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Abstract

We consider testing for the presence of nonlinearities in the mean and/or trend
of a time series, approximating the potential nonlinear behaviour using a Fourier
function expansion. In contrast to procedures that are currently available, we
develop tests that are robust to the order of integration, in the sense that they are
asymptotically correctly sized regardless of whether the stochastic component of
the series is stationary or contains a unit root. The tests we propose take the form
of Wald statistics based on cumulated series, together with a correction factor
to line up the asymptotic critical values across the I(0) and I(1) environments.
The local asymptotic power and finite sample properties of the tests are evaluated
using various different correction factors. We envisage that the testing procedure
we recommend should be very useful to applied researchers wishing to draw
robust inference regarding the presence of nonlinear trend components in a series.

Keywords: Trend function testing; Robust tests; Fourier approximation.

JEL Classifications: C22.

1 Introduction

The issue of correctly identifying the underlying deterministic component in a financial
or economic time series has received much attention in the econometrics literature, in
recognition of the importance the problem assumes in applied modelling and forecast-
ing. The effectiveness of both policy modelling and prediction is reliant on correct
identification of the underlying trend function, and correctly specifying the trend func-
tion is also of crucial importance in the context of unit root and stationarity testing.

*Corresponding author: School of Economics, University of Nottingham, University Park, Notting-
ham, NG7 2RD, UK. Email: dave.harvey@nottingham.ac.uk.



Traditionally, consideration of the deterministic trend function has been restricted
to evaluating whether the series simply contains either a constant or a constant plus
linear trend, although more recent work has focused on the possibility of changes in
level and/or trend, partly due to the critical role that modelling breaks can play in
achieving unit root and stationarity tests with reliable size and power. A common
feature of the vast majority of this literature is that structural changes are typically
modelled as occurring instantaneously. However, it has recently been recognised that an
assumption of instantaneous change might not adequately capture the true evolutionary
pattern of the deterministic component present in the data. For example, changes in
economic aggregates are affected by the responses of a large number of individuals,
who would not be expected to react simultaneously to shocks. Consequently, models
of the deterministic component that permit smoothly evolving (nonlinear) trends can
often provide a better explanation of the underlying trend function.

One way of capturing nonlinear behaviour in the underlying trend is to approximate
the trend by using frequency components of the Fourier function. In recent work,
Becker et al. (2004) and Becker et al. (2006) show that a Fourier approximation is
sufficiently flexible to provide a decent approximation to a wide variety of functions,
even for those that are not periodic. Becker et al. (2004) provide a test for the presence
of nonlinear trend components based on a Fourier approximation, under the assumption
that the stochastic component of the series is stationary. Enders and Lee (2008) and
Becker et al. (2006) also adopt a Fourier approximation for the trend, employing such
an approach in the context of testing for, respectively, a unit root and stationarity in
a time series allowing for possibly nonlinear deterministics.

Formal testing of whether a time series contains a nonlinear Fourier-approximated
trend is greatly complicated by the fact that in practice it is not known whether the
trend is embedded in a stationary I(0) or unit root I(1) series. If one knew that the
shocks were stationary, then one could proceed with tests such as those of Becker et
al. (2004); however, if the shocks in fact follow a unit root process, such tests will, as
noted by Becker et al. (2006), be over-sized, and consequently might spuriously suggest
the presence of nonlinear trend terms when in fact none exist. Reliance on tests that
lack robustness to the order of integration can therefore lead to an over-specified model
of the trend, subsequently reducing the efficacy of modelling and forecasting efforts.
Equally, an unnecessarily elaborate trend specification incorporated into unit root or
stationarity tests will inevitably result in procedures with much reduced power.

In view of these considerations, it is important to have available tests for nonlin-
ear trend components of a series that are not reliant on an assumption of stationary
shocks. Enders and Lee (2004) propose an alternative test for nonlinear trend terms
under the assumption that the data contain a unit root, although this test is then not
appropriate if the shocks are in fact stationary. Given that knowledge of the order of
integration can never in practice be taken as known, it is highly desirable to develop
nonlinear trend tests which are robust to the order of integration, in the sense that
they are correctly sized regardless of whether the stochastic component of the series is
truly 1(0) or I(1). The aim of this paper is to provide a test procedure with precisely



these properties, that can then be used in applications without recourse to making
assumptions or drawing unit root/stationarity test inferences regarding the order of
integration (the latter themselves being dependent on an assumption regarding the
presence or otherwise of nonlinear trend terms).

The plan of the paper is as follows: in section 2, we introduce the Fourier function-
based nonlinear trend model, and describe assumptions regarding the stochastic com-
ponent, allowing either I(0) or I(1) behaviour in the model errors. Section 3 presents
our robust testing methodology, which is a development of the seminal work of Vo-
gelsang (1998), whereby Wald tests based on cumulated series are constructed, and
a multiplicative correction is applied to enable asymptotically robust inference across
1(0) and I(1) errors to be conducted. Here we also derive the local asymptotic power of
the modified Wald tests to detect the presence of a nonlinear Fourier trend function,
considering the behaviour of a number of different specifications for the multiplica-
tive correction statistic. In section 4 we provide the results from a set of finite sample
Monte Carlo simulation experiments, which together document the proposed tests’ size
and power behaviour in small samples. Some conclusions are offered in section 5, and
proofs of the main technical results in this paper are given in an appendix. In what

follows, <, denotes weak convergence and | -] the integer part of an argument.

2 The Model

Consider the following model for the time series vy, t = 1,...;T

Y =y + Mer + Uy (1)

where 1, and A, are, respectively, linear and nonlinear deterministic components of
Yy, while v, is stochastic. With regard to the precise specifications of p, and A, r, we
consider two separate cases according to whether or not g; is assumed to contain a
linear trend. In the “mean case” we let the linear component be simply a constant, i.e.
i, = a, while the nonlinear component is specified using the Fourier series expansion

M = Z%f:rsm (27Tft) zn:%fTCOS (27;ft) (2)

f=1

where n dictates the number of frequencies contained in the expansion, and f € Z*
denotes a particular frequency. In the “trend case” we admit a linear trend in p,, i.e.
i, = a + [t and also allow for smoothly evolving nonlinear trending components in
Ao

n

M = Z'ylﬂT sin <27TTft) + ZV%T Ccos <27TTft)
+Zy3fTsm( mit )t—l—ZMchos (27;ft) . (3)



As regards the specification of the parameters v,; 1, ..., v4p7, f = 1,..,n, and the
stochastic component of (1), u;, we will consider one or other of the following two
assumptions:

Assumption I(0) The stochastic process uy; is such that u, = vy where vy = C' (L) &4,
C(L) = 3272, CiL7 with C(1)> > 0 and Y 37i|Ci| < oo, and where &, is an IID
sequence with mean zero, variance o and finite fourth moment. The long run variance
of v is defined as w2 =limp . TP E(3_ v,)? = 02C(1)%. Also, for f=1,..,n

Yifr = 71fva_1/2, Yorr = %fqu_l/2
V3fT = 73fva_3/2a Vafr = ’Y4vaT_3/2-

Assumption I(1) The stochastic process u; is such that Au; = v, where vy is as
defined in Assumption 1(0). Also, for f=1,..,n

YifT = 71vaTl/2a YorT = 72fval/2
V3T = 73vaT71/27 VapT = 74vaT71/2-

Remark 1 Note that under Assumption I(0), the series y,; is a stationary stochastic
process about a potentially nonlinearly evolving mean/trend, while under Assumption
I(1), y; has the same deterministic features but also has as its stochastic component a
unit root process. The various T-scalings on the Fourier coefficient terms are analytical
devices that yield Pitman drifts appropriate to a local asymptotic power analysis of
the nonlinear trend test statistics we consider in the next section. The scaling by w,
is simply a convenience device to allow it to be factored out of the limit distributions
that arise.

Remark 2 The conditions on v; are such that it follows a conventional stationary,
invertible linear process, and therefore admits the functional central limit theorem

[Tr)
T4/ th L w,W ()

t=1

where W (r) is a standard Brownian motion process on [0, 1].

In practice, the order of integration of the stochastic component of y;, cannot be
taken as a given, even in the absence of nonlinear deterministics. Indeed, identification
of the form of the deterministic component is often a precursor to conducting unit
root and/or stationarity tests to determine the order of integration. Given this lack
of knowledge concerning the integration properties of the data, in the next section we
examine an approach that allows testing the null of a linear trend specification in
against a nonlinear deterministic component, which is asymptotically valid under both
Assumption I(0) and Assumption I(1), thereby allowing robust testing for nonlinear
trends.



3 Testing for Nonlinear Trends

Our focus in this paper is to devise a test for the presence of nonlinear deterministic
components, abstracting from the issue of whether the series under consideration is
stationary or contains a unit root. In the context of (1), we are concerned with test-
ing the null (Hp) of a linear mean/trend against the alternative (H;) of a nonlinear
mean/trend. Specifically, in the mean case we wish to test

Hy @ vy =75=0, f=1,..,n
Hi' . atleast one of yyp, 79, #0, f=1,...,n

and in the trend case

Hj Yif = Vof = Vaf = Var = 0, f=1,...,n
HY @ atleast one of vy;,795, 735,74 #0, f=1,...,n.

Standard (autocorrelation corrected) Wald-type tests of these hypotheses based on
regression (1) will have the usual asymptotic x? null distributions provided Assumption
I1(0) holds. However, it is straightforward to demonstrate that under Assumption I(1),
these same tests will diverge to 400 under the null as the sample size increases. They
therefore spuriously indicate the presence of nonlinear deterministics when the errors
are I(1), thereby displaying a highly unsatisfactory lack of robustness.

To proceed in developing tests that are robust to stationary and unit root errors,
we adapt the approach proposed by Vogelsang (1998) for trend function hypothesis
testing in the presence of uncertainty regarding the order of integration. Consider first
the partially summed counterpart to regression (1)

t t
2= B+ AT, (4)
s=1 s=1

where 2, = 32!, y, and n, = St u,. In the mean case, (4) is given by

n t n t
. (2nfs 2nfs
Zt:Oét‘f‘Z'YlﬁTZSln( T ) +Zf)/2f7TZCOS< T ) +77t (5)
f=1 -1 f=1 -1

and in the trend case,

t n t n !
2 = ot +ﬁzs —+ Z’Ylf,TZSin (27;—‘][‘3) —+ Z’Y?fvTZCOS <27;{C5)

t t

- . (2nfs - 2nfs
+273f’TZSIH( T )S—FZ’MLTZCOS( T )s—i—nt. (6)
f=1 -1 F=1 =1




Next, consider the standard Wald statistics for testing H{ in the mean case and Hj
in the trend case (denoted W1 and W7 respectively) based on the partially summed
regressions, that is

RSS! — RSS!
RSSE/T
RSST — RSS]
RSS7/T

Wr

Wr =

where RSS%, denotes the residual sum of squares from an OLS regression of z; on t,
RS ST denotes the residual sum of squares from an OLS regression of z; on ¢t and 22:1 S
(restricted regressions), and RSS}; and RSS]; denote the residual sums of squares from
OLS estimation of (5) and (6), respectively (unrestricted regressions).

The advantage of considering partially summed regressions in this way is that the
resulting Wald statistics have (when scaled by T') well-defined asymptotic distribu-
tions under both Assumption I(0) and Assumption I(1). These limit distributions are
detailed in the following two theorems.

Theorem 1 Let y, be generated by (1) and let Assumption 1(0) hold. Then:
(1) In the mean case (u, = a),

1
LA (r, ~1)2d
e 2 Jo 1R(: v D (")
fo L (r)2dr

where, With Y* = [Y11, -+ Yins Vo1 - Yanl, L'r(r,¥*) denotes the continuous time resid-
uals from the projection of 37— v1ymap(r) + D 25_) vopmay(r) + W(r) onto the space
spanned by r, and Ly (r) denotes the continuous time residuals from the projection of
W (r) onto the space spanned by {r,my1(r), ..., min(r), may (1), ..., man(r)}, where

1

myg(r) = ﬁ(l—cos(%rfr))
map(r) = %sin(%rfr).

(i1) In the trend case (1, = o+ [(t),

1
LT T Zd
rotwg & W ROy

Jo L (r)2dr

where, with 4™ = [Y11, s Yins Ya1s - Yans V315 - Van> Va1 -+ Van), Lr(1,¥7) denotes the
continuous time residuals from the projection of Y77\ vy pmuy(r) + D 2G_) Yopmas(r) +
>y Yapmap(r) + D25 Yapmag(r) + W(r) onto the space spanned by {r,r*}, and
L7, (r) denotes the continuous time residuals from the projection of W (r) onto the space



spanned by {r,r% my(r), .., min (1), Mot (1), ooy man (1), may (1), ..y man (1), mar (r), ...,
Man(r)}, where myp(r) and mop(r) are as defined in (i), and

mgp(r) = (27r1f) sin(2m fr) — ﬂ cos(2m fr)
1 T, 1
mag(r) = CE cos(2mfr) + o] sin(2m fr) — e

Theorem 2 Let y; be generated by (1) and let Assumption I(1) hold. Then:
(1) In the mean case (u, = a),

NE(r, 4#)2d
le*”’fo (r. ") dr — 1= D"
) NE(r)2dr

where Np(r,y") denotes the continuous time residuals from the projection of
S iy Yapmag (1) 430Gy Yapmap(r) 4 [ W(s)ds onto the space spcmned by r, and Nj(r)
denotes the continuous time residuals from the projection of fo (s)ds onto the space
spanned by {r,my1(r), ..., min(r), mar(r), ..., Moy (1)}, with 4", mys(r) and mar(r) as
defined in Theorem 1.

(i1) In the trend case (u, = o+ ft),

T'wr 4 Jo Na(r.y7)?dr —1=DI(y")
T fo ()2d7“ = UL\

where NEL(r,~4™) denotes the continuous time residuals from the projection of
2?21 ’Y1fm1f(7") + Z?zl ’Yzfm2f(7“) + 2?21 73fm3f( ) + Zf 1 74fm4f ) + fo

onto the space spanned by {r,r*}, and N[;(r) denotes the continuous time residuals from
the projection of [ W (s)ds onto the space spanned by {r,r?,m11(r), ..., min(r), may (r),
ey M (1), Mg (1), ooy Mg (1), Muan (1), .y M ()}, with 47, magp(r), moys(r), mse(r) and
may(r) as defined in Theorem 1.

Remark 3 To obtain the asymptotic distributions of the tests under the null hypothe-
ses, i.e. HY and Hj, we simply set v* = 0 and 47 = 0, respectively, in Theorems 1
and 2.

Although the limit distributions of T-'W, and T-'W7 depend on the order of
integration of u;, a modification can be applied to ensure that the critical values for a
given test and significance level coincide under Assumption I(0) and Assumption I(1).
Specifically, consider a statistic, denoted generically by Jr, that satisfies the following
two conditions: (i) Jr converges in probability to zero when the series u; is stationary,
and (ii) Jr weakly converges to a non-degenerate pivotal limit distribution J when a

7



unit root is present in u;. Then, using the mean case as an example, given a suitable
choice for Jr, one could consider the following Vogelsang (1998)-type modified statistic
for testing the null HY'

MWZE(Jr) = T_IW}‘ exp(—beJr)

where b is a finite positive scaling constant whose role will now be made precise.
Straightforward application of the continuous mapping theorem shows that, assuming

Jr % 0 under Assumption 1(0), MWE(Jr) <, D (~*), and that, assuming Jr N
under Assumption I(1), MWZE(Jr) <, DY (y*) exp(—beJ). The value of be can then

be chosen so that, for a given significance level £, MW (Jr) has the same asymptotic
critical values under both Assumptions I(0) and I(1), i.e. b is chosen such that

Pr(Dg(0) > cv') = Pr(Dy(0) exp(—beJ) > cvg) = ¢

where cv; denotes the ¢-level asymptotic critical value obtained from Dy(0). The
modified statistic MWE(Jr) compared with critical values from D (0) would then
provide a feasible test of the null H{' that is applicable without requiring knowledge
concerning the order of integration of u;. In the trend case, similar arguments can be
applied to give rise to a corresponding modified statistic

MWZ(Jr) = T7'W exp(—beJr)

noting that b¢ and Jr are used in a generic sense here, since different specifications for
Jr, as well as different values for be, will clearly be appropriate in the mean and trend
cases.

To be operational, the procedures require choices for the statistic Jr. A number of
candidate statistics which possess the properties required of Jp in the simpler linear
trend testing framework are considered by Harvey et al. (2006). One is the unit root
statistic of Park and Choi (1988) and Park (1990) that is suggested by Vogelsang (1998),
while other candidates are functions of unit root statistics such as those proposed by
Dickey and Fuller (1979) and Breitung (2002). Since we naturally wish Jp to be
invariant to the presence of any nonlinear deterministic components in 1;, as well as
the linear component y,, we consider a number of functions of unit root statistics which
are invariant to the parameters involved in both p, and A; 7.

Specifically, denoting the mean case by ¢ = u and the trend case by i = 7, let 4!
denote the OLS residuals from the regression (1) with p, = o and A, given by (2)
when ¢ = p, and p, = o + ft and A\, r given by (3) when i = 7. We then consider Jr
to be one of the following family of statistics

DFy = |DFL|™
for j = 0.5,1,2. Here, DFY% is the standard Dickey-Fuller t-ratio unit root statistic
DF} = p/s.e.(p)

8



where the parameter estimates are obtained from the OLS regression

k
Niy = pity_ + Y _0,A0 , +ey. (7)

p=1

The lag truncation parameter k£ is assumed to satisfy the standard condition that as
T — oo, 1/k + k*/T — 0. As a point of comparison we also consider employing the
unit root statistic of Breitung (2002) but based on the residuals 4i. This is given by

T t
By =s,°T") (D i)

t=1 s=1
where 52 = 7= ST (a)2.

Remark 4 Notice that we do not consider a generalised version of the Park and Choi
(1988) and Park (1990) unit root statistic for Jr, since their approach uses a statistic
for testing for the presence of additional polynomial trend terms in y;, and these terms
conflict with those in the Fourier expansion already admitted in the deterministic
component of y;.

In Theorem 3 below we provide the asymptotic distributions of the MWZ(Jr) and
MWZ.(Jr) statistics for each of the above specifications for Jr.

Theorem 3 Let y; be generated by (1). Then:
(a) Under Assumption 1(0):
(1) In the mean case (u, = «),

MW (DE?), MWE(By) = D§(v")
for j =0.5,1,2, where D§(v") is as defined in Theorem 1.
(ii) In the trend case (p, = o+ (t),

MWF(DFY), MWE(B]) < Di(v)
for j =0.5,1,2, where DJ(~7) is as defined in Theorem 1.
(b) Under Assumption I(1):
(i) In the mean case (u, = o),

MWHE(DF®)
MWy (Br)



for j =0.5,1,2, where DY (") is as defined in Theorem 2 and
COKR(1)? = KR(0)? — 1
2\/f01 Knr(r)2dr

B — fol (for K“(5>d5)2dr
fol Kn(r)2dr

DF*"

with K*(r) the continuous time residuals from the projection of W (r) onto the space
spanned by {1,sin(27r), ..., sin(2wnr), cos(2xr), ..., cos(2mnr)}.

(ii) In the trend case (p, = o + (t),

MWZ(DF}7)
MW7 (Br)

d
—

d
—

Di(y") exp(—be | DFT| ™)
Di(7") exp(—beB7)

for j =0.5,1,2, where D](~7) is as defined in Theorem 2 and
K12 = KT(0)2—1

- 2\/f01 K (r)2dr

B — fol (Jo KT(S)d3)2 dr
fol K7 (r)2dr

DFT

with K7 (r) the continuous time residuals from the projection of W (r) onto the space
spanned by {1, r, sin(27r), ..., sin(2wnr), cos(2wr), ..., cos(2mwnr), rsin(2wr), ...,
rsin(27nr), r cos(2wr), ..., v cos(2mnr) }.

Remark 5 As before, to obtain the asymptotic distributions of the modified tests
under the null hypotheses, i.e. H{ and Hj, we set y* = 0 and 4™ = 0, respectively, in
Theorem 3.

To proceed further with our asymptotic analysis, we need to decide on suitable
values that might be considered for the maximum number of frequencies in the Fourier
series expansion, i.e. n in (2) and (3). Becker et al. (2006) argue that using n = 1 or
n = 2 should prove sufficient to capture the important features of the underlying trend
in most circumstances, thus we proceed by considering these two settings. Of course,
it is entirely straightforward to extend our analysis to larger values of n, should the
need arise.

3.1 Asymptotic critical values and ¢ values

In Table 1 we present the asymptotic critical values and associated b¢ values for the
MWZE(DFr?) and MWI(DF7) tests, j = 0.5,1,2, and also the MWy (B}) and

10



MWJZ(B7) tests, for both n = 1 and n = 2, at the £ = 0.10, £ = 0.05 and £ = 0.01
significance levels. Notice that for a given correction statistic, the values of b¢ are
dependent on the choice of n as well as the significance level. The critical values were
obtained from direct simulation of D{(0) and DJ(0) in Theorem 1, for the mean and
trend cases respectively, approximating the Brownian motion process using N17D(0, 1)
random variates, and with the integrals approximated by normalized sums of 1000
steps. Here and throughout the paper, simulations were based on 50,000 replications
using Gauss 9.0. The b¢ values were obtained as follows. The limit expressions in The-
orem 3(b) were simulated with the settings v* = 0 and 4" = 0 for a grid of possible
be in steps of 0.001. The values of b¢ reported in Table 1 are then those which give the
desired sizes to an accuracy of 3 decimal places. Use of these values yields tests that
are asymptotically correctly sized under both I(0) and I(1) errors.

3.2 Asymptotic power

We now consider the asymptotic local power performance of the nonlinear trend tests
under both Assumption I(0) and Assumption I(1). Asymptotic power can be simulated
using the results of Theorem 3. Due to the multi-parameter nature of the alternative

hypothesis, we employ the simplifying expedient of setting v;; = ... = vy, = Vo1 =
o = 7Yy, = 7 for the mean case, and vy, = ... =Yy, = Vo1 = oo = Yo, = Vg1 = -0 =
Vi = Va1 = .- = Van, = 7y for the trend case. Figure 1 reports the asymptotic local

power (at the nominal 0.05 significance level) of all the tests as functions of ~, for the
mean case. Four sub-figures are reported, corresponding to (a) I(0) errors with n = 1,
(b) I(1) errors with n = 1, (c¢) I(0) errors with n = 2, and (d) I(1) errors with n = 2.
Figure 2 presents the equivalent power results for the trend case.

In Figure 1(a) only one curve is visible, since all the tests have the same asymp-
totic distribution under Assumption I(0). Here we observe the reassuring feature that
power is monotonically increasing in ~y, that is, with increasing departure from the
null hypothesis. In contrast, Figure 1(b) shows that while the asymptotic powers
of the tests under Assumption I(1) still increase monotonically in -, they do so in
quite different ways. The three tests that make use of the DFF correction statis-
tic all substantially outperform MW7 (BY) in terms of power, across all values of 7.
Among the three DFl-based tests, the power ranking is MW/ (DER’?), followed by
MWE(DF®Y), followed by MWE(DFER?), although it is noteworthy that the differ-
ence between MWE(DFE®?) and MW} (DFi') is rather less marked than that be-
tween MWE(DF®') and MW¥(DER?). For the case n = 2 in Figures 1(c)-1(d),
almost identical comments apply wvis-d-vis the relative power rankings of the tests; if
anything, the superiority of the DF}-based tests is even further highlighted.

In the trend case (Figure 2), the curves again demonstrate monotonic power in-
creases for all the tests in . Interestingly, in comparison to the mean case results in
Figure 1, the test powers rise more rapidly in v in the trend case under Assumption
I(1), but less quickly under Assumption I(0), for both n = 1 and n = 2. Under I(1)
errors, the same test rankings are observed as in the mean case, with the only notice-

11



able difference being that MW (BY) loses less relative to the DF/-based tests than
was seen in Figure 1.

Remark 6 Although our asymptotic analysis has focused on local power with the
relevant T-scalings on the Fourier coefficient terms as outlined under Assumption I(0)
and Assumption I(1), it should be clear that the tests will be consistent against fixed
alternatives in all cases where the Pitman drifts require scaling by 7-¢, d > 0, i.e. in the
mean and trend cases under Assumption I(0) and in the trend case under Assumption
I(1) (provided 7577 and/or v,;7 are non-zero). In the remaining case, i.e. the mean
case under Assumption I(1), the tests will not be consistent under a fixed alternative,
since to obtain non-negligible local asymptotic power, the nonlinear trend coefficients
must be scaled up by T"/2. This feature is in keeping with the well-known result in the
setting of testing for instantaneous level breaks in time series, that an unscaled level
break in an I(1) process is not asymptotically detectable.

On the basis of the findings of our asymptotic analysis, the obvious recommendation
would be to use the MW (DF#") test, since it outperforms the alternative procedures
considered here in terms of power. Whether such a clear preference is also manifest in
finite samples is an issue we investigate in the next section.

4 Finite sample simulations

4.1 Size

To assess the finite sample size of the tests, we use the following DGP which allows for

ARMA(1,1) and ARIMA(0,1,1) errors

Y = Uy, tzl,,T
Uy = ¢ut—1+5t_05t—1; t:2,,T

with u; = €1 and ¢, ~ NIID(0,1). Table 2 reports nominal 0.05-level size results for
T = {150, 300,600} and the autocorrelation parameter settings ¢ = {0.00, 0.50,0.70,
0.90,0.95,1.00}, 6 = {—0.5,0.0,0.5}, for the mean case statistics with n = 1. In the
estimation of regression (7), k was chosen using the MAIC procedure of Ng and Perron
(2001) with maximum lag length set at k. = [12(7/100)/4], using the modification
suggested by Perron and Qu (2007).

The finite sample size of all the tests is very reasonable when ¢ = 1.00, even for
T = 150, with the exception of MWr(B}) when 6 = 0.5, where a moderate degree of
over-size is observed in the smaller samples. In the stationary cases, the tests are seen
to be under-sized to varying degrees, particularly MWH(DF*®) and MWE(DER)
which remain markedly under-sized even for 7' = 600. This pattern of under-size arises
since the rate of divergence of [DF¥|*® and |DF¥|" in T to +oco is slower than for
|DF¥|?: consequently, the speed of convergence of DF*™® and DF#' to zero, and
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hence the speed of convergence of exp(—be DFA"") and exp(—b: DFi"') to one, is also
slower. As a result, in small and moderately sized samples, the statistics are still
contaminated by the random variables embedded in the correction terms, preventing
the nominal size from being achieved. Qualitatively similar results were obtained for
n = 2, and also in the trend case for n = 1 and n = 2. In view of this observed
finite sample under-sizing in the stationary case, it is important to now assess how this
impacts on the finite sample power of the tests, since it is no longer clear that our
asymptotic preference for MWH(DF**®) will carry over to samples of size typically
encountered in practice.

4.2 Power

We now turn our attention to the finite sample power properties of the tests, again for
the representative mean case with n = 1. Specifically we simulate from the following

DGP
B . 27t n 27t . P "
Y¢ = rysin 7 Y cos - Uy, =1,..,

Uy = ¢ut—1+€t7 t:2,,T

with u; = &7 and g, ~ NII1D(0,1). Figure 3 reports the results for nominal 0.05-level
tests using 7' = 150, ¢ = {0.00,0.50,0.70,0.90,0.95,1.00} and a grid of « values from
0 t0 Yyax 10 50 steps, where the choices v,,.. = {2,4,8,20,20,100} correspond to the
six values of ¢ considered. We associate larger values of v, with larger values of ¢
in this way so that meaningful power curves are obtained.

The first observation that can be made is that in the I(0) cases, i.e. Figure 3(a)-
3(e), the tests display quite different power curves to each other in finite samples,
despite being asymptotically equivalent in these stationary AR(1) environments. In
the pure noise error case of Figure 3(a), we see that MWZr(B)) always provides the
most powerful test while M Wﬁ(DFﬁ’O'5) generally has the least power. Although this
would not be predicted from our asymptotic analysis, this arises because MWr(BF) has
empirical size closest to the nominal 0.05 level, while MW/ (DF*®) has size essentially
zero. The power curves of MWE(DFR') and MWH(DF*) generally lie inbetween
those of MW} (BY) and MWE(DF®®), in keeping with their respective size behaviour.
At the other extreme, where the errors are a pure random walk, i.e. Figure 3(f), the
power rankings are the reverse of those seen in Figure 3(a), that is MWH(DFR*®)
is the most powerful test, followed by MWH(DFi"), then MWi(DF#?) and finally
MWZE(BY), exactly in line with our asymptotic results for the I(1) case. Of course, this
is unsurprising since the tests are all approximately correctly sized in this situation,
even for 7" = 150.

For 0 < ¢ < 1, Figures 3(b)-3(d) show that as ¢ increases, the tests’ power rankings
migrate from the noise case to the random walk case in a fairly predictable way. Notice
that the DFr-based tests generally outperform the test based on Bf. for ¢ = 0.9 and
above. Given that this region in ¢ might be considered of particular empirical relevance,
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especially in a world where uncertainty exists regarding the order of integration, these
results would indicate a preference for the D F/h-based tests, in line with the asymptotic
findings. Among these procedures, the low finite sample power of MW/} (DF}"M) in
more stationary cases renders it somewhat unattractive, and, taking our asymptotic
power and finite sample size and power analyses together, our recommendation would
be for the less sensitive variant MWH (DFq’f’l). Unreported simulations for the case
where n = 2, and also the trend case for n = 1 and n = 2, confirmed that the

same rankings essentially arise, and thus our general recommendation would be for
MWE(DFP'Y) and MW (DFJ") in the mean and trend cases respectively.

5 Conclusion

In this paper we have provided tests for the presence of nonlinear deterministic compo-
nents of a time series, as approximated by a Fourier expansion. We focus on procedures
that are valid when the order of the stochastic component of the series is unknown, that
is, it is unclear whether the underlying shocks are 1(0) or I(1). The tests we propose
are of the Wald type, and are based on cumulated series, together with a correction
factor to line up the asymptotic critical values across the I(0) and I(1) environments,
in the spirit of Vogelsang (1998). The behaviour of various different correction factors
were investigated in terms of their asymptotic local power and also finite sample size
and power behaviour. The particular correction factor that we recommend makes use
of a modified Dickey-Fuller unit root statistic, which allows for the potentially nonlin-
ear trend components. The resulting test displays good asymptotic and finite sample
performance, and should prove to be a useful tool for applied researchers, offering a
robust approach to testing for nonlinearities in the deterministic specification of an
autocorrelated series in the presence of uncertainty regarding its order of integration.

Appendix

Since the Wald statistics are invariant to u,, we may set p, = 0 in (1) without loss of
generality in what follows.

Proof of Theorem 1

(i) First write

T-2RSS"

T-2RSS"

T Zthl(T_l/ZeRt)2
T L (T Pen)?

where, respectively, eg; and ey; denote OLS residuals from a regression of z; on ¢ and
from the regression (5).

T-'Wh =
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1/2

Now, for t = |T'r], the limit process for T~'/“eg, is the same as the limit of the

residual process when 7~/ ZZLT,, | is regressed on r. We find that
| Tr] 9 f |Tr] 9 f
a nfs mfs
T 1/2,2@ = T2 5 YifT g sm( > T—1/2 g YorT g cos( )

|Tr] |Tr]

= va’th Zsm (27Tf8>+wUZ’YQfT Zcos( 7Tfs) 7Y

4, “JUZVlf/ sin ( 27rfs)ds+wUZ’nyT /cos(27rfs)ds+va(r)
0

= W Z Y1pmap(r) + wy Z Yo map(r) + w,W(r)
- =

where the last line follows on noting that

/Or sin(2rfs)ds = %(1 — cos(2m fr))

T 1 .
/Ocos(Qﬂfs)ds = ﬁSIH(QWfT)

A continuous time regression of (8) on r yields the limit residual process w, L (7, v*).
Entirely similar reasoning establishes that the limit process for T~'/2ey, is the con-
tinuous time residual process w, L{;(r,4*). An application of the continuous mapping
theorem (CMT) then verifies that

=T e 1
T 1Z%ZI(T 12¢p,)? A wy [y Ly (r,~*)?dr B
T 5T (T-1/2¢p,)? w2 fo Lt (r)2dr
fo L (r,y*)2dr

1
fo LZ(T)sz

(ii) Again write
Ty (T er)
TV Y (T 2ey,)?
where now, respectively, eg; and ey, denote OLS residuals from a regression of z; on ¢
and !, s and from the regression (6).

Now, for ¢t = |Tr], the limit process for T~/2ep, is the same as the limit of the
residual process when 7/ ZZLTT | is regressed on 7 and fOT sds = r?/2 or, equally, when

T'Wr =
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T=Y22 7, is regressed on r and r2. Here we find that

|Tr] 9 fS |Tr| 9 fs
_ _ T _ T
N szzsm( )1 1/2272@(:%( )
[Tr] |Tr)
_ 2nfs B 2nfs
T e in (T ) o4 T L on ()
+1' /nLTrj
i, 27T S LT7] 27'['f3
= va’ylfT Zsm< ) va’ngT ZCOS( )
[Tr] 27T 8 | Tr] 27rf3
‘H%Z%fT Zsm s—l—wUZMfT ZCOS
+T~ /
nLTrj
d - -
W Z Yigmag(r) + we Y vapmap(r)
— =
—l—vang/ sin 27Tf8)8d8+wv2’}/4f/ cos (2w fs) s ds
f=1 0
+w, W (r)
Then, since
r 1 ’
in (2 ds = in(2 - — 2
/0 sin (27 fs) s ds or ) sin(27 fr) o7 cos(27 fr)
T 1 r 1
2 ds = 2 — sin(?2 _
/0 cos (27 fs) s ds or ) cos(2mfr) + on 7 sin(27 fr) 2n])?

we find that

_ d -
T 220 5wy Y vimup(r) +we » Yaymap(r)
f=1 f=1

Wy ) Yapmar(r) +wo Y Yagmag(r)
f=1 f=1
+w, W(r) (9)
A continuous time regression of (9) on 7 and r? yields the limit residual process
wy LT (r,~47). As before, similar reasoning establishes that the limit process for T-'/2¢y,
is the continuous time residual process w, L],(r,v") and it follows from the CMT that

T-1 ZtT:l(Tq/zeRty L4 J fo L“ 7“ 7“)2dr
T-1 Z$:1<T71/26Ut)2 f L“( )2dr

16



Proof of Theorem 2

(i) Now write

TRSSh
T-RSS"

T3 (T3 eg)?
T3 (T32ey,)?

T'WE =

where, respectively, eg; and ey; denote OLS residuals from a regression of z; on ¢ and
from the regression (5).

Now, for t = |Tr|, the limit process for T~'/2¢p, is the same as the limit of the
residual process when 73/ ZZLT,, | is regressed on r. We find

Tr Tr

n [Tr] n [Tr]
_ _ . (2mfs N 2rfs _
T3/ _ 3/2 3/2 3/2
Pary = T f§1 Yif,m EZl sin ( > + 1773 fEl YorT 521: cos ( T ) +T7% N\7r]

LT

= Wy i T Z sin (27;{88) + Wy i Yas T
f=1 s=1 f=1

4 n n r
= wUZ%fmlf(r) —l—wUZ'yzfmgf(r) —l—wv/ W(s)ds
=1 =1 0

|Tr

s=1

A continuous time regression of (10) on r yields the limit residual process w, Nk (7, ¥*).
Similar reasoning establishes that the limit process for T-'/2ey; is the continuous time
residual process w, N{;(r,¥*) and an application of the CMT shows that

TN (T en) | Ji Nts(r,y*)2dr .
T-1 Y0 (T 2eu,)? Jo Nt (r)2dr

(ii) Again write

T 3 (T er)’

T3 (T3 ey

where now, respectively, egr; and ey; denote OLS residuals from a regression of z; on ¢

and 3", s and from the regression (6).
Now, for ¢t = |Tr], the limit process for T~3/%eg, is the same as the limit of the

T7'Wi =
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2 fs _3/9
cos( T ) + T /mTrj
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residual process when T~%/2z|p, is regressed on r and r?. Now,
[Tr] [Tr]
_ 2nfs 2rfs
TV = T i () £ Y s S (V)

| Tr] |Tr|

T e in (T ) o4 T L eon ()

+7~ 3/2?7 |Tr]

LT L) 2 fs
= va’th Zsm( )—i—va’YQfT 1ZCOS( )
7] LT] 21 fs
+wv273fT Zsm( )S+w”274fT ZCO ( )
+1~ /nLTrj
4, Wy Z’Vlfm1f(7”) + Wy Z’Y2fm2f(7">
f=1 =1

o Y Yagmag(r) +we D vapmap(r)
f=1

f=1

+wy /T W(s)ds (11)

A continuous time regression of (11) on r and r? yields the limit residual process
wyNE(r,47). Again, similar reasoning establishes that the limit process for T3¢y, is
the continuous time residual process w, N/;(r,~7) and then from the CMT

T Zthl(T*:”/QeRt)Q L4 fo NEL(r,~ )er
T-1 Zthl(T*?’ﬂeUt)Q f NT( )er

Proof of Theorem 3

(a) Parts (i) and (ii) follow because it is easily shown that when the model errors are
I(0) the unit root statistics |DF%| diverge to +oo, while the BY unit root statistics
converge in probability to zero. This is because these statistics are constructed from
the residuals 4! which are based on an OLS regression with a fully specified (or over-
specified) deterministic component. In turn, our chosen exponential functions of these
statistics all converge in probability to one because we assume j > 0 and be > 0. As a
consequence, the original and modified Wald statistics are asymptotically equivalent.

(b) In part (i), since 43" are residuals from the OLS regression (1) with p, = a and Ay
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given by (2), it is easily shown that

T2 LK),

\Tr)

Similarly, in part (ii), @] are the OLS residuals from (1) with p, = o + gt and A1
given by (3), and hence

1jonr A per
T 1/2uLTTJ — K (T)
The stated limit distributions of DF}. and B then follow from a straightforward ex-

tension of results in Harvey et al. (2006). The distributional results for the modified
Wald statistics follow via joint convergence and the CMT.
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Table 1.

Asymptotic critical values and b¢ values for {-level tests

Panel A. Mean case

n=1 n=2
£€=0.10 £=005 £=0.01 £€=0.10 £=005 £=0.01
Critical value 5.268 7439 13.370 9.337 12.754 21.495
be: MWHE(DF) 3.692 3.962 4.668 5.548 5.835 6.534
be: MWH(DF) 6.316 7.096 8.973 10.582 11.554 13.688
be: MW“(DF“ %) 19.604  23.700  34.262 40.477 47.387 62.423
be: MWHE(BLY) 406.247  566.707 1065.633 1246.742  1740.261  2890.065
Panel B. Trend case
n=1 n=2
£=0.10 £=005 £=001 £=0.10 £=005 £=0.01
Critical value 4.466 5.859 9.472 7.821 10.026 15.512
be: MWZ(DF3?) 5.968 6.369 7.124 8.459 8.857 9.652
be: MWE(DFE) 12.191  13.330  15.616 19.309 20.607 23.172
be: MWEL(DFE?) 52.474  59.878  77.079 102.937 114129  138.625
be: MW7 (BZ) 3537.707 4192.037 5748.313  10999.097 12534.431 15986.885
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Figure 1. Asymptotic local power of tests, mean case:
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Figure 2. Asymptotic local power of tests, trend case:
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Figure 3. Finite sample power of tests, mean case, n=1, T" = 150:
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