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3.1 Solut ion of  the ELl ipt ic Inteqrals

In order to determine the viscosily increment v that corrasponds

to a particular vaLue of th€ axial ratios a/b, b/c, the elliptic

integrals co etc.  (Appendix I )  must bs solvad. Analyt ic solut ions

are not possible but the integrals can be solved numerically rrrith the

aid of a high speed computer. The subroutine used for this rrlas the

United Kingdon NAG lvlk. 6 loutine Do1AGF uhich evaluates a definite

intBgra] of the foam

B
(

r = 
J 

f(t) dt

uhsre A=0r us5.ng an intBlval subdivision stlategy developBd by oliver

(1972) and based on Clenshau-Curt is quadrature (1960).  Sinee inf in i ty

cannot be used as the upper limit, a finite value of B must be specified.

Houever, a eatisfactocy value for B can be determined by using

succssgively higher values until thB valu€ of the integral converges to

a limiting value; in this case a vaLue for B of 106 uas suffj.cient. Hiqner

values are also suitable although evaluation of the integraL takas longer.

The number of interval subdivisions is also specifiable by the user; thB

maxLmum number of 50 uas used. The routine also estimates the €rror on

the integrals (otHara & Smith,  1968).  I f  th is er lor is greater than th€

maximum allouable srror specifiable by the user the routine uill stop and

print an emor messag6. The maximun alJ,oued absolute error specified uas

1.0 x 10 -  (=.001F).  The sublout ine for evaluat ing the el l ipt ic

integraLs can easily be incorporated into a program for evaLuating v for

a given ualue of  (a/b,  O/c).  This is given in Appendix V as program 1.



92 .

3.2.  Aool icat ion to lhe Crvstal looraohic Oimensions of  lv lvoq.Lobin:

Numarical Inversion

Ths result can be applied !o crystallographic data available for

myoglobin. Kandreu,g!3! (1958) gave the dimensions of eperm rrlhal a

myoglobin to be 43 x 35 x 23 R ( f .ufE s).  This corresponds to a genelal

o
tDi-axial  e.Ll ipsoid of  semi-axes a=21 .5,  b = t-7.S and c = 11.5 Ar and

axial ratj.os a/b = '1.23, b/c = 1.52. Using ProgDam I (Appendix V) this

corresponds to a vj .scosi ty increment o? 2.729. The predicted intr insic

viscosity can then be found from equation (8):

l n l  =  v v  =  v v

I 0 2  \

of reduced speciPic v!,scosity against cancentration (Table Ir Figure 2?)

I  havB determj.ned the intr lnsic v iscosi ty of  myoglobin to be (3.25 J .05)

ml/gm, using a ueighted least squares analysis (straight line fit).

The concentrati.ons uele determined using a high precision auto density

meter (Kratky g!3t, '1969, 19?3) together rrrith a i for myoglobin of .?41

mlr/gm (Theorell, 1934 ):

unere ( i "6) is the surElLing rat io (sect ion 1.?.1).  By f i t t ing data

o .  -  o
" r = #

-  
l  - v o

o

hrhere o is  the solvent  densi ty  and p.  the solute densi t ies.  Use of' o  '  L

auto density meter, uhlch is ba€ed on the time taken to perform a

pleset number of oscill,ations of a LJ-tub6 fil led urith thE sample has

(e3 )

the

the added advantage that, besides bBing very accurater only small amounts

of f lu id are required (  -1 ml) .  The axparimental  arrangement used for

the viscosity and densimetric uork i.s illustrated in Figure 28. The



platinum resistance thernometer shoun uas used to monitor the sample

tenperatures to accuracies of .005 degrees and l ras cal ibrated by myself .

ln ord6r that the crystallographic dimensions gives this same value for

[n], f"or equation (sz), a suelling ratio (i-rd) of 1.5 is requi.red;

alternatively myoglobln is nore asymmetric in solution.

In order to d€telmine the actual dimensions of lhe equivalent tri-

axial ellipsoid for myoglobin j.n solution (or any other maclomolecuLe)

from the experlmental value for [n], ttre situation is more complicated

houever. Although equation (ee) aefines a unique value of u fon a gi.ven

value of (a/A, d/c), an analytic invaraion of (88) to produce an €xplicit

expression for (a,/b, h/c) Ln terms of v is not availablE. Ths inversion

must thereforB b€ don6 numerically by tabulali.ng, or batter plotting v as

a funct lon of  (a/b,  d/c).  The same subrout ine ment ioned in sect ion 3.1.

pq3 sv>Lra.riaiJ be incoloorated. A

perusal of Table ? (produced from Program 2) reveals houeva. that a given

vaLue of v does not colrespond to a unique vaLue of (a/A, A/c) but to a

rline solutionr of poasible val.ues ot (a/d, A/c). This is cleally

illustrated in the contour plot (Figure 29) produced fDom PDogran 3 using

GHoST graphical facilities uhEre v ls incremsnted from 2.5 to ?.0 in steps

of 0'5. In order to determine e unique solution for (a/b, brlc ) and hence

the axia.I dimensionE of a macromolecuLe in solution other hydrodynamic

informatlon must be used; ue must therefore consider the translational and

rotat ional  f f ict ional  propsrt ies (sect ion 1.2).



3.3. othBp Tl i -axial  L ine Sol.ut ions

5.3.1.  The TranE1atLonal Fr ict ional  Rat ioi  the B and R Funct ions

It  L,as pleviouEfy statsd in sect ion 1.4.  that al though perrtn (1936)

had provided an Explicit forrnula foe the tlanslational frictionaL ratio

of a ganeral tci-axial ellipsoid in tsrms of th6 axlal ratilos (a/b, h/e),

the elliptic integral in equation (t2) couta only be solved analytically

for the epeeial caee of alllpeolds of revolutLon (1.e. tr,ro equal axes).

Ho!,6v€!r Bl.nce the elllptlcal lntegral is slmilar to those for the trl-

axial vl.ecosity incroment, lt too can nou be solved num€riealLy usl.ng fo!

examplB thB subrout ine diseuos€d in sect ion 5.1.  A higher value for the

uppes l imlt ,  B tag requlred: 5 x 107. A table of  values of  the P6uin

funetion t/eo Gc) for valueE of a/b and E/c uaa thue obtained (taore s).

Again, a perusal of the table reveals that a given value of P haE a line

soLution of poseible valuee of (a/A, d/c). Ho!,€ve!, in principle at

leaetr by combining the line solution for P of a given macromolecule uith

th6 Line solution for v, a unique solutlon for (q/b, Urlc) can ln princlple

b6 found from thElr lnt€lEection. ThlE can be illustrated by aoguming a

part lc le ot  (a/A, A/e) = (1.5,  1.5),  calculat ing the corDesponding valuee

fo! v and P using Program 1, and then plotting the line solutions using

Progran 4. Unfortunately Figure 30 revealE that the interEection for

accuracias in v and P to four Eignlficant figuleg is vary Eha ou, and

alloulng ?ot ! 1fi 6xp€rim6nta1 arror in each there ia no interaactlon at

aLl. in th6 | globular proteinr range of the Flgure. There iE alEo the

additional, problem that ln ord6r to dEtermine €xp€rimsntally both ! and

P, knouledge is requieed of the suollen volume in Eolutlon.
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Houeve!, nou that v and P are available for trl-axl.a1 ellipsoide,

thsn so should the B and R functions urhich do not rEquire a knolrledgs

of the suollen volume (equations 45 & 64). I have thus ploduced tabl€s

of theEe also (Tab1ee 10 & 11);  aIJ.  four t r i -axiaL funct ions Eo faE

m€ntioned viz v, P, B and R are plotted in Figure 31 aLloulng for 1 1F

experlmental error ln eEch. Th€rE lE Etil1 no reaeonable intersection;

the B functlon Le, ae expectedr s6en to be of little practical use as it

ie very eeneLtlve to expelinental earoe (tne g - tF ttne ia completely

off the map area). 0f the 4 functione houever, the R function is tha

most ueeful elncs it is relatively ineeneitive to . exp€DimentaJ, erloa and

the exFalimental determination does not requi!€ a knorrlledge of the

suol lsn vof,ume (Eect lon 1.?.1.) .  In order to f lnd a unj .que solut ion for

(a/n, ile) therefore, thle ehould ideally be eombined b,ith a rotationaL

frlctlonal or rElaxation tri-axial shape function rrlhich ehould oatisfy

the f ollorrling criteria:

(i) provldae a euitable lntersection b,lth R

(f:.) fs relatively inseneitivo to €xperimental error but seneitlve to

axial ratlo

(ii:) is experimentally meaaurable to a high precision rrllth currently

availabLe appalatus and data analytic techniques and

(tv) aoes not requi8e a knorrlledge of the suollen volume for lts experimental

d6tBDminat lon.

3.3.2.  The Rotat ional  Fr ict ionaL. Dif fusion and Relaxat ion Lin6 Solut lonE

For a trl-Exlal ellioeoid thel8 uill be three rotatlonal frictional

ratioe {rr/6o (i=arbrc) coDleEponding to lotation about each of the three

ax6s and henca thDee rotatlonaJ. diffueion Datio8 ei/eo. By analogy ulth

the tranelational case in the previoua section, although Perlin (1934) had



: to.

giv€n axpl ic i t  formula for the e1/eo in terms of (a/ t ,  a/c),  -  eqn. (zs),

the elllptic integrale could only be solved analytlcally for th6

caee of elllpsoids of revolution. The integsals can nou b€ Eolved

numerl,cally, agaln utlllsing the loutine descrlbed ln section 3.1 (Prograrne

1r2 A 4). TherB iE hou€ve! no experimental techniquB for determining the

rotatlonal frictlonal or dLffusion coefficients dlrectly; rotational

exp€rim€nts dBtermLne rather rel€xation time ratioe. For exampla, the

dielectric dleperElon relaxation time ratioE are relatad to the Dotatlonal

frictional and diffusion ratios by equations (2?). A plot of the

rotatl.onal lelaxetion time ratio 1in6 Eolutions correspondlng to (a/A, U/c)

= (1.5,  1.5) ts giv6n togother rrr i th the R funct lon in Figuro 32.

Unfoctunately, beeauee of the dlfficulties raieed in 1.5.1. reeoLution of

thE dielactric dlsperslon curve into the 3 relaxation timea fo! a

homogeneous solution of trl.-axial ellipeoid particles is lnposEible in

practice.

llhereas for elllpsoide of revolution ther6 are three fluorEscence

anlsotropy decay times (equatlon 42), ?ot geneeal tri-axlal elJ.ipeoids,

therE urlll ba flve (Cantor & Tao, 19?1e 5ma11 & Isenbecgl 't9??) relatad

to the thraE rotational dlffueion coefficientE by:

' r  
3 ( e  +  o t ) 3 ( e  +  e 2 )

;  rs =,c*-D

1
3 ( e  +  0 3 )

(ga)
2(3e -  a )

uherB o= (01 + 92* e)/z is the mean rotational dlffusion coeffl.cient,

and A ls defin€d by

o  =  ( t r t  -  e | "  e l -  o r o ,  -  o 2 o 3  -  o 3 e r ) l



The fluorescence anisotropy reJ.axation time ratios ,y' .o r n thus be

evatuated (equatlon 42, uhere j lE nou = 1.2.5t4;5)i theee have been

tabulated by Snall & Is€nberg (19??) and are plotted in Fiqure 33r for

(a/ t ,  A/c) = (1.5,  1.5).  Considerat ion of  these funct ions houever,  at

the moment at least, ls purely academic; beeidee the probleme citEd in

Eect ion 1.5.4. ,  the neeessary rEgolut lon of  the decay culve into i ts

foul  eomponent exponent lals (s ince t5 -r1) ie lmpoeslble (sma11 & Isenberg,

'197?). Furthernore, slnce neither the fluoreEcance anisotropy decay time

ratlos nor the dialectric dispersion relaxation time ratioa for tri-axial.

ellipsol,ds are of apparent use at th6 monent, the Eame must be true of

theh corse€ponding euelling independent functions, the axpllcit

expre€slona in terma of axial ratio being obtainable from:

6 ,  = - : v  :
- 1t3

u. = f5} rli)' 1  \ l  /  \ a  t- o

(  es,  e6)

3 ^
r f  , ' -  9 o  9 o

Y ;  =  t - c  J  -  i  e r  = v t -
o  1 1  ' 1

( o 2  o q \

(  ss, roo)

uhere i+rbrc and J=1r2r3r4t5. The relatione for these functione in terrns

of experimental parametare hava already been glven ln sectlon 1.7.

Evaluation of thE harnonic nean rotatlonal relaxatlon tine ratio in

tarme of axial. ratio for tri-axial allloeoids ue can eimilarlv obtain from
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n

( 1 0 1 )

(Programs 1, 2 &, 4,  Figure 34).  The corresponding suel l ing independent

functions v and ^ determined by combining uith lhe translatj.onaL frictionaL

ratio and the viscosity increment ra€pectively Lre can nou also obtain from

( 1 0 2 )

^ = f 3 "
(thJ

( 1os )

(Programs 1r? & 4, Figura 34).  Unfortunatalyp these funct ions are

generally very sensitive to experimental error, as Figure 35 illustratee;

also the problams in dEtermining the harnonic mean relaxation tirne raised

in 1.5.4.  st i lJ .  apply.

3.3.3 @6* and d_ Funct ions

In sect ion 1.5.2,  we stated that Ridgerrray (1966, 1968) has shoun that

the decay of electric birefringence for a homogeneous suspension of

aeymmetric naclomolecules (e,g. tri-axial ellipsoids) uould consist of

tuo exponentiaL terms:

* ,  - 5 e . t  - 6 e  t
o n  = * -  { r , "  

' * A e  -  
}"LL 

(s2 )

l t o o o \
o  l - o  - o  - o l

l o  ' i l ' ; l
. c ,

V3
*=f3 r_ i l' 

I'nJ tfoJ



!,her€ An is the birefringencer N th€ number d6n8lty of particLes in

euepenal,on and no the refractive index of the Eudpending nedium. A*

and A_ ar€ complicatBd functlons dependlng on the lnLtlal orientation of

the particJ.es and their dleLectDic and diffusion propelties. lt€ may

reu,llte NA+ / zn' ae Afr the I pre-exponential. factorsr. Ecuatton (32)

than becomee:

a r ,  =  A l " -60* t  +  4 ' " -60 - t

(  104 )

0* and 0- are related to the rotatlon€l diffuslon conetants 0. (and hence

the rotational frictional coefficiants since 6. = W/ei) by

( t osa;
g , = + l o i  .  { f i I , r ) ' - * l  l  u r r , } l

r, t - ", i , ,-r,1, +]' l ( toso)

The dimeneiona of €quat ion ( tOS) are of  enerqyr/(volume x viscosi ty) j  , "

therefore lreducel it to a function of Ehaoe alone:

ul"u = 1n!; v"e. = g l Li, *. #
. l [ * . * " i ]  - [ # . * . # ]  j ' l  ( , o e ;

uhere

,; ="#+, { = r+e ;,: =4+ (roz)



The Buiptic integraLs ao atc. are thos€ defined by Seffrey (1922) and

are given in ApFendix I.

A plot  of  tha 0:- '  and 0---  funct ionB, toq€ther ui th the R funct lon

correspondlng to the polnt  (a/a,  A/c) = (1.5,  1.5) al lorrr ing fot  !  t f i

sxperimental erlor ia given in Figure 36. It is eeen that the

intersectlons are v€ry reasonable (the ti"o - R lntatEection le nearly

orthogonal) and the functions are relatively Eensitive to axial ratio.

Houev€rr expeaimental determination of O!,ed requlree of couDa€ knouladge

of the auollan molscular volume in eofutiln (equatlon 106). This ean b6

conveniently 6limin€ted hou€uer in tha standard uray by combining (10e)

either uith the vlscoelty lncrement (8) or the translational frictional

Eatto (20b). If for example (tOe) iB comblnsd ulth the viscosity increnent

(8), srrrelling independent 6* functions are produced (Tablee 12, 13, Figure

5 ? ) :

6 t=6e l "d ,= t r [ * ] t . , " "

( toe1

uhere [n] ie €xpr€esed in m/gm. Alternatively, ei"o can be combined

ulth the tranElational frictlonal mtio (20b) to glve errrelling indBp€ndent

y+ funct ion€ (Programe 1r2r4, Figure 38):

,  ^ 3  M 3 r t - i o ) 3 0 .
v = <a_ --  l - : - t- - l  \ f  , /  -  

2 7  N  -  k T  r z n  z s 3
o A o

( rog )

The 6.r- and ya functions ale nerrr. Th6 6- functiong are peeferred oves the
:

Y+ functions since they Dequire feuer experimentaL measurenonts .and do not

involve Equared os cubed terrns; hence in principle can be meaauled more



1 0 1  .

accurately. It is seen thecefore that combination of ths R-function

rrlith the 6.. functions ae a method for determining a unique solution for

the axial ratios (and henca the axial dimensions, if V. iB knoun from

krr/k. - section 1.?.1) o? a macromolecule in solution eatisfies the

cr l ter ia ( i ) ,  ( i i )  and ( iv)  of  sect ion 3.3.1.  In osd€D for the method to

satisfy critelion (lli) horueverl there etill ramainE the problem of

resolving the gxponential decay term lnto its 2 component reLaxation times

or decay eonetante (the sane is true of couree for thE elgd ana .1*

functionE). To date thls hae not b66n po€sib1e. Ue norrl Ehorrr that rrrith

a neu I conEtrained I leaEt squales algorithm uaing intersection tith thB

R-curve ae the constraint, this is nou poeslblg rrrlth currsntly available

experimental peecision.
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182.

Ualu€s of reduc€d apecific viscosity for vapious conc8ntrations

of sperm uhale myoglobin (O.t t ' t  HaCl buffer,  pH = ?.1)

Concentration, c

(mg,/nr )

90.2

66.1

E ? A

59.2

40,?

34.4

z n a

Z i  .O

Z J . Z

' t  s.3

9 . 7

8 . 1

1 .450

1 .298

1 , 2 2 4

1 .215

1  . 1 6 3

1 . 1 3 8

1 . 1 1 6

1  .1 ' t  5

1 .084

1 .055

1 . 0 3 4

'1.028

n / csp'
(mlrlgm)

4.99

4 .20

4.29

? t la

3 .89

3.4?

? E N
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Fioure 27. Plot  of  reduced speci f ic v iscosi ty versus concentrat ion for

straight line is that due to a u€ight€d least squares fit
n'sD

f  
=  tnJ  ( l  +  knc )  uhe re  [1 ]  =3 .25  n I /gn  and  kn=5 .9  m l /gm.

treisht used ,'" ;;;;;;G+;;frffii; (conc. <40 melmr)

+ (conc. ;40 rnglml)
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Fiqure 28. Photograph of the apparatus u€ed for determining solution

densities and viscosities. Temperatures ueee kept constant

to !,ithin t 0.010 using a high precision Tounson - fllercer

eonstant temperature tank, r,rith a pump attachment to supply

the uater bath in the precis ion dansi ty mete!.  .These

temperatures couLd be monitored to rdthin I O.0O5o using

the platinum resistance tfierrnometer situated directly above

the density metas.
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Fiqure 29. Contour diaaram shouino curves of  constant v as a funct ion of

lhe semi-axial ratios a/b. b/c on lhe basis ol equation (88)
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@fC-99.. Plots of constant u and P in the (a/b. b/c) olane correspondina

to  a /b  =  1 .5 .  h / c  =  1 . s
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Fiouie 31 .  Plots of  constant v.  P. B and R. alLouj ina por t  1% ef,rop in

their  measured values. in the a/b.  b, /e plane correspondlno

lo  a /b  =  1 .5 .  b /e  =  1 .5
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Fioure 32. plots of  constant R and the rotat ional  relaxat ion t ims rat ios

ia the a/b. b/c olane ccrresoondine to a/b = 1.5. b/c = 1.5
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EiSS-!9,. Plols of constant fluopescenca snisotroDv relaxation time natios

in the a/b.  b/c olane corresoondino lo a/h = 1.5.  b, /c = 1.5
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Fioure 34. Plots of constant R. Y and A in the a/b. b/c plane correspondino

Eo a/b = '1 .5.  6/6 = 1.5
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Fioure 35. pLots of  constan! R. V and A ,  al louino for I  1% error in

their  measured values'  in the a/b.  b/c plane correspondino

to a/b = '1 .5.  h/c = 1.5

]rzit*
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Fioure 36. Plots of  constant n,  e] ."d and ored, al l 'o l r ing ror 1 1% error I 'n

1 R1 . 21 n

a /h  =  1 .5 .  a / c  =  1 . s
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Fioura 3?. Plots oi constant R, 6* and 6_, alLoriing for i 1F measured error

in R and i 2fi measured Braor i.n 6*r in the a/b, b/c plane
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@fg_gq. Plots of constant Rr y+ and y-r allouing for 11% rnsasured 6rror

in R and j 2fi measured error in y-r in lhe a/b, b/c plane
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