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Introduction 

A very warm welcome to our maths 

refresher course.  It has been 

specifically designed to prepare you for 

our courses and to allay any concerns 

that you may have about maths.  Most 

modules have a mathematical element 

for which a basic knowledge of 

mathematical principles is needed to 

understand and build upon during a 

module. 

This course comprises 5 main sections, 

each introducing an area of 

mathematics which is developed 

through explanation, worked example 

and further exercises for you to try. 

If you are keen on more practice then 

under Recommended further reading, 

there is a list of what chapters to look 

at in which recommended textbooks, 

there are also online materials 

available.  
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Trigonometry 

As surveyors and navigators, our work 

is devoted solely to the measurement of 

geometry through distances and angles. 

Trigonometry is the mathematics that 

we use to relate angles to distances and 

is therefore the most fundamental area 

of mathematics for our field. We expect 

that you are familiar with angular units 

(degrees, radians), all of the 

trigonometric functions (sin, cos, tan) 

and their identities and double- and 

half-angle formulae. 
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1. Trigonometric functions and properties 

Above is a right angled triangle.  

 

 

BC is the side opposite the angle . 

AC is the side adjacent to the angle . 

AB is the hypotenuse of the triangle. 

The trigonometric functions are given by the ratios of the lengths of 

these sides. If we call the length of the opposite O, the adjacent A 

and the hypotenuse H, then: 

A

O

H

A

H

O













tan

cos

sin

 

Where sin  is called the sine of , cos  is the cosine of  and tan  

is the tangent of . 

 

 

 

A 

B 

C 



opposite 

hypotenuse 

adjacent 
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Evaluating sine, cosine and tangent using a 

calculator 

sin , cos  and tan  can be evaluated using a calculator. Be 

aware that most calculators can be set to use angles in two forms: 

degrees and radians. Be sure your calculator is set to the form you 

are using. 

Sine, cosine and tangent of selected angles 

 sin  cos  tan  

0 0 1 0 

30 0·5 0·866 0·577 

45 0·707 0·707 1 

60 0·866 0·5 1·732 

90 1 0 undefined 

 

Properties of sine, cosine and tangent 

Below are the graphs of xy sin , xy cos  and xy tan . 
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Odd and even functions 

Sine and tangent are odd functions. Then: 

 

  



tantan

sinsin




 

Cosine is an even function. Then: 

   coscos   

Asymptotes of tangent function 

The tangent function is not defined at 90, 270, … These points are 

called asymptotes. 

Period 

Sine and cosine repeat every 360; they have a period of 360. That 

is: 

 

  



cos360cos

sin360sin




 

The tangent function has a period of 180. Then: 

   tan180tan   

Sine and cosine are called sinusoidal functions. The graph of sin  

passes through (0, 0). 

Angular frequency 

Below is the graph of  xy 2sin . 
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From this graph it is clear the period of sin(2x) is 180. That is, 

there are two cycles in 360. Indeed, for sin(x) there are  cycles 

in 360. The number  is the angular frequency. 

For an angular frequency of , the period is 360/. 

Amplitude 

Below is the graph of  xy sin3 .  

 

Notice that this has the same shape and period as sinx, but the 

maximum and minimum points of y  are now 3 and -3. For 

 sin4y  the maximum and minimum points of y  are 4 and -4. 

This „height‟ of the graph is called the amplitude, so the amplitude 

of the graph above is 3. 

Phase angles 

Below is the graph of   45sin xy . 

 

Notice that this is the same shape, period and amplitude as 

 xy sin  but is out of phase by 45 (that is, shifted 45 to the right). 

This angle 45 is called the phase angle. 

In general,   xy sin  has a phase angle of .  
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Notice that    xx cos90sin   

Secant, cosecant and cotangent 

In addition to sine, cosine and tangent, the following are three more 

trigonometric functions, the secant (sec), cosecant (cosec) and 

cotangent (cot) functions: 










tan

1
cot

sin

1
cosec

cos

1
sec







 

These definitions can be used to calculate the secant, cosecant and 

cotangent functions using a calculator which only has buttons for 

sine, cosine and tangent. E.g.: 

414·1
707·0

1

45sin

1
45cosec 


  

Worked example 

1. In the following triangle, one angle and the length of the 

hypotenuse are given. Calculate the remaining lengths. 

 

Since we know the hypotenuse and the angle 24, we can find the 

length of the side opposite the angle using the sine of 24. 

24 

 

opposite 
12 

adjacent 
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





24sin12

12
24sin

sin

O

O

H

O


 

The value of sin24 can be evaluated using a calculator. 

880·424sin12 O  

So the length of the side opposite the angle is 4·880. 

Similarly, the length of the side adjacent to the angle 24 is given 

by: 

963·1024cos12

12
24cos

cos







A

A

H

A


 

So the length of the adjacent side is 10·963. 

 

2. Suppose we want to know the height of a tower, shown in the 

figure below. 

24 

 

4·880 
12 

10·963 
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In this, the person is standing 10m from the base of the tower. 

They have used a surveying instrument to measure the angle from 

their line of sight to the top of the tower at 42. The height of the 

person measuring is 1·9m. How high is the tower? 

The figure above shows that the horizontal line of sight of the 

person, line of sight to the top of the tower and the side of the 

tower forms a right angled triangle. The horizontal line of sight of 

the person is the side adjacent to the angle 42. The side of the 

tower is the side opposite the angle 42. Then we know the ratio 

between these two sides is the tangent of the angle: 

o

o

mO

m

O

A

O

42tan10

10
42tan

tan







 

You can evaluate tan42 on a calculator. Multiplying this by 10 gives 

the length of O. 

mO 004·942tan10   

10m 

10m 

42 

tower 

1·9m 
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Adding the height of the surveyor gives the height of the tower 

dp) (1 9·10

904·10

9·1004·9height

m

m

mm







 

So the height of the tower is 10·9m. 

Exercises 

1. Calculate: 
a. sin90 

b. cos90 

c. tan15 

d. sin20 

e. cos35 

f. sin10 

g. tan60 

h. sin82 

i. cos45

2. For the following graph, write down the period and amplitude. 

From the period, calculate the angular frequency and write a 

formula for the graph. 

 

 

3. The angle to the top of a mast is measured to be 23 by 

surveying equipment which is 1·7m high from a distance of 

5m from the base of the mast. How tall is the mast (to 1 

decimal place)? 

4. The angle of elevation to a 12·2m high tower is measured 

from a point at ground level to be 34. How far away is the 

point from the tower (to 1 decimal place)? 

5. From the top of an 8·9m high tower, the angle from the 

vertical is measured to a point at ground level to be 22. How 

far away is that point from the base of the tower? 
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2. Circular measure and equivalence 

degree and radian 

Using degrees, a degree is 1/360 of a full circle. An alternative 

measure for angles is the radian.  

 

Above is a circle of radius r. If the arc length between the points A 

and B is also r, then the angle AOB, marked , is defined to be 1 

radian. If the length of the arc is 2r then the angle is 2 radians, etc. 

Since the arc length of the complete circle (circumference) is 2, it 

can be seen that 2 radians=360; so  radians=180. Then: 

 57·3degrees 
180
 radian  1


 

1 radian is sometimes written 1 rad or 1c, but commonly the symbol 

is omitted and this is simply written 1. Radians are often expressed 

as fractions of . 

Evaluating sine, cosine and tangent using a 

calculator 

sin, cos and tan can be evaluated using a calculator. Be aware 

that most calculators can be set to use angles in both degrees and 

radians. Be sure your calculator is set to the form you are using. 



r 

r 

r 

O  A 

B 
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Worked examples 

1. Convert 60 to radians. 

We have that  radians=180. Then: 

047·1
180

6060

180
1









 

So 60 is 1·047 radians. Notice also that: 

3dp) 1.047( 
3180

60

180
6060

180
1









 

So 60 can be expressed as /3 radians. This form is more 

precise (no rounding) and may be more convenient. 

2. Convert 3·5 radians to degrees. 






180
radian  1  

Then: 









535·200
630

180
5·3 radians 3·5




 

So 3·5 radians is 200·535. 

3. Convert 3/4 radians to degrees. 






180
radian  1  

Then: 
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









135180
4

3

180

4

3
 radians 

4

3





 

So 3/4 radians is 135. 

Exercises 

1. Convert the following angles to radians: 

a. 45 

b. 30 

c. 190 

d. 240 

e. 15 

f. 85 

g. 315 

h. 90 

i. 20

2. Convert the following from radians to degrees: 

a. /3 

b. 2 

c. /6 

d. 3/2 

e. /2 

f. 5 

g. 2.5 

h. /10 

i. 1.5

3. Calculate (angles in radians): 

a. sin/3 

b. cos/3 

c. tan3/4 

d. sin/2 

e. cos/2 

f. sin2 

g. tan2 

h. sin/6 

i. cos/6

 

3. Trig identities 

An identity is an equation that is true for all values of the variable. 

The following are commonly used trig identities. Note that 2sin  is 

a shorthand notation for  2sin . 







22

22

22

coseccot1

sec1tan

1cossin







 

Worked examples 

1. Write the following in terms of sin  and cos . 
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


2cot1

cosec


 

We have the following identities: 

 22 coseccot1   

So 









cosec

1

cosec

cosec

cot1

cosec
22




 

We know the following: 




sin

1
cosec   

So then, 









sin

cosec

1

cosec

cosec

cot1

cosec
22




 

2. Solve the following equation: 

3coscos2sin2 22    

We know that, for all values of : 

1cossin 22    

So 

2)cos(sin2 22    

Then 

1cos

3cos2

3cos)cos(sin2

3coscos2sin2

22

22

















 

We know cos =1 when =0.  
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Exercises 

1. Use the trig identities to write the following in terms of sin  

and cos  and simplify. 

a. 2sec  

b. 2cosec  

c.   2tan1cot   

d.    22222 cossin1tancossin   

e. 1
1sec

1
2




 

4. Sum and difference formulae 

The following identities are the sum and difference formulae: 

 

 

 

 

 

 
BA

BA
BA

BA

BA
BA

BABABA

BABABA

BABABA

BABABA

tantan1

tantan
tan

tantan1

tantan
tan

sinsincoscoscos

sinsincoscoscos

sincoscossinsin

sincoscossinsin



















 

Worked example 

Given two angles A and B, with  

25

7
cos

5

4
sin





B

A

 

calculate  BAsin  and  BAcos . 



 18 

Since  

hyp

opp
sin  

and using Pythagoras, we know 

22222 3445  adj  

So then 

·60
5

3
cos A  

Similarly, 

0·96
25

24
sin B  

Since we now have values for Asin , Acos , Bsin  and Bcos , we can 

now use the difference formulae.  

 

·3520
125

44

125

72

125

28

25

24

5

3

25

7

5

4

sincoscossinsin







 BABABA

  

And similarly, 

 

6.0
125

75

125

96

125

21

25

24

5

4

25

7

5

3

sinsincoscoscos







 BABABA
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Exercises 

1. Given that 
13

5
sin A  and 

17

15
cos B , find: 

a.  BA sin  

b.  BAsin  

c.  BAcos  

d.  BAcos  

e.  BAtan  

f.  BAtan  

5. Double angle identities 

The double angle identities are obtained from the sum and 

difference formulae by setting BA  . Then 

A

A
A

AA

AAA

2

2

tan1

tan2
2tan

sin212cos

cossin22sin








 

Worked example 

Given 6·0sin A  and 8·0cos A , find A2sin  and A2cos . 

From the double angle identies for sine and cosine, we have: 

28·06·021sin212cos

96·08·06·02cossin22sin

22 



AA

AAA
 

Given 6·0tan A , find A2tan . 

From the double angle identity for tangent, we have: 
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875·1
64·0

2·1

6·01

6·02

tan1

tan2
2tan

22










A

A
A  

Exercises 

1. Given  6·90sin A  and 8·20cos A , find: 

a. A2sin  

b. A2cos  

2. Given 
15

8
tan A , find A2tan . 

6. Inverse trig functions 

For the function ax sin , we can find x  by applying the inverse 

sine to a. On a calculator this is often marked 
1sin 
 or achieved by 

pressing "inv" then "sin". Remember to be aware whether your 

calculator is working in degrees or radians.  

x1sin 
 is also written 

1arcsin
. Remember that x1sin 

 does not 

mean   1
sin


x  or equivalently 

xsin

1
. 

The inverses of the trig functions are not functions, since the 

inverse of a value a , say, will have many possible values. For 

example, the inverse sine of 0·5 could be 
6


, 


2
6
 , 


2

6
 , etc.  

To obtain the inverse trig functions, we must restrict the range of 

these functions. So 

   

   

   oo

oo

oo

ffxxf

ffxxf

ffxxf

9090,
22

 range with ,tan

1800,0 range with ,cos

9090,
22

 range with ,sin

1

1

1


















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The values of the inverses of the trig functions that fall within these 

ranges are called the principal values. The values given by 

calculators are the principal values. 

Worked example 

Find the value of the functions   xxf 1sin ,   xxg 1cos  and 

  xxh 1tan   for 6·0x . 

Using a calculator, 

 

 

  dp) (3 540·06·0tan6·0

dp) (3 927·06·0cos6·0

dp) (3 644·06·0sin6·0

1

1

1











-h

g

f

 

Exercises 

1. Find the value of the functions   xxf 1sin  and 

  xxg 1cos  for the following values of x. 

a. 0·4 

b. 0·5 

c. -0·5 

d. 
2

1
 

e. 1 

f. 1·5 

g. 0 

h. -1 

7. Sine and cosine rules 

The sine and cosine rules are used when solving problems which 

involve triangles that are not right angled triangles (called oblique). 

The following diagram shows an oblique triangle with three angles 

A, B and C, and sides a, b and c. 
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With the sides and angles defined as in the diagram above, the sine 

rule is: 

C

c

B

b

A

a

sinsinsin
  

The cosine rule is: 

Cabbac cos2222   

Similarly, 

Abccba

Baccab

cos2

cos2

222

222




 

Worked examples 

1. Given the angles and lengths are known as marked in the 

diagram below, calculate the remaining angles and lengths. 

A 

B C 

a 

c b 
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The angle B can be found using the sine rule, since 

BB

b

A

a

sin

3

sin

34sin

4

sin






 

So 

dp) (3 796·24419·0sinB

dp) (3 419·0
4

34sin3
sin

sin

3

34sin

4

1- 









B

B

 

Since we now know 2 angles, and the angles in a triangle sum to 

180, we can calculate that C=180-(24·796+34)=121·203 (3 dp).  

Finally, we can calculate the length c using the sine rule again: 

d.p.) (3 118·6
34sin

203·121sin4

203·121sin34sin

4












c

c

 

2. Given the angles and lengths are known as marked in the 

diagram below, calculate the remaining angles and lengths. 

34 

B C 

4 

c 3 
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Since we do not know a pair of values for an angle and its opposite 

side, we cannot straight away apply the sine rule. Instead, we use 

the cosine rule to find the length of the side c. 

dp) (3 255·9

49cos34234

cos2

22

222





 Cabbac

 

Then we take the square root to find c, 

 dp) (3 042·3 255·9 c  

Then we find either and A or B using the sine rule. 

dp) (3 905·82992·0sinB

dp) (3 992·0
042·3

49sin4
sin

sin

4

49sin

042·3

1- 









A

A

 

And finally, A can be found since the angles in a triangle sum to 

180. 

A=180-(49+82·905)=48·095 (3 dp). 

We can check the value for A using the sine rule, 

A 

B 
49 

 
4 

c 3 
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dp) 48·095(3 744·0sinB

dp) (3 744·0
042·3

49sin3
sin

sin

3

49sin

042·3

1- 









B

B

 

3. A building has a flagpole on top of height 5m. From a point on 

the ground the angles to the top and bottom of the flagpole are 51 

and 47, respectively. Calculate the height of the building. 

The situation is detailed in the diagram below. 

 

Since the angle from the point on the ground between the flagpole 

top and the horizontal is 51 and the larger triangle between the top 

of the flagpole, the point on the ground and the base of the building 

is a right angled triangle, we know that the remaining angle in this 

triangle is 39.  

For the smaller, oblique triangle we now have 2 angles and the 

length of a side (the flagpole). The two angles tell us the remaining 

angle must be 137. We can apply the sine rule to find the length 

marked a on the diagram. 

47 

building 

4 

5m 

39 

a 
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dp) (2 88·48
4sin

5
137sin

4sin

5

137sin











m
a

ma

  

This length, a, is the hypotenuse of the larger right angled triangle. 

The relevant information can now be expressed as in the following 

diagram. 

 

Then o, the height of the building, is given by 

dp) (2 99·3751sin88·48 o  

Subtracting the height of the flagpole, 5m, we have the height of 

the building as 32·99m (2 dp). 

Exercises 

 

A 

B C 

a 

c b 

51 

 

o 
48·88 



 27 

1. Given the angles and lengths as labelled in the above 

diagram, for each of the following calculate the missing values 

(angles or lengths): 

a. A=30, a=5, b=3 

b. B=67, a=4, c=6 

c. B=45, C=56, c=6 

d. C=54, a=4, b=3 

e. A=56, C=27, a=3 

f. B=34, a=4, b=8 
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Differentiation 

The best solution of a set of equations 

usually comes from finding the location 

where the errors are at a minimum. To 

find the minima of any set of equations 

we can use calculus. We expect that 

you will be familiar with differential 

calculus, ordinary and partial, and the 

rules regarding the derivatives of 

different types of functions, their 

multiples and ratios, and the Chain 

Rule. You should also understand how 

differentiation is used to calculate the 

minima and maxima of curves and 

surfaces. The expansion of a function 

using a Taylor Series is also needed. 
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1. What is differentiation? 

Gradient to a curve 

In the figure below points A and B have been joined by a straight 

line, known as a secant. 

 

In the figure below points A and B have moved closer, so the secant 

is closer to the curve. 

 
x 

y 

A 

B 

x 

y 

A 

B 
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Imagine continuing to move the secant until A and B coincide. This 

line is called the tangent to the curve at A, shown below. 

 

The gradient to the curve at A is the gradient of the tangent line at 

A. The steeper this gradient is at A then the greater the rate of 

change of the function is at that point. If the gradient is negative 

(i.e. sloping downwards from left to right) then the function is 

decreasing at A. For this reason the gradient is also called the 

instantaneous rate of change of the curve at A.  

x 

y 

A 



 31 

Worked example 

Draw the tangents on the following curve at the points A, B and C 

and say whether the gradient at each point is positive or negative. 

 

Solution: draw the tangents by eye. 

 

From this, the gradient at A and C is positive and the gradient at B 

is negative. Notice the gradient at A is greater than the gradient at 

C and this means the curve is increasing more rapidly (i.e. steeper) 

at A than at C.  

x 

y 

A 

B 

C 

x 

y 

A 

B 

C 
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Finding the gradient at a point 

Consider the graph of   2xxf   and two points on that function A 

and B. Place A at the point ax   and B at the point aax  , 

where a  represents a small change in a .  

 

The gradient of the secant that joins A and B is the amount which 

the y value increases when the x value increases by 1. This can be 

calculated by the difference in the y values divided by the difference 

in the x values. 

The y value at A is 
2a  and at B is  2aa  . Then the gradient is 

given by: 

x 

y = x2  

A 

B 

aa 
 

a  

 2
aa   

2a  
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 
 

aa

a

aaa

a

aaaaa

aaa

aaa






























2

2

2

sin x value difference

y valuesin  difference
gradient

2

222

22

 

We saw above that as A and B are placed closer, and ultimately in 

the same place, we approach the tangent to the curve at A. In this 

case A and B are separated by a . For A and B to move closer and 

ultimately coincide, a  must approach zero. As a  approaches zero 

(written 0a ), the gradient a2  at the point ax  .  

This means that for any point a on the curve   2xxf   the formula 

for finding the gradient at that point is a2 . This gives a function 

  xxf 2  from which we can find the gradient or instantaneous 

rate of change of   2xxf   at any point. This function is called the 

derivative of  xf  and the process for finding it is called 

differentiation. 

Differentiation 

For a function  xf , differentiation is concerned with finding a 

function which gives the instantaneous rate of change of  xf  at 

any point.  

For a function  xf , to differentiate  xf  with respect to x  gives 

the rate of change of  xf  with respect to x . This is called the 

derivative of  xf  with respect to x and is written as: 

 
dx

xdf
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For example, if  tf  is a function used to determine the position of 

an object with respect to time, t , then the derivative of  tf  with 

respect to t  is the function that gives the rate of change of position, 

which is the speed of the object with respect to time.  

Graphically, differentiation can be regarded as the process of finding 

the gradient of a function at any given point.  

Notation 

Suppose: 

  23xxf   

And let  xfy  . 

The derivative of  xf  with respect to x can be written in the 

following ways: 

   
 xf

dx

xd

dx

dy

dx

xdf


23
 

Worked example 

If we take a function  tf  which represents the distance travelled 

by some object as 

  32ttf   

We know that the average speed over a time interval is given by: 

in time change

distancein  change

 takentime

covered distance
speed average   

We denote change using the symbol , so change in distance, f is 

given by f. So if the distance changes from 1d  to 2d  as the time 

changes from 1t  to 2t , then the average speed is given by: 

12

12speed average
tt

dd

t

f









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If we are interested in the speed of the object at t =0·5 we can look 

at the average speed for an interval which includes 0·5. Look at the 

average speed between 0 and 1: 

 

 

2
01

02
 

2121

0020

3

3











t

f

f

f





 

If we look at a smaller time interval, say from 0·25 to 0·75, we get: 

 

 

·6251
·250·750

·031250·843750

·84375075·021

03125·025·020

3

3











t

f

f

f





 

Taking an even smaller time interval, 0·45 to 0·55, gives: 

 

 

1·505
·450·550

·182250·332750

·33275055·021

18225·05·4020

3

3











t

f

f

f





 

Continuing this process we find the average speed tends to 1·5 as 

the interval decreases. Try it for e.g. the interval 0·49 to 0·51.  

In fact, we say the derivative is given as the limit of 
t

f




 as t  tends 

to 0: 

 










 t

f

dt

tdf

t 




lim

0

 

Second order differentiation 

Differentiating a function with respect to a variable is called first 

order differentiation. Differentiating the result of a first order 

derivative is called second order differentiation.  

Suppose: 

  23xxfy   
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Then the second derivative of  xfy   is noted as follows: 

   
 xf

dx

xd

dx

yd

dx

xfd


2

22

2

2

2

2 3
 

In the case of distance being differentiated to give the speed, the 

speed can be again differentiated to find the rate of change of 

speed, which is the acceleration.  

2. Derivatives 

For functions of the form: 

  nmxxf   

The derivative with respect to x  is given by: 

  1 nmnx
dx

xdf
 

Taking the case n =1 provides an interesting result (remembering 

x0 = 1):  

 

 
mxmmnx

x

xdf

mxmxxf

n

n





 01

1

1
 

So the derivative is the constantm . This is analogous to the 

gradient of a straight line ( mxy  ) being constant.  

Taking the derivative when n =0: 

 

 
00 11

0





 xmmnx
x

xdf

mxmxf

n
 

So the derivative (rate of change) of a constant function with 

respect to x  (e.g.   mxf  ) is zero. This is intuitive, since a 

constant function is not changing. 
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There follow some rules for finding derivatives of certain other types 

of function.  

Trig functions: 

 

 

 

 

 

 
x

dx

xdf

xxf

x
dx

xdf

xxf

x
dx

xdf

xxf

2sec

tan

sin

cos

cos

sin













 

e and the natural logarithm: 

 

 

 

 
xdx

xdf

xxxf

e
dx

xdf

exf

e

x

x

1

logln









 

Worked example 

1. Find the derivative of   43xxfy  , with respect to x . 

We know that for functions of this type: 

1 nmnx
dx

dy
 

Then, 

  33
4

1243
3

xx
dx

xd
  
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2. Find the second derivative of  
2

6x
xf  , with respect to x . 

First find the first order derivative with respect to x : 

  55

6

36
2

12
xx

dx

x
d

dx

xdf













  

Then differentiate this function again with respect to x  to find the 

second order derivative of  xf : 

    44
5

2

6
2

2

2

1553
32

xx
dx

xd

dx

x
d

dx

xfd













  

Addition and subtraction 

If a function  xf  involves more than one term in x  added 

together, then its derivative is the derivatives of each of the terms 

added together. So: 

     

     

     

     
dx

xdv

dx

xdu

dx

xdg

xvxuxg

dx

xdv

dx

xdu

dx

xdf

xvxuxf









 

E.g.: 

 

 

 
583

454

2

23





xx
dx

xdf

xxxxf
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Worked example 

1. If   xexxxxxf   cos3 33

7

5
, find 

 
dx

xdf
 

We differentiate each of the terms separately and sum them. 

 

 

 

  x
x

e
dx

ed

x
dx

xd

xx
dx

xd

xx

dx

xd

xx
dx

xd





































sin
cos

33

3

7

3

7

1553
3

413
3

3

5
1

3

73

7

44
5

 

Then: 

  xexx
x

x
dx

xdf
  sin3

3

7
15 4

3

5

4
 

Exercises 

1. For the following functions, find the derivative: 

a.   xxf sin3  

b.   xxxg 46 4   

c.   tetf 3  

d.   xxxxf 89315 47   

e.   rrrg cossin   

f.   xexxf 5cos   

2. For the following functions, find the second derivative with 

respect to x : 

a.   xxxg 46 4   

b.   xxf sin3  

c.   xxxxf 89315 47 
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3. Chain, product and quotient rules 

Chain rule 

The chain rule, or function-of-a-function rule, or differentiation by 

substitution, is used to differentiate functions that are made up of 

two or more simple functions, or composite functions.  

dx

du

du

dy

dx

dy
  

Worked examples 

1. Differentiate y , a function of x  given by: 

xx
y

3

1
2 

  

We let xxu 32   and substitute this into y  to give: 

xxu

u
u

y

3

1

2

1



 

 

Since y  and u  are now simple functions ( y is a function of u  and u  

is a function of x ) we can differentiate them using the rules given in 

section 2 above: 

 

32

3
222






x
dx

du

xxu
du

dy

 

Then we apply the chain rule: 

   
 22

22

3

32
323

xx

x
xxx

dx

du

du

dy

dx

dy







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2. Differentiate s , a function of t  given by: 

 23sin ts   

Using the substitution 
23tu   we get:  

23

sin

tu

us




 

Differentiating, we get: 

t
dt

du

u
du

ds

6

cos





 

And applying the chain rule gives: 

 23cos6 tt
dt

du

du

ds

dt

ds
  

3. Differentiate y , a function of t  given by: 

22

1


 tt eey  

Substituting 
2 tu , gives: 

3

1

3

3

2
2

2

2
2

2

t

e
et

dt

dy

t
dt

du

ee
du

dy

t
t

tu














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Product rule 

The product rule is used when the function to be differentiated is 

the product of two simple functions. 

If u  and v  are functions of x  and uvy  , then: 

dx

du
v

dx

dv
u

dx

dy
  

Worked examples 

1. Differentiate: 

tty sin2  

Let u  and v  be functions of t  so that: 

tv

tu

sin

2




 

Then: 

t
dt

dv

t
dt

du

uvy

cos

2







 

Then apply the product rule: 

tttt

tttt

dt

du
v

dt

dv
u

dt

dy

sin2cos

2sincos

2

2







 

2. Differentiate: 

xexy 52  
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Let: 

xev

xu

uvy







52  

Then: 

xe
dx

dv

x
dx

du



 410

 

Then apply the product rule: 

)102(102

102

4545

45

xxeexex

xeex

dx

du
v

dx

dv
u

dx

dy

xxx

xx







 

The quotient rule 

The quotient rule is used when the function to be differentiated is 

the quotient of two simple functions. 

If u  and v  are functions of x  and 
v

u
y  , then: 

2v

dx

dv
u

dx

du
v

dx

dy


  

Worked examples 

1. Differentiate: 

 5

cos
2 


x

x
y  
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Let: 

5

cos

2 





xv

xu

v

u
y

 

Then: 

x
dx

dv

x
dx

du

2

sin





 

Applying the quotient rule gives: 

       

 
 
 22

2

2

2

2

5

cos25sin

5

2cossin5

















x

xxxx

x

xxxx

v

dx

dv
u

dx

du
v

dx

dy

 

2. Differentiate: 

xeexxey xxx sin342 415    

Notice: 

x

xxx

e

xxx

xeexxey

sin342

sin342

415

415




 
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Let: 

xev

xxxu

v

u
y







sin342 415
 

Then: 

xe
dx

dv

xxx
dx

du



 cos13630 314

 

Applying the quotient rule gives: 

       
 

x

x

xx

e

xxxxxx

e

exxxxxxe

v

dx

dv
u

dx

du
v

dx

dy

cossin13634302

sin342cos13630

341415

2

415314

2











 

Exercises 

1. Differentiate: 

a. 
32 xew  

b.  teh sin  

c.  42xxy 

 

2. Differentiate: 

a.  345 52 xxxey x   

b. xxg cos3  

c.  ttk 3ln2

 

3. Differentiate: 

a. 
xe

xxx
y

345 52 
  

b. 
3

sin
2 


x

x
t  

c. 
 x

x
y

3sin

ln
  
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4. Max and min 

Stationary points 

If we have a graph of  xf , some function of x , then its gradient is 

given by  xf  . If   0 xf  then the gradient is positive and then 

 xf  is increasing. If   0 xf  then  xf  is decreasing. If   0 xf  

then the function is neither increasing nor decreasing and these 

points are called stationary points. At stationary points the gradient 

is parallel to the x -axis. 

 

A function f  has a stationary point at ax   if   0 af . 

Worked examples 

1. Find the stationary points of  

  xxxxf 36214 23   

Differentiating we obtain: 

  364212 2  xxxf  

The stationary points are where   0 xf . This gives: 

  0 xf  

  0 xf  

  0 xf  

  0 xf  

  0 xf  

x 

y y=  xf  
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0364212 2  xx  

This is a quadratic equation. Solving this we get: 

 
  322672

6726364212

2

22





xxxx

xxxx
 

So the stationary points are at 2x  and 
2

3
x . 

We can check this answer: 

 

     

036
2

3
42

2

3
12

2

3

0362422122

364212

2

2

2

































f

f

xxxf

 

2. Find the stationary points of g , a function of t , where: 

ttg  3

3

1
 

Differentiating gives: 

12  t
dt

dg
 

Putting this equal to zero gives the quadratic equation: 

11

1

01

2

2







t

t

t

 

So the stationary points are at 1t  and 1t . 
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Checking to confirm this: 

  011

1At t

011

1At t

1

2

2

2











dt

dg

dt

dg

t
dt

dg

 

Local maximum, local minimum and stationary 

points of inflection 

There are three kinds of stationary points: 

Local maximum: Those for which all points in the vicinity of ax  , 

   xfaf  . Then ax   is at the top of a curve. Note this is referred 

to as a local maximum since it does not need to be the maximum of 

the whole graph. When passing through a maximum the gradient 

changes from positive to negative. 

Local minimum: Those for which all points in the vicinity of bx  , 

   xfbf  . Then bx   is at the bottom of a curve. Again this is a 

local minimum as it is not necessarily the minimum of the whole 

graph. When passing through a minimum the gradient changes 

from positive to negative. 

Stationary point of inflection: Points at which the gradient is 

zero but which are neither a local maximum or local minimum are 

called stationary points of inflection. This can be thought of as when 

the curve comes to a stop but does not change direction, or when 

the curve crosses the tangent (which is parallel to the x -axis at a 

stationary point). When passing through a stationary point of 

inflection the gradient does not change sign. 

On the graph below, point A is a local maximum, point B is a local 

minimum and point C is a stationary point of inflection. 
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Worked example 

Find and classify the stationary points of: 

xxy 123   

First differentiate: 

 43123 22  xx
dx

dy
 

Solving the quadratic gives us the stationary points: 

 

2

4

043

2

2







x

x

x

 

So the stationary points are at 2x  and 2x . 

To classify this, we can examine the gradient in the vicinity of 2x  

and 2x . Start with 2x . 

We have confirmed above that there are no more stationary points 

with 2x , so look at ·52x  to discover the sign of the gradient 

below 2x . The gradient is given by: 

B 

A 

x 

y 

y=  xf  

C 
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  ·75612·523
2


dx

dy
 

So the gradient for 2x  is positive.  

For the interval between the stationary points, 22  x , take 

0x . Then: 

  121203
2


dx

dy
 

So the gradient for 22  x  is negative.  

Since the gradient has changed from positive to negative around 

2x , this stationary point is a local maximum. 

Now look at 2x . For 22  x  we know the gradient is negative. 

We have confirmed there are no more stationary points with 2x , 

so take ·52x .  

  ·75612·523
2


dx

dy
 

So the gradient for 2x  is positive.  

Since the gradient has changed from negative to positive around 

2x , this stationary point is a local minimum. 
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The following is a graph of xxy 123  . The local maximum at 

2x  and local minimum at 2x  should be clear. 
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Using second order differentiation 

Stationary points can be classified using second order 

differentiation. Just as the first order derivative,  xf  , gives the 

rate of change of a function  xf , so the second order derivative, 

 xf  , gives the rate of change of  xf  . This can be seen as the 

rate of change of the gradient of  xf .  

If ax   is a stationary point of  xf , the following rules can be 

followed: 

if   0 af  then ax   is a maximum; 

if   0 af  then ax   is a minimum. 

However, if   0 af  then the stationary point cannot be classified 

by this method. In this case looking at the sign of the gradient 

function either side of the stationary point will identify the point. 

Even though using second order differentiation only works when 

xxy 123   

x  
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  0 af  it is a much quicker method than calculating the gradient 

either side of the stationary point and so is a good starting point. 

Worked examples 

1. Find and classify the stationary points of: 

  xxxxf 453 23   

First find the stationary points using the first derivative: 

 

 
  353

1523

4563

2

2







xx

xx

xxxf

 

So the stationary points are at 5x  and 3x . 

Find the second order derivative: 

  66  xxf  

Then evaluate this for 5x  and 3x . 

 

   

  246363

246565

66







f

f

xxf

 

At 5x  the second order derivative is negative, so 5x  is a 

maximum.  

At 3x  the second order derivative is positive, so 3x  is a 

minimum. 
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A sketch of the graph illustrates this: 
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2. Find and classify the stationary points of: 

  512 3  xxf  

First identify the stationary points from the first order derivative. 

  236xxf   

036 2 x when 0x . So the single stationary point is at 0x . 

Now calculate the second order derivative: 

  xxf 72  

At 0x , 

  00720 f  

Since   00 f  we cannot classify 0x  using the second order 

derivative.  

Instead, examine the gradient  xf   around 0x , say at 1x  and 

1x . 

xxxy 453 23   

x  
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 

   

    361361

361361

36

2

2

2







f

f

xxf

 

Since the gradient is positive either side of the stationary point 

0x , this must be a stationary point of inflection. The graph of 

 xf   is given below. 
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Exercises 

1. Find and classify the stationary points of the following 

functions: 

a.   x
x

xxf 6
2

3 2
3   

b.   1224683 234  tttttg  

c.   43 xxxf   

x  

 xfy '  
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5. Taylor series, expansion, linearization 

The Taylor series is used to express a function as a power series. 

Then we can express complex functions in terms of simple 

polynomials, which can be easier to deal with. 

Higher order differentiation 

Higher order derivatives may be defined similarly to second order 

derivatives, i.e. the third order derivative is found by differentiating 

the second order derivative, etc. 

Higher order derivatives are denoted with increasing numbers of 

dashes (primes) after the f , or with a number as follows: 

   
    

      xf
dx

xd

dx

yd

dx

xfd

xfxf
dx

xd

dx

yd

dx

xfd

n

n

n

n

n

n

n





2

3

3

23

3

3

3

3

3

3

 

Taylor series  

If a function  xf  is smooth (that is, it can be differentiated as 

often as required) at ax  , then  xf  can be expressed as: 

       
 

 
     





 af
ax

af
ax

afaxafxf 3
32

!3!2
 

This is the Taylor series of  xf  about the point ax  . 

Worked examples 

1. Find the Taylor series expansion of  
x

xf



1

1
 about 0·5x .  

First find the value of  xf  at 0·5x : 

  2
5·01

1
5·0 


f  
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Then find the derivatives of  xf : 

 
 21

1

x
xf


 ,  

 31

2

x
xf


 , 

  
 4

3

1

!3

x
xf


 , ... 

Now find the values of these at 0·5x : 

 
   

42
5·0

1

5·01

1
5·0 2

22



f  

 
   

16!22
5·0

2

5·01

2
5·0 3

33



f  

  
   

96!32
5·0

!3

5·01

!3
5·0 4

44

3 


f , ... 

So the Taylor series expansion of  
x

xf



1

1
 about 0·5x  is: 

   
   

      













34232

4
3

3
2

2

5·025·025·022

!32
!3

5·0
!22

!2

5·0
25·02

xxx

xx
xxf

 

2. Find the Taylor series expansion of   xexf   about 2x .  

First find the value of  xf  at 2x : 

  dp) (3 389·72 2  ef  

Then find the derivatives of  xf : 

  xexf  ,   xexf  , 
   xexf 3

, ... 

Now find the values of these at 2x : 

       dp) (3 389·7222 23  efff  

So the Taylor series expansion of   xexf   about 2x  is: 
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 
   

 
   

 
   

























































6

2

2

2
21

!3

2

!2

2
21

!3

2

!2

2
2

32
2

32
2

2
3

2
2

22

xx
xe

xx
xe

e
x

e
x

exee x

 

Exercises 

1. Find the Taylor series expansions of the following: 

a.  
x

xf



2

1
 about 1x  

b.    xxf cos  about 2x  

c.    xxf ln  about 2x  

6. Partial differentiation 

Partial differentiation is the process of differentiating functions of 

more than one independent variable, e.g.  yxf , . (Note that 

differentiation involving functions of only one independent variable 

is called ordinary differentiation). 

Many natural phenomena lead to partial differential equations since 

they deal with functions of more than one dimension of space or of 

space and time. 

If we have a function  yxfz ,  then z  is a dependant variable and 

x  and y  are independent variables. As x  and y  change, z  

changes accordingly. Remember that with one independent variable 

the derivative with respect to that variable is the rate of change of 

the function with respect to that variable.  

With a function of two variables the partial derivatives are the rates 

of change of the function with respect to each of the independent 

variables. To calculate this we first fix y  and differentiate with 
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respect to x  (and so treat y  as a constant in the differentiation), 

then vice versa.  

The partial derivative of  yxfz ,  with respect to x  is written as: 

 yxf
x

z
x ,




 

The partial derivative of  yxfz ,  with respect to y  is written as: 

 yxf
y

z
y ,




 

Of course, a function of 3 independent variables would have 3 

partial derivatives, and so on. 

Second order partial differentiation 

In partial differentiation, as in ordinary differentiation, it is possible 

to take higher derivatives. The second order partial derivative of 

 yxfz ,  with respect to x  (holding y  constant) is denoted: 

 yxf
x

z
xx ,

2

2





 

Similarly, the second order partial derivative with respect to y  

(holding x  constant) is denoted: 

 yxf
y

z
yy ,

2

2





 

It is also possible to differentiate z  with respect to x  and then 

differentiate the result with respect to y . The result is a mixed 

derivative and is denoted: 

 yxf
xy

z

x

z

y
xy ,

2






















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Notice that since the differential operator,  , acts on the left, the 

order of the xy  is read from right to left ( x  then y ). However, 

the order is reversed for the alternative notation xyf .  

Similarly, the process of differentiating z  first with respect to y  

then x  results in a mixed derivative denoted: 

 yxf
yx

z

y

z

x
yx ,

2






















 

Worked examples 

1. Find the second order partial derivatives of   22, yxyxfz  . 

First find the first order partial derivative of z  with respect to x . To 

do this, we treat y  as a constant, so the function simply becomes a 

constant (
2y ) multiplied by 

2x . Then: 

22xy
x

z





 

Similarly, to find the first order partial derivative of z  with respect 

to y , we treat x  as a constant. Then: 

yx
y

z 22



 

To find the second order derivative of z  with respect to x , we 

differentiate the first order derivative of z  with respect to x , with 

respect to x . Then: 

  2
2

2

2

2
2

y
x

xy

x

z

xx

z



























 

Similarly, we find the second order derivative of z  with respect to 

y: 

  2
2

2

2

2
2

x
x

yx

x

z

xx

z



























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To find the mixed derivatives we take the first order derivative of z 

with respect to x  and differentiate this with respect to y , and vice 

versa. Thus: 

 
xy

y

xy

x

z

yxy

z
4

2 22



























 

And similarly: 

 
xy

x

yx

y

z

xyx

z
4

2 22



























 

2. Find the first order partial derivatives of   yxxyxfz sin, 2  . 

First find the first order partial derivative of z  with respect to x . To 

do so, we take y  to be a constant. Then ysin  is similarly constant 

and the term yxsin  is simply a constant multiplied by x . Then: 

yx
x

z
sin2 




 

Next, find the first order partial derivative of z  with respect to y . 

To do this we take x  as constant, so 
2x  is a constant term and 

yxsin  is a constant multiplied by ysin . Then: 

yx
y

z
cos




 

3. Find the second order partial derivatives of   32, xyyxyxfz  . 

First, find the first order partial derivatives: 

22

3

3

2

xyx
y

z

yxy
x

z










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Then differentiate these each with respect to x  and y  to find the 

second order partial derivatives: 

 

 

 

  2
222

2
32

22

2

2

3

2

2

32
3

32
2

6
3

2
2

yx
x

xyx

y

z

xyx

z

yx
y

yxy

x

z

yxy

z

xy
y

xyx

y

z

y
x

yxy

x

z










































































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3D surfaces: max and min  

We know two coordinates x  and y  can describe a point in 2-

dimensional space: 

 

In the same way, three coordinates, x , y  and z , can be used to 

describe a point in 3-dimensional space: 

 

z  

a  

 cba ,,  

c  

x  

b  

y  

y

 

a  

 ba,  b  

x  
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A function can have  xfy   where y  is a dependant variable 

determined by the independent variable x  (so as x varies so does 

y ), and this function can be plotted as a line on a 2D graph.  

In the same way, a function  yxfz ,  can be used to describe a 

surface in three dimensions: x , y  and z . In this case, z  is the 

dependant variable and will vary according to the values of the 

independent variables x  and y . This function can be plotted as a 

surface in 3D space. 

Here is an example of a 3D surface: 

 

Stationary points 

A surface described by the function  yxfz ,  has a stationary 

point at    bayx ,,   if   0, 



yxf

x

z
x  and   0, 




yxf

y

z
y  at this 

point. 

Worked example 

Find the stationary points of: 

   22,  yxxyyxfz  

Note that: 

    xyxyyxyxxyyxf 2222, 22   
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Now compute the first order partial derivatives: 

 

  xxyxyxf

yyxyyxf

y

x

24,

222,

2

2




 

The stationary points are when     0,,  yxfyxf yx . Looking at 

 yxfx , : 

    012222, 2  yxyyyxyyxf x  

This equation is satisfied when 0y  or 01  yx . 

Now look at  yxf y , : 

    02424, 2  yxxxxyxyxf y  

This equation is satisfied when 0x  or 024  yx . 

We need solutions for which both  yxfx ,  and  yxf y ,  are zero. We 

have found two equations for which  yxfx ,  is zero and two for 

which  yxf y ,  is zero. Thus, we have four points where both 

equations are zero: 

1. 
0

0





x

y
 

2. 
024

0





yx

y
 

3. 
0

01





x

yx
 

4. 
024

01





yx

yx
 

1 describes the point    0,0, yx  
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Looking at 2, we have 0y . Putting 0y  in the second equation 

gives: 

0220424  xxyx  

So this set of equations has its solution at the point    0,2, yx . 

Looking at 3, similarly putting 0x  in the first equation we have: 

01101  yyyx  

So we have the point    1,0, yx . 

Finally, 4 must be solved as a set of simultaneous equations: 

)2(024

)1(01





yx

yx
 

Taking (2)-(1) gives: 

)1()2(0130  y  

So 013 y , which gives 
3

1
y . Putting this back into (1) gives: 

0
3

2
1

3

1
 xx  

So 
3

2
x . This set of equations has the solution   










3

1
,

3

2
, yx . 

Thus,    22,  yxxyyxfz  has stationary points at: 

 0,0 ,  0,2 ,  1,0  and 








3

1
,

3

2
. 

Classifying stationary points 

A stationary point on the surface is either a local maximum, a local 

minimum or a saddle point. As with ordinary (2D) stationary points, 
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these can be classified using second order partial differentiation. For 

a point    bayx ,,  , let: 

      2,,, bafbafbafd xyyyxx   

Then: 

 If 0d  and   0, bafxx  then the point    bayx ,,   is a local 

minimum.  An example is shown below: 

 

 If 0d  and   0, bafxx  then the point    bayx ,,   is a local 

maximum.  An example is shown below: 

 

 If 0d  then the point    bayx ,,   is called a saddle point.  

An example is shown below: 
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However, if 0d  then the stationary point cannot be classified by 

this method. 

Worked example 

1. Find and classify the stationary points of: 

  22, yxyxfz   

First find the first order partial derivatives: 

 

  yyxf

xyxf

y

x

2,

2,




 

Now find points where     0,,  yxfyxf yx . Looking at  yxfx , : 

  02,  xyxfx  when 0x . 

Looking at  yxf y , : 

  02,  yyxf y  when 0y . 

So there is a single stationary point at    0,0, yx . 

To classify this stationary point we find the second order partial 

derivatives  yxf xx , ,  yxf yy ,  and  yxf xy , . The second order 

derivatives are found by differentiating the first order partial 

derivatives a second time: 

  2, yxfxx  

  2, yxf yy  

  0, yxf xy  

Now let: 
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      

     4022

,,,

2

2



 yxfyxfyxfd xyyyxx
 

Since 04d  and   020,0 xxf  then the point    0,0, yx  is a 

local minimum. 

2.Classify the stationary points of: 

    xyxyyxyxxyyxfz 2222, 22   

Above, we found the stationary points of this function were: 

 0,0 ,  0,2 ,  1,0  and 








3

1
,

3

2
. 

To classify these stationary points we find the second order partial 

derivatives  yxf xx , ,  yxf yy ,  and  yxf xy , . The first order partial 

derivatives were found above to be: 

 

  xxyxyxf

yyxyyxf

y

x

24,

222,

2

2




 

The second order derivatives are found by differentiating again: 

  yyxfxx 2,   

  xyxf yy 4,   

  242,  yxyxf xy  

Now let: 

      

    2

2

24242

,,,





yxxy

yxfyxfyxfd xyyyxx
 

Evaluate d  at each stationary point. 

At    0,0, yx : 
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    

    

4

20

204020402

24242

2

2

2







 yxxyd

 

04d , so    0,0, yx  is a saddle point. 

At    0,2, yx : 

    

    

 

36

240

204222402

24242

2

2

2







 yxxyd

 

036d , so    0,2, yx  is a saddle point. 

At    1,0, yx : 

    

    

 

4

20

214020412

24242

2

2

2







 yxxyd

 

04d , so    1,0, yx  is a saddle point. 

At   









3

1
,

3

2
, yx : 
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    

 

9

20

2
9

16

2
3

4

3

4

9

6

2
3

1
4

3

2
2

3

2
4

3

1
2

24242

2

2

2

2














































 yxxyd

 

0
9

20
d , so   










3

1
,

3

2
, yx  is a saddle point. 

Exercises 

1. For the following functions, find the first and second order 

partial derivative with respect to both variables: 

a.   xyyxfz sin,   

b.   24 46, xttxtxgy   

c.   424, txetxfh x   

2. Find and classify the stationary points for the following 

functions: 

a.    222, yxyxfz   

b.   22 2, yxyxfz   

c.    13,  yxxyyxfz  
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Integration 

Integration is a technique in calculus 

used to calculate areas and volumes. 

We expect you will be familiar with the 

principles of integration, integrals of 

some common functions. You should 

also understand how integration is used 

to calculate definite and indefinite 

integrals and areas under curves.  
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1. What is integration? 

Say we wish to find the area under a curve represented by a 

function  xfy  . That is, we wish to discover the area of the 

region bounded by  xfy  , the x -axis and two vertical lines ax   

and bx  . This is shown as the shaded area in the diagram below. 

 

We can estimate this area by dividing it up into a number of thin 

strips (rectangles) and summing the areas of these rectangles. This 

is shown in the diagram below. 

 

x  

y  
 xfy   

a  b  

x  

y  
 xfy   

a
a 

b  
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The sum of the areas of the grey rectangles approximates the area 

we are interested in. Let us say the rectangles have width x , 

where we use x  to mean a small change in x . 

Take the first strip. As x  increases to xx  , then for small x  we 

can assume    xxfxf  . Then the rectangles can be taken as 

being of height  xfy   and width x . Since the area of a rectangle 

is height multiplied by width, we say the area of each rectangle is 

xy . 

The area we are interested in is the sum of the areas of all the 

rectangles and is written as: 







bx

ax

xyA   

A  gives an approximation for the area under the curve. As the 

width of the rectangles becomes smaller (i.e. more strips are used), 

the approximation becomes better. If we let x  tend to zero the 

limit of this sum is called the definite integral and is denoted by: 

  




b

a

b

a

bx

axx

dxxfydxxy

lim

0

 

a  and b  are called the limits of integration.  

2. Integration as anti-differentiation 

Earlier, we used the analogy of speed and distance to explain 

differentiation. If we have a function  tx  which defines the position, 

x , with respect to time, t . Then we differentiate  tx  to give the 

rate of change of position, x , with respect to time, t , which is the 

speed.  

Similarly, given a function  tv , which gives the speed with respect 

to time, t , we can attempt to perform the reverse of differentiation 

to get back to position. This process is called integration and the 

position is then the integral of speed. 
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For a function  xf , to integrate  xf  with respect to x  gives the 

indefinite integral of  xf  with respect to x , which is written as: 

  dxxf  

Note that if  xF  is the integral of some function  xf  with respect 

to x , so that: 

    dxxfxF  

Then: 

 
 xf

dx

xdF
  

Worked example 

1. Integrate   2xxf   with respect to x . 

Take integration as the opposite of differentiation. Then we are 

looking for some function which will differentiate to give   2xxf  . 

Since in differentiation the power of x  reduces by one, in 

integration it increases by one. Then the answer must involve a 

term in 
3x . Try to differentiate 

3x . 

  2
3

3x
dx

xd
  

The result we are looking for is 
2x . Since the derivative of 

3x  is 3 

times 
2x , it is reasonable to assume that the integral of 

2x  is one 

third of 
3x . Then 

 
3

3
2 x
dxxdxxf    
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Try to differentiate this function to check the result: 

22

3

3
3

13
xx

dx

x
d













 

So we have found a function that differentiates to the function we 

were looking for. 

However, notice that there are other functions which differentiate to 

give this function also. For example, differentiate 2
3

3


x

: 

22

3

03
3

1
2

3
xx

dx

x
d














 

In fact, any function like c
x


3

3

, for any constant c , gives the same 

answer when differentiated, since a constant differentiated with 

respect to a variable such as x  gives zero. This arbitrary constant c  

is called the constant of integration and must be added to a function 

obtained through integration.  

Integrals of some common functions 

Taking integration as the opposite of differentiation, we can 

determine the integrals of some common functions. 

For functions of the form 

  nmxxf   

We have that 

  c
n

mx
dxxf

n







 1

1

 

Where c  is an arbitrary constant of integration. We saw above how 

the integral was used to determine the area under a curve between 
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two points. This formula means we have can find the indefinite 

integral for any function of the form   nmxxf  . By adding 

constants of integration a  and b  we can obtain the definite integral 

(the area under the curve between a  and b) for any such function. 

Following from this are the following two results, for the integral of 

a constant and of zero [The symbol   means "implies"]: 

 

 

 

  cdxxf

xf

cmxdxxf

mxf












0

 

Where c  is an arbitrary constant of integration.. 

For trig functions: 

 

 

 

  cxdxxf

xxf

cxdxxf

xxf













sin

cos

cos

sin

 

Remembering the chain rule, we have: 

   

 
 

   

 
 

c
a

bax
dxxf

baxxf

c
a

bax
dxxf

baxxf



















sin

cos

cos

sin
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e and the natural logarithm: 

 

 

 

  cxcxdxxf

x
xf

cedxxf

exf

e

x

x













logln

1  

Remembering the chain rule, we have: 

 

 

 

 
   

c
a

bax
c

a

bax
dxxf

bax
xf

c
a

e
dxxf

exf

e

bax

bax























logln

1  

Where c  is an arbitrary constant of integration. 

Finding the constant of integration 

We can find the constant of integration if further information is 

given, for instance if we know the coordinates of a point through 

which the integral passes. 

Worked example 

Find the equation of the curve of  xfy  , which passes through 

the point    5,3, yx  and for which the gradient at any point is 

given by: 

24x
dx

dy
  

First find the indefinite integral: 

  c
x

dxxxf  
3

4
4

3
2
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Now we have a formulae for  xfy   which gives y  for any value 

of x . We know that at 3x , 5y . Thus: 

 

  ccf

c
x

xf








36
3

24
53

3

4

3

3

 

So we know c365 , therefore 31c . So the equation for the 

curve is  

  31
3

4 3


x

xfy  

Exercises 

1. Find the following indefinite integrals: 

a.    dxx 512  

b.    dxxx 32 86  

c.   dxx3sin  

d.    dxx 36cos12  

e. 
 dxe x 22

 

f.  
dx

x 46

1
 

2. The curve  xfy   passes through    12,2, yx  and the 

gradient at any point is given by x
dx

dy
5 . Find the equation 

for the curve.  

3. The curve  xfy   passes through   







 5.0,

2
,


yx  and the 

gradient at any point is given by  x
dx

dy
3cos6 . Find the 

equation for the curve.
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3. Areas under curves 

As we saw above, integration can be used to find the area under a 

curve of a given function. Using the techniques of integration we 

have learned we can calculate such an area. 

Definite and indefinite integrals 

Previously were some methods for finding the indefinite integral of a 

function  xf . That is, a formula for calculating the integral over 

any range, the indefinite integral.  

An integral which relates to a particular range of values has a 

definite value, since we can use the formula for the indefinite 

integral to calculate this value. For the definite integral from ax   

to b, we write: 

 
b

a

dxxf  

And this is calculated by subtracting the value of the integral at a  

from the value at b . If: 

    dxxfxF  

Then: 

        aFbFxFdxxf
b

a

b

a

  

Worked examples 

1. Calculate the definite integral: 

  
3

2

2 3 dxxx  

First integrate to find the indefinite integral. 
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    c
xx

dxxxxF  
2

3

3
3

23
2

 

Notice we have remembered to include the constant of integration 

c .  

Now take the values of  xF  at 3x  and 2x  (the range 

required).  

 

 

  cccF

ccF

c
xx

xF













67.8
3

26

2

23

3

2
2

5.22
2

33

3

3
3

2

3

3

23

23

23

 

Now subtract  2F from  3F  to get the integral over that range.  

     

   

(2dp) 83.13

67.85.22

67.85.22

23
2

3

3
3

3

2

233

2

2

















cc

cc

FFc
xx

dxxx

 

Notice the constant of integration, c , is present in both  3F  and 

 2F  and so cancels out.  

2. Calculate the definite integral: 

 



4

4

13cos4





dxx  

First integrate to find the indefinite integral. 

      cxdxxxF   13sin
3

4
13cos4  
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So 

   
4

4

4

4

13sin
3

4
13cos4







 










 cxdxx  

Now take the values of  xF  at 
4


x  and 

4


x  (the range 

required).  

   

ccF

ccF

cxxF








































303.11
4

3sin
3

4

4

284.01
4

3sin
3

4

4

13sin
3

4




 

So 

    dp) (3 019.1303.1284.013sin
3

4 4

4













cccx




 

Exercises 

1. Find the following definite integrals: 

a. 
1

0

38 dxx  

b.   
6

3

2 52 dxx  

c.  


2

4

2sin12





dxx  

d.   
2

1

53cos5 dxx  

e. 
2

5.1

3 dxe x
 

f. 




2

1
25

5
dx

x
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Matrices 

Having made a number of distance and 

angle measurements, we usually wish 

to combine our measurements and find 

the position of the target we are 

observing. This is usually performed 

using Matrix Algebra which is a method 

by which many equations can be 

condensed into one equation which is, 

then, easily solved. We expect that you 

will be familiar with matrices and how 

they can be used to solve systems of 

simultaneous equations. You must also 

be happy with matrix and vector 

notation. 
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1. Terminology 

A matrix is a rectangular array of values. The following is the 

notation used for: 

 A 2x2 matrix: A 3x2 matrix: 

 
rows 2 

columns 2

26

05
















 
rows 3 

columns 2

41

34

21



























 

An m  by n  matrix has m  rows and n  columns. The notation for this 

is: 

m

n

aaa

aaa

aaa

mnmm

n

n

 row 

2 row 

1 row 

 col2 col1 col

21

22221

11211







































 

The entries of this matrix, 11a , 12a , etc. are read “a  one one”, “a 

one two”, etc. So then ija  (“a eye jay”) is the entry in the i th row 

and j th column of the matrix.  

Matrices are often denoted by capital letters. So the matrix A  could 

be: 



















41

34

21

A  

A matrix with one column is called a column vector. Vectors are 

often used to denote a property with multiple components, for 

instance the distance and direction components of position or the 
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speed and direction components of velocity. Vectors are often 

denoted with a lower case bold letter. Below, a  is a vector. 



















3

1

2

a  

2. Simple matrix algebra – addition, 

subtraction, multiplication  

Equality 

Two matrices A  and B  are equal if they meet the following two 

conditions: 

1. A  and B  have the same number of rows (say, m ) and 

columns (say, n ); 

2. All the corresponding entries are equal (say, ijij ba   for all 

i =1 to m  and j =1 to n ). 

So the following are a pair of matrices that are equal 



































41

34

21

41

34

21

 

While the following are examples of matrices that are not equal. 



























432

141

41

34

21

 



































14

43

12

41

34

21

  



































041

034

021

41

34

21

 





































00

41

34

21

41

34

21
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Addition and subtraction 

If two matrices have the same number of rows and the same 

number of columns they can be added or subtracted by adding or 

subtracting the corresponding entries. So for general 2x2 matrices: 

   

   

   

   




























































22222121

12121111

2221

1211

2221

1211

22222121

12121111

2221

1211

2221

1211

baba

baba

bb

bb

aa

aa

baba

baba

bb

bb

aa

aa

 

Worked examples 

1.  





















































102

57

75

61

23

54

41

34

21

 

2.  

































 



















11641

5618

2735

5624

5613

712

6017

05

3423

 

3. 








 



















11

33

23

54

34

21
 

4. 





















 










4568

74111

565613

24712

6005

173423
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Scalar multiplication 

To multiply a matrix by a number (scalar), c , multiply every value 

in the matrix by c . Then: 



















2221

1211

2221

1211

caca

caca

aa

aa
c  

This process can be used in reverse to simplify a matrix by 

removing a common factor. 

Worked examples 

1. Multiply the following: 



















612

03

24

01
3  

2. Extract a common factor from the matrix: 



































621

131

242

6

36126

6186

122412

 

Matrix multiplication 

If matrices A  and B  are to be multiplied then matrix A  must have 

the same number of columns as matrix B  has rows.  

Then the product AB  can be calculated according to the following 

rule: 

     

     




























232213212222122121221121

231213112212121121121111

232221

131211

2221

1211

babababababa

babababababa

bbb

bbb

aa

aa
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Worked example 

1. Calculate ABC  , where: 











24

51
A , 










62

43
B  

First, check the number of columns for A  and the number of rows 

for B  are equal. Both are equal to 2. 

Then apply the rule: 




























2221

1211

62

43

24

51

cc

cc
C  

To calculate the value of 11c , outline the relevant column and row as 

follows: 

 

So 13253111 c  

Similarly: 









































2816

3413

62442234

65412531

62

43

24

51
C  

Note that for matrix multiplication, BAAB   in general. For 

example notice that DBAABC   in: 























































2226

2319

24

51

62

43

2816

3413

62

43

24

51

D

C

 


















62

43

24

51
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2. Calculate ABC  , where: 











053

1025
A , 



















102

21

32

B  

First, check the number of columns for A  and the number of rows 

for B  are equal. Both are equal to 3. Then perform the calculation 

row by row and column by column: 



















































1911

11932

1002533201523

101022352101225

102

21

32

053

1025
C

 

Exercises 

1. For the following matrices A  and B , calculate A + B, A – B, AB 

and BA: 

 

a. 


















22

01
,

41

23
BA  

b. 


















50

47
,

21

34
BA  

c. 


















61

51
,

71

52
BA  

d. 




















13

45
,

31

24
BA  
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e. 





































652

371

343

,

941

253

124

BA  

f. 





































501

434

102

,

712

652

013

BA  

2. Calculate the following matrix multiplications: 

a. 


























23

41

25

043

250
 

b. 
















5

1

23

65
 

c. 


























1

7

6

310

235
 

d. 


























137

341

262

413

627
 

3. Simultaneous equations expressed as 

matrices 

The following are a set of simultaneous equations: 

qdycx

pbyax




 

In these, x  and y  are the same variables in each equation, and a 

solution to the system of simultaneous equations is a pair of values 

x  and y  which satisfy both equations. 
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This relationship can be expressed in matrix form. Let: 































q

p

y

x

dc

ba
M

c

x  

Then: 





























q

p

y

x

dc

ba

M cx

 

Using matrix multiplication we know that p  and q  are given by: 

 

A set of 3 simultaneous equations can be expressed similarly: 

rizhygx

qfzeydx

pczbyax







 

This set yields the following matrix equation: 



















































r

q

p

z

y

x

ihg

fed

cba

 








































q

p

dycx

byax

y

x

dc

ba
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Worked example 

The following are a set of simultaneous equations. 

232

4534





yx

yx
 

These can be expressed as matrices. Let: 































23

45

21

34

c

x
y

x

M

 

Then: 





























23

45

21

34

y

x

M cx

 

The solution of this set of simultaneous equations is now a problem 

of finding the column vector x  which satisfies the matrix equation. 

To do this, we must learn about matrix inversion. 

Exercises 

1. Express the following sets of simultaneous equations as matrices 

(but do not solve them): 

a. 
429

2934





yx

yx
 

b. 

2223

428
2

1





yx

yx
 

c. 

4224

33

62







zyx

zy

zyx

 

d. 

3228

22

113







zx

zy

yx
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4. Determinants and matrix inversion 

Transpose of a matrix 

Given a matrix A : 











2221

1211

aa

aa
A  

The transpose of A , written 
TA , is formed by writing the rows as 

columns, which can be thought of as reflecting the diagonal from 

top left to bottom right. Thus,   ji

T

ij mm  , and 
TA  is given by: 




















2212

2111

2221

1211

aa

aa

aa

aa
A

T

T
 

For a 3x3 matrix the process is equivalent: 



































332313

322212

312111

333231

232221

131211

aaa

aaa

aaa

aaa

aaa

aaa
T

 

Worked examples 

1. Find the transpose of A : 











41

23
A  

Reflect along the top left to bottom right diagonal: 

 




















42

13

41

23
T

TA  



 93 

2. Find the transpose of B : 



















501

272

463

B  

Again, reflecting along the main diagonal: 

 

Determinants of 2x2 matrices 

Given a matrix A : 











dc

ba
A  

The determinant of A , written Adet  or using straight bars instead 

of square brackets, is given by: 

bcad
dc

ba
A det  

Worked example 

Find the determinant of the matrix A : 











52

43
A  

72453
52

43
det A  

The determinant of A  is 7.  





































524

076

123

501

272

463
T

TB  
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Minors and cofactors 

Each element of a matrix has associated with it a number, called its 

minor. The minor of ijm  is the determinant of the matrix that 

remains if row i  and column j  are removed from Mdet , and is 

written ijM . 

If: 



















333231

232221

131211

mmm

mmm

mmm

M  

For 11m  we reduce Mdet  to 11M : 

 

To find 23M  we reduce Mdet  to: 

 

To calculate the cofactors of M  we must create for M  a sign 

pattern as follows: 







M  

So the sign associated with ijm  is   ji
1  (effectively, if ji   is even 

then the sign is positive, if ji   is odd then the sign is negative). 

3231

1211

333231

232221

131211

mm

mm

mmm

mmm

mmm

  

3332

2322

333231

232221

131211

mm

mm

mmm

mmm

mmm

  
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The cofactor of  ijm  is given by   ij

ji
M


1 . Thus, the matrix of 

cofactors of M  is: 

     

     

     























































2221

1211

2321

1311

2322

1312

3231

1211

3331

1311

3332

1312

3231

2221

3331

2321

3332

2322

33

6

32

5

31

4

23

5

22

4

21

3

13

4

12

3

11

2

111

111

111

mm

mm

mm

mm

mm

mm

mm

mm

mm

mm

mm

mm

mm

mm

mm

mm

mm

mm

MMM

MMM

MMM

 

Worked example 

Find the matrix of cofactors of A : 



















501

272

463

A  

First find the minors. For the top left element, 3, we reduce Adet  to: 

 

To obtain the matrix of cofactors, repeat this process for each 

element, and apply the sign pattern: 







 

So the matrix of cofactors of A  is: 

350257
50

27

501

272

463

  
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     

     

     















































































9216

61130

7835

267324237426

160314530456

170212520257

72

63

22

43

27

46

01

63

51

43

50

46

01

72

51

22

50

27

 

The adjoint matrix 

The adjoint matrix of M  is the transposed matrix of cofactors of 

M , written MAdj . 

If: 



















333231

232221

131211

mmm

mmm

mmm

M  

Then MAdj  is given by: 





































332313

322212

312111

333231

232221

131211

Adj

MMM

MMM

MMM

MMM

MMM

MMM

M

T

 

Worked example 

For A : 



















501

272

463

A  
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Find AAdj . 

From the previous example we know that the matrix of cofactors of 

A  is: 























9216

61130

7835

 

Thus: 

















































967

2118

163035

9216

61130

7835

Adj

T

A  

Determinants of 3x3 matrices 

3x3 determinants can be evaluated in terms of 2x2 determinants. If 

M  is a 3x3 matrix: 



















333231

232221

131211

mmm

mmm

mmm

M  

Then the determinant is 

333231

232221

131211

det

mmm

mmm

mmm

M   

Using the matrix of cofactors the following formula is used to 

calculate the determinant: 

3231

2221

13

3331

2321

12

3332

2322

11det
mm

mm
m

mm

mm
m

mm

mm
mM   

We have moved along row 1 of M  and multiplied jm1  by the 

corresponding cofactor,   j

j
M1

1
1


 . 
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It is possible to calculate the determinant by expanding along any 

row or column, not just the first row. The process is the same, 

remembering to pay attention to the signs. For example, expanding 

along the second row:  

3231

1211

23

3331

1311

22

3332

1312

21det
mm

mm
m

mm

mm
m

mm

mm
mM   

Equally, expanding down the third column: 

2221

1211

33

3231

1211

23

3231

2221

13det
mm

mm
m

mm

mm
m

mm

mm
mM   

Expanding along different rows or columns can make the calculation 

easier. For instance, if one or more of the matrix elements are zero 

(e.g. 00
3231

2221


mm

mm
). 

Worked example 

Find the determinant of A : 



















803

562

417

A  

There is a zero in the third row on the second column. The 

calculation will be simplified if we expand along the third row or the 

second column. Choose the third row. 

Start with the first element on the third row, 3. Removing the 

corresponding row and column leaves: 

 

56

41

803

562

417

  
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Now move to the second element on the third row. Again, deleting 

the corresponding rows and columns leaves: 

 

Finally, do the same with the third element on the third row: 

 

Then: 

   

263

21678064513

62

17
8

52

47
0

56

41
3

803

562

417

det







A

 

The determinant of A  is 263. 

The identity matrix 

The identity matrix, I has the property that IM=MI=M for any 

matrix M. The 2x2 identity matrix is: 











10

01
I  

62

17

803

562

417

  

52

47

803

562

417

  
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The 3x3 identity matrix is: 



















100

010

001

I  

The identity matrix I is similar to the number 1 in numeric algebra, 

where xxx  11 .  

Worked example 








































24

51

12040214

15010511

10

01

24

51
 

Inversion 

For a matrix M , provided 0det M , M  has an inverse, 
1M , with 

the property: 

IMMMM   11
 

Inverse of 2x2 matrices 

For a matrix M  with: 











dc

ba
M  

The inverse of M  can be found by calculating the determinant and, 

if this is non-zero, applying the following formula: 















ac

bd

M
M

det

11
 

The following proof of this might be a helpful way to remember this 

arrangement. Take: 
















































bcad

bcad

dabcdccd

baabbcad

ac

bd

dc

ba

0

0
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Remember that bcad   is the formula for calculating the 

determinant, so divide by the Mdet  to get the identity matrix I . 

I
M

M

Mac

bd

dc

ba

M































det0

0det

det

1

det

1
 

Worked example 

Find the inverse of the matrix A : 











41

23
A  

First calculate the determinant: 

101243
41

23
det A  

So an inverse exists, and is given by: 















31

24

10

11A  

Check this: 
































10

01

31

24

41

23

10

11AA  

So 
1AA  gives the identity matrix, as expected. 

Inverse of 3x3 matrices 

The inverse of a 3x3 matrix M  can be found by calculating the 

determinant and, if this is non-zero, applying the following formula: 

M
M

M Adj
det

11 
 

Worked example 

Find the inverse of A : 
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

















501

272

463

A  

From a previous example, we know the matrix of cofactors of A  is  























9216

61130

7835

 

Therefore we can apply the formula to find Adet  (using the third 

row, since this has a zero): 

  299520161det A  

Since the determinant is not zero, we know A  has an inverse.  

From a previous example (or transposing the matrix of cofactors 

above), we know AAdj : 

























967

2118

163035

Adj A  

Thus the inverse is given by: 

























967

2118

163035

29

1
Adj

det

11 A
A

A  

To be sure, check that: 

























































100

010

001

967

2118

163035

501

272

463

29

1
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Exercises 

1. For the following matrices A  and B , calculate the following: 

1

1

det

det





B

A

B

A

B

A

T

T

 

a. 


















22

01
,

41

23
BA  

b. 


















50

47
,

21

34
BA  

c. 


















61

51
,

71

52
BA  

d. 




















13

45
,

31

24
BA  

e. 





































652

371

343

,

941

253

124

BA  

f. 





































501

434

102

,

712

652

013

BA  
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5. Solution of simultaneous equations 

using matrices 

The following is a set of simultaneous equations: 

qdycx

pbyax




 

In these, x  and y  are the same variables in each equation, and a 

solution to the system of simultaneous equations is a pair of values 

x  and y  which satisfy both equations. 

This relationship can be expressed in matrix form. Let: 































q

p

y

x

dc

ba
M

c

x  

Then: 





























q

p

y

x

dc

ba

M cx

 

If M  has an inverse, then multiplying both sides by 
1M  gives: 

cx

cx

cx

1

1

11













M

MI

MMM

 

So the solution for x  can be found using matrices. 
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Worked examples 

1. Solve the following simultaneous equations by matrix methods: 

1652

2163





yx

yx
 

This system can be written in matrix form as: 



























16

21

52

63

y

x
 

Thus: 




























16

21

52

63
1

y

x
 

First, find the determinant of the matrix: 

32653
52

63
  

Then invert the matrix: 
























32

65

3

1

52

63
1

 

Use this to find the solution: 

















































2

3

6

9

3

1

16

21

32

65

3

1

y

x
 

So the solution is 2 ,3  yx . Check this to confirm: 

16253252

21263363





yx

yx
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2. Solve the following simultaneous equations by matrix methods: 

632

2644

32326







yx

zyx

zyx

 

This system can be written in matrix form as: 

























































6

26

32

032

144

326

z

y

x

 

Thus: 






















































6

26

32

032

144

326
1

z

y

x

 

First, find the determinant of the matrix: 

 

     

825428

04316343122

44

26
0

14

36
3

14

32
2

032

144

326

















 

Calculate the matrix of cofactors: 










































































161814

2269

2023

44

26

14

36

14

32

32

26

02

36

03

32

32

44

02

14

03

14
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Then invert the matrix: 




































































162220

1862

1493

82

1

162220

1862

1493

82

1

032

144

326
1

 

Then: 

























































































2

4

3

164

328

246

82

1

6

26

32

162220

1862

1493

82

1

z

y

x

 

So 2 ,4 ,3  zyx .  

Exercises 

1. Solve the following simultaneous equations by matrix methods: 

a. 
429

2934





yx

yx
 

b. 

2223

428
2

1





yx

yx
 

c. 

4224

33

62







zyx

zy

zyx

 

d. 

3228

22

113







zx

zy

yx
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Statistics 

All measurements are subject to error 

and when we combine them together to 

find the position of our target we want 

to make sure that our solution is the 

best one. Therefore, we need to 

characterise that error and make sure 

we interpret it accordingly. This is the 

basis of Statistics. You will need to be 

familiar with very basic probability and 

simple probability distributions, how to 

calculate the mean, median, mode and 

standard deviation of a set of 

measurements and what exactly they 

tell us about the data. 
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1. Basic probability 

If a coin is thrown, there are two possible outcomes – heads (H) or 

tails (T).  

 

For an event with a chance outcome we define the probability, P , 

so that for a coin the probability the outcomes being heads is  HP  

and the probability of tails is  TP .  

Probability is measured on a scale from 0 to 1, so that for some 

outcome A  to an event,   0AP  indicates that A  is impossible 

whereas   1AP  indicates A  is certain. 

For a fair coin the chances of either outcome are equal. Then, 

  5·0HP  and   5·0TP . 

If we toss a fair coin a large number of times, we would expect that 

roughly half the time heads would be the outcome. Intuitively then, 

 AP  is the proportion of the time we would expect A  to happen if 

the event were repeated many times. 

For an event with several possible mutually exclusive outcomes, 

nEEEE  ..., , , , 321 , the probabilities of all the possible outcomes add 

to 1 (that is, it is certain that one of all possible outcomes will 

happen). Then: 

        1 ...321  nEPEPEPEP  
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An experiment or measurement is operated or taken in a manner 

which is consistent and repeatable. Then if that experiment or 

measurement has some chance outcome (error) then probability 

applies. If we take a measurement a number of times, we can 

expect different outcomes to apply with difference frequencies, and 

this can be used to suggest the likelihood that a particular outcome 

is correct. 

2. Mean, median, mode, variance and 

standard deviation 

From a set of data we can calculate several useful values which help 

describe the set of data.  

Mean 

Let the data be the values: 

nxxxx  , , , 321  

The mean, denoted x , is the value commonly thought of as the 

average and is given by: 

n

x

x

n

i

i
 1  

Worked example 

Calculate the mean of the following set of data: 

12 3, 10, 2, 9, 5, 7, 2, 8, 5, 6, 9, 4, 6, 3, 2,  

There are 16 values, so 16n . Sum the values and divide by 16: 

5·8125
16

93

16

123102957285694632



x

 

So the mean is 5·8125. 
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Median 

The median value is the middle score. To find it, put the values in 

numerical order then choose the value in the middle. If there are 

two values in the middle take the average of them. 

Worked example 

Find the median of the following set of data: 

12 3, 10, 2, 9, 5, 7, 2, 8, 5, 6, 9, 4, 6, 3, 2,  

First, sort the data into numerical order: 

12 10, 9, 9, 8, 7, 6, 6, 5, 5, 4, 3, 3, 2, 2, 2,  

Now choose the middle value. Since there are an even number of 

values, there are two middle values, 5 and 6, so the median is: 

5·5
2

65
median 


  

Mode 

The mode of a set of data is the value with the highest frequency. 

To find it, make a tally of how often each number appears and the 

mode is the value that appears most often. If more than one value 

is equally common then all the joint most common values are said 

to be the mode. 

Worked example 

Find the mode of the following set of data: 

12 3, 10, 2, 9, 5, 7, 2, 8, 5, 6, 9, 4, 6, 3, 2,  
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Draw a frequency table: 

number freq 

2 3 

3 2 

4 1 

5 2 

6 1 

7 1 

8 1 

9 1 

10 1 

12 1 

  

Then the mode is the most common value. For this set of data, this 

is 2.  

Variance 

The variance is the average of the squared differences of the data 

from the mean. It is a measure of how spread out around the mean 

the data are. The variance, denoted 
2 , is given by: 

 

1

1

2

2










n

xx
n

i

i

  

Worked example 

Find the variance of the following set of data: 

12 3, 10, 2, 9, 5, 7, 2, 8, 5, 6, 9, 4, 6, 3, 2,  
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From the example above we know the mean of this data set is 

5·8125x . Then the variance is: 

9·7625
15

146·4375

15

38·2852 + 7·9102 + 17·5352 +

 14·5352 + 10·1602 + 0·6602 + 1·4102 + 14·5352 +4·7852 +

0·6602 + 0·0352 + 10·1602 + 3·2852 + 0·0352 + 7·9102 + 14·5352

15

5·8125)-(12

5·8125)-(35·8125)-(105·8125)-(25·8125)-(95·8125)-(5

5·8125)-(75·8125)-(25·8125)-(85·8125)-(55·8125)-(6

5·8125)-(95·8125)-(45·8125)-(65·8125)-(35·8125)-(2

2

22222

22222

22222

2



















































 

So the variance is 9·7625. 

Standard deviation 

The standard deviation the most commonly used measure of how 

spread out around the mean the data are. The standard deviation, 

denoted  , is the square root of the variance. This means it gives 

the same measure as the variance in units which relate to the 

original data. The standard deviation is given by: 

 

1

1

2

2










n

xx
n

i

i

  

Worked example 

Find the standard deviation of the following set of data: 

12 3, 10, 2, 9, 5, 7, 2, 8, 5, 6, 9, 4, 6, 3, 2,  

From the example above we know the mean of this data set is 

5·8125x  and the variance is 9·76252  . Then the standard 

deviation is: 
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3·12459·76252    

So the standard deviation is 3·1245. 

Exercises 

1. Calculate the mean, median, mode, variance and standard 

deviation of the following sets of data: 

a. 9 10, 6, 8, 10, 6, 5, 2, 6, 2, 9, 7, 4, 7,  

b. 7 10, 10, 9, 3, 3, 4, 5, 4, 6, 10, 5, 9, 2, 10, 2,  

c. 3 5, 10, 3, 4, 10, 10, 9, 3, 1, 1, 4, 10, 10, 5, 8, 5, 10,  

d. 7 5, 5, 3, 9, 8, 5, 1, 5, 7, 5, 3, 1,  

3. Basic distributions – normal, binomial 

Normal distribution 

Many sets of data, particularly those involving measurements, can 

be approximated by the normal distribution. Take the following set 

of data: 

0·5, 0·3, 5·9, 6·7, 9·7, 8, 7·9, 8·2, 8·9, 9·4, 8·5, 11·4, 10·5, 11·9, 10·9, 

10·5, 11·4, 10·9, 11, 13·5, 13, 14·8, 13·6, 14·4, 13·5, 14·7, 14·9, 14·3, 

14·9, 15·3, 17·1, 15·4, 16·5, 17·2, 16·7, 16·1, 15·5, 16·7, 16·3, 15·2, 

15·3, 19·3, 18, 18·7, 17·9, 18·6, 18·3, 19·9, 17·6, 17·8, 19·2, 19·9, 19·7, 

19·3, 17·8, 18·6, 18·1, 18·9, 22·5, 20·2, 20·4, 21·1, 22, 21·3, 20·7, 22, 

22·3, 20·5, 20·8, 22·2, 21·9, 24·1, 24·6, 24·7, 23·6, 23·2, 22·5, 22·6, 

23·9, 23, 23, 26·9, 25·4, 26·4, 26·2, 27·4, 26·4, 27, 27·4, 28·3, 28·7, 

28·3, 28·2, 28·2, 28·5, 32·1, 31·5, 31·7, 34, 33·6 
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First, group these values to draw a frequency table: 

range frequency 

2·5-5 2 

5-7·5 2 

7·5-10 7 

10-12·5 8 

12·5-15 10 

15-17·5 12 

17·5-20 17 

20-22·5 14 

22·5-25 9 

25-27·5 8 

27·5-30 6 

30-32·5 3 

32·5-35 2 

 

Now we plot these values on a bar chart: 
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We can see from looking at this chart that the data tends to cluster 

around the 17·5-20 range and that as we get further from this point 

the frequency decreases. We can plot a curve of best fit onto this 

chart:  

 

 This "bell shaped" curve is called the normal curve.  

For the data set given, the mean is 18·743. We see from the chart 

that the normal curve is approximately centred on the mean value. 
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Properties of the normal distribution 

Many data sets from real world data follow the normal distribution. 

As more data are included in a sample the fit to the normal curve 

becomes smoother. The diagram below shows a normal distribution, 

symmetrical about the mean. 

 

For the standard normal distribution, about 68% of the values lie 

within one standard deviation of the mean (the area shaded dark 

grey in the diagram below) and about 95% of the values lie within 2 

standard deviations of the mean (the area shaded lighter grey in 

the diagram below). Further, 99·7% of data lie within 3 standard 

deviations of the mean. 

 

 




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This means that if we know a set of data follows the normal 

distribution and we know the mean and standard deviation, we can 

make some statements concerning the likelihood that any data 

point is within one or two standard deviations of the mean. 

Binomial distribution 

If a random event has two outcomes that are independent and 

mutually exclusive then the binomial distribution can be used to 

determine the probability of getting a certain number of outcomes. 

If such an event occurs n  times and the probability of one outcome 

("success") is p , then the binomial distribution gives the probability 

for obtaining r  successes: 

  rnr pp
r

n
rP











 1)(  

Where 








r

n
 is a binomial coefficient which gives the number of ways 

of picking r  unordered outcomes from n  possibilities and is given 

by: 

 !!

!

rnr

n

r

n











 

Worked example 

1. A fair coin is tossed 10 times. What is the probability of throwing 

exactly 2 heads? 

The probability of getting a head each time the coin is thrown is 

0·5=p . The probability of getting exactly 2 heads is: 
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 

 

0·0439

0·00391·25045

5·015·0
!8!2

!10

5·015·0
2

10
)heads 2(

82

82


















P

 

2. A fair die is rolled 5 times. What is the probability of rolling 

exactly 3 sixes? 

The probability of rolling a six is 167·0
6

1
=p  . The probability of 

rolling exactly 3 sixes from 5 rolls is: 

0·0322

0·694·00463010

6

5

6

1

!2!3

!5

6

1
1

6

1

3

5
)sixes 3(

23

23




















































P

 

Exercises 

1. A fair coin is tossed 12 times. What is the probability of 

throwing exactly 5 heads? 

2. A fair die is rolled 9 times. What is the probability of rolling 

exactly 2 sixes? 

4. Precision, accuracy  

A measurement is taken for some length. It is important to 

remember the limitations of the process of measuring that length. 

The measurement that has been taken should be considered only 

an approximation to the correct value. An awareness of error can 

allow us to ensure that measurements contain sufficiently minimal 

error that they can be relied on. (This will depend on the context – 

a 0.5mm error in a distance measured in km is not likely to be 
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significant; a 0.5mm error in a measurement of mm is likely to be 

significant).  

The accuracy of a measurement is a measure of how close the 

measurement is to the true value. Accuracy can be improved by the 

elimination of systematic errors. 

The precision is a measure of how consistent a result is when a 

measurement is repeated. If a measurement is taken several times, 

the precision is indicated by the standard deviation or variance of 

the measurements. A precise measurement can be reproduced at 

will. 

Note that a precise measurement is not necessarily an accurate one 

and an accurate measurement may be obtained from a set of 

measurements which are not precise. So a measurement may be: 

accurate and precise; precise but not accurate; accurate but not 

precise; or, neither accurate or precise. 

In the diagrams below an analogy is used whereby arrows are fired 

at the centre of the target and the dots ( ) indicate the positions of 

the arrows.  

In the first diagram, the results are precise but not accurate, in that 

there is a high degree of repeatability but the results are not close 

to the centre: 

 

In the next diagram the results are accurate but not precise, in that 

all the arrows are near the centre but they are not very close to 

each other: 
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If a measurement is both precise and accurate it can be called valid. 

Calibration 

A measuring device can be calibrated by using it to take some 

known measurement and judging precision and accuracy.  

The valid measurement is called the reference value. A set of 

measurements are taken with the device to be calibrated. The 

difference between the mean of those measurements and the 

reference value is called the bias. 

Each measurement will include an element of random error. Such 

errors are believed to follow the normal distribution. We have seen 

above that for a normal distribution, 68% of measurements lie 

within one standard deviation of the mean, 95% lie with 2 standard 

deviations and 99·7% lie within 3 standard deviations. So then, 

greater precision is indicated by a small value for the standard 

deviation, since almost all measurements lie within 3 standard 

deviations of the mean of the results.  

Worked example 

Consider the following two sets of measurements. 

Set 1 Set 2 

105·1mm 102·5mm 

105·8mm 102·9mm 

105·2mm 102·4mm 
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105·9mm 102·7mm 

105·2mm 102·5mm 

 

a. Calculate the mean and standard deviation for the 2 data 

sets. 

b. Which of the two data sets are more precise? 

c. Given that the two sets of measurements are taken by two 

different measuring instruments both measuring a standard 

length known to be 105mm, which device is more accurate? 

d. Measurements are needed to 1 decimal place. Can either 

instrument be said to be producing valid measurements? 

a.  

For set 1: The mean of set 1 is 105·44mm. The standard deviation 

is 0·378mm. 

For set 2: The mean of set 2 is 102·60mm. The standard deviation 

is 0·2mm. 

b. 

Set 2 is more precise, since it has a smaller standard deviation.  

With a standard deviation of 0·2 and mean 102·60 the normal 

distribution says 99·7% of the results taken in set 2 will be within 

the range 102·60±0·6mm. For set 1, with standard deviation 0·378 

and mean 105·44, the normal distribution says 99·7% of the results 

will be in the range 105·44±1·13mm. 

c. 

Calculate the bias from each instrument.  

For set 1: The mean of set 1 is 105·44mm. The bias is the 

difference between the mean and the reference value: 

105·44 - 105= 0·44mm 
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For set 2: The mean of set 2 is 102·60mm. The bias for set 2 is 

therefore: 

102·60 - 105= -2·40mm 

Set 1 is the more accurate, since it has a lower bias. 

d. 

No. The instrument used to produce set 1 is producing accurate but 

not precise measurements and that for set 2 is producing precise 

but not accurate measurements.  

Exercises 

1. Consider the following three sets of measurements. 

Set 1 Set 2 Set 3 

100.126 100.026 100.004 

100.107 99.937 100.004 

100.086 100.014 99.998 

100.119 100.014 99.997 

100.079 100.046 100.002 

100.114 100.059 100.002 

100.075 100.069 99.997 

100.13 100.078 100.003 

100.115 100.074 99.996 

100.092 100.051 99.997 

 

a. Calculate the mean and standard deviation for the 3 data 

sets.  

b. Which of the three data sets are most precise? 

c.  Given that the three sets of measurements are taken by 

three different measuring instruments measuring a 

standard length known to be 100mm, which device is most 

accurate? 

d. Measurements are needed to 1 decimal place. Can any 

instrument be said to be producing valid measurements? 
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Recommended further reading (optional) 

There are many good textbooks that will guide you in the above. 

Specific book chapters for parts of this text are included below. 

For example, a good introduction may be found in: J. Berry and P. 

Wainwright, "Foundation Mathematics for Engineers", Macmillan 

Press 1993 (ISBN 0-333-52717-8), specifically Chapters 4 and 5 on 

Trigonometry, Chapter 7 on Differentiation and Chapter 12 on 

Matrices. 

For Statistics, we recommend that you browse through some of the 

more easy reading introductions to the subject. An example is: D. 

Rowntree, "Statistics Without Tears: A Primer for Non-

mathematicians", Pelican Books, 1987 (Chapters 1-5). This book is 

a short, entertaining discussion of the subject and will familiarise 

you with the basics of the topic such that you are ready for anything 

that we may throw at you! 

The MathTutor online video resource may be useful. This is available 

at: www.mathtutor.ac.uk. Topics contain video tutorial, summary 

text and exercises. 

Section specific optional further reading 

Trigonometry 

More on Trigonometry is available in:  

 Berry and Wainwright chapters 4 and 5, “Trigonometric 

Functions” and “Trigonometry” 

 HELM workbook 4 “Trigonometry” 

 MathTutor “Trigonometry” course. 

1. Trigonometric functions and properties 

For more on the derivation of sine, cosine and tangent, see Berry 

and Wainwright, chapters 4.1-4.5. 
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For more on the properties of sine, cosine and tangent, see Berry 

and Wainwright, chapter 4.6. 

For more on asymptotes of tangent function, see Berry and 

Wainwright, exercise 4.5.1. 

For more on the period of trig functions, see Berry and Wainwright, 

chapter 4.9.1. 

For more on angular frequency, see Berry and Wainwright, chapter 

4.9.2. 

For more on amplitude, see Berry and Wainwright, chapter 4.9.3. 

For more on phase angles, see Berry and Wainwright, chapter 

4.9.4. 

For more on secant, cosecant and cotangent, see Berry and 

Wainwright, chapter 4.11. 

2. Circular measure and equivalence degree and radian 

For more on circular measure (radians), see Berry and Wainwright, 

chapter 4.12. 

3. Trig identities 

For a derivation of the trig identities, see Berry and Wainwright, 

chapter 5.2.1. 

4. Sum and difference formulae 

For more on sum and difference formulae, see Berry and 

Wainwright, chapter 5.2.2. 

5. Double angle identities 

For a derivation of the double angle identities, see Berry and 

Wainwright, chapter 5.2.3. 

6. Inverse trig functions 

For more on inverse trig functions, see Berry and Wainwright, 

chapter 5.3. 
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7. Sine and cosine rules 

For more on the sine and cosine rules, see Berry and Wainwright, 

chapters 5.5-5.6. 

Differentiation 

More on Differentiation is available in: 

 Berry and Wainwright chapter 7, “Differentiation” 

 HELM workbooks 11 and 12, “Differentiation” and 

“Applications of Differentiation” 

 MathTutor “Differentiation” course. 

More on Taylor series is available in HELM workbook 16, “Sequences 

and Series” section 5, “Maclaurin and Taylor series”. 

1. What is differentiation? 

For more on the concept of differentiation, see Berry and 

Wainwright, chapters 7.1-7.5. 

For more on second derivatives, see Berry and Wainwright, chapter 

7.7.2. 

2. Derivatives 

For more on differentiation rules, see Berry and Wainwright, chapter 

7.6. 

For more on differentiation of functions that are sums or differences 

of other functions, see Berry and Wainwright, chapter 7.6.1. 

For more on the differentiation of trig functions, see Berry and 

Wainwright, chapter 7.13.  

For more on the differentiation of exponential functions, see Berry 

and Wainwright, chapter 7.14. 

3. Chain, product and quotient rules 

For more on the chain rule, see Berry and Wainwright, chapter 7.9. 
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For more on the product and quotient rules, see Berry and 

Wainwright, chapter 7.11. 

4. Max and min 

For more on maxima and minima, see Berry and Wainwright, 

chapters 7.10 and 7.12. 

5. Taylor series, expansion, linearization 

For more on Taylor series, see HELM workbook 16.5. 

6. Partial differentiation 

More on partial differentiation is available in HELM workbook 18 

“Functions of several variables” section 2 “Partial Derivatives”. 

Integration 

More on Integration is available in: 

 Berry and Wainwright chapter 8, “Integration” 

 HELM workbooks 13, 14 and 15, “Integration,” “Applications 

of Integration I” and “Applications of Integration II” 

 MathTutor “Integration” course. 

1. What is differentiation? 

For a more detailed description of integration, see Berry and 

Wainwright, chapter 8.1. 

2. Integration a anti-differentiation 

For more on indefinite integration and integration as anti-

differentiation, see Berry and Wainwright, chaptes 8.4-8.5. 

3. Areas under curves 

For more on areas under curves and definite integration, see Berry 

and Wainwright, chapters 8.3-8.6. 
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Matrices 

More on Matrices and Vectors is available in: 

 Berry and Wainwright chapter 12, “Matrices” and chapter 11, 

“Vectors”. 

 HELM workbook 7, “Matrices” 

1. Terminology 

For more on matrix terminology and notation, see Berry and 

Wainwright, chapters 12.1 and 12.2. 

2. Simple matrix algebra - addition, subtraction, multiplication 

For more on matrix addition, see Berry and Wainwright, chapter 

12.2.1. 

For more on matrix subtraction, see Berry and Wainwright, chapter 

12.2.2. 

For more on the scalar product of a matrix, see Berry and 

Wainwright, chapter 12.3.1. 

For more on matrix multiplication, see Berry and Wainwright, 

chapter 12.3.2. 

3. Simultaneous equations expressed as matrices 

For more on expressing simultaneous equations in matrix form, see 

Berry and Wainwright, chapters 12.1, 12.4 

4. Determinants and matrix inversion 

For more on the transpose of a matrix, see Berry and Wainwright, 

chapter 12.6.3. 

For more on 2x2 determinants, see Berry and Wainwright, chapter 

12.5.1. 

For more on minors and cofactors, see Berry and Wainwright, 

chapter 12.6.4. 

For more on the adjoint matrix, see Berry and Wainwright, chapter 

12.6.5. 
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For more on 3x3 determinants, see Berry and Wainwright, chapter 

12.5.2-12.5.5 

For more on the identity matrix, see Berry and Wainwright, chapter 

12.3.3. 

For more on inversion of a 2x2 matrix, see Berry and Wainwright, 

chapter 12.6.1. 

For more on inversion of a 3x3 matrix, see Berry and Wainwright, 

chapter 12.6.6. 

5. Solution of simultaneous equations using matrices 

For more on solving simultaneous equations using matrix methods, 

see Berry and Wainwright, chapters 12.6.7, 12.8. 

Statistics 

More on Statistics is available in Rowntree. 

2. Mean, median, mode, variance and standard deviation 

For more on mean, median, mode, variance and standard deviation, 

see Rowntree, chapter 3. 

3. Basic distributions – normal, binomial 

For more on the normal distribution, see Rowntree, chapter 4. 

4. Precision, accuracy 

For more on accuracy and error, see Rowntree, pages 35-37. 
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Solutions to exercises 

Trigonometry 

1. Trigonometric functions and properties 

1.  

a. sin90=1 

b. cos90=0 

c. tan15=0·2679 

d. sin20=0·3420 

e. cos35=0·8192 

f. sin10=0·1736 

g. tan60=1·7321 

h. sin82=0·9903 

i. cos45=0·7071

 

2. The period of the graph is 90 and the amplitude is 5. The 

angular frequency is =4 and the graph is given by 

y=5sin(4) 

3. The height of the mast is 3·8m. 

4. The distance to the tower is 18·1m. 

5. The point is 3·6m from the base of the tower. 

2. Circular measure and equivalence degree and 

radian 

1.   

e. /4=0·785 

f. /6=0·524 

g. 19/18=3·316 

h. 24/18=4·189 

i. /12=0·262 

j. 85/180=1·484 

k. 7/4=5·498 

l. /2=1·571 

m. /9=0·349

2.   

a. 60 

b. 114·592 

c. 30 

d. 270  

e. 90 

f. 286·479 

g. 143·240 

h. 18 

i. 85·944

3.   

a. 0·866 

b. 0·5 

c. -1 

d. 1 

e. 0 

f. 0·909 
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g. -2·185 h. 0·5 i. 0·866

3. Trig identities 

1.  

a. 
2cos

1
 

b. 
2sin

1
 

c. 
 cossin

1
 

d. 2sin  

e. 
2sin

1
 

4. Sum and difference formulae 

1.  

a. 
221

171
=0·774 (3 dp) 

b. 
221

21
 = -0·095 (3 dp) 

c. 
221

140
= 0·633 (3 dp) 

d. 
221

220
= 0·995 (3 dp) 
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e. 
140

171
= 1·221 (3 dp) 

f. 
220

21
 = -0·0955 (3 dp) 

5. Double angle identities 

1.  

a. 0·5376 

b. -0·8432 

2. 
161

240
= 1·491 (3 dp) 

6. Inverse trig functions 

1. To 3 dp: 

a. f(x)=0·412; g(x)=1·59 

b. f(x)=0·524; g(x)=1·047 

c. f(x)=-0·524; g(x)=2·094 

d. f(x)=0·785; g(x)=0·785 

e. f(x)=1·571; g(x)=0 

f. f(x)=0·524; g(x)=1·047 

g. f(x)=0; g(x)=1·571 

h. f(x)=-1·571; g(x)=3·142 

7. Sine and cosine rules 

1. To 3 dp: 

a. B=17·458, C=132·542, c=7·368 

b. b=5·766, A=39·687, C=73·313  
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c. A=79, b=5·118, a=7·104 

d. c=3·300, A=78·662, B=47·338 

e. B=97, c=1·643, b=3·592 

f. A=16·236, C=129·764, c=10·997  

Differentiation 

2. Derivatives 

1.  

a. 
 

x
dx

xdf
cos3  

b. 
 

424 3  x
dx

xdg
 

c. 
  te

dx

tdf
3  

d. 
 

8912105 36  xx
dx

xdf
 

e. 
 

rr
dx

rdg
sincos   

f. 
  xex

dx

xdf
5sin   

2.  

a. 
  2

2

2

72x
dx

xgd
  

b. 
 

x
dx

xfd
sin3

2

2

  
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c. 
 

899630 25

2

2

 xx
dx

xfd
 

3. Chain, product and quotient rules 

1.  

a.   xxex
dx

dw 32

32   (chain rule) 

b.  tt ee
dt

dh
cos  (chain rule) 

c.    xxx
dx

dy
214

32   (chain rule) 

2.  

a.  2345 15137 xxxxe
dx

dy x   (product rule) 

b. xxxx
dx

dg
cos3sin 23   (product rule) 

c.  ttt
dt

dk
3ln2  (product rule and chain rule) 

3.  

a. 
xe

xxxx

dx

dy 2345 1533 
  (quotient rule) 

b. 
 

 22

2

3

sin2cos3






x

xxxx

dx

dt
 (quotient rule) 

c. 

 
 

x

xx
x

x

dx

dy

3sin

ln3cos3
3sin

2



  (quotient rule and chain rule) 
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4. Max and min 

1.  

a. 

 

  

  36

213

633 2







xxf

xx

xxxf

 

x=-2 is a maximum; x=1 is a minimum. 

b. 

 

   

  124836

21112

24122412

2

23







tttg

ttt

ttttg

 

t=-2 is a minimum; t=-1 is a maximum; t=1 is a 

minimum. 

c. 
   

  2

232

126

4343

xxxf

xxxxxf




 

4

3
x  is a maximum; x=0 is a point of inflection 

(examining the gradient since   00 f ). 

5. Taylor Series, expansion, linearization 

1.  

a.       


32
1111

2

1
xxx

x
 

b.  
   








!4

2

!2

2
1cos

42
 xx

x  

c.  
     

...
16

2

8

2

2

2
2lnln

32











xxx

x  

6. Partial differentiation 

1.  
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a. 

x
yx

z

y

z

x
y

z

x
xy

z

xy
x

z

xy
x

z

cos

0

sin

cos

sin

cos

2

2

2

2

2

2































 

b. 

tx
tx

y

x
t

y

xtx
t

y

tx
xt

y

tx
x

y

ttx
x

y

824

8

86

824

72

424

3
2

2

2

4

3
2

2

2

2

23































 

c. 

3
2

22

2

2

32

3
2

4

2

2

4

8

12

4

8

24

24

xt
tx

h

tx
t

h

tx
t

h

xt
xt

h

te
x

h

xte
x

h

x

x































 

2.  

a. A local maximum at    0,0, yx  

b. A saddle point at    0,0, yx  

c.    0,0, yx : a saddle point 

   0,1, yx : a saddle point 

   1,0, yx : a saddle point 

  









3

1
,

3

1
, yx : a local maximum 
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Integration 

2. Integration as anti-differentiation 

1.  

a. cxx 56 2
 

b. cxx  43 22  

c.   cx  3cos
3

1
 

d.   cx  36sin2  

e. ce x 22

2

1
 

f.   cx  46ln
6

1
 

2.   2
2

5 2  xxfy  

3.     5.23sin2  xxfy  

2. Areas under curves

1.  

a. 2 

b. 141 

c. 6 

d. -3.32 (2 dp) 

e. 104.47 (2 dp)  

f. 2.27 (2 dp)

Matrices 

2. Simultaneous equations expressed as matrices 

1.  

a. 

























 42

29

19

34

y

x
 

b. 































22

42

23

8
2

1

y

x
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c. 























































4

3

6

224

310

112

z

y

x

 

d. 





















































32

2

11

208

120

013

z

y

x

 

3. Simple matrix algebra –addition, subtraction, 

multiplication 

1.  

a.  











































128

23

89

47

21

22

63

24

BA

AB

BA

BA

 

b.  













































105

2932

147

3128

31

13

71

711

BA

AB

BA

BA
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c.  

e)coincidencby 

  (N.B.

478

407

478

407

)(
10

01

132

103

BAAB

BA

AB

IBA

BA











































 

d.  















































911

2216

14

1826

24

21

42

69

BA

AB

BA

BA
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e.  















































































665329

424928

383827

697725

365718

243516

311

122

221

1593

5124

467

BA

AB

BA

BA

 

f.  













































































35613

462326

738

41315

521530

7310

211

222

111

1213

1086

115

BA

AB

BA

BA

 

2. 

a. 








2219

2411
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b. 








13

35
 

c. 








10

53
 

d. 








133435

266858
 

4. Determinants and matrix inversion 

1.  

a.  















































































5.01

01

12

02

2

1

3.01.0

2.04.0

31

24

10

1

2det

10det

20

21

42

13

1

1

B

A

B

A

B

A

T

T

 

b.  








 

























































70

45

35

1

8.02.0

6.04.0

41

32

5

1

35det

5det

54

07

23

14

1

1

B

A

B

A

B

A

T

T

 

c.  






































































11

56

11

56

1

1

21

57

9

1

1det

9det

65

11

75

12

1

1

B

A

B

A

B

A

T

T
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d.  





































 























 






53

41

7

1

53

41

7

1

41

23

14

1

7det

14det

14

35

32

14

1

1

B

A

B

A

B

A

T

T

 

e.  





























































































1779

6120

9927

54

1

14147

53525

11437

105

1

54det

105det

633

574

213

921

452

134

1

1

B

A

B

A

B

A

T

T

 

f.  





























































































603

4916

3015

27

1

1318

18212

6729

85

1

27det

85det

541

030

142

760

151

223

1

1

B

A

B

A

B

A

T

T

 

5. Solution of simultaneous equations using matrices 

1. 

a. 3 ,5  yx  

b. 5 ,4  yx  
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c. 2 ,3 ,5·0  zyx  

d. 8 ,5 ,2  zyx  

Statistics 

2. Mean, median, mode, variance and standard 

deviation 

1.  

a. 6.5x  

6.5median  

6mode  

6.88462   

2.6239  

b. 6.1875x  

5.5median  

10mode  

9.49582   

3.0815  

c. 6.1667x  

5median   

10mode  

11.55882   

3.3998  

d. 4.9231x  

5median   

5mode  

6.07692   

2.4651  

3. Basic distributions – normal, binomial 

1. 0.193 

2. 0.279 
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4. Precision, accuracy 

a. Set 1: mean 100·1043; standard deviation 0·0199. 

Set 2: mean 100·0368; standard deviation 0·0422. 

Set 3: mean 100; standard deviation 0·0033. 

b. Set 3 is most precise. 

c. Set 3 is most accurate. 

d. The bias of Set 3 is 0. According the normal distribution, 

99·7% of results from set 3 are within 0·0098mm of the 

mean, which is less than would affect a measurement of 1 

decimal place, so the results are sufficiently precise. Thus, 

the instrument used to produce Set 3 is producing valid 

measurements. 

 

 

 


