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Abstract

Testing for the presence of a broken linear trend when the nature of the per-
sistence in the data is unknown is not a trivial problem, since the test needs to
be both asymptotically correctly sized and consistent, regardless of the order of
integration of the data. In a recent paper, Sayginsoy and Vogelsang (2011) [SV]
show that tests based on �xed-b asymptotics provide a useful solution to this
problem in the case where the shocks may be either weakly dependent or display
strong dependence within the near-unit root class. In this paper we analyse the
performance of these tests when the shocks may be fractionally integrated, an
alternative model paradigm which allows for either weak or strong dependence
in the shocks. We demonstrate that the �xed-b trend break statistics converge to
well-de�ned limit distributions under both the null and local alternatives in this
case (and retain consistency against �xed alternatives), but that these distribu-
tions depend on the fractional integration parameter �. As a result, it is only
when � is either zero or one that the SV critical values yield correctly sized tests.
Consequently, we propose a procedure which employs �-adaptive critical values to
remove the size distortions in the SV test. In addition, use of �-adaptive critical
values also allows us to consider a simpli�cation of the SV test which is (asymp-
totically) correctly sized across � but can also provide a signi�cant increase in
power over the standard SV test when � = 1.
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1 Introduction

Testing for the presence of a broken linear trend at an unknown break date when the
nature of the persistence of the data is not known is not a trivial problem because the
test needs to be asymptotically correctly sized and consistent regardless of the order
of integration of the data. If the order of integration were known one could simply
di�erence the data to the appropriate order and test the trend break hypothesis within
the resulting model for the di�erenced data.

Such an approach, however, requires that the order of integration of the data is
known. In practice this will not be the case and we would need to estimate the order
of integration from the data. Even where we constrain attention to the case where the
data are either weakly dependent, I(0), or admit a unit root, I(1), a circular testing
problem arises. This is because, as demonstrated in Perron (1989), unit root tests are
highly sensitive to trend breaks, and failure to account for them results in spurious
acceptance of the unit root hypothesis even when the data are I(0). On the other
hand, unnecessarily allowing for a trend break in unit root tests seriously reduces their
power, other things being equal, especially when the location of the potential break
is treated as unknown; see, inter alia, Perron (2005), Zivot and Andrews (1992) and
Harris, Harvey, Leybourne and Taylor (2009). At the same time, as Harvey, Leybourne
and Taylor (2009) [HLT] show, conventional regression-based tests for a trend break
which assume the data are I(0) spuriously reject when the data are I(1).

Two recent papers have appeared which, under the assumption that the data are
either I(0) or I(1), attempt to circumvent this circular inference problem. First, HLT
propose a trend break statistic which is a weighted average of the largest (in absolute
value) of the sequences over all possible break dates of conventional regression-based
t-ratios for a trend break in the levels and �rst-di�erence regressions. The weight
function employed is such that the statistic reduces to the largest t-ratio from the
sequence of levels regressions when the data are I(0) and to the largest t-ratio from
the sequence of �rst di�erence regressions when the data are I(1). Sayginsoy and
Vogelsang (2011) [SV] take a di�erent approach and base their trend break test on a
function of the Wald-type statistic from the sequence of levels regressions alone, again
taken over all possible break dates. HLT use separate conventional long run variance
estimators for the I(0) and I(1) t-ratios, while the statistics proposed in SV embody
the use of long run variance estimators employing the �xed-b bandwidth approach of
Kiefer and Vogelsang (2002) to yield a statistic which has a well-de�ned limiting null
distribution in both I(0) and I(1) environments. In both HLT and SV, a signi�cance
level-speci�c multiplicative correction factor is also required due to the fact that their
statistics possess di�erent limiting null distributions under I(0) and I(1) shocks.

The tests proposed in HLT and SV are therefore designed to be asymptotically
correctly sized irrespective of whether the data are I(0) or I(1) (they are also consis-
tent against �xed trend break alternatives). Under near-I(1) shocks both tests display
rejection frequencies which fall below the nominal asymptotic level (but remain consis-
tent against �xed alternatives). Consequently, under either weak dependence or strong
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dependence of the (near-) I(1) type, these tests are asymptotically well behaved and
thereby avoid the circular testing problem noted above. These tests are therefore re-
ferred to as being `robust' to strong correlation in the data. While this is true for
strong correlation of the (near-) I(1) type, an important extension to this paradigm
is to consider the more general case of fractionally integrated, I(�), shocks which also
display strong dependence whenever � > 0. This is also relevant because of the on-
going debate as to whether it is actually unmodelled structural breaks that give rise
to strong dependencies often found in observed data; see Sibbertsen (2004) and the
references therein. En route to settling the debate, an obvious requirement it to be
able to test whether structural change has actually occurred, where inference is not
made contingent on any underlying assumption of weak or strong dependence in the
data generation process.

Iacone et al. (2011) [ILT] show that when � is fractional, the statistic proposed in
HLT either collapses to zero or diverges to positive in�nity in the limit. As a conse-
quence the HLT test is rendered unworkable as a trend break test once we allow for
the possibility of fractional integration. In contrast we show in this paper that under
fractional integration the SV statistic converges to a well-de�ned limit distribution un-
der both the null of no trend break and local trend break alternatives, but is consistent
against �xed alternatives, regardless of �. This limiting null distribution depends on
the long memory parameter �, however, so that the asymptotic size of the test when run
using the asymptotic critical values given in SV is no longer the anticipated level, un-
less � is zero or one. To counter this, we suggest a procedure which employs �-adaptive
critical values to remove these size distortions in the SV test. Two possible estimators
of � are explored, one which imposes the trend break null hypothesis and one which
does not. Both are shown to yield asymptotically correctly sized and consistent tests.

The use of �-adaptive critical values also allows us to consider a logical simpli�cation
of the SV test which is correctly sized in the limit across �. The simpli�cation arises
from the fact that once �-adaptive critical values are employed, the multiplicative
correction factor embedded in the SV test (to line up the limiting null distribution
of the test statistic under I(0) and I(1) errors at a given signi�cance level) is made
redundant. We show that the removal of this redundant term also opens the potential
for a signi�cant increase in power when � > 0.

After outlining our fractionally integrated trend break data generating process
[DGP] in section 2 and detailing the �xed-b trend break tests of SV in section 3, we
present the asymptotic properties of SV in section 4. These results cover the null, local
trend break and �xed trend break alternatives. Section 5 introduces the �-adaptive
critical values schemes. The simpli�ed SV tests are considered in section 6. Simula-
tions are conducted to allow comparison of the relative sizes of the various procedures.
In section 7 we examine the local power properties of each procedure. Our results on
size and power allow us to make a concrete recommendation on the best procedure for
use in practice. Concluding comments are given in section 8. The proof of our main
theorem is provided in a mathematical appendix.

In what follows we use the notation: x := y (x =: y) to indicate that x is de�ned
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by y (y is de�ned by x); b�c to denote the integer part of the argument; I(�) to denote
the indicator function which returns the value one when its argument is true and zero

otherwise;
p! to denote convergence in probability and

d! to denote convergence in the
Skorohod J1 topology of D [0; 1], the space of real-valued functions on [0; 1] which are
continuous on the right and with �nite left limit, respectively; � to indicate that the
ratio between left- and right-sides tends to a �nite positive constant. Finally, reference
to a variable being Oe(T

k), k > 0, denotes exact order in probability, in that the
variable is of Op(T

k) but is not of op(T
k):

2 The Fractionally Integrated Trend Break Model

Following Perron (1989), HLT and SV, inter alia, we consider the following trend break
DGP

yt = � + �t+ ��DTt(� 0) + ut; t = 1; :::; T; (1)

where

DTt(� 0) :=

�
0; t � b� 0T c

t� b� 0T c; t > b� 0T c
for � 0 2 [�L; �U ] =: � � (0; 1). The quantities �L and �U are called trimming parame-
ters. Here ut is taken to be a zero mean I (�) process. In this model there is a break
in trend at time b� 0T c when �� 6= 0.

Our interest in this paper centres on testing the null hypothesis H0 : �
� = 0 against

the two-sided alternative hypothesis H1 : �
� 6= 0, without assuming knowledge of the

fractional integration parameter, �, or the putative break fraction, � 0. This generalizes
the hypothesis structure considered in HLT and SV for � 2 f0; 1g to the case of
fractional �.

The trend break model is completed by formalizing the I (�) properties of ut.

Assumption 1 For some process �t which satis�es the conditions of Assumption 2
below, the process ut is such that, for � 2 [0; 3=2), ut = ����tI (t > 0) where �� =
(1 � L)�, with L being the usual lag operator, and ��� =

P1
j=0  jL

j with  j :=
� (j + �) = (� (�) � (j + 1)), � (�) denoting the Gamma function.

Assumption 2 �t is a linear process satisfying �t = A (L) "t :=
P1

j=0Aj"t�j . The

weights fAjg are such that A (1)2 > 0 and
P1

l=0 l jAlj < 1 and "t is an independent,
identically distributed (i.i.d.) sequence with E ("t) = 0, E ("2t ) = 1 and E (j"tjq) < 1
for some q > 2.

Remark 1. Assumptions 1 excludes the case � < 0, which we consider to be reasonable
given that the trend break model in (1) is intended for the levels (rather than the
di�erences) of the data. Note also that Assumption 1 is based on the de�nition of
a Type II fractionally integrated process; see, for example, Marinucci and Robinson
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(1999). Assumption 2 places conditions on the weights Al which coincide with those
made in SV and HLT, while the innovations, "t, are assumed to be i.i.d. The latter is
commonly assumed in the fractional integration literature as it allows us to appeal to
the functional central limit theorem of Marinucci and Robinson (2000) for fractionally
integrated processes. A consequence of Assumption 2 is that the long run variance of
�t is given by �2 := A (1)2. Moreover, we also de�ne � :=

p
�2.

Remark 2. The model in (1) embodies a break in trend. SV additionally develop tests
for a break in trend with a simultaneous break in level, and for a break in level (about
a constant, possibly zero, trend). In the interests of brevity we focus attention in this
paper only on (1), the leading case of interest. It would be entirely straightforward to
apply a similar analysis to these other models and the resulting tests considered in SV.

3 Fixed-b Trend Break Tests

For a given possible break date Ta 2 �� := fb�LT c; :::; b�UT cg, SV recommend a trend
break test based on the average, taken across ��, of the Wald-type statistics of the
null hypothesis H0 : �

� = 0 formed from the levels data and using a long run variance
estimator constructed using a Daniell kernel with bandwidth M = bbT c, b 2 (0; 1].
To achieve robustness to the possibility of I(1) shocks, this average statistic is then
multiplied by a correction factor based on a unit root statistic, following the approach
of Vogelsang (1998).

To be more precise, �rst let � 2 � be a generic break fraction such that Ta = b�T c
and let f1 (t) := (1; t)0 and f2 (t; �) := DTt (�). SV then consider the levels regression

yt = �01f1 (t) + ���f2 (t; �) + ut, (2)

for a 2� 1 vector �1 and for a scalar ��� . The regression in (2) does of course coincide
with (1) in the case where � = � 0, in which case �1 = (�; �)0 and ��� = ��. Now letef2 (t; �) and eyt denote the residuals from the regression of f2 (t; �) and yt, respectively,
on f1 (t), and, hence, by the Frisch-Waugh theorem the OLS estimator of ��� from (2)
is given by b��� :=

 
TX
t=1

ef2 (t; �) eyt
!
=

 
TX
t=1

ef2 (t; �)2
!
.

Next let but;� be the OLS residuals from estimating the regression (2), and let the cor-

responding sample autocovariances be denoted by bj;� := T�1
PT

t=j+1 but;�but�j;� . Using
the estimated autocovariances, form the long-run variance estimator

b�2� := b0;� + 2
T�1X
j=1

k (j=M) bj;�
where k (j=M) is a kernel function and M is a bandwidth parameter such that M =
bbT c, b 2 (0; 1] is assumed. SV provide a generic characterisation of k (j=M), but
recommend the use of the Daniell kernel which we follow here.
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For a given break location, Ta, the resulting Wald-type statistic is then given by

W (Ta) :=

 
TX
t=1

ef2 (t; �)2
!�b����2 =b�2� : (3)

Since the putative break fraction, � 0, is assumed unknown SV follow Andrews and
Ploberger (1994) and take the average of the statistic in (3) across ��; viz,

MW := T�1
X
Ta2��

W (Ta) . (4)

The limiting null distribution ofMW of (4) depends on whether ut is I (0) or I (1).
Consequently, SV suggest modifying MW in such a way that for a given nominal
asymptotic size the asymptotic critical value for the test coincides in the I(0) and I(1)
cases. To that end, for each possible break date Ta 2 �� SV recommend running the
regression

yt = �01f1 (t) + ���f2 (t; �) +
9X

i=2

�it
i + ut, (5)

to obtain the unrestricted residual sum of squares, RSSU , and second to estimate (5)
under the set of restrictions �2 = � � � = �9 = 0 imposed to yield the restricted residual
sum of squares, RSSR. Then construct the statistic

J (Ta) :=
RSSR �RSSU

RSSU
:

Now take the minimum of these statistics across ��, viz., J� := infTa2�� J (Ta). The
correction factor recommended by SV for the model in (1), is then given by exp (�cJ�),
where c is a scaling constant.

Finally then, the SV trend break test rejects for large values of the statistic

SV :=MW � exp (�cJ�) . (6)

The correction factor is such that exp (�cJ�) p! 1 when ut is I (0), while exp (�cJ�)
has a non-degenerate limit distribution (which is free of nuisance parameters) when
ut is I (1). The constant c in the correction factor exp (�cJ�) is chosen so that, for a
given signi�cance level, the asymptotic null critical value of SV is the same in the I(0)
and I(1) cases for ut. Practical recommendations regarding the choice of the tuning
parameter b, the resulting scaling constant c, and asymptotic critical value needed to
implement the test are given in SV.

In the next section we analyse the large sample behaviour of SV when ut in (1) is
fractionally integrated.
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4 Large Sample Behaviour of SV

In this section we derive the large sample properties of SV of (6) under both a local
alternative and under the �xed alternative, H1 : �

� 6= 0. In the case of the former, the
relevant local alternative is of the form H� : �

� = �T�3=2+�, where � is a �nite constant
(the Pitman drift). Notice that on setting � = 0, H� reduces to H0 : �

� = 0, our null
case. Where � 6= 0, a local trend break occurs at time b� 0T c.

In order to characterise the limit distribution of the SV we need to introduce some
notation. First, let W�+1 (r) denote a Type II fractional Brownian motion, as in Mar-
inucci and Robinson (1999). Then for the fractionally integrated process ut satisfying
Assumptions 1 and 2, we have the following invariance principle from Marinucci and
Robinson (1999,2000)

1

T 1=2+�

brT cX
t=1

ut
d! �W�+1 (r) ; r 2 [0; 1] : (7)

Now let F1 (r) := (1; r)0 and F2 (r; �) := (r � �) I (r > �), where � is such that Ta=T !
� as T !1. Using these we de�ne,

eF2 (r; �) := F2 (r; �)�
�Z 1

0

F2 (r; �)F1 (r)
0 dr

��Z 1

0

F1 (r)F1 (r)
0 dr

��1

F1 (r) ,

P� (�) :=

�Z 1

0

eF2 (r; �)
2 dr

��1�Z 1

0

eF2 (r; �) dW�+1 (r)

�
Q� (r; �) := W�+1 (r)�

Z r

0

eF2 (s; �) dsP� (�)

G (r) :=
�
1; r; :::; r9

�0
,

�F2 (r; �) := F2 (r; �)�
�Z 1

0

F2 (r; �)G (r)0 dr

��Z 1

0

G (r)G (r)0 dr

��1

G (r)

	 (� ; � 0) :=

�Z 1

0

eF2 (r; �)
2 dr

��1 Z 1

0

eF2 (r; �) eF2 (r; � 0) dr

�	 (� ; � 0) :=

�Z 1

0

�F2 (r; �)
2 dr

��1 Z 1

0

�F2 (r; �) �F2 (r; � 0) dr

� (r; � ; � 0; �=�) :=

��Z r

0

eF2 (s; �) ds

�
	(� ; � 0)�

�Z r

0

eF2 (s; � 0) ds

��
�

�

Q�
�
;� (r; � ; � 0; �=�) := (Q� (r; �)� � (r; � ; � 0; �=�)) :

Moreover, let k(�) denote the Daniell Kernel; that is, k (x) := sin(�x)
�x

, and let k� (x) :=
k (x=b) and let k�00(�) denote the second derivative of this function. Using the latter,
we de�ne the function

��
�
;� (b; k; � ; � 0; �=�) :=

Z 1

0

Z 1

0

�k�00 (r � s)Q�
�
;� (r; � ; � 0; �=�)Q�

�
;� (s; � ; � 0; �=�) drds:
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We are now in a position to state the limiting distribution of the SV statistic of (6)
under the local alternative, H�.

Theorem 1 Let Assumptions 1 and 2 hold. Then under the local alternative, H� :
�� = �T�3=2+�,

(i) if � 2 [0; 1=2), and provided that the spectral density of �t is bounded and bounded
away from zero at all frequencies,

SV d!
Z �U

�L

Wald1�=�;� (� ; � 0; b; k; �=�) d� ;

where

Wald1�=�;� (� ; � 0; b; k; �=�) :=

�
P� (�) + 	 (� ; � 0)

�
�

�2 �R 1

0
eF2 (r; �)

2 dr
�

��
�
;� (b; k; � ; � 0; �=�)

:

(ii) if � 2 (1=2; 3=2) and provided E (j"tjq) <1, for some q > max
�
2; 2

2��1

�
,

SV d!
Z �U

�L

Wald1�=�;� (� ; � 0; b; k; �=�) d� � exp

�
�c inf

�2[�L;�U ]
J1�=�;� (� ; � 0)

�
;

where Wald1�=�;� (� ; � 0; b; k; �=�) is as de�ned in part (i) above, and where

J1�=�;� :=

R 1

0

�
Ŵ� (r; �) + eF2 (r; �) (1�	(� ; � 0))

�
�

�2
drR 1

0

�
�W� (r; �) + �F2 (r; �)

�
1� �	 (� ; � 0)

�
�
�

�2
dr
� 1

where Ŵ� (r; �) denotes the residuals from the projection of W� (r) onto the space

spanned by
�
F1 (r)

0 ; F2 (r; �)
�0

on [0; 1], and �W� (r; �) denotes the residuals from the

projection of W� (r) onto the space spanned by
�
F1 (r)

0 ; F2 (r; �) ; r
2; :::; r9

�0
on [0; 1].

Remark 3. Setting � = 0 throughout in the representations given in Theorem 1 yields
the limiting distribution of SV under the null hypothesis H0 : �

� = 0. Speci�cally, we
obtain that in part (i) of Theorem 1, where � 2 [0; 1=2), that under H0,

SV d!
Z �U

�L

Wald1� (� ; b; k) d� ; (8)

where

Wald1� (� ; b; k) :=
P� (�)

2
�R 1

0
eF2 (r; �)

2 dr
�

�� (b; k; �)

�� (b; k; �) :=

Z 1

0

Z 1

0

�k�00 (r � s)Q� (r; �)Q� (s; �) drds:
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Similarly, in part (ii) of Theorem 1, where � 2 (1=2; 3=2), we obtain that under H0,

SV d!
Z �U

�L

Wald1� (� ; b; k) d� � exp

�
�c inf

�2[�L;�U ]
J1�

�
; (9)

where

J1� :=

R 1

0
Ŵ� (r; �)

2 drR 1

0
�W� (r; �)

2 dr
� 1:

Remark 4. Notice from the representations given in Theorem 1 and Remark 3 that
the correction factor exp (�cJ�) used by SV plays no role when � 2 [0; 1=2) since
it converges in probability to one. However, when � 2 [0; 1=2) the limit of the MW
component of SV still depends on �. When � 2 (1=2; 3=2) the limits of both exp (�cJ�)
and MW depend on �. Critical values and choices of c (for a given signi�cance level)
made on the assumption that only � = 0 or � = 1 is permissible will not therefore
deliver the expected asymptotic rejection frequency when � is fractional. The extent to
which the size of the SV test based on SV varies across fractional values of � for SV's
recommended choices of the the scaling constant, c, and bandwidth tuning parameter,
b, is explored below.

Remark 5. It can, however, be shown that SV is consistent against �xed alternatives,
regardless of the value of �. To do so, we need to establish the behaviour of SV
under H1 : �� 6= 0. For Ta = b� 0T c it is easily shown that, under H1, b���0 p! ��,

and that
PT

t=1
ef2 (t; �)2 = Oe (T

3). Consequently, and using the result established in
(A.5) in the appendix, coupled with the invariance principle in (7), we then have thatb�2�0 = Oe

�
T 2�
�
, and, hence, that W (Ta) = Oe

�
T 3�2�

�
. Finally, proceeding as in the

proof of Theorem 1 in the appendix, we can show that J (Ta) = Oe (1). It therefore
follows straightforwardly that SV = Oe

�
T 3�2�

�
under the �xed alternative, H1, for

any � 2 [0; 1=2)[ (1=2; 3=2). Consequently, SV is consistent; that is, under H1, for any
0 < K < 1, P (SV > K) ! 1, as T ! 1. It should also be clear that a test based
on the MW statistic will be consistent against the �xed alternative H1, regardless of
the value of �.

Remark 6. Parts (i) and (ii) of Theorem 1 both require some additional assumptions
to hold above those stated in Assumptions 1 and 2. These assumptions are needed to
establish the large sample behaviour of the correction factor, exp (�cJ�). The addi-
tional moment condition in part (ii) of Theorem 1, which will clearly be a particularly
strong assumption when � is in the proximity of 1=2, is required to establish the limits

T 1=2��ut
d! �W� and T

�2�
PT

t=1 u
2
t

d! �2
R 1

0
W 2

� dr (see Johansen and Nielsen, 2011),
as are required for determining the limit of the J� statistic. However, to anticipate
subsequent analysis in section 6 below, we note that, under Assumptions 1 and 2,

MW d! R �U
�L

Wald1�=�;� (� ; � 0; b; k; �=�) d� for � 2 [0; 3=2). Similarly to Remark 3, un-

der H0 this simpli�es to MW d! R �U
�L

Wald1� (� ; b; k) d� . It is important to notice,
here, that the additional conditions of Theorem 1 are not required to derive the limit
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distribution of theMW statistic, and this alone may be a reason to prefer a test based
solely on the MW statistic (i.e. without scaling factor exp (�cJ�)), especially when �
is allowed to approach 1=2 from above.

4.1 Size of SV

In order to run the trend break test based on the SV statistic of (6) the bandwidth
tuning parameter, b, must be chosen which in turns determines the scaling constant, c
and the asymptotic critical value for a given nominal level. The choice of b is discussed
in the working paper which accompanies SV, Sayginsoy and Vogelsang (2008). They
suggest a data-based procedure where we �rst take the value of Ta 2 �� which min-
imises the residual sum of squares (RSS) obtained from estimating (2) by OLS. Using
the corresponding residuals, say but, they then compute the �rst-order AR(1) estima-
tor, b� := (

PT
t=2 bu2t�1)

�1
PT

t=2 but�1but. Then, de�ning b�� := T (1 � b�), Sayginsoy and
Vogelsang (2008) recommend setting the bandwidth as M = max(2; b(b��)T ), where
the value of b = b(b��) is determined by b�� according to the table below (abstracted
from Table 3, page 42 of Sayginsoy and Vogelsang (2008), which is appropriate for
� = [0:1; 0:9]:

b�� [0; 16] (16; 42] (42; 56] (56; 66] (0:66;1)
b(b��) 0.30 0.28 0.08 0.06 0.02

Corresponding approximate formulae for the associated scaling constant, c, and asymp-
totic critical value as twelfth-order polynomials in b are provided in Tables 1.3.1 and
1.3.2 of Sayginsoy and Vogelsang (2008,p.36).

To evaluate the size properties of SV under fractional integration, we now present
the results from a Monte Carlo experiment. We generated data according to the DGP
in (1), setting � = � = 0 with no loss of generality. The fractionally integrated
disturbance process in (1) was constructed as yt = ut where

ut := ��� f�tI (t > 0)g ; �t = ��t�1 + "t; t = 1; :::; T (10)

with "t distributed as IIDN (0; 1), setting � = 0. Results are reported for � 2
f0:00; 0:33; 0:66; 1:00; 1:33g with sample sizes T 2 f128; 256; 512; 1024g; the largest of
which we take as an approximation to the asymptotic case. All experiments are based
on 10000 Monte Carlo replications. Here and throughout we set [�L; �U ] = [0:1; 0:9].
The data-based tuning parameter b = b(b��), and the associated scaling parameter,
c, and asymptotic critical value were selected in the manner recommended by SV,
as outlined above, using the nominal asymptotic 0.05-level. Table 1(a) reports the
empirical sizes of SV . Consistent with the Monte Carlo results reported in SV, we �nd
that the test has approximately correct size when either � = 0 or � = 1, as would be
expected. Also, when � > 1 there is little in the way of size distortion; if anything
SV is modestly conservative here. However, when � 2 (0; 1) the size of SV appears
much larger than the theoretical 0.05 value, indicating that spurious rejections of the
no trend break null will arise.
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5 �-Adaptive Critical Values

As demonstrated in the previous section, the asymptotic null distribution of the statis-
tic SV of (6) depends on the long memory parameter, �, when the shocks are fraction-
ally integrated, while the asymptotic critical values from SV are only valid where � = 0
or � = 1. However, a key point shown by the results in Theorem 1 is that the size
of SV test will not degenerate to zero or unity as the sample size diverges, unlike the
HLT statistic, due to the fact that the limiting null distribution of SV is a well-de�ned
random variable, regardless of the fractional value of �.

If one knew the value of � one could therefore substitute the null critical values given
in SV with the null critical values appropriate for �. These are given in Table 2(a) and
were calculated using the simulation model yt = ut for ut generated as in (10) with � =
0, setting T = 2000. We provide critical values for � 2 f0; 0:1; :::; 0:4; 0:5; 0:6; :::; 1:4g.1
This, of course, does not yield a feasible procedure because � is unknown. However, �
can be consistently estimated even without knowledge of the location of the putative
trend break; see ILT who propose a consistent estimate of � based on an extension of
the Fully Extended Local Whittle [FELW] approach of Abadir, Di Staso and Giraitis
(2007). For completeness, we now briey outline this approach.2

In order to estimate �, ILT �rst obtain an estimate of � 0.They consider the min-
imum RSS estimator of Perron and Zhu (2005). Speci�cally, using but;� , the OLS
residuals from estimating the regression (2), Perron and Zhu (2005) suggest the es-
timate b� := argminTa2��

PT
t=1 bu2t;� . Under Assumptions 1 and 2, ILT show thatb� � � 0 = Op

�
T�3=2+�

�
under the �xed alternative, H1, and that b� is of Op (1) un-

der H0. The latter result can trivially be shown to also hold under the local alternative
H�. The corresponding OLS residuals, but;b� are then used in the subsequent estimation
of �.

Following Abadir et al. (2007), the FELW of � is then given by

b� := arg min
d2[0;3=2��]

U (I
bu; d)

for � an arbitrarily small positive constant3, and where

U (I
bu; d) := ln

 
1

m

mX
j=1

j2dI
bu (�j; d)

!
� 2d

m

mX
j=1

ln j

1If required, critical values for intermediate values of � can be obtained via linear interpolation.
Notice also that our reported critical values for � = 0 and � = 1 are relatively close, although not
identical, to one another and to the critical values reported in SV; these di�erences are attributable
to simulation error.

2Once one has a suitable estimator of �, an alternative to the approach taken in this section is
to use a bootstrap implementation of the SV test. We also considered such an approach but found
it to deliver slightly inferior �nite sample performance to the numerically simpler �-adaptive method
discussed here. Further details are available from the authors on request.

3In practice the minimization is carried out over d 2 [0; 3=2]. The numerical results reported in
this paper used the Maxlik optimisation routine in GAUSS 6.0.
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for �j =
2�j
T�1

, and with I
bu (�; d) := jw

bu (�; d)j2 denoting the extended periodogram ofbut;b� , where
w
bu (�; d) :=

1p
2� (T � 1)

TX
t=2

but;b� ei�(t�1)+

 
1p

2� (T � 1)
ei� (buT;b� � bu1;b� )� I (d 2 (1=2; 3=2))

!

with complex conjugate w�
bu (�; d), is the extended discrete Fourier transform of but;b� ,

t = 1; :::; T , at a generic frequency �.
In order to discuss the properties of b�, let f� (�) be the spectral density of �t, so that

E
�
�t�t+h

�
=
R �

��
cos (h�) f� (�) d�. ILT demonstrate that under Assumptions 1 and

2, strengthened to also require that f� (�) is such that f� (�) � G 2 (0;1) as �! 0+

and is di�erentiable in the neighbourhood (0; !) of the origin, with df�(�)
d�

= O
�
��1
�

as � ! 0+, then provided that the bandwidth m is such that m ! 1 but m=T ! 0

as T ! 1, b� is a consistent estimator of �, regardless of the value of the trend break
magnitude ��. When constructing b� we adopt a bandwidth of m = bT 0:65c in what
follows.

The estimator b� obtained in this manner is consistent for � under H0, H� and
H1. We can also consider the FELW estimator based on the OLS residuals, but;0 say,
obtained from estimating the regression (2) under H0; that is, without the trend break

regressor f2 (t; �). This estimator, b�0 say, is obviously rather simpler to compute thanb� as no trend break point needs to be searched for. It should be clear that b�0 and b�
share the same consistency properties under H0, and it can be shown that this is also
the case under H�. Given the consistency properties of b� and b�0 under H0, we can use
them to obtain asymptotically correctly sized inference in an obvious way; we compare
SV not with the critical values given in SV, but rather with critical values from Table
2(a) , using b� or b�0 to proxy the unknown �. It should also be clear from Remark 5
that this test procedure will be consistent against the �xed alternative H1, regardless
of the value of � or which of b� or b�0 is used.
5.1 Size of SV with �-Adaptive Critical Values

Table 1(a) gives the size of SV with �-adaptive critical values, with b� and b�0 used in
place of the unknown �, respectively, using the simulation DGP of section 4.1. Results
are shown for nominal 0.05-level tests using the critical values from Table 2(a). With
an obvious notation, we denote these test procedures as SVA and SVA

0 . It is clear
that both schemes lead to a signi�cant improvement in size over the results seen in
Table 1(a) for the non-adaptive SV test, particularly for the larger sample sizes and in
those cases where � 2 (0; 1). Between SVA and SVA

0 , there seems little to choose as to

which gives most accurate sizes, although we observe that the test based on b�0, SVA
0 ,

appears less prone to over-sizing.
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6 A Simpli�ed Variant of SV with �-Adaptive Crit-

ical Values

Once we employ �-adaptive critical values for SV we can consider a simpli�cation of the
SV test which involves dropping the correction factor exp (�cJ�). As noted in Remark
4, this term plays no asymptotic role when � 2 [0; 1=2) since it converges in probability
to one. It is active for � 2 (1=2; 3=2) and used to line up the asymptotic critical values
(only when � = 1) but clearly becomes redundant once we use �-adaptive critical values.
We can therefore simply use �-adaptive critical values applied to theMW component
of SV alone. Moreover, rather than just being redundant when � 2 (1=2; 3=2), the
presence of exp (�cJ�) may potentially lead to a sacri�ce in (otherwise) realisable
power and, additionally, requires us to make stronger assumptions about the errors;
cf. Remark 6.

When we consider fractional values of � there is little reason to choose b according
to b(b��) since b�� is only an appropriate estimator in the case of (near) I(1) errors. In
view of this, Table 2(b) gives the �-adaptive critical values for MW , computed from
the same DGP as in section 5, for a range of values of �xed b. For � 2 [0; 1=2) since

exp (�cJ�) p! 1, such that MW � SV p! 0 we would expect the critical values in
Table 2(a) and 2(b) to coincide for the common value of b = 0:30. They largely do so
unless � is close to 1=2, in which case our asymptotic approximation using T = 2000 is
obviously not based on a large enough sample for these near-boundary cases. What is
very noticeable, however, is that for � 2 (1=2; 3=2) the critical values of MW and SV
with b = 0:30 di�er substantially, due to the asymptotic contribution of exp (�cJ�) in
the latter.

As in section 5 we can make testing with �-adaptive critical values using MW
a feasible procedure by estimating � using either b� or b�0. We will denote these two
procedures as MWA and MWA

0 , respectively.
4

6.1 Size of MW with �-Adaptive Critical Values

Table 1(a) shows the size of MWA and MWA
0 for the simulation DGP of section 4.1.

Results are shown for nominal 0.05-level tests using critical values taken from Table
2(b). Clearly MWA can be quite badly over-sized when � > 0 for small T unless
b = 0:20 or b = 0:30 (although its size does improve fairly rapidly as T increases). On
the other hand, the size of MWA

0 is actually rather good for all �, T and b.
To check all the tests' size behaviour outside of white noise �t, Table 1 (b) repeats

this simulation exercise when � = 0:5 in (10). We see here that pretty much all the
tests except SV display decent size control, in the context of not being signi�cantly
over-sized. In Table 1(c) we set � = �0:5. Of the SV tests, only SVA

0 now adequately

4Our analysis focuses on the `Mean Wald' statistic of (4). We also experimented with the `Sup
Wald' and `Mean Exp Wald' variants, the former also considered in SV, but found no substantive
di�erences between the three.
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controls size, although SVA is not too inferior in this respect. Size control is also
decent for MWA with b = 0:20 and b = 0:30, and all of the MWA

0 tests, particularly
for b = 0:05 and above.

As a �nal check on size properties outside of the fractional case, we consider local-
to-unit root errors. Speci�cally, the simulation DGP is now (10) with � = 0 and
� = 1 � c�=T where c� > 0. The results are shown in Table 1(d). Here we see that
over-sizing does not arise as an issue for any of the tests; rather it is under-sizing that
appears rather more prevalent, particularly for the MWA and MWA

0 tests.

7 Local Power

The results in the previous section would suggest that both the SVA and SVA
0 tests,

the MWA with b = 0:20 and b = 0:30, and all of the MWA
0 tests appear to display

decent �nite sample size control. Choosing between these tests therefore, in terms
of recommending a test to use in practice, e�ectively boils down to a comparison of
their �nite sample power performances. Because of their dependence on b, we begin
by comparing the seven MW-based tests alone. To that end, we simulate data from
the DGP

yt = �T�3=2+�DTt(� 0) + ut (11)

for t = 1; :::; T , using (10) with � = 0 to generate ut, for a sample size of T = 256, and
consider the case where a break occurs at the sample midpoint by setting � 0 = 0:5.5 For
the local break magnitude � we use � 2 f0; 1; 2; :::100g, noting that � = 0 represents
H0 rather than H�. We plot the local powers as functions of � and these are given
in Figure 1(a)-(e), for each of the �ve values of � considered (the plotted values for
� = 0 coincide with the sizes given in Table 1). It is fairly unequivocal from Figure 1
that the two best performing tests are MWA

0 with b = 0:025 and b = 0:05. There is
very little di�erence in the powers of these two tests in any of the plots, and certainly
no systematic dominance by either one. The next best performing test after these
two is MWA

0 with b = 0:10, though the power gap is easily discernable. Any of the
tests using b = 0:20 or b = 0:30 fall well behind these three. Taking into account the
size properties of the MW-based tests elicited in the previous section, our preference
among these tests would therefore be for MWA

0 with b = 0:05.
We next compare the performance of our preferred MW-based test (MWA

0 with
b = 0:05, simply referred to as MWA

0 in what follows) with SVA and SVA
0 , using the

same set of simulation DGPs as outlined in the last paragraph. These results are shown
in Figure 2(a)-(e). We also include SV as a point of comparison (notwithstanding the
fact that it is over-sized when � = 0:33; 0:66). We observe that there is not a great deal
of di�erence in power between MWA

0 , SVA and SVA
0 when � = 0 or � = 0:33. Partly,

this might be expected by the fact that the multiplicative correction factor, exp (�cJ�),
is not (asymptotically) operative for the latter two tests under these values of �. The

5Our �ndings are qualitatively unchanged for other choices of the sample size and break location;
details are available upon request.
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relatively high power seen for SV when � = 0:33 is simply an artefact of its over-size
here. For � = 0:66; 1:0 and 1:33, we �nd that MWA

0 is (outside of some small values
of �) by far the most powerful test of the four. This provides very clear empirical
evidence supporting our conjecture in section 6 that, once �-adaptive critical values
are being used, and when � 2 (1=2; 3=2), employing the multiplicative correction factor
exp (�cJ�) is not a benign measure, but actually has a highly inimical e�ect on power.

Finally, the powers of these same four tests are considered when the errors are local
to a unit root; i.e., when ut is generated as in (10) with � = 0 and � = 1 � c�=T .
Accordingly, we now set � = 1 in (11). Figure 3(a)-(c) shows these results. Here
MWA

0 emerges as clearly the most powerful test. Again, the reason for this is that the
correction factor is compromising the powers of the three SV-based tests.

Taking both the size and power performance of all our candidate test procedures
across the range of values of � into consideration, it is MWA

0 with b = 0:05 that
emerges as the best performing procedure. Its size is always more than acceptable and,
among theMW-based tests we have considered, ranks as arguably the most powerful.
Compared to the SV-based tests, when � 2 (1=2; 3=2), power considerations alone are
su�cient to justify its recommendation.

8 Conclusions

Sayginsoy and Vogelsang (2011) [SV] proposed trend break tests which are (asymp-
totically) robust as to whether the shocks are I(0) or I(1). In this paper we have
demonstrated that the SV tests are, however, not robust to the order of integration �
of the shocks when this is fractional: their limiting null distributions depending on the
long memory parameter. Crucially, however, and in contrast to other available I(0)-
I(1) robust trend break tests, we have shown that these limiting null distributions are
well-de�ned, regardless of the value of the long memory parameter. As a consequence
we have shown that implementing the SV tests with �-adaptive critical values (these
being based on estimating the long memory parameter) yields tests which are (asymp-
totically) size-robust to the long memory parameter without requiring knowledge of
that parameter. The use of �-adaptive critical values additionally allowed us to con-
sider simpli�ed variants of the SV test which omit the multiplicative correction factor
present in the original speci�cation. In the form ofMWA

0 , the simpli�ed statistic with
� estimated under the no trend break null hypothesis, this approach yielded a statistic
with very good �nite sample size control and power levels across � when implemented
using a bandwidth of b = 0:05.
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Appendix

Proof of Theorem 1

We initially discuss the case where � = 0. For any Ta, recall that b�, b� and b��� are
used to denote the OLS estimates of �, � and ��, respectively, from (2). On scaling
we therefore have (where we have suppressed the dependence of DTt(�) on � purely
for notational convenience) that,

T��

24 T�1=2 0 0
0 T�3=2 0
0 0 T�3=2

350@ b�� �b� � �b��� � ��

1A
=

0@24 T�1=2 0 0
0 T�3=2 0
0 0 T�3=2

350@ TX
t=1

24 1 t DTt
t t2 t�DTt

DTt t�DTt DT 2
t

351A24 T�1=2 0 0
0 T�3=2 0
0 0 T�3=2

351A�1

�T��

24 T�1=2 0 0
0 T�3=2 0
0 0 T�3=2

350@ PT
t=1 utPT
t=1 tutPT

t=1DTtut

1A =: A�B

where A and B are implicitly de�ned. In the case of A, entirely standard results
establish that

A!

0B@
R 1

0
1dr

R 1

0
rdr

R 1

�
(1� �) rdrR 1

0
rdr

R 1

0
r2dr

R 1

�
r2 (1� �) drR 1

�
(1� �) rdr

R 1

�
r2 (1� �) dr

R 1

�
r2 (1� �)2 dr

1CA
�1

.

Turning to B, we may characterise the limits of each summation using the invariance
principle in (7). First,

T�1=2��
TX
t=1

ut
d! �W�+1 (1)

and, by (A.1) of Robinson and Iacone (2005),

T�3=2��
TX
t=1

tut
d! �

Z 1

0

sdW�+1 (s) .

By the same reference, it also follows that, pointwise in �

T�3=2��
TX

t=b�T c+1

(t� b�T c)ut d! �

Z 1

�

(s� �) dW�+1 (s) . (A.1)

To verify that this convergence also holds in the Skorohod topology for the functional
of � , we rewrite

T�3=2��
TX

t=b�T c+1

(t� b�T c)ut = T�3=2��
TX
t=1

tut+T
�3=2��

b�T c�1X
t=1

tX
s=1

us�T�1b�T cT�1=2��
TX
t=1

ut.

(A.2)
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The �rst and third summation on the right hand side of (A.2) do not depend on � ,
and of course T�1b�T c ! � uniformly, so we are only concerned with the convergence
in the Skorohod topology of the second term. Letting Ut :=

Pt
s=1 us, then Ut is an

I (� + 1) process, and, by (7), we have the functional convergence

T�3=2��

b�T c�1X
t=1

tX
s=1

us
d! �W�+2 (�) .

The convergence of the functional of � as in (A.1) then follows by the Cramer Wold
device, and proceeding as in Marinucci and Robinson (2000).

Collecting these results together, it is then straightforward to establish that

T 3=2��
�b��� � ��

�
d! �P� (�)

Now consider but;� , the OLS residual from estimating (2), and de�ne

bSj := jX
t=1

but;� :
with P� (�) de�ned as in the main text. Following the approach taken in SV, using the
familiar Frisch-Waugh Theorem, we may use the foregoing results and the continuous
mapping theorem [CMT] to establish that

T�1=2�� bSbTrc d! �Q� (r; �) (A.3)

whereQ� (r; �) is as de�ned in the main text. Next, and following Bunzel and Vogelsang
(2005,p.392), let

�2�ij :=

�
k

�
i� j

bbT c
�
� k

�
i� j � 1

bbT c
��

�
�
k

�
i� j + 1

bbT c
�
� k

�
i� j

bbT c
��

: (A.4)

Using (A.4), we then re-write the scaled long run variance estimator as

T�2�b�2 = �T�1
T�1X
i=1

T�1
T�1X
j=1

T 2�2�ij

�
T�1=2�� bSi��T�1=2�� bSj� (A.5)

from which it follows straightforwardly using (A.3) and the CMT that

T�2�b�2 d! �2�� (b; k; �) (A.6)

where �� (b; k; �) is as de�ned in the main text. Finally, we therefore have from (A.3)
and (A.6) and the CMT that

W (Ta)
d! Wald1� (� ; b; k)
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and, consequently, that

MW d!
Z �U

�L

Wald1� (� ; b; k) d�

with this result holding for either � 2 [0; 1=2) or � 2 (1=2; 3=2).

In order to complete the proof we need to establish the behaviour of the scaling term,
exp (�cJ�). To that end, consider �rst part (i) where � 2 [0; 1=2), and let

�t := ����t,

so that �t is the Type I fractionally integrated version of the process ut, and notice
that, by a law of large numbers for stationary ergodic processes (see Hannan, 1970,
pp. 203-204 for a discussion of su�cient conditions for ergodicity, but note that these
are met under the conditions of part (i) of Theorem 1), then T�1

PT
t=1 �

2
t

p! E (�2t ).
Rewriting

T�1
TX
t=1

u2t = T�1
TX
t=1

(ut � �t)
2 + 2T�1

TX
t=1

(ut � �t) �t + T�1
TX
t=1

�2t ,

since E (�t � ut)
2 = O

�
t2��1

�
, as shown in Marinucci, and Robinson (1999,p.119),

then T�1
PT

t=1 (ut � �t)
2 p! 0 and therefore T�1

PT
t=1 (ut � �t) �t

p! 0 by the Cauchy-

Schwarz inequality. Therefore, T�1
PT

t=1 u
2
t

p! E (�2t ) also follows. Using the rates of

convergence of b� � �, b� � �, b��� � ��, but;� = ut + O
�
t�1=2+�

�
, so T�1

PT
t=1 but;� 2 p!

E (�2t ) also follows, i.e. T�1RSSR
p! E (�2t ). In the same way it is possible to show

T�1RSSU
p! E (�2t ). Under H0 these results are valid for any Tb (and notice that

under H1 they are at least valid for Tb such that Tb=T ! � 0). Since it is trivially true

that E (�2t ) > 0, J (Ta) � 0 and infTa2�� (J (Ta)) � J (Tb), then infTa2�� (J (Ta))
p! 0.

The result in part (i) then follows by the CMT.

To complete the proof of part (ii), use (7) and the CMT to establish the results

that T�2�RSSU
d! R 1

0
Ŵ� (r; �)

2 dr and T�2�RSSR
d! R 1

0
�W� (r; �)

2 dr. It then fol-

lows using the CMT that J (Ta)
d! J1 (�) and �nally, again using the CMT, that

J�
d! inf�2[�L;�U ] J1 (�). The result in part (ii) then follows by the CMT.

To complete the proof, the additional terms arising from the local trend break magni-
tude term, �� = �T�3=2+�, are accounted for in similar fashion to Theorem 2 of SV.
We therefore omit these details in the interests of brevity.
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Table 1 (a). Null rejection frequencies of tests at the 0.05 level. � = 0.

SV SV
A

SV
A

0
MW

A
MW

A

0

b 0:025 0:050 0:100 0:200 0:300 0:025 0:050 0:100 0:200 0:300
� T
0 128 0.019 0.019 0.009 0.043 0.046 0.043 0.041 0.039 0.023 0.036 0.037 0.039 0.036

256 0.030 0.030 0.024 0.039 0.043 0.046 0.043 0.046 0.030 0.036 0.044 0.043 0.046

512 0.040 0.039 0.026 0.043 0.044 0.043 0.045 0.045 0.030 0.041 0.040 0.045 0.044

1024 0.043 0.043 0.037 0.043 0.041 0.043 0.042 0.052 0.038 0.040 0.042 0.041 0.051

0.33 128 0.100 0.069 0.019 0.149 0.118 0.079 0.037 0.047 0.050 0.052 0.044 0.029 0.032

256 0.143 0.090 0.041 0.138 0.119 0.086 0.064 0.064 0.068 0.069 0.061 0.057 0.056

512 0.179 0.067 0.039 0.099 0.079 0.068 0.062 0.065 0.049 0.052 0.053 0.055 0.055

1024 0.199 0.060 0.045 0.079 0.065 0.051 0.044 0.048 0.050 0.042 0.045 0.043 0.045

0.66 128 0.082 0.046 0.036 0.213 0.173 0.114 0.059 0.064 0.066 0.062 0.049 0.043 0.046

256 0.127 0.043 0.040 0.159 0.137 0.104 0.082 0.070 0.082 0.081 0.069 0.064 0.061

512 0.137 0.038 0.040 0.121 0.097 0.085 0.061 0.050 0.059 0.059 0.050 0.050 0.044

1024 0.149 0.039 0.042 0.079 0.072 0.058 0.055 0.054 0.056 0.056 0.049 0.047 0.053

1 128 0.045 0.036 0.045 0.195 0.175 0.137 0.076 0.061 0.067 0.063 0.058 0.049 0.043

256 0.056 0.044 0.051 0.139 0.122 0.102 0.076 0.071 0.074 0.072 0.060 0.058 0.058

512 0.062 0.055 0.057 0.115 0.100 0.093 0.073 0.062 0.071 0.068 0.065 0.062 0.057

1024 0.047 0.041 0.046 0.084 0.076 0.066 0.049 0.050 0.060 0.055 0.047 0.042 0.042

1.33 128 0.031 0.037 0.049 0.158 0.149 0.120 0.073 0.065 0.063 0.061 0.052 0.046 0.044

256 0.038 0.047 0.055 0.119 0.110 0.092 0.074 0.069 0.058 0.057 0.050 0.063 0.054

512 0.033 0.048 0.056 0.090 0.080 0.079 0.057 0.057 0.061 0.056 0.053 0.049 0.043

1024 0.041 0.058 0.063 0.078 0.072 0.064 0.064 0.058 0.063 0.058 0.055 0.055 0.054

1



Table 1 (b). Null rejection frequencies of tests at the 0.05 level. � = 0:5.

SV SV
A

SV
A

0
MW

A
MW

A

0

b 0:025 0:050 0:100 0:200 0:300 0:025 0:050 0:100 0:200 0:300
� T
0 128 0.026 0.020 0.005 0.054 0.041 0.034 0.038 0.037 0.013 0.019 0.023 0.033 0.033

256 0.030 0.022 0.008 0.041 0.036 0.043 0.041 0.044 0.017 0.023 0.031 0.038 0.041

512 0.029 0.022 0.011 0.034 0.038 0.038 0.048 0.047 0.016 0.026 0.028 0.045 0.044

1024 0.037 0.034 0.020 0.038 0.038 0.044 0.042 0.047 0.024 0.029 0.040 0.040 0.045

0.33 128 0.031 0.028 0.016 0.097 0.065 0.046 0.029 0.039 0.019 0.020 0.025 0.025 0.028

256 0.076 0.021 0.010 0.084 0.073 0.059 0.054 0.051 0.024 0.030 0.037 0.041 0.040

512 0.100 0.021 0.015 0.051 0.049 0.046 0.050 0.051 0.020 0.025 0.029 0.047 0.043

1024 0.132 0.029 0.024 0.046 0.043 0.045 0.040 0.043 0.033 0.033 0.043 0.040 0.041

0.66 128 0.036 0.028 0.031 0.099 0.081 0.059 0.049 0.048 0.025 0.024 0.025 0.032 0.034

256 0.059 0.046 0.046 0.083 0.077 0.067 0.061 0.057 0.033 0.038 0.038 0.039 0.052

512 0.060 0.038 0.038 0.056 0.057 0.047 0.047 0.036 0.030 0.031 0.033 0.042 0.030

1024 0.078 0.036 0.038 0.054 0.052 0.045 0.042 0.049 0.036 0.035 0.038 0.034 0.048

1 128 0.030 0.030 0.043 0.083 0.077 0.061 0.046 0.044 0.020 0.020 0.024 0.023 0.030

256 0.037 0.039 0.042 0.071 0.068 0.059 0.054 0.053 0.038 0.038 0.035 0.042 0.046

512 0.056 0.056 0.060 0.071 0.068 0.061 0.059 0.049 0.041 0.041 0.040 0.053 0.043

1024 0.040 0.041 0.041 0.058 0.054 0.048 0.041 0.042 0.038 0.037 0.036 0.034 0.037

1.33 128 0.021 0.036 0.041 0.079 0.072 0.060 0.044 0.041 0.043 0.042 0.034 0.036 0.034

256 0.033 0.053 0.057 0.062 0.059 0.053 0.057 0.049 0.040 0.041 0.035 0.052 0.042

512 0.031 0.054 0.060 0.063 0.057 0.054 0.048 0.039 0.047 0.043 0.046 0.044 0.037

1024 0.041 0.065 0.065 0.063 0.059 0.056 0.053 0.054 0.049 0.045 0.046 0.051 0.048

2



Table 1 (c). Null rejection frequencies of tests at the 0.05 level. � = �0:5.

SV SV
A

SV
A

0
MW

A
MW

A

0

b 0:025 0:050 0:100 0:200 0:300 0:025 0:050 0:100 0:200 0:300
� T
0 128 0.017 0.017 0.007 0.038 0.048 0.048 0.042 0.037 0.022 0.038 0.044 0.039 0.035

256 0.031 0.032 0.028 0.035 0.040 0.049 0.049 0.044 0.031 0.038 0.048 0.048 0.044

512 0.042 0.042 0.031 0.042 0.043 0.044 0.043 0.048 0.030 0.039 0.042 0.043 0.047

1024 0.042 0.042 0.038 0.043 0.040 0.044 0.042 0.054 0.040 0.040 0.042 0.041 0.054

0.33 128 0.167 0.120 0.045 0.170 0.131 0.085 0.041 0.045 0.056 0.059 0.054 0.034 0.031

256 0.229 0.134 0.076 0.150 0.125 0.094 0.065 0.064 0.073 0.076 0.062 0.059 0.055

512 0.256 0.098 0.066 0.108 0.087 0.074 0.060 0.067 0.054 0.054 0.053 0.056 0.056

1024 0.254 0.088 0.071 0.081 0.069 0.051 0.043 0.050 0.058 0.046 0.046 0.041 0.047

0.66 128 0.245 0.113 0.078 0.243 0.201 0.129 0.067 0.072 0.097 0.081 0.061 0.049 0.053

256 0.232 0.087 0.083 0.177 0.150 0.108 0.083 0.074 0.092 0.084 0.071 0.066 0.066

512 0.221 0.079 0.078 0.132 0.106 0.089 0.061 0.052 0.072 0.066 0.058 0.052 0.048

1024 0.221 0.064 0.066 0.086 0.074 0.061 0.055 0.055 0.061 0.058 0.050 0.047 0.055

1 128 0.100 0.045 0.075 0.225 0.210 0.154 0.087 0.075 0.081 0.080 0.066 0.052 0.043

256 0.077 0.041 0.060 0.153 0.133 0.112 0.084 0.075 0.077 0.076 0.064 0.059 0.060

512 0.071 0.052 0.064 0.121 0.103 0.093 0.075 0.065 0.077 0.075 0.068 0.064 0.057

1024 0.044 0.025 0.037 0.088 0.081 0.070 0.050 0.052 0.062 0.056 0.049 0.043 0.044

1.33 128 0.039 0.039 0.054 0.187 0.169 0.138 0.079 0.072 0.077 0.073 0.063 0.049 0.045

256 0.040 0.050 0.058 0.132 0.119 0.098 0.076 0.071 0.064 0.063 0.054 0.063 0.056

512 0.034 0.047 0.053 0.097 0.087 0.080 0.060 0.060 0.063 0.057 0.057 0.051 0.043

1024 0.041 0.057 0.063 0.080 0.074 0.068 0.064 0.058 0.065 0.060 0.055 0.059 0.054

3



Table 1 (d). Null rejection frequencies of tests at the 0.05 level. � = 1� c�=T .

SV SV
A

SV
A

0
MW

A
MW

A

0

b 0:025 0:050 0:100 0:200 0:300 0:025 0:050 0:100 0:200 0:300
c� T
5 128 0.025 0.019 0.022 0.088 0.076 0.057 0.034 0.041 0.026 0.024 0.024 0.017 0.027

256 0.037 0.030 0.033 0.064 0.062 0.041 0.031 0.033 0.025 0.025 0.020 0.020 0.030

512 0.035 0.033 0.031 0.026 0.025 0.025 0.023 0.026 0.013 0.013 0.018 0.020 0.023

1024 0.039 0.035 0.035 0.019 0.018 0.016 0.028 0.031 0.012 0.013 0.015 0.027 0.029

10 128 0.021 0.014 0.013 0.058 0.047 0.039 0.020 0.025 0.018 0.018 0.015 0.013 0.018

256 0.020 0.018 0.019 0.030 0.025 0.022 0.026 0.019 0.008 0.008 0.010 0.019 0.017

512 0.029 0.020 0.022 0.008 0.006 0.008 0.014 0.017 0.003 0.003 0.005 0.013 0.016

1024 0.030 0.026 0.027 0.005 0.005 0.008 0.016 0.015 0.001 0.002 0.006 0.015 0.014

20 128 0.018 0.014 0.010 0.045 0.035 0.024 0.023 0.026 0.010 0.010 0.008 0.012 0.018

256 0.023 0.012 0.012 0.018 0.014 0.014 0.017 0.025 0.007 0.006 0.007 0.012 0.020

512 0.023 0.015 0.016 0.003 0.003 0.004 0.015 0.012 0.001 0.001 0.001 0.013 0.012

1024 0.027 0.017 0.017 0.001 0.001 0.003 0.009 0.017 0.000 0.000 0.002 0.009 0.014

4



Table 2(a). �-adaptive critical values for SV .
0.01 level

b �=0 �=0.1 �=0.2 �=0.3 �=0.4 �=0.5 �=0.6 �=0.7
0.02 4.49 6.29 8.29 10.34 11.25 11.31 11.17 10.44

0.06 6.31 7.41 8.57 9.89 10.82 10.77 10.45 10.13

0.08 7.31 8.27 9.75 10.76 11.69 11.74 11.56 11.42

0.28 80.50 87.13 86.27 96.39 100.66 96.35 94.61 95.54

0.30 102.20 109.12 113.72 121.69 127.23 122.35 125.28 124.16

b �=0.8 �=0.9 �=1 �=1.1 �=1.2 �=1.3 �=1.4
0.02 8.93 7.54 5.00 3.01 1.68 0.99 0.50

0.06 9.54 8.81 7.40 6.02 4.07 3.08 2.09

0.08 10.89 10.14 8.72 6.99 5.12 3.89 2.92

0.28 103.92 92.18 84.55 73.01 64.89 59.45 49.53

0.30 129.11 117.60 109.94 98.48 83.48 76.22 62.44

0.05 level

b �=0 �=0.1 �=0.2 �=0.3 �=0.4 �=0.5 �=0.6 �=0.7
0.02 2.82 3.89 5.07 6.45 7.58 8.12 8.06 7.19

0.06 3.49 4.17 4.94 5.70 6.41 6.75 6.84 6.47

0.08 4.17 4.75 5.44 6.15 6.76 7.11 7.20 6.83

0.28 38.78 41.01 42.56 44.13 46.07 47.27 46.85 46.73

0.30 49.35 52.22 54.38 56.38 59.14 60.54 60.31 59.83

b �=0.8 �=0.9 �=1 �=1.1 �=1.2 �=1.3 �=1.4
0.02 5.95 4.37 2.84 1.70 0.96 0.45 0.19

0.06 5.73 4.82 3.79 2.84 1.96 1.31 0.80

0.08 6.24 5.42 4.38 3.45 2.46 1.73 1.16

0.28 45.60 43.90 40.35 36.39 31.47 26.73 21.85

0.30 58.09 56.46 51.58 46.60 40.24 34.06 27.11

0.10 level

b �=0 �=0.1 �=0.2 �=0.3 �=0.4 �=0.5 �=0.6 �=0.7
0.02 2.03 2.85 3.87 4.87 5.89 6.48 6.34 5.68

0.06 2.62 3.10 3.62 4.11 4.61 5.07 5.11 4.87

0.08 2.97 3.40 3.86 4.31 4.73 5.19 5.22 5.04

0.28 25.09 25.98 27.40 28.42 29.84 30.32 30.58 30.31

0.30 32.01 33.05 34.89 36.36 38.21 38.92 39.27 38.97

b �=0.8 �=0.9 �=1 �=1.1 �=1.2 �=1.3 �=1.4
0.02 4.56 3.30 2.17 1.28 0.68 0.28 0.10

0.06 4.18 3.41 2.70 2.04 1.41 0.83 0.44

0.08 4.47 3.79 3.07 2.38 1.77 1.13 0.66

0.28 29.08 27.10 24.29 21.83 18.52 15.31 11.93

0.30 37.63 34.54 31.24 28.03 24.07 20.05 15.35



Table 2(b). �-adaptive critical values for MW .

0.01 level

b �=0 �=0.1 �=0.2 �=0.3 �=0.4 �=0.5 �=0.6 �=0.7
0.025 4.72 6.67 9.42 13.41 18.64 24.96 33.46 44.36

0.05 5.91 7.23 8.99 11.23 14.51 17.88 20.66 27.74

0.10 8.94 10.18 11.52 13.32 15.36 17.36 20.60 24.07

0.20 27.30 30.48 33.59 35.75 38.76 41.45 47.70 51.26

0.30 102.10 110.26 115.87 127.83 141.13 142.66 161.89 182.12

b �=0.8 �=0.9 �=1 �=1.1 �=1.2 �=1.3 �=1.4
0.025 57.46 75.32 96.07 119.22 143.80 174.46 207.71

0.05 35.02 44.99 55.02 65.99 78.29 93.18 108.91

0.10 28.46 33.68 39.61 45.74 52.35 59.05 66.23

0.20 57.19 65.42 72.77 77.27 83.62 92.31 103.91

0.30 210.49 230.69 255.71 267.44 292.59 317.52 356.21

0.05 level

b �=0 �=0.1 �=0.2 �=0.3 �=0.4 �=0.5 �=0.6 �=0.7
0.025 2.93 4.11 5.64 7.70 10.64 14.65 20.18 27.24

0.05 3.36 4.20 5.26 6.59 8.35 10.69 12.81 17.55

0.10 5.03 5.62 6.40 7.40 8.51 10.31 12.28 14.66

0.20 14.65 15.73 16.59 17.49 19.21 20.86 23.13 25.86

0.30 49.43 52.72 55.47 58.74 63.94 69.17 73.39 83.29

b �=0.8 �=0.9 �=1 �=1.1 �=1.2 �=1.3 �=1.4
0.025 36.45 47.43 61.39 77.95 95.89 116.37 139.69

0.05 22.25 27.78 34.55 43.05 52.17 61.98 73.19

0.10 17.36 20.40 24.17 28.57 33.60 38.82 44.49

0.20 29.62 32.77 36.05 40.75 43.72 48.43 53.07

0.30 92.79 103.51 114.63 126.13 140.36 154.19 173.39

0.10 level

b �=0 �=0.1 �=0.2 �=0.3 �=0.4 �=0.5 �=0.6 �=0.7
0.025 2.13 2.96 4.10 5.59 7.78 10.84 15.05 20.38

0.05 2.45 3.05 3.77 4.71 6.02 7.80 9.53 13.20

0.10 3.46 3.89 4.51 5.18 6.04 7.18 8.68 10.43

0.20 9.31 9.82 10.68 11.47 12.49 13.67 15.31 17.49

0.30 32.01 33.51 35.57 37.67 41.02 44.07 48.41 53.50

b �=0.8 �=0.9 �=1 �=1.1 �=1.2 �=1.3 �=1.4
0.025 27.70 36.61 46.87 58.70 72.37 88.87 108.10

0.05 16.85 21.15 26.50 32.31 38.95 47.34 56.70

0.10 12.62 15.12 18.08 21.01 24.54 29.15 33.62

0.20 19.48 21.79 24.59 27.70 30.72 34.10 37.76

0.30 59.55 65.63 73.91 81.14 89.84 100.66 111.42








