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Abstract

In this paper we consider estimating the timing of a break in level and/or trend
when the order of integration and autocorrelation properties of the data are
unknown. For stationary innovations, break point estimation is commonly per-
formed by minimizing the sum of squared residuals across all candidate break
points, using a regression of the levels of the series on the assumed deterministic
components. For unit root processes, the obvious modification is to use a first
differenced version of the regression, while a further alternative in a stationary au-
toregressive setting is to consider a GLS-type quasi-differenced regression. Given
uncertainty over which of these approaches to adopt in practice, we develop a
hybrid break fraction estimator that selects from the levels-based estimator, the
first-difference-based estimator, and a range of quasi-difference-based estimators,
according to which achieves the global minimum sum of squared residuals. We
establish the asymptotic properties of the estimators considered, and compare
their performance in practically relevant sample sizes using simulation. We find
that the new hybrid estimator has desirable asymptotic properties and performs
very well in finite samples, providing a reliable approach to break date estimation
without requiring decisions to be made regarding the autocorrelation properties
of the data.
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1 Introduction

The recent literature is replete with analysis focusing on structural change in the trend
function of a time series, motivated by the apparent prevalence of breaks in level and /or
trend in macroeconomic time series; see, for example, Stock and Watson (1996, 1999,
2005) and Perron and Zhu (2005). Correct specification of a break in the deterministic
trend path of a series is vital for modelling, estimation and forecasting efforts, and is
crucial for achieving reliable unit root test inference (see, inter alia, Perron (1989)).
Given that in most macroeconomic series, uncertainty also exists as to whether the
underlying stochastic component is best modelled by a stationary (I(0)) or unit root
(I(1)) process, much recent work (e.g. Harvey et al. (2009, 2010), Perron and Yabu
(2009), Saygmsoy and Vogelsang (2011) and Vogelsang (1998)) has been directed at
testing for the presence of structural break(s) when the true order of integration of the
series is assumed unknown.

Of equal importance to the presence of a break in level and/or trend in a series is
the related issue of the timing of the change, and it is the estimation of such break-
points that this paper addresses. While a number of methods of break date estimation
have been proposed in the literature, selection of an efficient break fraction estimator
is complicated by the aforementioned fact that the order of integration is typically
not known with certainty. In the context of stationary innovations, Bai (1994) and
Bai and Perron (1998), inter alia, consider choosing the break date which corresponds
to minimizing the sum of squared residuals, across all candidate break points, from
a regression of the level of the series on the appropriate deterministic regressors. In
a unit root setting, a more efficient approach is obtained by minimizing the sum of
squared residuals from a first-differenced version of the relevant regression; see Harris
et al. (2009). A further alternative, adopted by Carrion-i-Silvestre et al. (2009) in
an assumed local-to-unity setting, is to again date the break according to the mini-
mum residual sum squares, but using a quasi-differenced regression. Practitioners are
then faced with choosing between a number of candidate break fraction estimators,
inevitably without knowledge of the underlying integration properties of the series.

In this paper we focus on developing a minimum sum of squared residuals-based
break fraction estimator that performs well across unit root and stationary processes,
and in the stationary case, across a range of serial correlation structures. In common
with recent literature on this topic, e.g. Perron and Zhu (2005) and Yang (2012), we
view our analysis as complementary to methods of break detection, for two reasons.
First, many testing procedures explicitly require an estimated break date, and the
power of such break detection tests is inherently limited by the accuracy of the dating
procedure. An accurate dating procedure is what this paper provides, hence our pro-
posed estimator could feed into a number of break detection methods. Second, even
for break detection procedures that do not require an a prior: break date estimator
(e.g. the exp-Wald statistic proposed by Perron and Yabu, 2009), interest still lies in
the timing of the break should one be detected, therefore our proposed procedure is
equally relevant there. The relevance also extends to unit root testing in the presence



of a break at an unknown time.

The outline of the paper is as follows. In section 2, we begin by establishing,
using a local-to-zero break magnitude assumption, the asymptotic properties of break
fraction estimators based on both quasi-differenced (which includes levels as a special
case) and first-differenced regressions, and confirm that the former is to be preferred
for a stationary series, and in general the latter for a unit root process. In section 3,
we then develop a hybrid estimator which selects between the first-differenced-based
estimator and a range of quasi-differenced-based estimators according to which achieves
the global minimum sum of squared residuals. The large sample behaviour of the new
estimator is also established. Section 4 demonstrates through a finite sample Monte
Carlo analysis that the hybrid estimator performs extremely well across a wide range
of possible DGPs, outperforming established break fraction estimators (which perform
badly outside of their respective assumptions regarding the integration order of the
data). The hybrid estimator is simple to compute, and is found to comprise a reliable
approach to break date estimation without requiring a prior: decisions to be made
regarding the autocorrelation properties of the data. Section 5 concludes the paper,
and proofs of the main results are provided in the Appendix.

In the following, ‘|.|” denotes the integer part of its argument, ‘=’ denote weak
convergence, and 1(.) denotes the indicator function.

2 The model and standard break date estimators
We consider the following model allowing for a break in level and trend

v = a1+ agt + vy DU(T") + 7o DTH(T*) +ug, t=1,...,7T, (1)
Uy = pus_1 + &y, t=2,..T (2)

with u; = €1, where DU (7*) = 1(t > |7*T']) and DT;(7*) = 1(t > |7*T|)(t — |7*T])
with [7*T"] the break point with associated break fraction 7% and level and trend
break magnitudes v, and 7,, respectively. Here 7% is unknown but satisfies 7* € A,
where A = [, 7y] with 0 < 7, < 7y < 1. To make our theoretical developments as
transparent as possible, we assume that the innovation process {¢;} of (2) is an II1D
sequence with variance w? and finite fourth moment. The partial sum process of {e;}
then satisfies a functional central limit theorem [FCLT],

[Tr)
712 Z et = wW (r)
=1

where W (r) is a standard Brownian motion process on [0, 1].

We consider two cases for the order of integration of the autoregressive process,
uz. The I(0) case for u; is represented by setting |p| < 1 in (2). In this situation the
long run variance of u; is given by w? = w?/(1 — p)?. Here we will also assume that
Y1 =Y = kT2 and v, = Yo = kT 32, The T~Y? and T3/ scalings provide
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the appropriate Pitman drifts for the asymptotic analysis of break date estimators in
this case. The I(1) case for u, is represented by setting p = 1 in (2). Here we assume
v, = k1 and 7, = 75 = kT~ /? which are now the appropriate scalings.! For future
brevity, the two cases are summarized as follows:

Assumption I(0): |p| < 1 with v, = vyy7 = k1 T2 and vy = vy = kT2,
Assumption I(1): p =1 with v, = k1 and v, = vy = kT2

We consider estimating 7* by minimizing the residual sum of squares from a quasi-
differenced version of (1), i.e.

7p = argmin S(p, 7)

where S(p, 7) denotes the residual sum of squares from an OLS regression of y, on Z ,
with

Yo = [Y,Y2—pyrs - yr — pyr—l’,
Z,, = [X1,X2— px1,....,xXy — pxXy_1] with x; = [1,¢, DU, (1), DT (7)]'.

If p were known, standard GLS-based efficiency considerations would lead us to set
p = p. For example, if p = 0, we would obtain 7y from the levels of y,; regressions as

A

To = argmin S(0,71)

T
_ : A oA A A 2
= argmin ;{yt &1 — ot — 4, DU(T) — 4, DT (7)}

while if p = 1, we would obtain 7; from the first differences of y; regressions as

71 = arg ITIleljr\l S(1,7)

T
B _ L . 2
= argmin t§_2 {Ay — G — 41 Di(7) — 4. DU(7) }

with Dy(7) = 1(t = |7T| +1).2

In practice of course, the value of p is typically unknown, so we begin by establishing
the asymptotic behaviour of different estimators under both I(0) and I(1) specifications.
To this end, the next two theorems detail the large sample properties of 7, for an
arbitrary p where —1 < p < 1.

!Note that the appropriate “scaling” on the level break in the I(1) case is O(1), and differs from
the O(T"/?) Pitman drift appropriate when testing for the presence of a level break in an I(1) process.

2Here the OLS estimators &1, ds, 4, and 4, are used in a generic sense. They are also functions
of 7 but we suppress this dependence for notational brevity.



Theorem 1 Under Assumption 1(0),

(i) for |p| <1

p

TEA
= ‘CO(K'Ilv ’%/25 T*>

where

ARy, Ky, 75 7) =

Bo(1) =

C(’%llﬂ ’1/27 T*) -

with k) = k;/w, and

(i1) for p=1

GH(T*,T)
G21<T*,T)
Glg(T*,T)

GQQ(T*,T)

RYG1 (75, 7) + K5Go (77, 7) + IiV(l) —W(r)
| K Gra(T5, T) + K5Gaa (77, 7) + [ (r — 7)dW (r)
(1 —7)(1—37) 67(1 — 1) }

—r(1=7) (A—=7)1+27)

[ T(1—7)(1=37+37%) 72(2r—1)(1—1)*/2
I 7'2(27'—1)(1—7)2/2 7'3(1—7')3/3
(1 =79+ Ky (1 — 792 /2+ W (1)
LR = T2) /24 kY (1= 7%)2 (24 7%)/6 + [ rdW (r)

1—7 7>71*
- {1—7’* T<T*
B {(1—7’)(1—1—7’—27’*)/2 T>T*
a (1—7’*)2/2 T<7T*
N {(1—7)2/2 T>T
- 1-—7m14+7"=271)/2 7<7*
B {(1—7’)2(2—1—7'—37'*)/6 T>7*
N (1—7'*)2(2—|—7'*—37')/6 T<T*

~ . 2
71 = argsup lim Auip,,.
reA T—oo

(4)

Remark 1 It is shown by (3) that 75 has a limit distribution which is invariant to all
|p| < 1; this follows as a consequence of the asymptotic equivalence between levels and
quasi-differenced regression estimates in this context (see Grenander and Rosenblatt,
1957). However, the distribution does depend on p via w, in .

Remark 2 The corresponding limit (4) for 7; with p = 1 can only be written in an
implicit form, because it only depends on the two disturbances u,7,; and u,r hence
no FCLT is applicable. The more pertinent feature here, however, is that (4) does
not involve 7*. Hence, 7; can never be considered an effective estimator of 7* under

Assumption I

(0)-

T, = arg Sup[A(H/b 5,27 T*a T) - Bl(T)C(’{lla ﬁ,27 T*)]/B2<T)_1[A(’{/17 5,27 T*’ 7_) - Bl(T)C(Hlla /{,27 T*)]

(3)



Figure 1 provides histograms of the limit distribution Lo (k], k4, 7*) for various com-
binations of non-zero values of k; and kg for the case of 7* = 0.5. Here we set p = 0
and w. = 1, such that w, = 1 and hence x, = k;. We approximate the limit functionals
by normalized sums of 1,000 steps using normal /7/D(0,1) random variates. In the
simulations here and in the remainder of the paper we set A = [0.15,0.85] and employ
10,000 Monte Carlo replications. All simulations were programmed in Gauss 9.0. The
results are largely as we would expect; accuracy of 7, [p| < 1 as an estimator of 77,
measured subjectively, improves with increasing x; and/or k;. When &y is zero, 75,
|p| < 1 has a bimodal and (near) symmetric distribution around 7* = 0.5, and when
neither x; or ko are zero the distribution is bimodal but not symmetric; both these
properties are consistent with the results documented by Perron and Zhu (2005) under
an assumption of fixed magnitude (as opposed to local-to-zero) breaks.?

Theorem 2 Under Assumption I(1),
(i) for |p| < 1
75 = argsup[J(ky, 7%, 7) — By (1)K (K3, T*)]/BQ(T)A[J(K’Q/,T*, 7)—B1(1)K(k5,7)] (5)

TEA

where kY = Ko /w. and

[ KyGor (T%,7) + fl W (r)dr
J "% — 221 ) T
(Ko, 7, 7) KyGao(TH,T) + f:(r — )W (r)dr

P _ Ky (1 _T*>2 /2+f01 W (r)dr
Krz, ) = i k(1 —7%)? (2+T*)/6—|—f01 rW(r)dr ]

with B1(7), Ba(7), Ga1(7*,7) and Gao(7*,7) as defined in Theorem 1,

(i1) for p=1

71 = argsup
TEA

K H (7%, 7) 4 limy g erpi fwe | [ 1 0 - "
kyHy(1*,7) + TW (1) — W(T) )

/{IllHl(T*7 7—) + hmT—>oo E':7'T—i—1/('u<€
kyHo(m*,7) + TW (1) — W(T)

= £1<quﬁga7*) (6)

where K] = K;/w. and

Hy(t*,7) = {

Ha(r,7) = {7(1—7*) r<r

3We do not explore the consequences of different p or w. here since these only effect the values of
the k}. Therefore, the same effect could always be obtained by maintaining p = 0 and w. = 1 and
simply altering the x; appropriately.




Remark 3 It is shown by (5) that 7; has a limit distribution which is invariant to
all |[p| < 1. The more pertinent feature here, however, is that (5) does not involve ;.
Hence, 7, with |p| < 1 cannot be used to detect level breaks under Assumption I(1).
Also, the limit expression (5) is very similar in structure to that of (3) - it is obtained
from (3) by replacing dW (r) with W (r) and setting s} = 0, x, = x5. In contrast, as
would be expected given its appropriateness under Assumption I(1), the limit of 7,
involves both k; and k.

Figure 2 provides histograms of the limit distribution £, (xY, 5, 7*) for various non-
zero values of k1 and ke when 7% = 0.5. Again w. = 1, so that k! = k;. Once more we
observe the accuracy of 71 improving with increasing x; and/or k. Figure 3 gives the
corresponding histograms for 7, |p| < 1; note that Figures 3(a) and 3(b) are identical,
since k2 = 0 here and the limit does not depend on k; (see Remark 3). For non-
zero trend break magnitudes, 75, |[p| < 1 detects the break with increasing accuracy
as Ko rises, but a comparison with the corresponding histograms for 7; in Figure 2
shows that while it is competitive for ko = 5 (although neither estimator could be
considered anyway decent here), it is clearly inferior to 71 for ko = 15. In related
work, Yang (2012) considers the relative performance of levels- and first-differenced-
based estimators for a model with unit root errors and a local break in trend only,
showing that the levels estimator can outperform the first-differenced estimator for
very small breaks. However, for such small break magnitudes in this region, both
break point estimators display very poor accuracy (cf. Figures 2(c) and 3(c)), so the
relative differences here are of limited practical importance.

3 A hybrid break date estimator

The above asymptotic results suggest, fairly unambiguously, that in constructing 7,
we should choose some |p| < 1if |p| < 1, and choose p = 1 if p = 1. This follows since
71 cannot be considered a suitable estimator of the break fraction under Assumption
1(0), and 75, |p| < 1 is effectively outperformed by 71 under Assumption I(1). However,
given that we consider the true value of p to be unknown in practice, we now consider
developing a hybrid break fraction estimator that selects between the 7, [p| < 1 and
71 possibilities depending on the sample’s properties. To begin, if we consider just two
possible values for p: p = p’ where |p| < 1, and p = 1, i.e. 7, and 7; are the only
possible estimators of 7%, then we might consider selecting between 7, or 7, according
to which corresponds to the lowest residual sum of squares, i.e. choose

7, if mingep S(p/, 7) < min,ep S(1,7)
71 if minqep S(p/,7) > mingep S(1,7)

Another way of writing this is to define the hybrid estimator

Tp, =arg min S(p, T
. = arg_min S(p,7)



where Dy = {p/,1}.4
To examine the asymptotic behaviour of this hybrid estimator 7p,, we first establish
the limiting properties of S(p, 7) under Assumption I(0) and Assumption I(1).

Theorem 3 Under Assumption I(0), for |p| <1 and p =1

2

_ _ Wy — _
T IS<I077—) = 1_p2<1+p2_2pp>

for all T.

Theorem 4 Under Assumption I(1),

(i) for [p| <1

where Q(.) is some non-degenerate distribution for all T,°

(11) for p=1
T7'5(1,7) = W?

£

for all T.

If we first consider behaviour under Assumption I(1), where p = 1, it follows from
Theorem 4 that T—2S(p/, 7) converges to a distribution while 771S(1, 7) converges to
w? for all 7. Asymptotically then, min,ep S(p,7) > min,ep S(1,7) > 0. Next, under
Assumption I(0), where |p| < 1, Theorem 3 implies that

2

_ / — wt’;‘ /' /
TS(p, ) - T7IS(1,T) = 1_p2{(1+p2—2pp)—2(1—p)}

w2

= 1_€p2 (L=p)(2p—p 1)

for all 7. Since 1 — p’ > 0 here, it follows that, asymptotically,

min.ep S(p',7) < min;ep S(1,7) if p<(p'+1)/2 (7
min.cp S(p',7) > minep S(1,7) ifp> (p+1)/2°

Consequently, we find that 7p, = 7; asymptotically if p = 1 which is as we would
desire. For |p| < 1, (7) shows us that 7p, = 7, the desired outcome, unless p > p’ and
p is closer to 1 than it is to p/, in which case 7p, = 71 which is the ineffective estimator
in the I(0) case. By way of an example, suppose |p| < 1 and we set p’ = 0 (so that 7p,
selects between the levels- and the first differences-based estimators 7 and 71); we find
that 7p, = 71 (the ineffective estimator) in the region p > 0.5. If on the other hand

4That is, D, is a discrete set consisting of the two elements p’ and 1.
5The precise form of Q(.) can easily be established from the results in the Appendix; we omit the
details here since it is only the order of S(p,7) that proves important for our purposes.
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we choose p' = 0.9, we find that 7p, = 71 now only in the region p > 0.95. Purely
asymptotic considerations would therefore indicate that the problem region associated
with |p| < 1 can be made arbitrarily small by setting p’ = 1 — ¢, where € > 0 is made
arbitrarily close to 0, thereby reducing the problem region to p > 1 —¢/2.

Notwithstanding our asymptotic results under Assumption I(0), in finite samples
the choice of p’ will have a significant influence of the behaviour of 7p, even when the
condition p < (p’ + 1)/2 is satisfied. Therefore, from a finite sample (i.e. empirical)
perspective the idea of setting p’ = 1 — € is unlikely to prove an attractive proposition
unless p is actually very close to 1, despite its asymptotic appeal.

As noted above, efficiency considerations suggest we should (infeasibly) always set
p = p. As a step in this direction we consider generalizing the hybrid estimator by
at least allowing p to cover a subset of possible values for p, replacing the 2 element
set Dy with the m element set D,, = {p}, ph, ..., pl,_1, 1} where |p}| < 1 for all ¢ and,
without loss of generality, —1 < p} < p), < ... < pl,_; < 1. Therefore, we now consider
the following hybrid (pseudo GLS) estimator

7p, =arg min S(p,7) (8)

Note that 7p,, could equivalently be defined as choosing one of 7,7y, ....;Tp ;71
according to which of these estimators achieves the smallest residual sum of squares.

The next Corollary is a useful initial step in explaining the limit behaviour of 7p, .

Corollary 5
(1) Under Assumption 1(0),

P if p <
in._~ |p— o< g <
arg min S(p,7) = afg MiNzep, o= pl Z.f P/1 Sps Pm—1,
pED, pm_l Zf pm—l < p < (pm_l + 1)/2
1 if p> (ploy +1)/2

for all T.
(11) Under Assumption 1(1),

in S(p,7) =1
arg min S(p, 7)

for all T.
Part (ii) follows directly from Theorem 4, since T-1S(p, ) diverges to +oo in T
unless p = 1. Part (i) follows from Theorem 3 since we have
. _ _ . T_1 _
arg min 5(p, ) arg min T™5(p,7)
2

w
= i = (1+p*—2p
argprggil_pz( + 0" —2pp)

= arg min p* — 2pp.
ﬁEDm
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Now

and so argmingzep,, S(p, 7) = argmingep,, |p — p|. When p < pf, clearly argmingzep,,
|p—pl = pi. Also, when py < p < pf, ,, argmingep,, [p — p| = argmin,_,y |p— p|.°
For p > pl._, argmingep,, |p —p| = pl,_; unless p > (p),_; + 1)/2 in which case
arg mingep,, |p — p| = 1. Notice that this condition coincides with that in the second
part of (7) (on replacing p’ with p/,_,). Intuitively, in the limit, arg minsep, S(p, 7) is
always the element of D,, closest to the true value of p.

The asymptotic behaviour of 7p_ can now be established under both Assumption
I(0) and Assumption I(1).

Corollary 6

(1) Under Assumption 1(0),

- arg sup,cp imr.co Atz if p > (o1 +1)/2
Drm Lo(KY, kY, T) otherwise

(i1) Under Assumption 1(1),
Tp,, = L1(KY, k5, T").

For part (ii), Corollary 5 (ii) implies that, asymptotically, arg min,ea sep,, S(p, 7) =
arg min,ex S(1, 7) which has the limit distribution £, (k7, k%, 7*) of Theorem 2 (ii). Part
(i) follows from Corollary 5 (i). Using the final limit of Corollary 5 (i) we find that when
p > (pl,_1 +1)/2 then, asymptotically, arg min-es zep,, S(p,7) = argmin,cp S(1,7)
which has the limit given in (4). Otherwise, using the first three limits of Corollary
5 (i) we find that, asymptotically, argmin,ea sep,, S(p, 7) = argmin,cp S(h, 7) where
h is some element of {p,ph,...,p,,_1}. Since |h| < 1 the limit distribution is then
Lo(KY, Kk, 7*) of Theorem 1 (i).

We find, therefore, that under Assumption I(1), the hybrid estimator 7p, has the
same limit behaviour as 71, as we would wish, while under Assumption I(0), it has
the same asymptotic properties as 75, |p| < 1, again as desired, unless p happens to
lie in the problem region p > (p),_; + 1)/2. The hybrid estimator therefore has a
clear asymptotic appeal, particularly if one makes the judicious choice of setting p/,,
very close to 1. In the next section, we examine the behaviour of 7p_ in samples of
practically relevant size.

Finally, our asymptotic results imply that 7p _ has the same asymptotic properties
as the following sequential break fraction estimator: in the first step, minimize S(p, 7)

SNotice that if it happens to be the case that p € D,, then arg ming.p |p—p| = p (at which
point the limit of 7715(p, 7) is w?).

10



across D,, for any single value of 7 € A, in the second step, minimize S(p,7) across
T imposing the value of p obtained from the first step. Such a sequential approach,
while asymptotically valid, is likely to perform rather poorly in finite samples, since
it is entirely possible that two different choices for 7 in the initial minimization will
lead to two different p and, consequently, two different break fraction estimates. We
therefore do not advocate use of this two step approach, instead recommending 7p,
as defined in (8).

4 Finite sample performance

In this section we compare the finite sample performance of the hybrid estimator 7p,
with the levels- and first-difference-based estimators 7o and 7;. The simulation DGP
is (1) and (2), with u; = &; and a3 = ay = 0 without loss of generality. To examine
behaviour outside of the 17D assumption for ¢; in (2), we also permit &; to follow an
MA(1) process

e = v — Ovy_4

with v, ~ NIID(0,1) and ; = v;. As in the asymptotic simulations, we use 7* = 0.5.
For cases where wu, is I(0), we set v, = k1T~ Y2, v, = kT3 with s, = {0, 10,20, 30}
and ky = {0,250,500,750}; where u; is I(1), we set v, = ki, 7o = kT2 with
k1 ={0,1,2,3} and ko = {0,5,10, 15}. The combination k1 = k3 = 0 is provided as a
no-break point of reference. We consider the sample sizes T' = 150 and 7" = 300 and a
range of values of p and 6.

A choice must be made regarding D,,,. Here we set D,, = {0,0.2,0.4,0.6,0.8,0.9,
0.95, 0.975,1}. This choice is motivated by two empirical observations regarding eco-
nomic time series. The first is that serial correlation is not usually found to be negative,
so that we exclude negative values of p. The second is that the serial correlation is often
found to be very strongly positive (as exemplified by the ongoing I(0)/I(1) debate), so
we include some large values of p < 1 as well as p = 1; moreover, inclusion of the
value 0.975 confines the problem region discussed above to the small interval region
0.9875 < p < 1.

For further comparison, we also examine an AR(1)-based estimator of 7*. This is
calculated from minimizing the residual sum of squares from the fitted OLS regression

Yy = By + Bot + Oyp—1 + m1Dy(7) + 7o DU(T) + w3 DTy (T) + €4, t=2,....7T,

across 7. Here the one-time dummy variable D, (7) is included to identify a level break
in the I(1) case (corresponding here to ¢ = 1). We denote this estimator as 7 4p.

With four different break fraction estimators, sixteen combinations of break mag-
nitude and two sample sizes, it is not practical to show full histograms across different
values of p and 6. Instead, in Tables 1-9, we simply provide the empirical probability
that each estimator lies in the range 7% +0.010, 7 +0.025 and 7" £0.050. Other things
equal, the larger these probabilities, then the better the estimator.

11



Table 1 concerns the case of I(0), white noise errors, a situation where 7( represents
the optimal estimator. What is immediately apparent is that 7, is by some considerable
margin the poorest performing estimator across all k; and k3. When 7" = 150 it does
have some ability to detect the larger breaks, but even then remains much inferior to
the other three; for 7' = 300 its performance levels for non-zero x; and ko are similar
to the no-break reference case, in line with the result of Theorem 1 (ii) which showed
that 71 is asymptotically ineffective in this setting. We also see that, on balance, 7 4g
does not perform as well as either 7o or 7p,,. It is competitive when there is a pure
trend break, but loses out everywhere else. The estimators 7o and 7p,, show almost
identical behaviour everywhere, highlighting the attractive performance of the hybrid
estimator in this white noise case.

In Tables 2-6 the errors are 1(0), AR(1) with p = {0.5,0.85,0.925,0.963,0.994}.
This range of values was chosen to cover the range p € (0,1), with particular focus
given to values close to unity. The selected values are generally the mid-points between
the p values included in D,,, chosen so as not to coincide with the exact values in the D,,
grid. In Table 2, where p = 0.5, the comparative behaviour of the estimators remains
pretty much the same as seen in Table 1, only with the differences between worst and
best being slightly less emphasized. Table 3 considers the case of p = 0.85. Here, the
stronger autoregressive component begins to diminish the ability of the estimators to
identify the true break point, other than 7;, which improves relative to the p = 0.5
case. However, rather encouragingly, it is the hybrid estimator 7p,, that shows the best
performance overall. Tables 4 and 5 (p = 0.925 and p = 0.963, respectively) show that
as the value of p increases further towards unity, results for 7p_ become increasingly
similar to those for 71, with both these estimators outperforming 7o and 7 4.

Table 6 represents a problem case of I(0) but near I(1) errors, with p = 0.994,
this value of p being chosen to lie in the middle of the asymptotic problem region for
Tp,,. For T'= 150, perhaps not surprisingly, given the strength of the autoregressive
component, 7, is generally the best performing estimator here, although again 7p
performs very well and is a close competitor to 71, comfortably out-performing 7 4z
and 7o. When T" = 300, although the probabilities associated with all the procedures
are lower, it could be argued that 7; is still the best performing estimator (despite
its asymptotic shortcomings); once again, 7p, behaves very similarly to 71 here, so it
appears that the asymptotic problem region associated with 7p_ is unlikely to be of
much concern in any practical setting.

Table 7 reports results for errors from an 1(0), MA(1) process with § = —0.5, a pro-
cess which therefore has no finite order autoregressive representation. The behaviour
of the estimators is actually qualitatively similar to that in Table 1, hence similar
comments made above for this case apply here also.

Table 8 shows the results for I(1), random walk errors, where 7; now assumes the
role of the optimal estimator. The worst performing estimator is now 7, except for
the pure trend break case, where 745 performs most poorly. Both 7; and 7p,, are
very clearly better performing estimators and behave very similarly everywhere. The
results for 7' = 300 also show that the probabilities associated with 7, are largely
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insensitive to k1, and close to the no-break reference case when ko = 0, which accords
with our asymptotic results in Theorem 2 (i). Lastly, in Table 9 the errors are I(1),
ARIMA(0,1,1) with # = 0.5. Now the rankings of 7¢, 71 and 745 appear quite highly
dependent on the particular k1, ko settings. What is clear throughout, however, is that
Tp,, either performs the best, or if not, then virtually always as well as the highest
ranking of the other three estimators.

Finally, we also experimented with a finer grid of values for D,,, re-running all
the finite sample simulations with D,, = {0,0.01,0.02,...,0.99,1}. We found the re-
sults to be almost identical to those obtained using our recommended grid, with the
probabilities being within £0.01 of the values reported in Tables 1-9.

5 Conclusion

In summary, we have considered the asymptotic and finite sample performance of a
number of minimum sum of squared residuals-based break fraction estimators. We
first considered the asymptotic performance of estimators based on a levels or quasi-
differenced regression of y; on the relevant deterministic components, and also an es-
timator based on a first differenced version of the regression. It was found that the
levels/quasi-differenced approach performed well under an assumption of I(0) errors,
while the first differenced-based estimator was inappropriate in this context. Essen-
tially the reverse was observed under I(1) errors, with the first differenced approach now
preferred. Given this inherent lack of robustness in the performance of the estimators
across 1(0) and I(1) environments, we proposed a hybrid estimator, 7p,,, which selects
between the first differenced estimator and a number of quasi-differenced alternatives
according to which achieves the smallest minimum sum of squared residuals.

This new procedure was found to achieve most of the desirable properties of the
appropriate estimators for the stationary and unit root worlds, without the inherent
downsides involved in selecting purely one approach. This finding was also shown to
carry over to sample sizes of practical relevance, with the hybrid estimator always com-
petitive with the better of the levels- and first differenced-based estimators across a
range of I(0) and I(1) data generating processes. Indeed, our results showed that 7p,,
performs very well as an estimator of 7*, even outside of the AR(1) with /7D innova-
tions framework, under which our theory was derived. We showed this specifically when
y; was allowed to be ARIMA(0,0,1) and ARIMA(0,1,1), but the qualitative behaviour
of 7p,, would extend to more general dynamic processes, since the autoregressive fil-
tering inherent in 7p  is only ever intended to remove the dominant autoregressive
behaviour present in a series; there is no need to whiten the series entirely.

An alternative approach to constructing 7p  using a discrete number of quasi-
difference parameters in D,, would be to use all values in the continuous set (—1,1],
i.e. modify the pseduo GLS hybrid estimator (8) to instead minimize S(p,7) over
7 € Aand p € (—1,1]. Such an approach would represent a considerable increase
in the computational burden of the procedure, due to the requirement for numerical
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Newton-type minimization methods. Moreover, marginal changes in p have an almost
negligible effect on the resulting quasi-differenced break fraction estimator, and so
implementing 7p, using a reasonably fine set of discrete values for D,, (as in our
simulations) is entirely sufficient.

In practical applications, where knowledge of the integration order of the stochastic
component of a series cannot typically be taken as known, it is desirable to have
available a break fraction estimator that works well without having to take a potentially
incorrect and therefore costly stand on the data’s order of integration. We consider that
the hybrid estimator 7p,, proposed in this paper goes a long way in fulfilling this role,
and should therefore have practical appeal; moreover, extension of the hybrid procedure
to the case of estimating the timing of multiple breaks is entirely straightforward.
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Appendix

In what follows we can set ay = ay = 0 in (1) without any loss of generality. By way
of preliminaries, in addition to y;, Z;, and S(p, 7), we also define
u, = [ug,us — puy,...,ur — pur_1|,

Z, = [X1,X2 — PX1, ..., Xp — ﬁXT_l]’ with x; = [1, t]’

and use r; to denote the residuals from a regression of y; on Z;; and r; ; 34 to denote
the T x 2 residuals from a regression of the final two columns of Z; ,, which we denote
Z;734, on Zp. Define the sums of squared residuals S(p) = rjr; and the 2 x 2 ma-
trix Sz4(p, 7) = T}, 34Tpr34. Straightforward application of the Frisch-Waugh-Lovell
theorem then shows that we can write

S(p.7) = S(p) = ()7 3475) Saa (. 7) (¥, - 3aT5).

which is a representation we shall use repeatedly in the proofs below. We will need the
scaling matrices

TYV2 0 T2 0 1 0
N R PV S e
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The following preliminary lemmas are also used. The terms involved in Lemma 1 do
not involve any stochastic components and the proofs are entirely straightforward and

are therefore not presented.

Lemma 1
(i) For |p| < 1
—1rps -1 —\2 (1-7) (1_7)2/2
A1 ZZJZPJ"34A1 - (1 - P) |: (1 B 7_2)/2 (1 . 7_)2 (2 + T>/6 )

AT'Ss(p, T)ATT — (1= p)*Ba(7).

where Bo(T) is as defined in Theorem 1.

(i1) For p =1
ANZIZA — - } ,
ATy A — 8 1 8 - } ,
A;'Ss(1,7)AY — (1) 7_(10_ - ] )

Lemma 2 Under Assumption 1(0),

(i) for 7| < 1 2

e w? _ _
T7'S(p) = 1_p2(1+pz—2pp),

Al_lr/p;r,34rﬁ = (1 - p>2wu{A(/€/1> ’%IQa 7—*7 T) - Bl(T)C(H'/D HIQ? T*)}

where A (kY kh, 7, 7), B1(7) and C(k), k5, 7*) are as defined in Theorem 1,
(i1) for p=1

T-'5(1) =

JAN T

Tur — Urr + (1 — T)uy +o(1).

, —
Iy r3471 =

Proof of Lemma 2
(i) Write
T71S(p) =T yoys — Ty Lo AT AT ZLZ AT T AT Zy .
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Now

T 'yly, = T 'abu,+o,(1)
= T 'ugug+ p*T 'ag _jue 1 — 29T 'ugug 1 + 0,(1)

w2

—¢ (14 p*—2p 19
= 1—,02( + 0" —2pp), (19)

where uy _; is the vector uy lagged one period and
AT'Zy, = B /?)T)T_l/2 S o (U — Pyr-1) }

e L T3Py + T3 57 ot — p(t = D) (ye — pys—1)
[ (L=p)T 2
- pprer sy, | W
[ Q=T L (T Y2DUT) + 5o T2 DT (1) + uy) +op(1)
(1= )2 T3 (ki TY2DU(T*) + ko T3 DTy(7%) 4 wy) b

_ A=)+ k(1 =79 /24 W)

= (1-75)w, K ( 2
(L=pfw [ (1= 72) /24 Ky (1= )2 2+ 79) /6 + [; rdW (r)

| )

These results, together with (9) give (15).
Next, write

AT o, = ATVZL oy, — AVVZL AT AT ZLZ AT AT 2y,

Now
ATZ Ly T2 (yrri1 — pYrr) +7€1 —p)T~1/? ZZ;TTH(,% — PYi-1) }
pratp L T=32(yrri1 — py-1) + T3/ Zt:q—T+2 t — 7T —p(t — 7T — 1)](y: — pye—1)
_ 7\2p-1/2T
_ (1—p)*T D tmrri Yt +0,(1)

L (1 - p)QT_3/2 ZtT=TT+2 (t = 1Ty
| (1= )T V23 o (s T7V2DU(T*) + kT2 DT3(77) + uy)
(1= p)? T2 Lt = 7T (ki TY2DU,(7%) + ko T2 DTy(7%) + uy)

+0p(1)

p1Gu (7", 7) + G (77, 7) + W (1) = W(7) ] (21)

= (L=pfuw [ Ky Gra(T*,T) + k4G (7%, T) + f:(T —7)dW(r)

where G11(7%,7), Ga1(7%,7), G12(7*, 7) and Gaoo(7*,7) are as defined in Theorem 1.
Combining (21), (10), (9) and (20) gives

Al_lr;‘),T,?ArP = (1 - p>2wu{A(I€/17 "i/27 T*7 T)

(1-7) (1—172)/2 o127 L
{(1—7)2/2 (1—7)2(2—1—7)/6} {1/2 1/3} Clr, i, 7}

= (1= 0 wu{A(K], 55,77, 7) = Ba(7)C(k], Ky, 7°) }
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ie. (16).

(i) Write
TS(1) =T iy — T 2 AG A Z 20 AT T A 2y,
and
T 'yiyr = T 'dju; +o0,(1)
= T ugue+ T 'ag_yug 1 — 27 'ugug 1 + 0,(1)
W2
= 1 _8p22(1 —p)
2w?
- 2 (22)
Z/ — yl
1Yt [ yr
U
B { ur +O(T~1/?) } ' (23)
Taking (22), (12) and (23) together establishes (17).
Next, write
Ty 7341 = 2 - 34Y1 — Z'1’7734Z1[Z'1Z1]_1Z’1y1
Now
Ayrria
Z/ — T+
B AUTT+1 + O(T_I/Q) (24)
T | up —up FO(TY2) |
11
202 = { 1 T } !
[0 1
Zy s = |0 T —7T |
ie.
v _ [ Bugmro@ ] o 1 11 ! w
173471 L ur —ur +O(T Y% | |0 T—7T | |1 T ur + O(T~1/?)
— [ AuTT—i—l_’_O(TPlﬂ) ] o [ _TTl_Tl TTl_jl Uy
| ur —ur +OTV2) | | T | [ ur+ O(TY?)
_ [ Buma o) ] srtQ@ 2 _
| ur — u;p + O(TH2) I [ur + O(T~ V)| LT — gy LT
_ [ AUTT+1
| Tur —uep + (1= T)uy +op(1) (25)
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as in (18).

Lemma 3 Under Assumption I(1),

(i) for |p| <1
T725(p) = (1—p22 {21 —-7)%/3+ fo r)2dr + 2K} *(r — )W (r)dr
K (s, ) [ 1}2 %g } K (k2 7))}, (26)
T AT, gatp = (1= p)*wAJ (w5, 7, 7) — Bi(1)K(ky, 77}, (27)

where J(ky, 7%, 7), B1(7) and K(k5,7*) are as defined in Theorems 1 and 2,

(11) for p=1
T7'5(1) = w2, (28)

'Li,l/];[1 (T*7 T) + 57’T+1/w€

1./
Aa Thrad®s = e | g (o) W (1) — W(r) (29)
where Hy(7*,7) and Hy(7*,7) are as defined in Theorem 2.
Proof of Lemma 3
(i) Write
T2S(0) =T ypyp = Ty LA AT B Z AT I T A Zy;
Now
T_ZY;-)Yﬁ Ty + 772 Zt o (e — Pye—1)?
= (1-p°T? Zt 2Yi +0p(1)
. 2<mDUt< >+@T-1/2DTt< )+ )+ o)
= (1 -p)°w{xy? (1 — /3+f0 )dr + 2k (T—T YW (r)dr},
e Ty ()T )
1A-1 _ 1 p —o\Yt = PYt—1
AR = | sy, R ST 50 Dl )
_ (1 . /_))2T_3/2 23_2 n :|
= o = +op(1
I (1 —p)2T 5/2 2322 ty, p( )
_ [ 0 =pPT Y (ki DUNT™) + kT V2DT(77) + ) +o(1)
| (L= p)T Pt (/ﬁDUt( ")+ K2T’1/2DT1:(T*) + ur) ’
_ 24 [ W
= (1-p)w. W) /2 )y 31
(L=prwel vy )(2+T /6+f0rW )dr (81)
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and using (9) these results give (26).
Next,

THATY, o, =T A2 oy, — AT o 2o AT AT 2T T T AT 2y

p,T,3

Now
T*IAIIZ}M,MY/B
_ T=32(yrrs1 — pyer) + (1- DT 3 o (Ue = Pye1) ]
L T2 (Yrrr = pyrr) + T2 3 ppolt = 7T = p(t — 7T = 1) (41 — pye1)
r 1—p 27-3/2 T_T
— _(_ ) _)5/2 TZt_ T+_2 Y + Op(l)
L (1=p)°T Zt:TT+2<t 1)y
(1= P)Qng/TQ St rria(F1DU(T*) + kT~ Y2DTy(77) + wy) }
L (1= p)2 T2 ot = TT) (k1 DUL(T*) + kT2 DT (7%) + uy)
+0,(1)

KyGor (T%,7) + f: W (r)dr

= (1-p)w Ky Gog(T*,7) + le('r’ — )W (r)dr

, (32)

THANY, i, = (1= p)'weAd (k5,77 7)

(1—7) (1—72)/2 1121,
_{(1—7)2/2 (1—7)2(24—7)/6} {1/2 1/3} Ky, 7))

= (1=p)'wA{J(r3, 7", 7) = Ba(r)K(r3,77)}
Combining (32), (10), (9) and (31) gives (27).
(i) Write

T7S(1) =T iy — T\ 2 A A Z 20 AT T A 2y,

Now
T 'yiy1 = T 'ajus+o,(1)
= wg,
_ U
A; 1Z11}’1 = !

we{ry(1 —77) + W(D)}
and the result of (28) follows given (12).

20



Next
ATt = ALy — A2y, 5020 A AT 2V Z A T A 2y,

_ Ay 410 1
_ 1 T+ | A1
= |:yT_yTT:| As {0 T—TT}X

-1
ait (a1 rlar) A ]
k1l(TT = 7T) 4+ Aurpyq + O(T712)
= | T2k + keTYT — 7T) — T~V 25 1(7T > 7°T)—
kT HrT — T*T)L(7T > 7*T) + T (ur — u,r)
0 T2 Ve I u
a { 0 1—-7 ] { TV } { T2k + ke T~HT — 7°T) + T~ uy

[ k1l(T = 7%) + limr 00 €r741 ]
Ro(l —7%) — Ko(T — 79)1(7 > 7)) + w [W (1) — W (7)]

B {8 187} [/ﬁg(l—T*?)L:LwEW(l) ]

[ k1l(T = 7%) + limr 00 €r741 ]
Ro(l —7%) — ka(T — 79)1(7 > 7)) + w [W (1) — W (7)]

| ’ |

(1 —7)[ro(1 = 7%) + wW(1)]

o [ R{L(T =7%) + imy_ o €741 /we }
| TRy(1—=7) — k(T — )T > 7*) + TW (1) — W(T)

= w K:/llHl (7—*7 7_) + 11InT—>oo 87‘T+1/w€
| RSHo (T, 7m)+TW(QA) - W(r) |

Proof of Theorem 1

(i) We have

7p = argminS(p,7)

= arg ITneilf\l[S(p) — (1}, ,.3475) S34(p, T)_l(r%,f,:mrﬁ)]

= arg ngf(r%,f,gz;rp)/sm(ﬁy )~ (¥} - 24T5)
= argmax(A; ) a0) [AL S4(p, ) AT AL ).
Then using (16) and (11) we obtain

%f) = arg Sgg(l - p)2w121[A(’€/17 ’%,27 T*v T) - Bl(T>C<I€/17 ’%IZu T*)]/BQ(T)il X

[A(KY, K, 77, 7) = By (7)C(ky, k5, 7).
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Since (1 — p)?w? appears only as a scaling constant in the limit function to which
argsup,., is applied, the result follows.

(ii) We have
71 = argITnelES(l,T)

= alg I?eaﬁ((r,177.734r1)/834<1, T)_l (rll,r,34r1)‘
Now

Ssu(1,7) = 2y, 342130 — 2 5,20 (2)20) 2 2y 1 34
[t o1 ] Jo o1 117770 o
B 1 T—7T 0 T-7T 1 7T 1 T —-—7T

1 T-Tr
[ l_ﬂ 1—- T—1 ]

T—Tr (T—T7)?
1-— 1 T—TT——T_1

and so, using (25)

/ T-—T1 1
Au,riq + 0,(1) T Tl Tr—TH1 2
Tur — u;r + (1 — 7)ug + 0p(1) e — 2

T T 1 P Tr—T+1 Tr—1Tr—T+1

Aurryq + 0p(1)
Tur — Ur;r + (1 — 7)uy + 0p(1)

= arg magc[AufTH + 0,(1)]
TE

71 = argmax
TEA

: 2
= argsup lim Aulp;.
reA T—o0

Proof of Theorem 2

(i) We have

~

s = afg@ggi(r%mmrp)/sm(ﬁaT)_l(r%,f,mrb)

= argmax T ATHE) - 3a1p) [AT Ssa(p, ) AT T T AT, 1),

Then using (27) and (11) we obtain

75 = argsup(1—p)*wZ[J(ry, 7%, 7)=B1(7)K (x5, ) Ba(7) [ (ry, 7%, 7) = Bu(7) K (s, 7°)].

TEA

Since (1 — p)*w? appears only as a scaling constant in the limit function to which

argsup,., is applied, the result follows.
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(ii) We have
71 = arg 15133((1‘/1,7,341“1)/534(17 7)), 54T1)

= arg Ifea[i( Agl(r’177734r1)’[A§1834(1, T)Agl]_lAgl(ri,T,szirl)
and using (29) and (14) we find

IilllH1<T*, T) + hmT_m 57—T+1/w5 ' 1 0 - %
ryHa (7%, 7) +7W (1) — W(7) )

{ RYH (7%, 7) + limy o €7741 /We ]

71 = argsupw?
TEA
kyHo(T*,7) +7W (1) — W(T)
The result follows since w? appears only as a scaling constant.

Proof of Theorem 3

For |p| < 1 write
T7S(p,m) = T7'S(p) =T (AT, aarp) {AT Saa(p, )AL} (AL - 541)

P,T,3
= T7'S(p) + 0,(1)
S Y (147 %)
1—p?

1
T7S(Lr) = T7S(1) = T (A - 5r) {Ay Sau(1, 1) A (A ') L gyr)
= T7'S(1) +0,(1)
2w?
IL+p

using (17), (18) and (14). Since the second limit is simply the first limit evaluated at
p = 1, the result is shown.

Proof of Theorem 4
(i) For |p| < 1 write
T72S(p,7) =T2S(p) — T_2(Al_lr;’);r,Sélrf)),{Al_lS34(p’ T)Afl}_l(Aflr%,r,Mrﬁ)

which has a limit distribution given by combining the results in (26), (27) and (11).
This distribution is non-degenerate for all 7.

(ii) For p =1,
T7S(1, 1) = T7'S(1) = T7H A ) {ASaa(1, 7) AT} (A 5ur1)
= T7'S(1) +o0,(1)
= w2

using (28), (29) and (14).
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Table 1. Probability of break fraction estimators lying in the range 7* +&; p=0,0 =0

Panel A. T' =150

£ =0.010 £ =0.025 €= 0.050

K1 K2 70 71 TAR 7D, 70 71 TAR TD, 70 T1  TAR 7D,
0 0 0.02 0.03 0.03 0.02 0.05 0.06 0.06 0.05 0.11 0.13 0.13 0.11
250 0.09 0.03 0.15 0.09 0.26 0.07 0.35 0.25 0.63 0.15 0.69 0.63

500 0.18 0.04 0.25 0.18 0.50 0.09 0.56 0.50 0.93 0.19 0.92 0.93

750 0.28 0.06 0.33 0.27 0.70 0.13 0.68 0.70 0.99 0.26 0.98 0.99

10 0 0.29 0.04 0.18 0.29 0.44 0.08 0.32 0.44 0.59 0.15 0.46 0.59
250 0.37 0.04 0.25 0.37 0.55 0.09 0.44 0.55 0.70 0.16 0.66 0.69

500 0.44 0.06 0.32 0.43 0.61 0.11 0.55 0.61 0.86 0.20 0.83 0.86

750 0.49 0.09 0.37 0.49 0.69 0.16 0.64 0.68 0.96 0.28 094 0.96

20 0 0.73 0.09 0.61 0.73 0.89 0.12 0.82 0.89 0.96 0.19 093 0.96
250 0.74 0.10 0.59 0.74 0.87 0.14 0.77 0.87 0.93 0.20 0.86 0.93

500 0.75 0.12 0.59 0.74 0.86 0.17 0.76 0.86 0.90 0.25 0.86 0.90

750 0.76 0.16 0.60 0.75 0.85 0.23 0.76 0.85 094 034 091 094

30 0 0.92 0.18 0.87 0.92 0.99 0.22 0.98 0.99 1.00 0.27 1.00 1.00
250 0.93 0.20 0.87 0.93 0.98 0.24 096 0.98 0.99 0.30 0.98 0.99

500 0.92 0.24 086 0.92 097 0.29 094 0.97 0.98 0.36 0.97 0.98

750 0.92 030 0.85 091 0.96 0.36 0.92 0.96 0.98 0.45 0.96 0.98

Panel B. T' = 300
£ =0.010 £ = 0.025 £ = 0.050

K1 K2 70 71 TAR 7D, 70 T1  TAR TD, 70 T1  TAR 7D,
0 0 0.02 0.02 0.02 0.02 0.06 0.07 0.07 0.06 0.11 0.14 0.13 0.11
250 0.07 0.03 0.13 0.07 0.27 0.07 0.38 0.27 0.62 0.15 0.70 0.62

500 0.12 0.03 0.22 0.12 0.52 0.08 0.61 0.52 0.93 0.16 0.93 0.93

750 0.18 0.03 0.29 0.18 0.71 0.09 0.76 0.71 0.99 0.17 0.99 0.99

10 0 0.26 0.03 0.16 0.26 0.46 0.08 0.33 0.46 0.59 0.15 0.46 0.59
250 0.32 0.03 0.22 0.32 0.54 0.08 0.46 0.54 0.69 0.15 0.67 0.69

500 0.36 0.03 0.28 0.36 0.61 0.08 0.59 0.61 0.87 0.16 0.88 0.87

750 0.40 0.04 0.33 0.40 0.68 0.09 0.69 0.68 0.97 0.17 096 0.97

20 0 0.68 0.04 0.56 0.68 0.90 0.09 0.84 0.90 0.96 0.16 0.93 0.96
250 0.68 0.04 0.53 0.68 0.87 0.09 0.77 0.87 0.92 0.16 0.85 0.92

500 0.68 0.05 0.52 0.68 0.86 0.10 0.74 0.86 0.90 0.17 0.87 0.90

750 0.70 0.05 0.52 0.69 0.84 0.11 0.75 0.84 0.95 0.19 094 0.95

30 0 0.89 0.07 0.83 0.89 0.99 0.12 0.98 0.99 1.00 0.18 1.00 1.00
250 0.89 0.07 0.82 0.89 0.98 0.12 096 0.98 0.99 0.19 0.98 0.99

500 0.88 0.08 0.80 0.88 0.97 0.13 0.93 0.97 0.98 0.20 0.96 0.98

750 0.88 0.08 0.78 0.88 096 0.14 091 0.96 0.98 0.22 096 0.98

T.1



Table 2. Probability of break fraction estimators lying in the range 7* +&; p = 0.5, 6 =0

Panel A. T' =150

£ =0.010 £ =0.025 €= 0.050

K1 K2 70 71 TAR 7D, 70 71 TAR TD, 70 T1  TAR 7D,
0 0 0.02 0.03 0.03 0.02 0.06 0.07 0.06 0.05 0.12 0.14 0.13 0.12
250 0.07 0.03 0.09 0.06 0.17 0.07 0.20 0.16 0.41 0.15 0.42 0.37

500 0.14 0.05 0.15 0.12 034 0.11 035 0.31 0.73 0.22 0.68 0.69

750 0.21 0.08 0.21 0.19 0.52 0.18 0.46 0.48 0.90 0.34 0.82 0.88

10 0 0.11 0.05 0.07 0.11 0.18 0.08 0.14 0.17 0.28 0.15 0.23 0.27
250 0.18 0.06 0.15 0.18 0.30 0.10 0.27 0.29 0.49 0.17 0.46 047

500 0.25 0.08 0.22 0.25 042 0.14 039 0.41 0.71 024 0.64 0.68

750 0.31 0.13 0.27 0.32 0.54 0.22 0.47 0.53 0.86 0.37 0.76 0.85

20 0 0.37 0.12 0.27 0.38 0.50 0.15 040 0.49 0.63 0.22 0.53 0.62
250 042 0.14 0.32 0.43 0.56 0.18 0.47 0.56 0.69 0.25 0.61 0.68

500 0.48 0.19 037 0.50 0.62 0.24 053 0.63 0.75 033 0.69 0.75

750 0.52 0.26 0.42 0.55 0.66 0.34 0.59 0.68 0.84 047 0.77 0.84

30 0 0.67 0.28 0.58 0.70 0.80 0.31 0.73 0.80 0.89 036 0.83 0.89
250 0.68 0.32 0.59 0.71 0.79 0.35 0.72 0.80 0.87 0.40 0.81 0.87

500 0.70 0.38 0.62 0.74 0.80 0.42 0.74 0.82 0.86 0.49 0.82 0.88

750 0.72 047 0.64 0.77 0.81 0.52 0.76 0.84 0.87 0.62 0.85 0.89

Panel B. T' = 300
£ =0.010 £ = 0.025 £ = 0.050

K1 K2 70 71 TAR 7D, 70 T1  TAR TD, 70 T1  TAR 7D,
0 0 0.02 0.02 0.02 0.02 0.06 0.07 0.07 0.06 0.12 0.14 0.13 0.11
250 0.05 0.02 0.08 0.05 0.17 0.07 0.22 0.15 037 0.14 0.43 0.33

500 0.09 0.03 0.13 0.07 0.32 0.08 0.38 0.27 0.68 0.16 0.70 0.63

750 0.13 0.03 0.18 0.10 0.48 0.09 0.50 042 0.87 0.18 0.85 0.84

10 0 0.09 0.03 0.06 0.08 0.18 0.07 0.13 0.17 0.27 0.14 0.22 0.26
250 0.13 0.03 0.11 0.12 0.28 0.08 0.27 0.26 045 0.15 045 041

500 0.18 0.03 0.16 0.16 0.39 0.09 0.39 0.36 0.68 0.16 0.67 0.64

750 0.22 0.04 0.21 0.20 0.51 0.10 0.50 0.46 0.85 0.18 0.81 0.82

20 0 0.30 0.05 0.20 0.29 0.48 0.10 0.36 047 0.61 0.16 0.48 0.59
250 0.33 0.05 0.22 0.32 0.53 0.10 041 0.51 0.65 0.17 0.56 0.63

500 0.36 0.06 0.26 0.36 0.58 0.11 0.48 0.56 0.72 0.19 0.68 0.70

750 0.40 0.07 0.30 0.39 0.62 0.13 0.55 0.60 0.82 0.21 0.78 0.80

30 0 0.56 0.10 0.45 0.56 0.77 0.14 0.67 0.76 0.87 0.21 0.79 0.86
250 0.56 0.11 0.44 0.56 0.76 0.15 0.65 0.75 0.84 0.22 0.75 0.84

500 0.58 0.12 0.45 0.58 0.76 0.16 0.66 0.77 0.84 0.24 0.77 0.84

750 0.59 0.13 0.47 0.60 0.77 0.18 0.67 0.77 0.85 0.26 0.81 0.84

T.2



Table 3. Probability of break fraction estimators lying in the range 7* +&; p = 0.85, 0 =0

Panel A. T' =150

¢ =0.010 £ =0.025 & =0.050

K1 K2 To 71 TAR 7D, To 71 TAR TDm, To 71 TAR TDmn,

0 0 0.03 0.03 0.03 0.03 0.07 0.07 0.06 0.06 0.15 0.14 0.13 0.13
250 0.04 0.03 0.04 0.05 0.09 0.08 0.09 0.11 0.21 0.16 0.20 0.23
500 0.07 0.05 0.07 0.10 0.18 0.12 0.15 0.22 038 0.24 031 044
750 0.12 0.09 0.10 0.16 0.28 0.20 0.22 0.35 0.57 037 044 0.63

10 0 0.06 0.05 0.05 0.05 0.09 0.09 0.09 0.09 0.17 0.16 0.16 0.16
250 0.06 0.06 0.07 0.09 0.12 0.11 0.13 0.15 0.24 0.18 0.23 0.27
500 0.10 0.10 0.11 0.16 0.20 0.16 0.20 0.26 0.40 0.27 0.35 0.46
750 0.16 0.15 0.17 0.23 031 025 0.28 0.39 0.58 041 046 0.65

20 0 0.10 0.15 0.13 0.16 0.16 0.18 0.18 0.19 0.24 0.24 0.25 0.26
250 0.13 0.17 0.17 0.22 0.19 0.21 0.24 0.27 031 0.28 0.33 0.37
500 0.18 0.23 0.24 0.31 0.27 0.29 0.33 040 0.45 0.38 0.45 0.55
750 0.24 032 031 041 0.37 040 041 0.52 0.60 0.52 054 0.71

30 0 0.21 036 0.32 0.39 0.27 0.38 0.37 0.42 0.36 043 044 047
250 0.23 040 0.38 0.46 0.30 043 043 0.50 041 048 0.51 0.56
500 0.29 047 046 0.56 0.38 0.50 0.52 0.61 0.52 0.57 0.60 0.70
750 0.35 0.55 0.52 0.64 0.45 0.60 0.59 0.70 0.64 0.68 0.68 0.80

Panel B. T = 300

¢ =0.010 ¢ =0.025 €=10.050

K1 K2 70 71 TAR 7D, 70 71 TAR 7D, 70 71 TAR 7D,

0 0 0.02 0.02 0.02 0.02 0.07 0.07 0.07 0.07 0.13 0.14 0.13 0.12
250 0.03 0.02 0.03 0.03 0.09 0.07 0.09 0.09 0.18 0.15 0.18 0.18
500 0.04 0.03 0.05 0.06 0.14 0.08 0.15 0.17 0.29 0.16 0.29 0.33
750 0.07 0.03 0.08 0.09 0.22 010 0.22 0.25 045 0.19 041 048

10 0 0.03 0.03 0.03 0.03 0.08 0.08 0.08 0.08 0.15 0.15 0.14 0.14
250 0.04 0.03 0.04 0.05 0.10 0.08 0.11 0.11 0.19 0.15 0.19 0.20
500 0.06 0.04 0.07 0.08 0.16 0.09 0.17 0.19 031 0.17 0.30 0.34
750 0.08 0.04 0.10 0.12 0.24 0.11 0.24 0.27 0.45 0.20 0.42 0.50

20 0 0.06 0.06 0.06 0.07 0.13 0.10 0.12 0.13 0.20 0.17 0.19 0.19
250 0.07 0.06 0.08 0.10 0.15 0.11 0.15 0.17 0.24 0.18 0.23 0.25
500 0.10 0.07 0.11 0.14 0.21 0.12 0.22 0.25 0.35 0.20 0.35 0.39
750 0.12 0.08 0.15 0.18 0.27 0.14 0.28 0.33 0.47 0.23 045 0.53

30 0 0.11 0.12 0.14 0.17 0.20 0.17 0.21 0.23 0.28 0.23 0.28 0.30
250 0.13 0.13 0.16 0.21 0.22 0.18 0.24 0.28 032 024 0.33 0.36
500 0.16 0.15 0.21 0.26 0.28 0.19 0.31 0.36 0.41 0.26 042 048
750 0.19 0.17 0.25 0.32 034 022 037 044 0.51 0.30 0.51 0.60
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Table 4. Probability of break fraction estimators lying in the range 7* + &; p = 0.925, § = 0

Panel A. T' =150
¢ =0.010 £ =0.025 £ =10.050

K1 K2 70 71 TAR 7D, 70 71 TAR TD, 70 T1  TAR 7D,
0 0 0.03 0.03 0.03 0.03 0.08 0.06 0.07 0.06 0.17 0.13 0.14 0.13
250 0.04 0.03 0.04 0.04 0.09 0.08 0.08 0.10 0.19 0.16 0.17 0.20

500 0.06 0.05 0.05 0.08 0.14 0.12 0.12 0.17 0.29 0.23 0.24 0.33

750 0.09 0.09 0.08 0.13 0.22 0.19 0.17 0.27 044 0.36 0.33 0.50

10 0 0.06 0.05 0.05 0.05 0.09 0.09 0.09 0.09 0.18 0.15 0.16 0.16
250 0.06 0.06 0.06 0.07 0.11 0.11 0.11 0.13 0.21 0.18 0.20 0.22
200 0.07 0.10 0.09 0.12 0.16 0.16 0.16 0.21 0.31 0.26 0.27 0.37
750 0.11 0.15 0.13 0.19 023 025 0.22 0.32 045 040 0.36 0.53

20 0 0.08 0.15 0.12 0.14 0.13 0.18 0.16 0.18 0.22 0.24 0.23 0.24
250 0.09 0.18 0.15 0.18 0.15 0.22 0.20 0.22 0.25 0.29 0.28 0.31
500 0.12 0.24 0.20 0.26 0.20 0.29 0.26 0.33 0.34 038 0.36 045
750 0.16 031 0.26 0.35 0.27 039 034 044 0.48 0.51 045 0.61

30 0 0.14 0.37 0.29 0.35 0.20 0.39 033 0.37 0.28 044 0.39 042
250 0.15 041 033 041 0.21 044 037 043 031 048 044 049
500 0.19 048 0.40 0.50 0.26 0.51 045 0.54 0.40 0.57 0.52 0.61
750 0.24 055 047 0.58 0.34 0.60 0.52 0.64 0.52 0.68 0.60 0.73

Panel B. T' = 300
£ =0.010 £ = 0.025 £ = 0.050
K1 K2 70 71 TAR 7D, 70 T1  TAR TD, 70 T1  TAR 7D,
0 0 0.03 0.02 0.02 0.03 0.07 0.07 0.07 0.07 0.14 0.14 0.14 0.13
250 0.03 0.02 0.03 0.03 0.08 0.07 0.08 0.08 0.16 0.14 0.15 0.16

500 0.03 0.03 0.03 0.05 0.11 0.08 0.10 0.13 0.21 0.16 0.19 0.24
750 0.04 0.03 0.05 0.07 0.14 0.10 0.14 0.19 029 019 0.26 0.36

10 0 0.03 0.03 0.03 0.03 0.08 0.08 0.08 0.08 0.15 0.14 0.14 0.14
250 0.03 0.03 0.03 0.04 0.09 0.08 0.09 0.09 0.17 0.15 0.15 0.17
500 0.04 0.04 0.04 0.06 0.11 0.09 0.11 0.14 0.22 0.17 0.20 0.25
750 0.05 0.05 0.06 0.09 0.16 0.11 0.15 0.21 0.30 0.20 0.27 0.37

20 0 0.04 0.06 0.05 0.06 0.10 0.10 0.10 0.11 0.17 0.17 0.17 0.17
250 0.05 0.06 0.06 0.07 0.11 0.11 0.12 0.12 0.19 0.18 0.18 0.20
500 0.06 0.07 0.08 0.10 0.14 0.12 0.15 0.18 0.24 0.20 0.23 0.29
750 0.07 0.09 0.10 0.14 0.18 0.15 0.19 0.26 0.32 0.24 0.30 041

30 0 0.07 0.13 0.11 0.14 0.13 0.17 0.16 0.18 0.21 0.23 023 0.24
250 0.07 0.14 0.12 0.16 0.14 0.18 0.18 0.20 0.22 0.24 0.24 0.27
500 0.08 0.15 0.15 0.20 0.17 020 0.22 0.27 0.27 0.27 0.30 0.36
750 0.10 0.18 0.18 0.25 0.21 0.23 0.27 0.35 034 031 0.36 048
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Table 5. Probability of break fraction estimators lying in the range 7* + &; p = 0.963, § = 0

Panel A. T' =150
¢ =0.010 £ =0.025 £ =10.050

K1 K2 70 71 TAR 7D, 70 71 TAR TD, 70 T1  TAR 7D,
0 0 0.04 0.03 0.03 0.03 0.09 0.06 0.07 0.06 0.18 0.13 0.15 0.14
250 0.04 0.03 0.03 0.04 0.09 0.08 0.08 0.09 0.20 0.15 0.17 0.18

500 0.05 0.05 0.05 0.06 0.13 0.12 0.11 0.14 0.27 0.23 0.22 0.28

750 0.08 0.09 0.07 0.10 0.19 0.18 0.16 0.22 0.38 0.34 0.29 041

10 0 0.06 0.05 0.05 0.05 0.10 0.08 0.09 0.09 0.19 0.15 0.17 0.16
250 0.06 0.06 0.06 0.07 0.11 0.11 0.11 0.11 0.21 0.18 0.19 0.20
200 0.07 0.09 0.08 0.10 0.14 0.15 0.15 0.18 0.28 0.26 0.25 0.31
750 0.10 0.14 0.12 0.16 0.20 0.23 0.20 0.27 0.40 0.38 0.32 0.44

20 0 0.08 0.15 0.12 0.14 0.13 0.18 0.16 0.17 0.22 0.24 0.23 0.23
250 0.09 0.18 0.14 0.17 0.14 0.21 0.19 0.20 0.24 0.28 0.27 0.28
500 0.10 0.23 0.18 0.23 0.18 0.28 0.24 0.29 0.31 0.37 0.33 0.40
750 0.14 030 0.24 0.31 0.24 037 031 0.39 0.41 049 041 0.53

30 0 0.13 0.37 0.28 0.34 0.18 0.39 0.32 0.36 0.26 044 038 041
250 0.14 041 032 0.38 019 044 036 041 0.28 048 042 0.46
500 0.16 047 0.38 0.46 0.23 0.50 042 0.49 0.35 0.56 0.49 0.56
750 0.19 0.55 044 0.54 0.28 0.59 049 0.59 0.44 0.66 0.56 0.67

Panel B. T' = 300
£ =0.010 £ = 0.025 £ = 0.050
K1 K2 70 71 TAR 7D, 70 T1  TAR TD, 70 T1  TAR 7D,
0 0 0.03 0.02 0.03 0.02 0.08 0.07 0.08 0.07 0.16 0.13 0.15 0.13
250 0.03 0.02 0.03 0.03 0.09 0.07 0.08 0.07 0.17 0.14 0.15 0.14

500 0.03 0.03 0.03 0.04 0.10 0.08 0.09 0.10 0.19 0.16 0.17 0.19
750 0.04 0.03 0.04 0.05 0.12 0.10 0.11 0.14 0.24 0.19 0.20 0.26

10 0 0.03 0.03 0.03 0.03 0.09 0.08 0.08 0.08 0.17 0.14 0.15 0.14
250 0.03 0.03 0.03 0.04 0.09 0.08 0.09 0.08 0.17 0.15 0.16 0.15
500 0.03 0.04 0.04 0.05 0.10 0.09 0.10 0.11 0.20 0.17 0.18 0.20
750 0.04 0.04 0.06 0.06 0.12 0.11 0.12 0.15 0.24 0.19 0.21 0.27

20 0 0.04 0.06 0.05 0.06 0.10 0.10 0.10 0.10 0.18 0.17 0.17 0.16
250 0.04 0.06 0.06 0.07 0.10 0.11 0.11 0.11 0.18 0.17 0.18 0.18
500 0.05 0.07 0.06 0.08 0.11 0.12 0.13 0.14 0.21 0.20 0.20 0.23
750 0.05 0.08 0.08 0.11 0.14 0.15 0.15 0.19 0.26 0.23 0.23 0.30

30 0 0.06 0.13 0.11 0.13 0.11 0.18 0.15 0.16 0.20 0.23 0.22 0.22
250 0.06 0.14 0.11 0.14 0.12 0.18 0.16 0.18 0.20 0.24 0.23 0.24
500 0.07 0.16 0.13 0.16 0.13 020 0.19 0.22 0.23 0.27 0.26 0.29
750 0.07 0.18 0.15 0.20 0.15 0.23 0.22 0.27 0.27 031 0.29 0.37
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Table 6. Probability of break fraction estimators lying in the range 7* +&; p = 0.994, § = 0

Panel A. T' =150
¢ =0.010 £ =0.025 £ =10.050

K1 K2 70 71 TAR 7D, 70 71 TAR TD, 70 T1  TAR 7D,
0 0 0.04 0.03 0.03 0.03 0.09 0.06 0.08 0.07 0.19 0.13 0.16 0.14
250 0.04 0.03 0.03 0.03 0.10 0.07 0.08 0.08 0.21 0.15 0.17 0.17

500 0.05 0.05 0.05 0.06 0.13 0.11 0.11 0.13 0.27 0.22 0.21 0.25

750 0.07 0.08 0.06 0.09 0.17 0.17 0.14 0.20 0.36 0.32 0.27 0.37

10 0 0.06 0.05 0.05 0.05 0.10 0.08 0.09 0.09 0.19 0.15 0.18 0.16
250 0.05 0.06 0.06 0.06 0.11 0.10 0.11 0.11 0.22 0.18 0.19 0.19
200 0.07 0.09 0.08 0.09 0.14 0.15 0.14 0.16 0.27 0.25 0.24 0.27
750 0.09 0.14 0.11 0.14 0.19 022 0.18 0.24 0.36 0.36 0.30 0.39

20 0 0.08 0.15 0.12 0.14 0.12 0.18 0.16 0.17 0.22 0.24 0.24 0.23
250 0.08 0.18 0.14 0.16 0.13 0.22 0.18 0.20 0.24 0.28 0.26 0.27
500 0.10 0.22 0.18 0.21 0.16 0.27 0.23 0.27 0.29 0.36 0.32 0.36
750 0.12 0.29 0.23 0.28 0.21 0.36 0.29 0.36 0.38 047 0.39 048

30 0 0.12 0.37 0.28 0.33 0.16 0.39 0.32 0.35 0.25 044 0.38 0.40
250 0.13 041 032 0.37 0.17 043 0.36 0.39 0.27 048 041 0.44
500 0.14 047 037 043 0.20 0.50 041 047 0.32 0.56 047 0.53
750 0.17 055 043 0.51 0.25 0.58 048 0.55 0.40 0.65 0.55 0.63

Panel B. T = 300
¢ =10.010 £ =10.025 & =0.050

N N

K1 K2 70 71 TAR 7D, 70 T1  TAR TD, 70 T1  TAR 7D,
0 0 0.03 0.02 0.03 0.02 0.09 0.07 0.08 0.07 0.19 0.13 0.16 0.14
250 0.03 0.03 0.03 0.03 0.10 0.07 0.08 0.07 0.20 0.14 0.16 0.14

500 0.03 0.03 0.03 0.03 0.10 0.08 0.09 0.08 0.21 0.15 0.18 0.16

750 0.04 0.04 0.04 0.04 0.11 0.10 0.10 0.11 0.23 0.18 0.20 0.20

10 0 0.03 0.03 0.03 0.03 0.10 0.08 0.09 0.07 0.19 0.14 0.17 0.14
250 0.03 0.03 0.04 0.03 0.10 0.08 0.09 0.08 0.19 0.14 0.17 0.15
500 0.04 0.04 0.04 0.04 0.11 0.09 0.10 0.09 0.21 0.16 0.18 0.17
750 0.04 0.05 0.06 0.05 0.12 0.11 0.11 0.11 0.23 0.19 0.20 0.20

20 0 0.04 0.06 0.05 0.06 0.11 0.10 0.11 0.10 0.20 0.16 0.19 0.16
250 0.04 0.06 0.06 0.06 0.11 0.11 0.11 0.10 0.20 0.17 0.19 0.17
500 0.04 0.07 0.06 0.07 0.11 0.12 0.12 0.12 0.21 0.19 0.20 0.19
750 0.05 0.08 0.07 0.09 0.13 0.14 0.14 0.15 0.24 0.22 0.22 0.23

30 0 0.05 0.13 0.11 0.12 0.12 0.17 0.16 0.16 0.21 0.23 0.23 0.21
250 0.05 0.14 0.11 0.13 0.12 0.18 0.16 0.17 0.21 0.24 0.24 0.23
500 0.06 0.16 0.12 0.14 0.12 0.20 0.18 0.19 0.22 0.26 0.25 0.25
750 0.06 0.17 0.14 0.17 0.14 0.22 0.20 0.22 0.25 0.29 0.28 0.29
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Table 7. Probability of break fraction estimators lying in the range 7* +&; p=0,0 = —0.5

Panel A. T' =150
¢ =0.010 £ =0.025 £ =10.050

K1 K2 70 71 TAR 7D, 70 71 TAR TD, 70 T1  TAR 7D,
0 0 0.02 0.03 0.03 0.02 0.05 0.07 0.06 0.05 0.11 0.14 0.13 0.11
250 0.08 0.03 0.10 0.07 0.20 0.08 0.25 0.17 0.48 0.16 0.50 0.43

500 0.14 0.05 0.18 0.12 0.38 0.10 0.41 0.34 0.81 0.21 0.76 0.77

750 0.22 0.07 0.23 0.19 0.56 0.16 0.52 0.52 094 0.31 0.88 0.93

10 0 0.15 0.05 0.09 0.14 0.25 0.08 0.17 0.23 0.37 0.16 0.27 0.34
250 0.23 0.05 0.16 0.22 0.38 0.10 0.31 0.35 0.57 0.18 0.52 0.54
200 0.30 0.07 0.23 0.28 0.48 0.13 043 0.46 0.76 0.23 0.70 0.73
750 0.36 0.11 0.28 0.35 0.58 0.20 0.51 0.56 0.90 0.34 0.81 0.89

20 0 0.49 0.11 0.33 048 0.66 0.14 049 0.64 0.80 0.21 0.64 0.78
250 0.52 0.13 0.36 0.51 0.68 0.16 0.53 0.67 0.79 024 0.68 0.78
500 0.55 0.16 0.40 0.55 0.70 0.21 0.57 0.70 0.80 0.30 0.73 0.79
750 0.59 0.23 044 0.59 0.72 030 0.61 0.73 0.87 043 0.80 0.86

30 0 0.77 0.25 0.65 0.76 0.90 0.28 0.82 0.89 097 034 092 0.96
250 0.77 028 0.65 0.77 0.89 031 0.80 0.88 0.95 0.37 0.88 0.94
500 0.77 034 0.65 0.77 0.88 0.38 0.78 0.87 092 045 0.86 0.92
750 0.78 042 0.66 0.78 0.87 047 0.79 0.88 091 0.57 0.88 0.91

Panel B. T = 300
¢ =10.010 £ =10.025 & =0.050

N N A

K1 K2 70 71 TAR 7D, 70 T1  TAR TD, 70 T1  TAR 7D,
0 0 0.02 0.02 0.02 0.02 0.06 0.07 0.07 0.06 0.12 0.14 0.13 0.11
250 0.06 0.02 0.09 0.05 0.20 0.07 0.27 0.16 0.45 0.14 0.52 0.40

500 0.10 0.03 0.15 0.08 0.38 0.07 0.45 0.32 0.79 0.15 0.79 0.74

750 0.15 0.03 0.21 0.11 0.56 0.08 0.58 0.49 094 0.17 0.92 091

10 0 0.13 0.03 0.07 0.12 0.25 0.07 0.16 0.24 0.36 0.14 0.25 0.35
250 0.18 0.03 0.13 0.17 0.37 0.07 031 0.34 0.55 0.15 0.52 0.51
500 0.23 0.03 0.19 0.21 0.47 0.08 045 043 0.76 0.16 0.74 0.72
750 0.27 0.04 024 0.25 0.57 0.09 0.56 0.53 091 0.18 0.87 0.88

20 0 0.44 0.05 0.27 042 0.67 0.09 048 0.65 0.79 0.16 0.62 0.78
250 0.45 0.05 0.27 043 0.67 0.09 049 0.66 0.78 0.16 0.64 0.77
500 0.47 0.05 0.30 0.46 0.69 0.10 0.54 0.68 0.79 0.18 0.73 0.78
750 0.50 0.06 0.34 0.48 0.70 0.11 0.59 0.68 0.87 0.20 0.82 0.8

30 0 0.70 0.09 0.55 0.69 0.90 0.13 0.81 0.89 097 020 091 0.96
250 0.70 0.09 0.53 0.68 0.88 0.14 0.76 0.88 094 020 0.84 0.93
500 0.70 0.10 0.52 0.69 0.87 0.15 0.74 0.87 092 022 084 0091
750 0.70 0.11 0.533 0.70 0.86 0.16 0.74 0.86 0.90 0.24 0.86 0.90
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Table 8. Probability of break fraction estimators lying in the range 7* £ &, p=1,0 =0

Panel A. T' =150

£ =0.010 £ =0.025 £ = 0.050
K1 K2 70 71 TAR TD, 70 71 TAR TD, 70 T1 TAR 7D,
0 O 0.04 0.03 0.03 0.03 0.09 0.06 0.08 0.07 0.19 0.13 0.16 0.14
5 0.07 0.08 0.07 0.09 0.17 0.17 0.14 0.20 0.36 0.32 0.27 0.36
10 0.15 0.26 0.16 0.26 0.36 0.47 0.29 048 0.67 0.70 0.47 0.72
15 0.24 0.46 0.29 0.46 054 0.72 0.46 0.72 0.88 0.91 0.62 0.91
1 0 0.05 0.07 0.06 0.06 0.10 0.10 0.10 0.10 0.20 0.17 0.19 0.17
5 0.09 0.16 0.13 0.17 0.19 0.25 0.21 0.26 0.36 0.37 0.32 0.40
10 0.18 0.39 0.27 0.38 0.37 0.56 0.38 0.56 0.66 0.74 0.52 0.76
15 0.27 0.60 0.43 0.58 0.54 0.79 0.56 0.78 0.87 0.93 0.68 0.93
2 0 0.09 0.23 0.18 0.21 0.13 0.26 0.22 0.24 0.23 0.32 0.29 0.29
5 0.14 0.41 0.31 0.38 0.23 0.46 0.37 0.44 0.39 0.55 0.46 0.54
10 0.24 0.64 050 0.61 0.40 0.73 057 0.71 0.67 0.83 0.66 0.82
15 0.32 0.78 0.65 0.76 0.55 0.88 0.72 0.87 0.87 0.96 0.79 0.95
3 0 0.15 0.57 0.45 0.51 0.20 0.58 0.47 0.52 0.28 0.61 0.52 0.56
5 0.21 0.71 0.60 0.67 0.28 0.74 0.63 0.70 0.42 0.77 0.68 0.74
10 0.30 0.86 0.75 0.83 0.44 0.89 0.79 0.87 0.68 0.93 0.82 0.91
15 0.38 0.93 0.84 091 0.57 0.96 0.88 0.94 0.86 0.98 0.90 0.97
Panel B. T' = 300
£ =0.010 £ =0.025 £ = 0.050
K1 K2 7o 71 TAR 7D 70 T1  TAR 7D, 70 T1  TAR 7D,
0 0 0.03 0.02 0.03 0.02 0.10 0.07 0.08 0.07 0.19 0.14 0.17 0.13
5 0.06 0.07 0.06 0.08 0.18 0.18 0.16 0.21 0.36 0.32 0.28 0.36
10 0.12 0.23 0.15 0.24 0.38 0.49 031 0.51 0.68 0.70 0.47 0.73
15 0.20 0.43 0.27 043 0.57 0.76 0.47 0.76 0.88 0.92 0.63 0.92
1 0 0.04 0.05 0.05 0.05 0.11 0.09 0.10 0.09 0.20 0.16 0.18 0.16
5 0.07 0.13 0.10 0.14 0.19 0.23 0.20 0.25 0.37 0.35 0.31 0.39
10 0.14 0.33 0.22 0.33 0.39 0.55 0.37 0.56 0.68 0.73 0.51 0.75
15 0.21 054 037 0.52 0.57 0.79 0.53 0.79 0.88 0.93 0.67 0.93
2 0 0.06 0.19 0.15 0.17 0.12 0.23 0.20 0.20 0.22 0.28 0.26 0.26
5 0.10 0.33 0.25 0.32 0.22 041 0.33 0.40 0.38 0.49 0.42 0.50
10 0.18 0.56 0.43 0.54 0.41 0.69 0.53 0.68 0.68 0.81 0.62 0.81
15 0.24 0.73 0.57 0.70 0.57 0.87 0.68 0.86 0.88 0.95 0.76 0.95
3 0 0.10 0.50 0.39 0.45 0.16 0.52 0.42 047 0.24 0.55 0.47 0.51
5 0.14 0.64 0.53 0.61 0.24 0.68 0.58 0.65 0.40 0.73 0.63 0.70
10 0.22 0.81 0.69 0.78 043 0.86 0.74 0.83 0.69 0.91 0.79 0.89
15 0.28 0.89 0.80 0.87 0.58 0.94 0.84 0.93 0.87 0.98 0.88 0.97
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Table 9. Probability of break fraction estimators lying in the range 7* +&; p=1,60 = 0.5

Panel A. T' =150

¢ =0.010 £ =10.025 & =0.050

K1 K2 To 71 TAR TDm, To 71 TAR TDm, To 71 TAR TDmn,

0 O 0.04 0.03 0.04 0.04 0.09 0.06 0.08 0.08 0.19 0.13 0.18 0.18
5 0.15 0.08 0.12 0.17 0.34 0.18 0.28 0.37 0.65 0.33 0.57 0.66
10 0.31 0.28 0.26 0.37 0.67 0.54 0.51 0.69 0.96 0.78 0.84 0.95
15 046 049 037 0.54 0.86 0.80 0.63 0.88 1.00 0.96 0.92 0.99

1 0 0.08 0.06 0.07 0.08 0.13 0.09 0.13 0.13 0.22 0.16 0.22 0.22
5 0.21 0.16 0.22 0.25 038 0.24 0.36 042 0.66 0.39 0.58 0.68
10 0.36 040 0.38 0.45 0.66 0.62 0.56 0.72 0.95 082 0.82 094
15 049 059 049 0.61 0.84 085 0.66 0.88 1.00 0.97 091 0.99
2 0 0.21 0.20 0.22 0.24 0.26 0.23 0.29 0.28 0.34 0.28 0.37 0.34
5 0.35 0.36 042 0.46 0.47 043 0.54 0.57 0.69 0.54 0.67 0.74
10 0.46 0.61 0.56 0.62 0.67 0.75 0.69 0.78 0.93 088 0.84 094
15 0.55 0.75 0.65 0.72 0.81 091 0.77 0.89 0.99 098 0.93 0.99

3 0 0.40 048 048 0.51 0.44 0.50 0.55 0.53 0.50 0.54 0.60 0.57
5 0.53 0.66 0.66 0.70 0.60 0.69 0.73 0.75 0.73 0.75 0.80 0.84
10 0.60 0.82 0.75 0.80 0.72 0.89 0.82 0.87 092 0.95 090 0.95
15 0.66 0.88 0.82 0.86 0.81 096 0.88 0.93 0.99 0.99 095 0.99

Panel B. T = 300

¢ =0.010 €=10.025 € =10.050

K1 K2 70 71 TAR 7D, 70 71 TAR 7D, 70 71 TAR 7D,

0 0 0.03 0.02 0.03 0.03 0.10 0.07 0.10 0.09 0.19 0.14 0.19 0.18
5 0.13 0.07 0.12 0.16 0.38 0.19 0.34 042 0.68 0.33 0.62 0.68
10 0.27 026 0.24 0.34 0.72 0.57 0.58 0.73 097 0.79 0.88 0.95
15 0.41 048 0.35 0.50 091 084 0.71 091 1.00 0.97 0.95 1.00

1 0 0.06 0.04 0.05 0.06 0.12 0.09 0.12 0.12 0.21 0.16 0.22 0.20
) 0.17 0.12 0.19 0.22 0.40 0.23 0.37 045 0.68 0.37 0.62 0.69

10 0.30 035 033 041 0.71 0.62 0.60 0.75 0.96 0.82 0.87 0.95

15 0.43 0.57 045 0.57 0.89 0.87 0.72 091 1.00 097 0.95 1.00

2 0 0.13 0.15 0.16 0.17 0.20 0.19 0.22 0.22 0.28 0.25 0.30 0.28
) 0.26 0.29 0.36 0.38 0.45 0.38 0.50 0.54 0.69 049 0.66 0.73

10 0.37 055 0.52 0.55 0.70 0.74 0.68 0.78 0.95 087 0.88 0.95

15 0.48 0.73 0.62 0.68 0.87 092 0.78 0.91 1.00 0.98 0.96 1.00

3 0 0.25 040 0.36 0.38 031 043 042 041 0.38 047 047 045
5 0.37 0.57 0.59 0.61 0.51 0.63 0.67 0.70 0.71 0.69 0.76 0.80
10 0.47 0.78 0.72 0.73 0.71 087 0.80 0.85 094 094 091 0.95
15 0.54 087 0.79 0.1 0.85 0.96 0.87 0.93 1.00 0.99 097 0.99
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Figure 1. Histograms of limit of 75, |p| < 1 under Assumption I(0); 7" = 0.5, p =0, w. =1
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Figure 2. Histograms of limit of 71 under Assumption I(1); 7 = 0.5, w. =1
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Figure 3. Histograms of limit of 7, |p| < 1 under Assumption I(1); 7" = 0.5, w. =1
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