our a€sumed

condition of non-axisymmetric particles rotating on averagB uith tha

loca.L angular veLocity of the fluid:

(BBb )

The nunerical results shoru our approximation' to be extrernely accurate

for rglobularr partj.eles, as noted above, but for certain particles of

highar asymmetry calculations suggest that deviations of up to 1S in u

can atige. It is claar thouqh that our formula provides a good

approximation over the entire moleeulaa range. 0f particular intelest

j.s the fact that the discrepancy tends asymptotically to zero for

eLlipsolds nhose axes are all substantially different in length (i.8.

a > b > c  -  t t t a p e s t t ) .

I. EE;

r - ^ ^ ' l
I  z z  _ b z  b - _ €  c .  _ a .  I
laza  +  bzB bzB +  Cz" f  Cz . (  +  Aza I
L O O O O O

I  a 2  * b 2  b 2 ,  c 2  c 2 * a 2

Lr6;. F6zE.; '� ;T-.-Tfr"_



Tabla 4, The relation betueen the notation used rrl !fti!-!t!gy

and that us€d by Jef?xeY (1922)

\ ^ i i r

f i . . )  =, _  t )

[ ^  
"  o ' l

l H ' '  
r l

f  c  F r  c )  ,

( a ' . , )  =  [ a  i t  g l
l '  "  " l
l h  b  f  I
l "  "  " l
[ e  r  c )

\ ] t J / r r

:lr O
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I A O I B  J

v for an ellipsoid of rsvolution calculated from the Simha - Saito

equatlon and the Batchelor - Seffrey equation

Axia1 Ratio Prolate llodel 0blate IIodEl

: t - o 5 - 5

1 . 0

2 .0

3 .0

4 .0

5 .0

6 .9

8 .0

1 0 . 0

2.500

2.908

J r O O O

4.663

S r t t U O

7 .O99

8 .533

1 0 .  1 0 3

1 1 .804

13.634

2.500

2.583

2,786

3.434

3.844

4.30�2

4.8tt4

5.346

5.928

4 . J u u

2.854

3.43' l

4 .059

4 .708

6.032

6 .700

7 .371

8 .043

2.500

2,6'�1O

2,868

3 . 1 9 8

J r J O J

3.94?

4,342

4.?44

5.562



t a D r s  b

Extension of Tanfordts Tabtes (trPhysical Chemistry of llacromolecul€st,

1961, Ui ley & Sons, p 359 and 395) to compare the axial  rat ios

predicted by the Simha-Saito equation and the Batchelo r-Seffrey

equation, using a 0.2 grams/gran solvation fo! four globula! proteins.

Prolate 0blate

u

2 A

4 , 0

^/,

a , l

a 1

4 , 9

2 . ' l

6 t
, b

? l

B-J

"/o

5 . 5

"/o

Z . z

4.0

2 . 2

/ b

3 , 4

3 . 4

8? .

"/,

E Z

Diffusion S-S Diffusion S-5

Ribonuclease

9-laetoglobulin

Serum albumin

Hanoglobin
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R O

Simhc- Saito(Prolatc)

la tchcIor-Jef f rey
(Pro la tc)

4 5
A x i a l  .  R a t  i o

Fiqure 25. A comparison of the values of v as a function of axial ratio

predic ted by the Simha -  Sai to  and Batchelor  -  Jef f rev eouat ions

for  e l l ipsoids of  r€volut ion



to '

t o3

to2

tol

lo '

b/c = 194

0.001 r00t00.1 t

a / t

F lou re  26 .

from equat ion (88).  This

the numerical  procedure of

N.B. RaLl ison has c>a>b

plot  agrees very closely ui th that l rom

Ral l ison (Figure 7,  1978)
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