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𝑁  3

[

𝑥1 𝑦1 𝑧1

𝑥2 𝑦2 𝑧2

 ⋮  ⋮  ⋮
𝑥𝑁 𝑦𝑁 𝑧𝑁

]

𝑁



 

 

 

 



 

 

 

 

 



 

 

 



 

 

 

 



 

 

 



 

 

 

 

 



 

 

 

 

𝒒𝑖  =  𝐌 𝒑𝑖 ,



 

 

 

 

[𝑥𝑞
𝑖 𝑦𝑞

𝑖 𝑧𝑞
𝑖 1] =  [

𝑚11 𝑚12 𝑚13 𝑚14

𝑚21 𝑚22 𝑚23 𝑚24

𝑚31 𝑚32 𝑚33 𝑚34

𝑚41 𝑚42 𝑚43 𝑚44

] ⋅ [𝑥𝑝
𝑖 𝑦𝑝

𝑖 𝑧𝑝
𝑖 1]𝑇 ,

𝒒𝑖 = [𝑥𝑞
𝑖 𝑦𝑞

𝑖
𝑧𝑞

𝑖] 𝑖 𝒑𝑖 =

[𝑥𝑝
𝑖 𝑦𝑝

𝑖
𝑧𝑝

𝑖] 𝑖

𝐌

𝐌

[

𝑟11 𝑟12 𝑟13 𝑡𝑥

𝑟21 𝑟22 𝑟23 𝑡𝑦

𝑟31 𝑟32 𝑟33 𝑡𝑧

0 0 0 1

],

𝑟𝑖𝑗 𝑡𝑥 𝑡𝑦 𝑡𝑧

𝒒𝑖  =  𝐑 𝒑𝑖  +  𝒕,

𝐑

𝒕 𝒑𝑖 𝒒𝑖



 

 

 

 



 

 

 

 

 

 

𝐏 

𝐏 𝑛 𝒑𝑖, ∀𝑖 ∈ {1, . . , 𝑛}

https://en.wikipedia.org/wiki/Euclidean_space
https://en.wikipedia.org/wiki/Convex_set


 

 

 

∑ 𝜆𝑖 𝒑𝑖 ,

𝑛

𝑖=1

𝜆𝑖 𝜆𝑖 ≥ 0 ∀𝑖 ∑ 𝜆𝑖 = 1𝑛
𝑖=1

𝐏 ⊂ 𝐑𝑑

𝑑 =  2 𝑑 =  3

https://en.wikipedia.org/wiki/Convex_polygon
https://en.wikipedia.org/wiki/Convex_polygon
https://en.wikipedia.org/wiki/Bounding_volume


 

 

 

 

𝐏

𝐏



 

 

 

 

𝒄 𝐏

𝒄



 

 

 

 

{𝑝1, . . . , 𝑝𝑛} 𝒄

𝐂 

𝐂 = 𝐏 × 𝐏T,

𝐏

𝐏 = [

𝑝1𝑥
− 𝑐𝑥 𝑝2𝑥

− 𝑐𝑥 … 𝑝𝑛𝑥
− 𝑐𝑥

𝑝1𝑦
− 𝑐𝑦 𝑝2𝑦

− 𝑐𝑦 … 𝑝𝑛𝑦
− 𝑐𝑦

𝑝1𝑧
− 𝑐𝑧 𝑝2𝑧

− 𝑐𝑧 … 𝑝𝑛𝑧
− 𝑐𝑧

],

𝑖  𝒑𝑖 − 𝒄



 

 

 

 



 

 

 

 



 

 

 



 

 

 

 

 

 

 



 

 

 



 

 

 

 

𝐏

𝒒 𝐏

𝐏 𝒒

𝒒

𝑟



 

 

 

𝒒

𝑟 𝒒

𝐏 𝒒

𝑟 𝒒

𝒒

𝑟

𝑟 



 

 

 

 

 



 

 

 

 



 

 

 

 



 

 

 



 

 

 

 

 

• 

• 

𝒒 𝑆

𝒒

𝒒 𝑆



 

 

 

𝒒 ∈ 𝐏

 

𝒑𝑘 𝒒

𝒒

 

𝒒

 𝒑𝑘

 𝒒



 

 

 

 

𝜇𝑘

𝜎𝑘

𝜇𝑘 ± 3𝜎𝑘

 



 

 

 

𝐏 𝐏

𝐏 𝐏



 

 

 

 



 

 

 

 



 

 

 

 

 

𝒒

𝑇

𝒒 𝒑𝑘

𝒏

𝒒 𝒑𝑘

𝐏 𝐂

𝒄 𝒗𝑗 𝜆𝑗

𝑗 ∈ {0, 1, 2}



 

 

 

𝐂 ∙ 𝒗𝑗 =  𝜆𝑗 ∙ 𝒗𝑗  .

𝜆0  ≤  𝜆1 ≤  𝜆2 𝒗0 𝜆0

𝑇

𝒗2 𝜆2

𝑇 𝒒

𝒑𝑘 𝒏 𝒒

𝒗0 𝜆0 𝒏



 

 

 

 

𝐐 ⊂ 𝐏

𝒏𝑗 𝒑𝑗

𝒏𝑖 𝒑𝑖

𝒏𝑖 ∙ 𝒏𝑗 < 0 → 𝒏𝑗 = −𝒏𝑖 



 

 

 

 

𝑘1 𝑘2

𝒒

𝐾 𝐻

𝑘1 𝑘2

𝐾 =  𝑘1 ∙ 𝑘2 ,

𝐻 =  
(𝑘1 +  𝑘2)

2
 .



 

 

 

 

𝐾 𝐻

 



 

 

 

𝒑

𝒑

𝑘

(𝑛𝑥, 𝑛𝑦, 𝑛𝑧)

𝒑

(𝛼, 𝜑, 𝜃) 𝒑

𝒑𝑘

𝛼 = 𝑣 ∙ 𝒏𝑘,

𝜑 = 𝑢 ∙
(𝒑𝑘 − 𝒑)

𝑑
 ,

𝜃 = arctan(𝑤 ∙ 𝒏𝑘, 𝑢 ∙ 𝒏𝑘),

𝑑 𝒑 𝒑𝑘

𝑢𝑣𝑤 𝒑



 

 

 

 

𝑢 = 𝒏,

𝑣 = 𝑢 ×
(𝒑𝑘 − 𝒑)

‖𝒑𝑘 − 𝒑‖2
 ,

𝑤 = 𝑢 × 𝑣.

 𝒑 𝒑𝑘 𝒏 𝒏𝑘

(𝛼, 𝜑, 𝜃)

 

𝒑 𝑘

𝐹𝑃𝐹𝐻(𝒑) = 𝑆𝑃𝐹𝐻(𝒑) +
1

𝑘
∑

1

𝜔𝑘
∙ 𝑆𝑃𝐹𝐻(

𝑘

𝑖=1

𝒑𝑘),



 

 

 

𝜔𝑘 𝒑

𝒑𝑘 (𝒑, 𝒑𝑘)

𝒑

𝒑

𝒑

𝒑

 

 

 

 



 

 

 

 

𝑛

𝑘



 

 

 

𝑘



 

 

 

 

𝑘

 



 

 

 

 

 



 

 

 

 

 

𝑓(𝒖; 𝒃) 𝒃

𝒖

𝐿𝑝

𝐿𝑝 =̇ [
1

𝑁
∑|𝑒𝑖|

𝑝

𝑁

𝑖=1

]

1
𝑝⁄

,

𝑁 𝑒𝑖

𝑖th



 

 

 

𝐿𝑝 1/𝑁

1/𝑝

𝐸𝑝 =̇ ∑|𝑒𝑖|
𝑝

𝑁

𝑖=1

,

𝐸𝑝

𝑝 = 1

𝐸1 = ∑|𝑒𝑖|

𝑁

𝑖=1

,

𝐸1 𝐸1

𝑝 = 2

𝐸2 = ∑|𝑒𝑖|
2 =

𝑁

𝑖=1

∑ 𝑒𝑖
2

𝑁

𝑖=1

,



 

 

 

 

𝐸2

𝑒𝑖

𝒑𝑖

𝒖𝑖 𝒖

min
𝑏

(∑|𝒑𝑖 − 𝑓(𝒖𝑖; 𝒃)|2

𝑁

𝑖=1

).

𝒃 𝐸2

𝑧 = 𝑓(𝑥, 𝑦;  𝒃)

(𝑧)  𝑥, 𝑦

𝒖



 

 

 

𝒃

𝐿𝑝

(𝑒𝑖) 𝑧

𝑝 = 2

min
𝑏

(∑|𝑧𝑖 − 𝑓(𝑥𝑖, 𝑦𝑖; 𝒃)|2

𝑁

𝑖=1

) ,

min
𝑏

(∑|𝑧𝑖 − (𝐴𝑥𝑖 + 𝐵𝑦𝑖 + 𝐶)|2

𝑁

𝑖=1

),

𝐴 𝐵 𝐶 𝒃



 

 

 

 

𝑧 = 𝑓(𝑥𝑖, 𝑦𝑖; 𝒃)

𝐿𝑝

𝑝 = ∞ 𝑝 = ∞

𝐿∞ = lim
𝑝→∞

𝐿𝑝 = max
1≤𝑖≤𝑁

|𝑒𝑖|.



 

 

 

𝐿∞

𝐿∞

min
𝑏

( max
1≤𝑖≤𝑁

|𝑒𝑖|),

𝑒𝑖

(𝑒𝑖)

𝑒𝑖



 

 

 

 

min
𝑏

( max
1≤𝑖≤𝑁

|𝑒𝑖|) , 𝑒𝑖 ≥ 0,    ∀𝑖 = 1, ⋯ , 𝑁.

𝑒𝑖

• 𝑁 𝐏

• 𝑥



 

 

 

• 

 𝐾

• 

𝑥

 



 

 

 

 



 

 

 



 

 

 

 



 

 

 

 



 

 

 

 



 

 

 

 

𝐏 =

{𝑝1, 𝑝2, … , 𝑝𝑛} 𝐐 = {𝑞1, 𝑞2, … , 𝑞𝑚}

𝑚 ≠ 𝑛

𝑘 < min(𝑚, 𝑛)

𝐏

𝐑 𝒕 𝑠

min
𝑠,𝐑,𝒕

(
1

𝑘
 ∑  ‖𝒒𝑖 − (𝑠𝐑 𝒑𝑖 + 𝒕)‖2

𝑘

𝑖=1

),



 

 

 

 

 𝒑𝑖 𝒒𝑖 𝑖th

𝑠 = 1

min
𝐑,𝒕

(
1

𝑘
 ∑  ‖𝒒𝑖 − (𝐑 𝒑𝑖 + 𝒕)‖2

𝑘

𝑖=1

).

 

• 

𝐏



 

 

 

• 



 

 

 

 

 

 



 

 

 

 

𝐏 𝐐

𝐏 𝐐

𝐏



 

 

 

 

 



 

 

 

𝐏 𝐐

𝐏

𝒒 𝒑𝑖

𝐏

𝐏

𝐏



 

 

 

 

𝐏

𝐐

𝐏

𝐐

𝐐



 

 

 



 

 

 

 

 

 

 

 



 

 

 



 

 

 

 

 

𝐏′ 𝐐′

𝐏 𝐐 𝒑𝑖 ∈ 𝐏′

𝒒𝑖 ∈ 𝐐′

𝒑𝑖 𝒒𝑖

cRMSE2(𝐏′, 𝐐′) = min
𝐑,𝒕

(
1

𝑛
 ∑  ‖𝐑 𝒑𝑖 + 𝒕 − 𝒒𝑖‖2

𝑛

𝑖=1

),

𝐑 𝒕



 

 

 

dRMSE2(𝐏′, 𝐐′) =
1

𝑛2
∑ ∑(‖ 𝒑𝑖 −  𝒑𝑗‖ − ‖ 𝒒𝑖 −  𝒒𝑗‖)2

𝑛

𝑗=1

𝑛

𝑖=1

.

𝐏′

𝐐′

 



 

 

 

 

 

𝒑1 𝒑2 𝑑

𝑑(𝒑1, 𝒑2) = √|𝒑2 − 𝒑1|2



 

 

 

𝒑1 = {𝑥1, 𝑦1, 𝑧1} 𝒑2 = {𝑥2, 𝑦2, 𝑧2}

𝑑(𝒑1, 𝒑2) = √(𝑥2 − 𝑥1)2 + (𝑦2 − 𝑦1)2 + (𝑧2 − 𝑧1)2

 

𝒑

𝒑

T

𝒑’ = {𝑥′, 𝑦′, 𝑧′} 𝒑 = {𝑥, 𝑦, 𝑧} 𝑝𝑝′

𝛼 T 𝑝𝑝′′

|𝑝𝑝′| = |𝑝𝑝′′| cos 𝛼

𝒑′

𝒑 𝑝𝑝′′ 𝒑′′ = {𝑥′′, 𝑦′′, 𝑧′′} T

𝒑′ 𝑝𝑝′

𝒑 T



 

 

 

 

𝑧 𝑦𝑧 

𝒑 𝒑′

T 𝑥 𝒑′ T

𝑥 𝒑

𝒑 𝑑

𝒑 T 𝒑′ T

𝑑 𝒑𝒑′′ 𝒑′′ T 𝒑′

T 𝑑 𝒑𝒑′

 



 

 

 



 

 

 

 

 



 

 

 



 

 

 

 



 

 

 

 



 

 

 

 

• 

• 

• 

 

 



 

 

 

• 

• 



 

 

 

 

• 



 

 

 



 

 

 



 

 

 

 



 

 

 

 



 

 

 

 



 

 

 

 

 

 



 

 

 

 



 

 

 

 

 

 



 

 

 

𝑘1 𝑘2



 

 

 

 



 

 

 



 

 

 

 

RMSE = √
∑ (𝐑 𝒑𝑖 + 𝒕 − 𝒒𝑖)2𝑛

𝑖=1

𝑛
,

𝒑𝑖

𝐏 𝒒𝑖

𝐐  𝒑𝑖 𝑛



 

 

 

 

 

• 



 

 

 

 

• 



 

 

 

• 



 

 

 

 

 



 

 

 



 

 

 

 

 



 

 

 



 

 

 

 

 



 

 

 

𝐾



 

 

 

 

𝑘



 

 

 



 

 

 

 

 

 



 

 

 

𝐻



 

 

 

 

𝑘



 

 

 



 

 

 

 

 



 

 

 



 

 

 

 

 



 

 

 



 

 

 

 

𝐾 𝐻



 

 

 

𝐾

𝐻



 

 

 

 



 

 

 

 



 

 

 

 



 

 

 

 



 

 

 

 

𝐾



 

 

 

𝑘



 

 

 

 



 

 

 

 



 

 

 

 

𝐻



 

 

 

𝑘



 

 

 

 



 

 

 

 



 

 

 

 



 

 

 

 

𝐾



 

 

 

 



 

 

 

𝐾 𝐻



 

 

 

 

𝐾

𝐻



 

 

 

 



 

 

 

 



 

 

 

 



 

 

 

 

𝐾



 

 

 

𝑘



 

 

 

 



 

 

 

 



 

 

 

 

𝐻



 

 

 

𝑘



 

 

 

 



 

 

 

 



 

 

 

 



 

 

 

 

𝐾

𝐻



 

 

 

 



 

 

 

𝐾 𝐻



 

 

 

 

𝐾

𝐻



 

 

 

 



 

 

 

 

 



 

 

 

 

 



 

 

 

 



 

 



 

 

 

 



 

 

 



 

 

 

 

 



 

 

 

• 

• 

• 

• 

• 

• • 

• 

• 

• 

• 

• 

• 

• 

• 



 

 

 

 

 



 

 

 

 

𝑃𝑆

𝑟 𝑟

𝑃𝑆



 

 

 

 

 

pts/m²

𝑆𝐷𝑗

𝑛pts 𝑗th

idx_T𝑗 𝐴𝑗 ∀ 𝑗 ∶ 1, … , 𝑛tri

𝑛tri

𝑆𝐷𝑗 =
𝑛pts

𝐴𝑗
 .

𝑃𝑆

𝑆𝐷 𝑃𝑆

𝑃𝑆 = √
1

(𝑆𝐷)
 .



 

 

 

𝑛triC

𝑛triU

𝑛tri0 𝑛tri

𝑛tri0

𝑛triC

𝑛triC 𝑛triU

𝜅% =
𝑛triC

𝑛triC + 𝑛triU
∙ 100 ;

A𝑗  𝑗: 1, … , 𝑛tri 𝑛triC

𝑛triU

𝜅𝐴% =
∑ A𝑛triC

∑ A𝑗
𝑛tri

𝑗=1

∙ 100 .



 

 

 

 

 

𝑑𝑖 𝒑𝑖 𝑖: 1, … , 𝑛

𝒑𝑖′

𝑑𝑖

𝒑𝑖 𝒑𝑖′

𝒑𝑖 𝒑𝑖′



 

 

 

𝑥

𝑥𝑖 𝑑𝑖 𝒑𝑖

𝑥 = 0 𝑛pts

𝑠 =  √
1

𝑛pts − 1
∑(𝑥𝑖 − 𝑥̅)2,

𝑥̅ =  
1

𝑛pts
∑ 𝑥𝑖

𝑥

𝑥𝑖 𝑖th

𝑥 = 0 𝑥̅



 

 

 

 

𝑠𝑗

𝑗th 𝑠

∀ 𝑗 ∶

1, … , 𝑛tri

mean(𝑠) =  
∑ 𝑠𝑗

𝑛tri
𝑗=1

𝑛tri
,

st. dev(𝑠) =  √
1

𝑛tri−1
∑(𝑠𝑗 − mean(𝑠))2,

range(𝑠) =  [max(𝑠𝑗) , min(𝑠𝑗)],

 



 

 

 

𝑁

𝑁 𝑑𝑥 𝑑𝑥1, 𝑑𝑥2, … , 𝑑𝑥𝑁

𝑢M =  𝑆𝜇𝑑𝑥
=

𝑠

√𝑁

𝑆𝜇𝑑𝑥
𝑠

𝑁

𝑠 =  √
1

𝑁−1
∑(𝑑𝑥𝑖 − 𝑑𝑥̅̅̅̅

M)
2

𝑈M

𝑘

𝑈M = 𝑘 ∙ 𝑢M ,

𝑘 𝑘



 

 

 

 

bias𝑑𝑥:(M−CMS) = (𝑑𝑥̅̅̅̅
M ±

𝑠

√𝑁
) − 𝑑𝑥̅̅̅̅

CMS

bias𝑑𝑥:(M−CMS) 𝑑𝑥

𝑑𝑥̅̅̅̅
M ±

𝑠

√𝑁
𝑁

±

bias𝑑𝑥:(M−CMS) = (𝑑𝑥̅̅̅̅
M ±

𝑠

√𝑁
) − (𝑑𝑥̅̅̅̅

CMS ± MPE).

𝑢MPE = MPE √3⁄



 

 

 

 

 



 

 

 

 

 



 

 

 

• 

• 

• 

 

𝜇 ± 3𝜎

 



 

 

 

 

• 𝑛pts

𝑗th A𝑗



 

 

 

𝒑𝑖′

𝒑𝑖

𝒏𝑖

𝒑𝑖′

𝒏𝑖



 

 

 

 

𝑛pts 𝑗th

𝑥𝑝 𝑥 𝒑𝑖

𝑦𝑝 𝑦 𝒑𝑖

𝑧𝑝 𝑧 𝒑𝑖

idx_T𝑗

𝒑𝑖

𝒏𝑖 𝒑𝑖

𝑗 ∶ 1, … , 𝑛tri 𝑛tri

𝑑𝑖

𝒑𝑖

𝑖 ∶ 1, … , 𝑛

𝑥𝑝′ 𝑥 𝒑𝑖′

𝑦𝑝′ 𝑦 𝒑𝑖′

𝑧𝑝′ 𝑧 𝒑𝑖′

A𝑗 ∀ 𝑗 ∶ 1, … , 𝑛tri

𝑛pts 𝑗th
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