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Abstract

We show that extending the estimation window prior to structural
breaks in cointegrated systems can be beneficial for forecasting perfor-
mance and highlight under which conditions. In doing so, we generalize
the Pesaran & Timmermann (2005)’s forecast error decomposition and
show that it depends on four terms: 1) a period ahead risk; 2) a bias
due to a conditional mean shift; 3) a bias due to a variance mismatch;
4) a gap term valid only conditionally. We also derive new expressions
for the estimators of the adjustment matrix and a constant, which are
auxiliary to the decomposition. Finally, we introduce new simulation-
based estimators for the finite sample forecast properties which are
based on the derived decomposition. Our finding points out that, in
some cases, we can neglect parameter instability by extending the win-
dow backward and be insured against higher forecast risk under this
model class as well, generalizing Pesaran & Timmermann (2005)’s re-
sult. Our result gives renewed importance to break tests, in order to
distinguish cases when break-neglection is (not) appropriate.
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1 Introduction

Which estimation window is optimal for forecasting when the model used is
subject to structural breaks?

It is well known that parameter breaks are pervasive to (parametric)
models fitted to economic time series (Stock & Watson (1996)) and that
instability can be harmful both in terms of forecast bias and error variance
(Clements & Hendry (1998, 2001), Pesaran & Timmermann (2004) and Cas-
tle et al. (2016)). Against this background, a series of papers address the
question of whether there exists an estimation window which assures forecast
optimality under parameter jumps. For general autoregressive processes,
Pesaran & Timmermann (2005) show that, under certain conditions, it is
better for estimation to use also pre-break data (vs focus on post-break data
only), thanks to declining bias and forecast error variance with expanding
estimation window. For the multiple linear regression model with strictly
exogenous regressors, Pesaran & Timmermann (2007) reach an identical con-
clusion, although the bias-efficiency trade-off is binding in that case, i.e. the
bias always increase when we include contaminated data. In their article,
Pesaran & Timmermann (2007) propose methods based on cross-validation
and combination in order to determine the optimal estimation window. A
similar contribution is provided by Inoue et al. (2017), who offer a new
method to determine the optimal rolling window size in a smoothly time-
varying parameter model. Other important contributions are by Pesaran &
Pick (2011), Pesaran et al. (2013) and Giraitis et al. (2013).

We tackle the same initial question indirectly as Pesaran & Timmermann
(2005), who assess the sensitivity of finite sample properties of forecasts to
the starting point of the estimation window. We base our investigation,

however, on a multivariate generalization of the autoregressive process. In



particular, we contribute by evaluating the forecasting performance under
structural breaks of vector error correction (VEC) models (Johansen (1988,
1991)) in relation to the sample size used for estimation. We assess under
which conditions and to what extent parameter instability causes adverse
effects to forecasting by monitoring the conditional bias and mean square
error (MSE) in connection to the initial point of the estimation window
and draw conclusions on the window length which ensures best forecasting
performance.

We show that extending the estimation window prior to structural breaks
in VEC models can be beneficial for forecasting performance and highlight
under which conditions. We base our simulation on a generalized Pesaran
& Timmermann (2005)’s forecast error decomposition, which we derive, and
show that it depends on four components: 1) a period ahead risk; 2) a bias
due to a conditional mean shift; 3) a bias due to a variance mismatch; 4)
a gap term valid only conditionally. We also derive new expressions for the
estimators of the adjustment matrix and a constant, which are auxiliary to
the decomposition. Finally, we introduce new simulation-based estimators
for the finite sample forecast properties which are based on the derived
decomposition.

Our finding points out that, under the derived conditions, we can neglect
parameter instability by extending the window backward and be insured
against higher forecast risk under this model class as well, generalizing Pe-
saran & Timmermann (2005)’s result. Our result suggests, in some cases,
a reduced need of break-correction strategies and also gives renewed impor-
tance to testing for structural breaks, in order to distinguish cases when
break-neglection is (not) appropriate. In general, the choice of the estima-

tion window depends on the timing, location and direction of the breaks.



2 Model

2.1 Constant parameters

A general, N—dimensional VEC model is given by {y:}ien, ~ CI(d,b),
where d = max(dy,...,dy), d € N being the order of integration, b € N be-
ing the absolute decrease in the order of integration thanks to cointegration,
CI(), and N is a finite number of series.! Generality is given by the presence

of k lags, i.e. y ~ VEC(k), and an unrestricted deterministic component.

Assumption 1. (i) d =b =1, so that y. ~ CI(1,1); (ii) k = 1; (iit) the
deterministic term is a constant w = —p, i.e. restricted to the cointegration
space, where p is an (r x 1)-dim constant; and () e; "~ D(0y,X), i.e.
follows a general distribution with existent and finite first two moments,

where ~" stands for "white noise” and X is positive semi-definite.

Assumption 1 implies formally that

Ay, =m+~v8'y—1 + e (1)
Nx1

where Ay; ~ I(0), A being the difference operator and I() standing for ”in-
tegrated of some order”, y; ~ I(1), v and § are (N x r)-dim adjustment and
cointegration matrices forming a product matrix of reduced rank rk(~vd’) =

r € (0, N), where rk() denotes the rank of a matrix, and e; ~ I(0).

2.2 Parameter instability

We suppose the parameter space (conditional mean and variance) of (1) to

suffer from an instability at ..

'Hereafter, we simplify the notation for each stochastic process by omitting {}teng-
Furthermore, we refer to dimensionality by the symbol —dim.



Assumption 2. For T, <t < T, T finite: (i) T, is known; (ii) the condi-
tional mean? shifts permanently to Ee(Ay|Q_1) = 7* +~4*6*y;_1 due to w
shifting to ™*, v to v* and § to 8*, where ©* = —y*p* and rk(y*6*') = r;
(iii) the conditional variance shifts permanently to Vo (Ay|Q—1) = X* due
to X shifting to X*, where the expectation operators (E.() and V.()) are
defined over the distribution of eg*) and Q1 = o{yYyi—1,Yi—2,...} is a fil-

tration up tot — 1.

Equivalently,

™+ 0y + ey, ift < T,
Ay = (2)
Nx1 * +7*6*,yt71+e?, lftZTc

where e} is the error process characterized by the new covariance matrix.

3 Conditional forecasting

Following Pesaran & Timmermann (2005, 2007), we define s — k(> 0) to
be the starting point of the estimation window, where, following Assump-
tion 1, (i), k, the number of lags or initial values, is k& = 1, implying the
window to start at s — 1. The parameter s € {2,...,T}, which allows the
break to happen during the estimation period (Pesaran & Timmermann
(2005)). We analyze the one-step ahead forecasts from (2) conditioning on
Qr = Q1 = o{yr,yr—1,...,Ys}, i.e. a filtration up to T which excludes
a random initial value ys,1.3 Parameter estimates are therefore random

variables whose distribution depends on the distribution of the initial value

2Tt is enough for only one of the parameters among 7, v and § to shift in order to
obtain an instability in the conditional mean. Moreover, 7 is not variation free, i.e. a
shift, e.g., in 7 induces a change in 7 as well.

3We neglect unconditional results since past information is always available.



(Pesaran & Timmermann (2005), fn. 7).

3.1 Bias and MSE

The estimated parameters (up to T') are functions of s, i.e. 7(s), ¥(s) and

8(s). Conditional forecasts are in turn functions of s too, i.e.

Agrir(s) = 7 (s) +4(s)0'(s)yr (3)
Nx1

and forecast errors, defined as éTJrl\T(S) = Ayry1 — Afrpqr(s), follow

éCJFV+I|T(5) = (" — 7 (5)) + (Y6 = 4(5)8' (s))yr + ety (4)
x1

providing a multivariate generalization of Pesaran & Timmermann (2005,
2007), eq.(8), (9) and (3) on p.189-190 and p.137, resp. Under a parameter

break, forecasts are conditionally biased and the bias is s-dependent, i.e.

Ee(€ry1r(s)|Qr) = (7% — Ee(7(5)|Q0)) + (776" = Ec(3()8 (s)| Q) )yr
Nx1
(5)
similarly to Pesaran & Timmermann (2005), eq.(33) on p.196.# The condi-

tional MSE in matrix form is given by

Ee(€rs1jr ()€ 410 ()|Qr) = e [(7* =7 (5))+ (78" =4(5)0'(5))yr)* | Q7]+
NXxXN
(6)

4Forecasts are conditionally biased even in the absence of breaks due to the finite
sample bias inherent in the estimated parameters (quantified in e.g. van Garderen
& Boswijk (2014)). However, in the case of no break, if parameters were utopisti-
cally known ex-ante (#(s) = m and 4(s)d'(s) = ~&'), forecasts would instead be
conditionally unbiased, i.e. Ee(éT+1‘T(s)|QT) = Ec(er+1|Q7r) = On, and the condi-
tiongl MSE in matrix form would» equate the conditional forecast error variance, i.e.
Ee(€r1117(8)€74117(8)[Q1) = Ve(€ri1)7(5)|Qr) = Ec(er+iep,|27) = X, providing
a lower bound for forecast efficiency (Clements & Hendry (2001), univariate case, eq.(4)
on p.3, and Hendry (2006), multivariate case, eq.(19) on p.406, where the horizon is gen-
eralized to h).




and is, in turn, dependent on s (a multivariate extension of Pesaran &
Timmermann (2005), eq.(10) on p.190).%> Univariate measures of bias and
forecast accuracy are obtained, resp., via the Euclidean distance and by tak-
ing the trace of (6), or, equivalently, the expected squared Frobenius norm
of (4), ie. Ee(|€riar(s)|FIQr) = Ee(tr(§T+1|T(3)é’T+1\T(3))’QT)a where
tr() is the trace operator (linear in its arguments) and |||| ¢ is the Frobenius
norm. In order to evaluate the bias and MSE analytically as a function of s,
explicit expressions in terms of the innovations are needed, where the former
depend on the initial value distribution, and can be recovered through the

estimated parameters.

3.1.1 TUnconditional moments of the initial value distribution

Based on an assumption on the origin of the process, we can compute the
first two unconditional moments of the distribution of y,; at the starting

point of the estimation window, s — 1.

Assumption 3. The value initializing the process is given by y1 = ® + e;.

Lemma 1. Under Assumptions 1-3, the first two unconditional moments of

the distribution of ys—1 are given by, for s — 1 < T,

s—2
Eo(ys1) = 3 (In +8')m (7)
Nx1 j=0
and
s—2
. .
Ve(ys—l) = (IN +76/)32(IN +’76/)] (8)

NxXN

Il
o

J

®The notation () denotes the self outer product.



and by, fors—12>"1T,,

s—Te—1 T.—2
Ee(ys1) = Y (In+76"Yr"+(In+~"6")"" > (In+~8)Ym (9)
Nx1 j=0 j=0
and
s—Te—1
. .
Ve(ys—l) = Z (IN + 7*5*/)]2*(_{]\[ +’)’*6*,)J +
=0 (10)

+ (IN + 7*5*/)S_TCV6(yTC—1)(IN + ’Y*(s*/)s_Tc/
where Ve(yr,—1) is given by (8), where s is replaced by T.
Proof. Appendix A.1 O

The expressions derived in Lemma 1 are useful in the following sub-

section (Appendix A.2).

3.1.2 Estimation

Estimation of 7, v and § can be carried out by Reduced Rank Regression
(RRR) as in Johansen (1988, 1991).6 By separately stacking y;_1 and Ay,

over t (Pesaran & Timmermann (2005)), we obtain the following lemma.

Lemma 2. Under Assumptions 1-3, the estimators for the adjustment ma-
triz 4(s) and the constant 7(s) are given by

A(s) =11 (s) - (vec™ (Rxor (s) + Pxar(s))(vee™ (& + Dxar(s)))

Nxr

— 17! (s) - vee™ (Rxor (s) + Pxur(s)) Ligo) L) (vee™ (€ + Dxar(s))))8(s)
(11)

SHansen (2018) shows that normality is not necessary to motivate these estimators.




and

7]:/(><81) =171(s) - (vec ™ (Rxor(s) + Pxar(s))1ys) — 4(5)d' (s)vec™ (€ + Dxar(s))1ys))
(12)

where R, 15, é and D are matrices whose dimensions depend on s (Appendix

w.n.

A.2), xor(s) = (Xss -+ > xr) ¥ D(0, Lgyn) and xar(s) = (Xs—1,- - X7-1)) "~
D(0, I ) are the standardized errors, 1) is the unit vector of dimension
(I(s) x 1), U(s) = lpr(s) + lpo = T — s + 1 is the length of the estimation
window, where, in turn, lp(s) =Tc —s and lp, =T — T, + 1 are the lengths
of the pre- and post-break windows, resp., - is the scalar multiplication, vec()
1$ the vectorization operator with respect to the time dimension and b (s) are

estimated eigenvectors.”

Proof. Appendix A.2 O

The eigenvalue problem to find the RRR estimator §(s) (Appendix A.2)
is unchanged, but can be seen to depend on the expressions derived in Ap-
pendix A.2, i.e. to be sensitive to the instability in the parameters through
the product moment matrices, leading to a change in the estimated eigen-
vectors. Hence, the eigenvalue problem, (11) and (12) in Lemma 2 depend

on all parameters 7, 7*, v, ¥v*, 4, 6*, X and X*.

"The constant can be estimated jointly with the cointegration space, however to derive
and show the usefulfuness of the following decomposition we still estimate it unrestrictedly.



3.2 Forecast error decomposition

Proposition 1. Using Lemma 2, the one-step ahead forecast errors £T+1\T(5)

can be decomposed as

Erir(s) = €1 — Air(s) — Agr(s) — Asr(s) (13)
Nx1
where
Air(s) = 4(s)(0'(5)Be(yr) — 17" (s) - 8/ (s)vec™ (€)1y(y)), (14)

Nx1

Aor(s) = 171(s)-(vec™ (Rxor (s)+Px17(5)) 15— (5)d' (s)vec™ (Dxir(s)) Ly(s))

Nx1
(15)
Agr(s) = (¥()8'(s) ="8")(yr — Ee(yr)). (16)
Proof. Appendix A.3 O

The four components of (13) represent: an uncorrelated, zero-mean pe-
riod ahead risk subject to a break in the covariance structure; a bias due to
a conditional mean shift (14); a distortion provoked by the gap between the
variation in the differenced process and the variation in the cointegration
relations (15); and a bias, valid only conditionally (in general yr # E.(yr)),
which depends on the distance between estimated and true adjustment and
cointegration matrices in the new regime, as well as on the gap between
the realized value of the level process and its expected value (16). These
expressions generalize Pesaran & Timmermann (2005), eq. (24)-(27), p.193,

and can be used to derive simulation-based estimators for the finite sample

10



forecast properties.

3.3 Simulation-based estimators

Proposition 1 can be used to derive simulation-based estimators for the
bias and MSE. Let K be the number of repetitions and i € {1,...,K}

be the repetition’s number. Formally, equation (5) can be simulated by

Ee(§T+1|T(s)\QT) ~ + YK ééfzrl‘T(s), and, similarly, equation (6) can be

simulated by Ee(€r41j7(s)€r,10(s)|Qr) ~ xS 1§T+1|T( $)EDT 7 (s)-

We propose the following estimators.

Corollary 1. Using Proposition 1, the simulation-based estimator for the

conditonal bias can be obtained as

fméﬂ}V\T( )|Qr) =——Z () + AYh(s) + AYL(s))  (17)
x1

and the simulation-based estimator for the conditional MSE as

K
Be(Erirr(5)€hy1y7(5)|92r) = Z . (s)+ AL ())? (18)

NXxXN

where (17) and (18) converge in probability as IAEe(éTH‘T(s)]QT) 2 Ee(éT+1|T]QT)

A N » - -
and EE(ST+1‘T(S)£9«+1|T(S)’QT) = E€(£T+1\T£&“+1‘T|QT)J resp., by the weak
law of large numbers thanks to uncorrelatedness of égfzrl'T across repetitions,

where L denotes convergence in probability.

11



4 Window length selection

4.1 Simulation design

We consider y; = (y14+,y2¢) ~ CI(1,1) to be 2-dim, i.e. N = 2.8 Assump-

tions 1-3 hold true. Without further parameter restrictions, the model is

given by
Ayr e —71pP1 M b2 |y1i-1 el
Ayr = = + + (19)
2x1 Ayay —Y201 Yo =2l | |y2,i—1 et

where the constant, restricted to the cointegration space, is given by w =
—(mp1,72p1)", the adjustment vector is given by v = (71,72)" and the
(normalized) cointegration vector is given by § = (1,—63). For simplic-
ity, we impose stricter conditions on the errors, which are given by e; =
(e1t,€2,:) LN (02,3), where L stands for 'independently distributed’ and
> = (02,0 : 0,03). Moreover, we constrain the following parameters:

71 = —1 and 72 = 0, so that v = (—1,0)’". The model becomes

Ay p1 -1 02 |y14-1 et
AyT: == + + (20)

Ay g 0 0 0] |y2t—1 €2t

where now the constant is given by @ = (p1,0)’. In single-equation form,
Y1t = p1 + O2y2—1 + e1, implying that y;; is purely adjusting to y2¢, or
endogenous, as it can be seen from <, which is a unit vector, and yo; =

Y2,t—1 + €2 is an exogenous random walk.

We report our experiments with associated parameter values in Table

8Bi-dimensionality is chosen to insulate from identification issues.

12



1 (Appendix B). In all experiments we keep v = (—1,0)". Experiment 1
involves model (20), i.e. a model without breaks (baseline), where 6 = 0.5,
p1 = 2, 02 =1 and 05 = 1. Experiments 2 — 9 vary according to the
location (in the parameter space) and direction of the break. Experiments
2 — 5 consider a break in the conditional mean. In particular, in experiment
2, p; = 3.5 so that 7* = (3.5,0)/, and 6* = (1, —0.1)’, since 5 = 0.1 (weaker
cointegration). In experiment 3, pi = 3.5 so that @#* = (3.5,0)" as before,
and 6* = (1,—0.9)’, since 65 = 0.9 (stronger cointegration). Experiment 4
considers p; = 0.5 so that «#* = (0.5,0)', and 6* = (1,—0.1)’, since 05 =
0.1 (weaker cointegration). Experiment 5 still considers pj = 0.5 so that
7 = (0.5,0)', and * = (1,—-0.9)’, since 65 = 0.9 (stronger cointegration).
Experiments 6 —9 consider a break in the conditional variance. In particular,
in experiment 6, o = 1.5 and o5 = 0.5, so that ¥* = (2.25,0 : 0,0.25).
Symmetrically, in experiment 7, of = 0.5 and 05 = 1.5, so that ¥* =
(0.25,0 : 0,2.25). Experiment 8 considers a joint decrease in the univariate
variances of = 0.5 and o5 = 0.5 so that 3* = (0.25,0 : 0,0.25). Finally,
experiment 9 considers a joint increase in the univariate variances o = 1.5
and o3 = 1.5 so that ¥* = (2.25,0: 0, 2.25).

We estimate the parameters by RRR, obtaining #7(s), 47(s) and é7(s),
and compute the one-step ahead conditional forecast errors éTJr”T(s) as
in Proposition 1, equations (13)-(16). The estimators in Lemma 2 are not
constrained by the terminal value of the process y;, therefore, to compute
the finite sample forecast properties, we condition on a particular realiza-
tion of yr, which we fix, and we (numerically) integrate with respect to
the error distribution. As in (Pesaran & Timmermann, 2005), parameter

estimation uncertainty is due to independent (from yr) draws from the er-

13



ror distribution.” We run this procedure in a Monte Carlo simulation with
K = 103 replications and get the finite sample properties (conditional bias
and MSE) of éT+1|T(s) as in Corollary 1, eq. (17)-(18). For each experi-
ment, we carry out simulations along two additional dimensions, i.e. s and
Te, or, equivalently, l,.(s) and l,,, and let T be fixed (7" = 202), so that
Lo € {10, 20, 30,50,100} and {,,(s) € {0,1,2,3,4,5,10, 20, 30,50,100}. Uni-
variate measures for (17) and (18) are then reported for each value of the

pre- and post-break window length.

4.2 Results

We report results numerically (Appendix B).

4.2.1 Conditional MSE

Table 2 reports the conditional root trace MSE (RTMSE).

In the case of no break (experiment 1) the RTMSE monotonically de-
creases with expanding estimation window and depends exclusively on its full
length [(s) and not on its single components ,,(s) and l,,. In other words,
the RTMSE is minimal for maximal I(s) and tends to its theoretical value,
i.e. in the absence of parameter estimation uncertainty, m = /2. This
result, in line with Pesaran & Timmermann (2005), is due to the fact that
the forecast error variance and the square bias jointly decrease as we add
observations to estimate the parameters.!”

When we introduce a break in #2 and p;, and accordingly 6 and r,

(experiment 2-5) the RTMSE needs not monotonically decrease with ex-

9We perform simulations remotely via parallel computing in R 3.5.0. We set the
seeds for the random number generator across experiments and window lengths to ensure
reproducibility and comparability. Codes are available upon request.

"The (trace of the) forecast error variance can be derived as a reminder in the simu-
lation.

14



panding window. Although increasing the post-break window (l,,) leads
to an improvement in forecasting performance, this improvement does not
hold when we extend the pre-break window (I,-(s)) above the zero length,
at least monotonically, mirroring Pesaran & Timmermann (2005)’s finding.

We now discuss the behaviour of the RTMSE for extreme values of the
post-break window length as the pre-break window varies, by experiment.
In experiment 2 (opposite direction for the breaks: mean up and weaker
cointegration), when [,,, = 10 (i.e. when the break is relatively recent) the
forecasting performance reaches its lowest quality (RTMSE = 2.807) if we
include five pre-break observations. Nevertheless, when we overcome that
level the RTMSE decreases monotonically. We have an improvement in per-
formance once we reach [,.(s) = 20 against not including any pre-break
information at all. The optimal estimation window is an expanding window
in this case, where [,.(s) is maximal. For l,, = 100 (i.e. when the per-
turbation is relatively old), the RTMSE reaches its highest value (RTMSE
= 1.607) if we include thirty pre-break observations, for then experiencing
a monotonic decline. However, in this case the optimal estimation window
implies {,,(s) = 3 (still not null) and no longer an expanding window. In
experiment 3 (same upward direction for the breaks), for the shortest Iy,
the worst performance (RTMSE = 2.877) is reached when we include four
pre-break data. After then, the decline is monotonic and the optimal win-
dow is expanding, too. For [,, = 100, the RTMSE reaches its highest value
(RTMSE = 1.605) if we include thirty pre-break observations and the opti-
mal window implies lp,(s) = 2 (still not null) and no longer an expanding
window. In experiment 4 (same downward direction for the breaks), when
lpo is shortest, the worst performance (RTMSE = 2.753) is reached when

we include four pre-break data. After then, the decline is monotonic and

15



the optimal window is expanding, once again. For [,, = 100, the RTMSE
reaches its highest value (RTMSE = 1.624) if we include fifty pre-break ob-
servations and the optimal window implies ,.(s) = 3 (still not null) and no
longer an expanding window. Finally, in experiment 5 (opposite direction
for the breaks: mean down and stronger cointegration), when I, = 10, the
worst performance (RTMSE = 3.030) is reached when we include five pre-
break data. After then, the decline is once again monotonic and the optimal
window is expanding. For the longest [,,, the RTMSE reaches its highest
value (RTMSE = 1.819) if we include fifty pre-break observations, but the
optimal window implies [,,(s) = 0 in this case, i.e. it is best to exclude
pre-break data. In all cases, moreover, we are not sure whether the RTMSE
still converge to its theoretical value.

In sum, we find that the timing of the break is crucial for determining
the optimal window. When the break is recent, an expanding window can be
adopted. When the break is old, a window containing few or none pre-break
data can be selected. Post-break windows are optimal only in special cases,
contrarily to what is assumed in practice. These results are driven by the
bias-efficiency and the within bias trade-offs, which depend on the timing,
but also the location and direction of the breaks.!’ The joint dynamics of
the bias and variance of forecasts under breaks is what eventually matters
for forecasting performance.

To shed light on the role of the location of the breaks, we now analyze
breaks in the variance. When we introduce a break in o1 and o2 (exper-
iment 6-9) the RTMSE needs not monotonically decrease with expanding
window. Although increasing [, leads to an improvement in accuracy, this

improvement does not always hold when we extend [,,(s), once again.

"The size of the breaks, not investigated here, is also a key factor in these trade-offs.

16



In experiment 6 (opposite direction of the break: variance of the coin-
tegration relation up, variance of the random walk down), expanding [, (s)
at its maximum length ([,,(s) = 100) turns out to be the best strategy re-
gardless of the value of [,,,. The same conclusion holds in case of experiment
7 (opposite direction of the break: variance of the cointegration relation
down, variance of the random walk up). Hence, in both cases the breaks
balance each other and the longest window is optimal eventually. In ex-
periment 8 (same downward direction for the breaks), however, this is no
longer true. When [,,, is shortest, the worst performance (RTMSE = 1.232)
is reached when we include two pre-break data. After then, the decline is
monotonic and the optimal window is expanding. When [,, = 100, however,
the RTMSE reaches its lowest value if we do not include any pre-break ob-
servation at all (I,-(s) = 0). The expanding window estimator is no longer
optimal. This is intuitive since expanding the window backward amounts to
introduce more noise. Finally, in experiment 9 (same upward direction for
the breaks), including all pre-break data assures the best performance. In
this case, instead, extending the window backward reduces the noise. In all
cases, we are not sure whether the RI'MSE still converge to its theoretical
value, which, for the case of a break in variance, it is a varying quantity

dependent on the size of the break.

4.2.2 Conditional bias

Table 3 reports the conditional bias. In Table 4 and 5 we report biases in
estimating the parameters suffering from a break. This amounts to focus on
the estimators for —v102 and —v;p; in (19), whose true values are 6, and
p1 as displayed in (20). Estimation biases are useful for clarifying the role

of the direction of the break.
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Experiment 1 (no break) shows that the bias is rather small even for
short samples and decreases with increasing sample size. The small size
of the bias is due to the well known fact that the cointegration vector is
estimated superconsistently.

The introduction of a break in mean induces a substantial increase in
the bias. The dynamics of the bias is non-trivial since it depends on the
estimation bias as well as the bias introduced by the breaks.

Experiment 2 displays a non-decreasing dynamics for the bias along the
pre-break window length. However, experiment 5 shows that the bias tends
to increase with expanding pre-break window. When the estimation bias and
the bias induced by a break go in the opposite direction, including pre-break
information leads to forecasts that are more distorted. This is the reason
why in experiment 5 the bias increases with expanding pre-break window.
In detail, the estimator for —v160y is upward biased (Table 4) and when 65
declines (experiment 2) the bias increases even further. Therefore, the inclu-
sion of pre-break data, when the value of 5 is higher, leads to a reduction
in the overall bias. The estimator for —v;p; (Table 5) is upward biased,
too, however when p; increases expanding the window backward leads to an
increase in bias. The two effects balance each other and the bias does not
dissipate eventually. On the other hand, an increasing 65 (experiment 5)
leads to the opposite phenomenon when we expand the window prior to the
break. The new bias which follows adds to the already positive estimation
bias and the overall bias is increased. This effect is weakened due to the
negative direction of the break in p;, this time. However, the net effect is
dominated by the break in f. The final effect is that the bias increases with
expanding pre-break window. Interestingly, when the breaks go in the same

direction, the dynamics of the bias is non-monotonic. In Experiment 3 and
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4, the dynamics of the bias appears to be U-shaped, where the minimum
coincides with increasingly long pre-break window lengths as we increase the
post-break window.

Instead, breaks in the variance (experiment 6-9) do not materially affect
the magnitude of the bias. This result is expected since changes in the
variation of the process should not bias the forecasts but influence their
variance.

In sum, we shed light on the importance of the direction of the breaks.
If breaks happen to be in the mean, then forecasts can suffer from a newly
introduced bias by the expansion of the window backward, especially if the
estimation bias and the break bias go in the opposite direction. If breaks
affect the variance, then forecast efficiency is affected, but its bias is un-
affected. When the variance decreases, forecasts are damaged due to the

greater risk surrounding them as we expand [, (s), as shown previously.

4.2.3 Comparison with the univariate case

We assess how important is the multivariate framework with cointegration
for the relation between the finite sample properties of forecasts (in partic-
ular the MSE) and the window length. We do so by comparing the RTMSE
growth rates among window lengths for our experiments vs the ones com-
puted for the autoregressive process (Pesaran & Timmermann (2005), Table
5, p.202). We plot the growth rates against intervals of [,,(s), which can
possibly include a break. We do so for the shortest post-break window
(Ipo = 10), where differences are starker. Figure 1 reports this compari-
son by experiment (when comparable). In experiment 1 (no break), for the
VEC(1) case there exists larger gains in expanding the window backward

for short pre-break windows, while the opposite is true for longer pre-break
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windows. Indeed, after the interval 10-20, the AR(1) case experiences a
faster decrease in the RTMSE. In experiment 3 and 5 (vs 4 in Pesaran &
Timmermann (2005)), the break in mean causes a more abrupt behaviour of
RTMSE growth (first increase, then decrease, finally increase again). Aug-
menting the window backward in the VEC(1) case becomes beneficial only
after the 4-5 interval. For shorter intervals, expanding the pre-break window
is clearly more convenient in the AR(1) case. In experiment 8 (labeled 7
in Pesaran & Timmermann (2005)), the dynamics of the RTMSE is almost
identical until a pre-break window interval of length 5-10 is reached. After
then expanding the window further backward provides more benefit in the
AR(1) case. In experiment 9 (named 6 in Pesaran & Timmermann (2005)),
the RTMSE dynamics is also almost identical but with a gap in favour of
the VEC(1) case. Expanding the window backward gives more advantage
in that case compared to the AR(1) case. Only for very large pre-break

windows the RTMSE growth rates seem to converge.

5 Application

We test our theoretical findings on a well known relation in finance among
interest rates at different maturities. This is relevant to the term structure
of interest rates (also known as the yield curve), a curve suspected to be
associated with likelihood of recessions. We focus on the US T-bond interest
rates in the period 1970M01-1987MO02 as done by Hansen & Johansen (1999),
who find evidence of parameter instability, confirming the findings of Hall
et al. (1992). Figure 2 reports interest rates at four maturities (1M, 2M,
3M and 4M) as well as the periods of identified turbulence by Hall et al.
(1992) (vertical lines). The four rates are clearly non-stationary series of the

unit root type, but are found to cointegrate through their spreads. Indeed,
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Hansen & Johansen (1999) find three cointegration relations among the
rates, which therefore share a common stochastic trend. We use the earliest
break point as a starting point for our sample split, since this seems to be
the most serious one as found by the joint fluctuation test of the eigenvalues
(Hansen & Johansen (1999), bottom-right plot in Fig. 3, on p.319) and also
by a visual inspection of Figure 2. We estimate the parameters for each
window length by imposing a rank of three for the long run matrix and
a restricted constant. We retain one test observation in order to compute
the one-step ahead forecast errors, which are calculated using the estimated
parameters. Figure 3 reports, by window length, the RTSE conditional on
the sample observed. It is clear that extending the window backward is
beneficial in this case, even if a break is present in the model parameters.
The need of including pre-break data is higher, the shorter the post-break
window. Indeed, for a post-break window of twenty observations the longest
pre-break window is actually optimal. However, for a post-break window of
eighty data points, this is no longer true: the optimal pre-break window
length is two. For intermediate post-break window lengths, we observe a
reversed ranking in the RT'SE. We argue that this is due to the approaching
second instability as identified by Hall et al. (1992). Indeed, this instabilty
is exactly located between these two post-break window lengths, and causes
the increase in the RTSE for the longer post-break window (l,, = 60).
For the class of breaks found in this illustration, expanding the estimation

window backward is generally beneficial.

6 Conclusion

We assess the sensitivity of the finite sample properties of forecasts (condi-

tional bias and MSE) to the starting point of the estimation window when
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the VEC model (Johansen (1988, 1991)) experiences breaks. For the type of
breaks studied in this paper, we show that extending the estimation window
prior to structural breaks in VEC models can be beneficial for forecasting
performance and highlight under which conditions.

We base our simulation on a generalized Pesaran & Timmermann (2005)’s
forecast error decomposition, which we derive, and show that it depends on
four components: 1) a period ahead risk; 2) a bias due to a conditional
mean shift; 3) a bias due to a variance mismatch; 4) a gap term valid only
conditionally. We also derive new expressions for the estimators of the ad-
justment matrix and a constant, which are auxiliary to the decomposition.
Finally, we introduce new simulation-based estimators for the finite sample
forecast properties which are based on the derived decomposition.

Our finding points out that, under the derived conditions, we can neglect
parameter instability by extending the window backward and be insured
against higher forecast risk under this model class as well, generalizing Pe-
saran & Timmermann (2005)’s result. Our result suggests, in some cases,
a reduced need of break-correction strategies and also gives renewed impor-
tance to testing for structural breaks, in order to distinguish cases when
break-neglection is (not) appropriate. We draw conclusions on the window
length which ensures best forecasting performance. In general, these con-
clusions are shown to depend on the timing, location and direction of the
break. We illustrate the theoretical results in an application based on inter-
est rates at different maturities. Strategies based on excluding contaminated
observations are not always justified from a forecasting viewpoint, as also
recently shown by Boot & Pick (2019).

Our work can be extended in several directions. For example, the forecast

horizon can be generalized to h > 1, point forecasting can be extended to
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density forecasting and prediction can be performed unconditionally. More-
over, several approaches can be adopted to improve on forecasting under
breaks in the multivariate case as well. For instance, improved predic-
tion performance under instability can be achieved via forecast combination
across estimation windows (Pesaran & Pick (2011)) and via exponential
smoothing or robust optimal weights to weigh past observations (Pesaran

et al. (2013)). We leave these topics for future research.

Appendix

A Proofs
A.1 Proof of Lemma 1

Thanks to Assumption 3, by recursive substitution, ys_1 is given by, for

s—1< 1T,

Ys—1 =7+ (Iny +7v8 )ys—2 + es_1 =
Nx1
=m+ (In +v0) (7w + (In + 70 )ys—3 + es—2) + e5_1 =

S—

== (In+y8) (m+es1 ).
=0

[\

Given Assumption 1, (iv), its expectation is given by (7) and its covariance
matrix by (8) in Lemma 1. When s — 1 > T, thanks to Assumption 3, ys_1

is given by
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Yso1 =7+ Iy + 76 ys2 +ei_ =
Nx1

s—T.—1
- Z (In+~*6")Y (m* +ei ;) + In+ v*6*) Teyr,
§=0

where

Te—2
yr.1= Y (In+~8) (m+er 1)
Nx1 =0

Given Assumption 1, (iv), its expectation is given by (9) and its covariance

matrix by (10) in Lemma 1.

A.2 Proof of Lemma 2

The Johansen (1988)’s generalized eigenvalue problem is given by det(AS11(s)—
S10(5)S5 (5)S01(s)) = 0, where det() is the determinant of a matrix, S;;(s) =
M;i(s) — Mya(s) My, (s)Maj(s), i, € {0,1}, where, in turn, M;;(s) =
I71(s) - ZtT:s zitz;-t, i,7 € {0,1,2}, - is the scalar multiplication operator,
zor = Ay, 214 = Yyp—1 and z9; = 1. Accordingly, Mas(s) := mgy = 1, which
implies its inverse to be unity and therefore S;;(s) = M;;(s)—Mi;a(s)Ma;(s).
Consistently with our notation, we re-write Mja(s) = my2(s) and My;(s) =
ma;(s), 4, j € {0,1}. The solution to this eigenvalue problem yields the RRR

estimator for 4, that is

8(s) = (01(5),...,0.(s))

NXxr
where the ¥’s are estimated eigenvectors associated with the r largest eigen-

values. These eigenvalues are collected in the estimated (r x r)-dim eigen-
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value matrix given by A(s) = 3/(8)510(5)5&)1(8)501(8)8(8). The RRR esti-
mator for ~y is derived accordingly as ¥(s) = So1(s)8(s)(8(s)S11(s)d(s)) 1,
which, after the normalization 8'(s)S1;(s)8(s) = I, (Johansen (1988)), sim-

plifies to

(s) = So1(s)d(s).

NXr

Finally, 7, given that moo = 1, is estimated as

7 (s) = moa(s) — F(5)0' (s)maa(s).
Nx1

We can re-write the product moment matrices as M;;(s) = 17" (s)-3 1, zZit2ly =
17 (s)vec ™ (Zir(s))(vec Y (Zjr(s))), i, j € {0,1,2}, where Zor(s) = (Ays, ..., Ayr),
Zi7(s) = (Ys—1,---,yr—1) and Zop(s) = zor(s) = 1), where vec™ (zar(s)) =

12(5). Hence, the estimator for the adjustment matrix 4(s) becomes

7\/(52 = S01()d(s) = (M1 (s) — muoa(s)ma1(5))d(s) =

=17Y(s) - (vec™ (Zor(s)) (vec™ (Z1r(s)))' ~

—171(s) - vee™ (Zor(s)) Ly 1o (vee ™ (Z11(5))))(s).
The estimator for the constant @ becomes
7t (s) = moa(s) — 4(s)0 (s)mia(s) =
Nx1
=171(s) - (vec™ (Zor(s5))Ly(s) — ()0 (s)vec™ (Z1r(5))1y(s)).

To obtain the estimators as functions of the innovations, an explicit expres-

sion for Zi7(s) and Zyr(s) in terms of the errors is needed. Let x17(s) =
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(Xs—1,- - X1-1)’

then

where

B
I(s)N'XI(s)N

(&}
I(s)Nx1

D =
I(s)NXI(s)N

w.n.

~" D(0, Ij)n) be the standardized form of (es—1,...,er—1)

BZlT(S) =c+ DXIT(S)

I(s)Nx1
Iy ONxipr(s)N ONx (lpo—1)N
Ba1 Bag Olpr ()N X (lpo—1)N | »
10(po—1)NXN B3z Bss

(222N +~8")in
Lipr(s) ®™ :

-1 @ 7"

Ch(Ve(ys—1))=/2 ONXipr(s)N ONX(lpo—1)N

1/2
Ol (s)NXN Iy () ® % / Ol (s)N X (lpo—1)N |

O(lpo—1)NXN OUpo—1)Nxlpr(s)N  Tipo—1 ® (=*)1/2

where, in turn, Ch(V.(ys—1)) is a triangular Cholesky factor of V.(ys_1)

derived in (8) and (10) in Lemma 1 (Ch() being the Cholesky factorization

operator), ® is the Kronecker product and B;j, i € {2,3}, j € {1,2,3} are

26

/
Y



defined as

—(In +~8")
ONxN
Ba1 = )
lpr(s)NxN
OnxN
In ONxN ONx N
—(In +~98") INn ONxN
Bao - ONxN —(In +78") In ONxN
Upr (s)N Xipr(s)N
ONxN L. —(IN +~8) In
ONxN -+ Onxn —(IN+~"8")
OnNxN -+ ONxnN ONx N
Bg3a = )
(lpo—1)N'Xlpr(s)N
|IONXxN -+ ONxN ONxN
In ONxN ONxN
—(In +~*6*") In ONxN
Bas - ONxN —(In +~*6"") In ONxN
(lpo—1)N X (lpo—1)N
L ONx N oo —(IN +~*8*) In

Matrix B, being lower triangular and having non-zero, themselves invert-
ible, diagonal elements, is non-singular and therefore we can re-write the

stacked equation as

Z17(s) = B Y ¢+ Dx17(s)) = é+ Dx1r(s)
I(s)Nx1

where é := B~'c and D := B~!'D are derived as

E‘;;ﬁ(IN +8')im

. STedtUn + 48w
U)W X1 (In +778") 7202 (Un + 78 ) m 4+ =

[(In + 76" )T=Te STe 02 (In + 8" ) m + ST e Iy +~76* )i

[ 1/2
Ch(Ve(ys—1))E/ ONXipr(s)N ONX(Ipo—1)N
UONRIN Do Dz2 Oty ()N x (tpo =) |
D31 D32 D33
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where, in turn, ﬁij, i€{2,3}, j€{1,2,3} are given by

(IN + 78 )Ch(Ve(ys—1))=1/2?

Do, )
lpr(s)NxXN .
Iy +~8") e Ch(Ve (ys—1))=/?

»1/2 ONxN ... ONxN
Iy +~8")s1/2 =1/2 ... ONxN
Dso = )
Upr ()N Xipr(s)N
|(In +~8")Te=s=151/2  (Iy 48" Te—s=251/2 =1/2

(In +7" 8" Y In +78") P () Ch(Ve(ys—1)=/2

D3y s
(lpo—1)N XN .
(I +~* 8" )po =t (I + ~8) P () Ch(Ve (ys—1)) =12

(IN+7*5*/)(1N+76/)lp,,.(3)—121/2 (IN+'7*5*/>21/2
D33 = ,
(lpofl)lepr(s)N . ° .
_(IN +7*5*')LP°71(1N +75/)lpr(s)—121/2 Iy +,Y*5*I)lpo—121/2
(z*)1/2 ONXN .. Onxnw
b (IN+‘7*(§*/)(E*)1/2 (2*>1/2
33 =
(lpo—1)NX(lpo—1)N
L(In +7*5*/)1p072<2*)1/2 (In +_Y*5*/)lp073(2*)1/2 (Z*>1/2
w.n.

Similarly, let xor(s) = (Xs;--->x7) ~ D(0, I;i5n) be the standardized

version of (es,...,er)’, then

ZOT(S) = PZlT(S) +q+ RXOT(S)

I(s)Nx1
where
P _ P13 Ol (s)N X1po N
I(s)Nxl(s)N _OlpoNle'r'(s)N Pyo ’
a = |t ®™
I(s)Nx1 L Lipo ® T
R = Lipr(s) ® =t/ 01pr ()N xlpo N
1(s)Nx1(s)N _OlpolepT(s)N Ilpo ® (2*)1/2
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where, in turn, P;;, i = j € {1,2} are defined as

~é’
ONx N
Py =
Ipr(s)NXlpr(s)N
LON x N
_7*5*1
ONx N
Pyo =
lpoNxlpoN
LON x N

Given Assumption 2, (i7), and substituting Z;7(s) into Zyr(s), we obtain

ONxN
~é’

ONx N
‘7*6*l

ONxN
ONx N

v8" |

ONx N

ONx N

7*5*/

ZOT(S) = PZlT(S) +q+ RXOT(S) =

I(s)Nx1

= P(¢c+ ﬁXlT(S)) +q+ Rxor(s) =

= Pé+q+ PDxi7(s)) + Rxor(s).

Calling ¢ := Pé + q and P = PD, and noting that § = 0y~ by (7) and
(9) in Lemma 1 and thanks to, for s < T, 8'E.(ys—1) = p and, for s > T,
0*'Ee(ys—1) = p* (Hendry (2006), Clements & Hendry (1995)), then

Zor(s) = Rxor(s) + Pxir(s)

I(s)Nx1

where P is given by

1511 1512

P = |- _
I(s)NxI(s)N Py Py
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where, in turn, 15“, i€ {1,2} and j € {1,2,3}, are given by

~8' Ch(Ve(ys—1))=/?

48" (IN +~v8")Ch(Ve(ys—1))='/2
Py
lpr ()N XN
78" (In +~8)Te 5 71Ch(Ve (ys—1))=Y/?

ONxN ONx N ... OnxnN
~&'s1/2 ONx N ... OnxnN
Pis — ~8' (I +~8")x1/2 ~8'x1/2 oo ONxN|
Upr(s)N Xlpr(s)N
(78" Iy +78)Te™*7281/2 5§ (Iy +~8)Te™* 73512 .. onxn

Y8 (In +78) e Ch(Ve(ys—1)) =12
¥ (In + %8 )(In + 78 ) e T2 Ch(Ve(ys—1)) =2

lpo N XN

v 6 Iy +~*8*")T~Te(In + 8" )Te =2 Ch(Ve(ys—1)) =12

’Y*S*/<IN+’76/)TC_S_121/2 7*5*/21/2
) 7*5*/(1N+’7*5*/)(1N+'75’)TC_S_121/2 7*5*/(1N+‘7*5*/)21/2
Pag = ,
lpoNXlpr(s)N )
_‘7*5*,(IN +7*6*/)T7TC(IN +_15/)Tc—s—121/2 7*5*I<IN +_Y>|r5>k/)T—TC):1/2
ONxN OnxN OnxN
Tt (m)/2 ONxN ONxN
Pog = ¥ (Iy + %8 ) (=*)1/2 y* ()2 Onxn
lpoN X (lpo—1)N
_‘y*(s*’(INJr‘y*(;*/)T_TC_l(E*)l/Q _Y*&x/(IN+‘Y*6*/)T—TC—2<):*)1/2 ‘1*6*/(2*)1/2

Substituting the expressions for Zi7(s) and Zyr(s) into the expressions for

the estimators, we get Lemma 2.

A.3 Proof of Proposition 1

Using (12) in (4), the forecast errors become

éﬂj:}-l—l\T(S) = (7" =7 (s) + (70" = A(5)8'(s))yr + €141 =
x1

= (7" —17!(s) - (vec” " (Rxor(s) + Pxar(s))Lys)—

—4(5)0"(s)vee™ (€ + Dxar(s)) i)+

+ (770" = 4(5)0'()yr + €.
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Since, Vt > T,, w* = —y*p* = —7*6*'E.(y;), by adding and subtracting

4(5)8'(s)Ee(yr) and re-arranging, we get

Eriar(s) = ey +3(5)(8' ()17 (s) - vee™ (@)1 5) — & ()Ee(yr)) +

+4(5)0 (s)17(5) - vee™ {(Dxar(s))Lys) — 17 1(s) - (vec ™ (Rxor(s) + Pxar(s)) Ly +

+ (7" = 4()8'(s))(yr — Ee(yr))-

Re-arranging again, we obtain

éﬂ;—l\T(S) = €1 — A(5)(&'(9)Ee(yr) — §'(s)17" () - vee ™ (&)1y5)—
x1

—17Y(s) - (vec  (Rxor(s) + leT(s))ll(s) — ’y(s)sl(s)fuecfl(ﬁxlT(s))ll(s))—

— (4(8)8'(s) = v*8"") (yr — Eelyr)).

Calling A17(s) = 4(s)(8'(s)Ee(yr) — 8'()I71(s) - vec (&) 1)), Aar(s) =
l_l(s)‘(vec_l(RXOT(S)—i-leT(s))ll(S)—ﬁ(s)é’(s)vec_l(bxlT(s))ll(S)) and

Asr(s) = (3(5)8'(s) — v*8*')(yr — Ee(yr)), we get Proposition 1.
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B Tables and figures

Table 1: Experimental design (y = (—1,0)")

Experiment o1 " 05 6" oy o3 >

1. No break - — - — — — —
2 p1, 05 (1, 1) 35 3(')5 0.1 _(1).1 - - -
3. p1, 02 (1, 1) 35 3(’)5 0.9 _(1).9 - - -
4 p1, 60 (L) 05 0 0.1 ot B _
5. p1, 05 (1, 1) 05 0 0.9 oo B -
6. 01,02 (1,)) ~— — — — 1.5 0.5 : 2'55 0'(;5 |
7.01,02 (4, 1) — — — — 0.5 1.5 0'55 2.%5 |
8. o100 (L) — - - - 05 05 0'55 025 _
9. 01,020 (1, 1) — — — — 1.5 1.5 - 2'35 225 |

Notes. Experiment 1 (no break) involves the following parameter setup: p1 = 2, so
that @ = (2,0)’, 62 = 0.5, so that § = (1,—0.5)", and o1 = 1 and o2 = 1, so that
3 =(1,0:0,1). The 1 and | symbols stand for ’increase’ and ’'decrease’, resp.
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Figure 2: US T-bond interest rates at different maturities: 1-4 months. The
vertical lines are the identified period of turbulence (Hall et al. (1992)).
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Figure 3: RTSE vs pre-break window length (by post-break window length)
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