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Abstract

Standard tests for the rank of cointegration of a vector autoregressive (VAR) process present
nonstandard distributions that are affected by the presence of deterministic trends. When it
is known that the data generating process exhibits a linear trend, it is preferable to model it
explicitly and use the corresponding form of the Likelihood Ratio (LR) or Lagrange Multiplier
(LM) test statistics. In the presence of stochastic nonstationarity, such as in the cointegrated
VAR, deterministic linear trends may be present in the data but with an effect that is not strong
enough to be noticeable. Such a situation can be modeled by means of a cointegrated VAR process
that exhibits a local linear trend that has same asymptotic magnitude as the common stochastic
trends. We derive the properties of the LR and LM tests in this context. We show that whether
the trend is orthogonal to the cointegrating vector has a major impact on the distributions. The
LR statistics without unrestricted constant are mildlly powerful against the local alternative. The
LR with unrestricted trend and the LM are robust towards local trends, but other specifications
of the LR perform badly.
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1 Introduction

There has been a recent renewed interest in designing testing strategies for unit roots that are
robust to the possible presence or a linear trend, see Harvey, Leybourne and Taylor (2008) and
the multivariate extension in Liitkepohl and Demetrescu (2008). These studies draw on the long
established difficulties in distinguishing in finite samples between stochastic and deterministic
trends, see e.g. see Sampson (1991) and Murray and Nelson (2000) for an empirical example. In a
multivariate context, the difficulties are compounded by the presence of many nuisance parameters
and many analyses have focused on their influences, see Hubrich, Liitkepohl and Saikkonen (2001)
for an overview.

Also, in the joint occurrence of stochastic and deterministic trends, the latter can be restricted
or not to lie within the space spanned by the cointegrating vectors. This is the reason why Perron
and Campbell (1993) distinguished between “stochastic” and “deterministic” cointegration: only
in the latter is the trend orthogonal to the cointegrating vector. In a simulation experiment,
Toda (1994) showed that the likelihood ratio (LR) test (see Johansen, 1988 and 1991) can be
strongly affected by nuisance parameters when a trend is also present. This realization has led
H. Liitkepohl and P. Saikkonen to propose in a series of papers (in 1999 and 2000) a Lagrange
Multiplier (LM) test which estimates the deterministic parameters under the null and proceeds to
correct for them. In parallel, S. Johansen has suggested, also in a series of papers (in 2000 and
2002) a Bartlett correction for the LR test in finite samples. This correction works well in the
presence of deterministic cointegration when, as in Nielsen and Rahbek (2000), the parameters
are restricted so that similarity of the tests results. Unfortunately, in finite samples and in the
presence of stochastic cointegration, Chevillon (2008) showed that the finite sample distributions
are affected by the parameters of the deterministic components.

In view of these difficulties, Liitkepohl and Demetrescu (2008) have proposed extending the
work by Harvey et al. (2008) to the vector autoregressive (VAR) process. This technique consists
in estimating the two models with a deterministic trend restricted or not to lie in the space
orthogonal to the cointegrating vector and reject the null if either statistic is significant. These
authors show that their methodology compares advantageously to pretesting for the correct trend
specification.

In this paper, we derive the distribution of the LR and LM tests in the presence of a, possibly
misspecified, local deterministic trend. The latter has a parameter that is asymptotically vanishing
at the rate O (T‘l/ 2) so that both the stochastic and deterministic trends interact asymptotically.
This allows us to analyze the robustness of the test for the rank of cointegration when a linear trend
is present in the data but whose impact is small and possibly goes unnoticed. We show that very

different behaviors result, depending on whether the data are stochastically or deterministically



cointegrated. In a Monte Carlo simulation, we also observe that the LR statistic with a restricted
trend is not as robust in finite samples as asymptotically. By contrast, the LR statistic that
corrects for an unrestricted trend and the LM are, as expected, robust to the local trend. The LR
without deterministic element exhibits some power against a misspecified local trend; hence it may
be useful to use it as a specification tool by comparison with the other statistics.

The paper is organized as follows. Section 2 present the model and local asymptotic frame-
work. We then derive in section 3 the distributions of the various statistics for the tests on the
cointegration rank. A Monte Carlo analysis follows in section 4 and the last section concludes. An
appendix collects the proofs. Throughout the paper, row vectors are denoted by (a : b) ; also, for
any (p x q) matrix a of full rank, we define a; of dimension p x (p — ¢) such that (a: e} ) is of

full rank. We also let the generalized projection operator & = a (&’ a)”t.

2 The model

Consider a p-dimensional vector of variables x; that admits a vector autoregressive representation

of order k such that, fort =1,...,T,

k—1
AXt = HXt_l + Z I‘iAXt_i + €. (1)

i=1

Assume that the disturbances €; follow a martingale difference sequence with bounded fourth
moments and variance covariance given by Q = X' for some positive definite matrix . If x; is
I(1) and IT is of reduced rank ¢, then there exist a and 3 of order (p x ¢) such that IT = a3’ and
that B'x, — E [ﬂ'xt] is stationary. x; is then said to cointegrate, with cointegrating vector 3. We
also let xg = 0 in (1), although this is not an unconsequential assumption (see Miiller and Elliott,
2003). We use the notation in Liitkepohl and Saikkonen (2000) and define y, as the sum of x; and

of a deterministic trend which we assume local
t
YtZXt'i‘li'f"l/Jﬁ:Xt‘i"I’dt (2)

where ¥ = (p : 1) is a matrix of dimension px 2, d; = (1: Tfl/zt)/ . Then y; admits the following

moving average representation (see Johansen, 1995, theorem 4.2):

t
yi=C> € +¥d; +Cy (L) e + Ay, (3)

i=1

where L is the lag operator, C = 8, (o/,T8,) 'a/,, T = I, - Zf:ll T';, the power series for
C; (2) is convergent for |z| < 1+ § for some § > 0 and A; is a stationary process that depends on
initial values such that 8’'A; = 0.

In the model above we only consider local deterministic trends since our purpose is to study

the robustness of the cointegration tests in the presence of potential deterministic misspecification.
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This differs from analyses such as in Johansen (1995), chapter 14, Rahbek (1994) and Saikkonen
and Liitkepohl (1999) where it is the power of the test for the rank of cointegration vis-a-vis a locally
larger rank. The interaction between both local cointegration and local deterministic trends has
been studied by Chevillon (2008) who focuses on the finite sample nonsimilarity of the Likelihood
Ratio test with respect to the coefficients of the linear trend. Also, as noted by Liitkepohl and
Saikkonen (2000), the reason why we represent the trend as additive is to preclude a potential

quadratic trend in the data that may arise from the model
t_ oot 172 . 3724
Ay, =1y, +¥ (T 2T70% ) + €. (4)

A well-known solution (see Johansen, 1994) is to restrict the linear trend to lie within the cointe-
grating space and let a constant enter unrestrictedly. Liitkepohl and Saikkonen (2000), expression
(2.7), show that (1) rewrites as

k—1

Ay =vr+o(Byi1—0r(t—1))+ Z LAy + € (5)
i=1

where vp= —IIu+T-12T4 and dp = T~/23¢p. Unfortunately, such a specification does not
explicitly model the linear trend that lies in the space spanned by | , i.e. that interacts with the
common stochastic trends. This has significant impact in our analysis and motivates our choice of
representation. We follow in this Liitkepohl and Saikkonen (2000).

The asymptotic distribution of y; follows a straightforward multivariate extension of the random
walk with a local drift as in Chevillon (2008) who draws on Haldrup and Hylleberg (1995) and
Stock and Watson (1996). For this, we let, as usual, [w] denote the integer part of w for any
real scalar w. Define, then, Ur in DP [0, 1], the space of RP-valued functions on the interval [0, 1]
which are right continuous and have finite left limits (cadlag). Hence Vr € [0,1], Urp(r) =
T-1/2 Zgg] € = XYW (r), as T — oo, where ‘=’ denotes weak convergence of the associated
probability measure, and W is a standard Brownian motion on C? [0, 1], the subspace of D? [0, 1]
of continuous functions.

Then TV 2y[Tr] retains asymptotically the sum of both the stochastic and of the degenerate

linear trend for, i.e. for r € [0,1] :
T7-1/2 def
Yirr] = CEW (r) +¢r = Ky o= (1) (6)

where Ky cx is a Brownian motion with drift.
Motivated by expressions (5) and (6), and by our interest in allowing for a local trend, we

assume in the rest of the paper that yo =0, i.e. u =0.



3 Cointegration tests

In this section, we derive the distributions of test statistics in the presence of local trends. We
aim to establish the properties of the types of tests for inference about the rank of cointegration
of the vector y;. The null hypothesis is that of IT in (1) being of rank ¢ < p. We assume that
this null is true but that the model that is used is misspecified. Indeed the modeler assumes that
the observables are {x;} where she is in fact dealing with {y;}, hence erroneously assuming no
deterministic terms in the DGP. For simplicity we let the modeler be mistaken about p being
potentially non zero, but this matters less than the important aspect whether 1 is zero. In this
setting, we are not analyzing the power of the test for the rank of cointegration, but its local
robustness in the presence of misspecified deterministic trends: whether correct inference about
the rank of II is achieved. We refer to power against the local trend when the probability that the

test statistic is significant tends to 1 under the local alternative.

3.1 Likelihood ratio test

Assume that the modeler wrongly assumes that the DGP follows equation (1) so that no determin-
istic component is included in the model. Then reduced rank regression of Ax; on x;_1 corrected

for the lagged differences leads to computing the likelihood ratio test statistic

P

~210gQ (H (q) |H () = ~T 3 log (1~ ) (7)
i=q+1

where the eigenvalues \; are estimated as solutions to the problem |)\511 — 5105&)1 501‘ =[S\ =

0, with S;; = T*ZL RuRy, Riy = Ziy — Mo My, Zoy, M;; = T3 ZuZy, Zo = Ay,

Z1: = yi—1 and Zo; is made of the stacked lagged differences of y;. Alternatively, the modeler may
wish to use another of the LR statistics that have been proposed in the literature. The purpose of
these is to take into account various assumptions about the deterministic terms that are present
in the data. Under the null that ¥ = 0, using another statistic than in expression (7) would imply
a loss of power against an alternative rank of cointegration. But a modeler may be willing to
trade in this loss for a gain in robustness against misspecifying W. Following the definitions in
Johansen (1995), section 5.7, but with different notation, we define the statistic in (7) as LR for
the hypothesis H : (rk (II) , ¥) = (¢,0) . Two main alternatives are (i) also including a constant in
Zat, which provides the statistic LRy, or (ié¢) including both a constant and a linear trend in Zs,
thus yielding LRy. The underlying rationale for such statistics is that ¥ may be nonzero. Then
LRy should be robust against hypotheses such as Hy : ¥ = (u,4), ¢ = 0 and LRy against the
presence of a linear trend. As is well known the latter assumptions might be too strong, hence the
two other assumptions form: H* or H} in which cases Z;; is augmented of a constant or a linear

trend, respectively, and Zs; contains, no deterministic terms or a constant, yielding LR* and LR].
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These assumptions are specific to the error correction form (4) where they consist in restricting,
respectively, the drift (H*) or the trend (H}) to the cointegrating space.
Let the (p — g)-variate diffusion, for r € [0, 1],

O(p—g-1)x1

G(r)=V(r)+ — o —1/2
(%Lcn c'wﬁl) r

(8)
where V (7) is a standard Brownian motion of dimension (p — ¢) and ¥ = ¥ (1//1/;) “!and the nota-

tion g refers to the decomposition 9 = 95+ 5, alongside the two orthogonal supplements. We

also define Gy (r) = G (r) — f01 G (u)du =V (r) — fol V (u) du + [EQHCQCIEBJ o (r—1/2),

and Gg (1) = V (r) —a, —b,r where a,, b, are coefficients correction V for a constant and a trend.

Finally, we denote by Jy, (1) = (o Qo)) Vo Ky (r) =V (1) + (o Qo) ? o P, T

Proposition 1 Under the assumption that the DGP is generated as (1) and (2), with yo = O,
then the asymptotic distributions of the Likelihood Ratio test statistics LR;, for h € {0,1,2} and
m e {0,+}, with (hym) & {(0,0),(2,%)} , is given by

LR™ = tr{/ol G (de,M)/ [/01 Gme’ylfol (a3, ) (Gm)’}

LR = tr{/ol G (dv) Uol GZ‘GT’}_l/Ol (dV) (G;;l)’}, if h # () (9)

for all 15 under hypothesis Hy and for 15 = 0 under the other hypotheses.

The presence of a local trend brings a major departure from the null inasmuch as the distribu-
tions of the LR statistics no longer depend only on the number of common trends p — g irrespective
of the number of cointegrating relations. As seen in proposition 1, the distributions depend on
B'v and @' 1 which vary, at least in dimension, with .

According to the proposition, the formulation of the statistic under hypothesis H is be locally
non robust for all cases where 1) # 0 except under Hy where the distribution is asymptotically
similar with respect to ¢ (see also Nielsen and Rahbek, 2000). But the robustness of LRy, and
potentially LR}, can come at the cost of a loss of power. The cases considered in this proposition
are those that Perron and Campbell (1993) labeled “deterministic” cointegration and that can be
treated using Johansen (1991). In the case of a linear trend which is not entirely contained in the
space spanned by B3, i.e. in the presence of “stochastic” cointegration, the statistic LRy is not
affected, but it is not the case under the other assumptions.

The above proposition does not cover hypotheses other than Hy for stochastic cointegration.
This is because the deterministic components are the underspecified. Indeed, for ¥z # 0, it is
shown in the appendix that under assumption H, the statistic LR is the sum of the smallest p — ¢

eigenvalues of the matrix

S=N"'M+o,(1)



where the matrices N and M are random. In particular

!/ !/

B8 vssB 0 0 . B By 0 0
E[N]=— 0 0 0|+3 0 0 + | FCcxz 7' Cx%
0 0 0 1 1 ¥, CS | | ¥, Cx

which shows that if ¢ = p then E[N] is not invertible. The test statistic will diverge as the rank
of IT in (1) increases. Also, when the dimension of ¥ increases with ¢ and then dominates E;h
and CX, so E [N] becomes near singular and LR diverge for large g. We show in the appendix that
the pattern is identical for LR™.

The situation is worse for H; (and this also holds under H) : we show in the appendix that the
matrix N becomes IN; a matrix with singular expectation. Hence LR; and LR} are not robust at
all to the presence of local trends that are not orthogonal to 8. Due to the complicated distribution

that result, we observe the rejection rates via a Monte Carlo experiment in section 4.

3.2 Lagrange Multiplier test

Because of the difficulty associated with choosing the correction deterministic specification for the
Likelihood Ratio test, Helmut Liitkepohl and Penti Saikkonen have proposed in a series of papers
(Liitkepohl and Saikkonen, 2000, L&S henceforth, and Saikkonen and Liitkepohl, 1999, 2000a,
2000b) an alternative test which they deem a Lagrange-Multiplier test.

This LM test consists in estimating ¥ under the null hypothesis of ¢ cointegrating relation and
hence detrending y; into X; = y; — (ﬁ : 12) (1:t)" and then testing for p, = 0 in a feasible version
of

k—1

o A% = p, B X1 + Z L. iAX—i + €.
i=1

In the locally trending alternative, Tp is not consistent since it is an estimator of 7~'/24). Under

the null of ¢ cointegrating relations and in the presence of a deterministic trend, L&S, theorem 1,

derive the asymptotic distribution of the LM statistic as

LM = tr {/01 B.dB. [/01 B*B;] /01 (dB*)B;} (10)

with B, a(p — g)-dimensional standard Brownian bridge.

-1

Under the hypothesis of a local trend, although the estimators of the deterministic components
are not consistent, detrending still proves effective. Indeed, consider the case of the estimator 171
in lemma (A.3) of L&S (it is fz; in their notation). v/7'3', (’JJ - T_I/Q’(/J) L B, CZB(1). 17) is in

turn used to derive the distribution of the sample moments of

we=81% =8 (yt - 17:1?) =B\x— BT (J: —~ T*1/2¢) %
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hence, as in L&S, section A.2,
Tﬁl/zW[Tr] £> ﬁlCZB* (S)

and the procedure does provide the asymptotic distribution (10).

4 Monte Carlo

We observe the robustness of the tests via a Monte Carlo experiment where we compute the trace
statistic of the LR test over 10,000 replications of the processes. In the simulations, we set £ = I,
k =1 and let, for a cointegration rank ¢, the vectors a = 3 = (Iq : qu(p,q))/ where I, is the ¢
dimensional unit matrix and 0,,x, a (m x n)-matrix of zeros. Then IT = diag(I4, 0(,—g)x (p—q))
and we choose oy = 8, = (0(p—g)xq : I(p_q))/ and C =03, (a’J_,BJ_)fl o, = diag (0gxq,I(p—g)) -
Hence, the process x; consists of p — ¢ independent random walks and ¢ white noises.

We simulate three different experiments: pure deterministic cointegration, pure stochastic (non-

deterministic) cointegration and a hybrid, as in

A p=9(0p:1 )

B ogp=y(1;:0,,)

c : v :1/}1;7
for ¢ € [0,10], with 1(,_4) a vector (1:1: ...)" of dimension p—q. Hence, in experiment A, Pg =0,
in B,¢yg = 0andin C, B’ 1 and B’ v are both nonzero. In this setting, the coefficient of the
trend in G in (8) is (E;LCQ/C’@BL)_UQ =(p— q)fl/2 in experiments A and C, and 0 in B.

We report in figures 1 to 3 the rejection probabilities of the null of g cointegrating relations out
of p = 6 variables. In order to reduce Monte Carlo and finite sample variability, we compute the
critical values under the corresponding null with ¢ = 0. This allows to focus specifically on the
robustness vis-a-vis the local trend. In the simulation, we let the sample sample vary from 100 to
400 but with very little impact on the conclusions; for this reason, we comment mostly the case
T = 100.

As expected from proposition 1, the test that corresponds to the null Hy is robust to local
trends. This appears in all the figures as the rejection probability is independent on v for all
experiments and nominal sizes. All the other statistics are affected by 1. Indeed, even LR} which
is asymptotically robust in experiment A is affected in finite samples. We comment on the various
results in turn, except LRy which is robust to the local trend even in finite samples.

In the case ¢ = p — 1 of a unique unit root in {x;}, the LR test under the null is the square
of the corresponding Dickey-Fuller distribution. This is presented figure 1. First, in experiment
A, two patterns appear. Under assumptions H and H*, where the process is not corrected for

a constant, the rate of rejection of the null increases with : these statistics are not robust to
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Figure 1: Rejection probabilities of the Likelihood Ratio test as a function
of the local trend parameter. The process follows a p = 6 dimensional
VAR(1) with cointegration rank of ¢ = 5 : there is a unique common trend.
Critical values at sizes 10 (zgp) and 5 (x95) are obtained from simulation (10,000
replication) of the distribution of test statistic under the null, with % = 0.
Experiments A, B and C are described section 4, depending on whether 3’4 = 0, 3’9 = 0 or

neither. The sample size is 100.



misspecified local trends but powerful against the misspecification. The power tends to 100% as
increases. By contrast, LR; and LR} are, as expected, more robust to the local trend. Yet, these
statistics tend to under reject when 1 increases. This is a finite sample issue that is not resolved
at T' = 400.

In experiment B, 15 # 0 so proposition 1 only applies to LR2. As a result, we see that LRy and
LR} even more strikingly undereject the null: whereas in A the empirical size is half the nominal
for ¢ = 2, in experiment B it drops almost to zero for values of ¢ as low as 0.6. Although LR} has
a size closer to the nominal than LR;, this is only slightly so. It is understandable that LR; and
LR} present similar rejection probabilities since the linear trend is orthogonal to 3, i.e. also to a
here and the value added in robustness of LR} over LRj is only vis-a-vis the linear trend in sp (a) .
The pattern for LR and LR* differs greatly from that in A. These two tests also witness a drop in
the rejection rate for small values of 1; even more so for LR. But as v increases, test significance
increases under both H and H*. Yet, contrary to experiment A, the rejection rate does not tend to
100% as 1) increases but stabilizes below (depending on the statistic, at about 40% for a nominal
size of 10% and 20 for a size of 5%). LR rejects more often than LR* for large values of v, whereas
it rejects less for low values of the local trend parameter.

Experiment C' is clearly affected by the non zero 1 as the patterns resemble experiment B,
yet with a slightly higher rejection probability overall.

As the number of common trend increases, the pattern vary. In particular, as figures 2 and 3
show, experiment C' tends to resemble A more. This is consistent with ¢ decreasing, and also the
dimension of the space spanned by 3: ¥ 5, gets to dominate 3. In addition, experiment A then
yields rejection probabilities which are more in line with the asymptotic distributions: LR; and
LR} become more robust and LR and LR* more powerful (in the sense that they reject a model that
is misspecified). We record the rates for ¥ up to 10 in figure 3 because of experiment B. Indeed,
as p — ¢ increases, the drop in the rejection rate of LR; and LR} occurs for larger values of v; and
LR and LR* under reject over a wider range of 1, crossing back the nominal size at values close to
1) = p — q. Also, in the presence of stochastic cointegration, the difference in rejection rates of H
and H* vanishes as ¢ decreases. We omit for brevity the situation where ¢ = 0, i.e. in the absence
of cointegration. Simulations show that in experiment A, the pattern follows from the other cases
considered: LR; and LR} are more robust and LR and LR* reject even more. Clearly A and C
coincide in this case. Also, experiment B then implies that ¢ = 0 since 8, = L,.

The LM test being robust to local trends, we do not simulate it in this paper, results will be
similar to LRs. The only difference lies with respect to the respective power of LRy and LM with
respect to other forms of misspecification, in particular viz. the rank of cointegration. Against
alternatives with higher cointegration rank, L&S show that the LM test is locally more powerful

than LRy, but that LM is conservative when testing low ranks and hence should be preferred for
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Figure 2: Rejection probabilities of the Likelihood Ratio test as a function of
the local trend parameter. The process follows a p = 6 dimensional VAR(1)
with cointegration rank of ¢ = 4; i.e. there are 2 common stochastic trends.
Critical values at sizes 10 (z99) and 5 (xg5) are obtained from simulation (10,000 replication)
of the distribution of test statistic under the null, with 9 = 0. Experiments A, B and C are
described section 4, depending on whether 3’ = 0, 3’| 1 = 0 or neither. The sample size is 100.
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Figure 3: Rejection probabilities of the Likelihood Ratio test as a function of
the local trend parameter. The process follows a p = 6 dimensional VAR(1)
with cointegration rank of ¢ = 1, ie. with 5 common stochastic trends.
Critical values at sizes 10 (zg9) and 5 (z95) are obtained from simulation (10,000 replica-
tion) of the distribution of test statistic under the null, with @ = 0. Experiments A, B and C are
described section 4, depending on whether 3’4 = 0, 3’| 1 = 0 or neither. The sample size is 100.
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higher values of ¢. As for comparing with LR}, Saikkonen and Liitkepohl (1999) show that the
latter tends to be locally more powerful than LRy, yet we show that it is not locally robust to
linear trends. The recommendation that can be drawn from this analysis is hence to avoid LR}
in finite samples where the presence of a deterministic trend cannot be precluded on theoretical
grounds, and especially if it is possibly not orthogonal to the cointegrating vector 3, i.e. in the

presence of non-deterministic cointegration.

5 Conclusion

In this paper, we have studied the robustness of the test for cointegration in the cointegrated VAR
process towards misspecified local linear trends. This situation arises when the data exhibit both
stochastic and deterministic trends but the latter have a low magnitude that render them hardly
noticeable and not significant. In this setting we have considered five versions of the likelihood
ratio test and the Lagrange multiplier test of Liitkepohl and Saikkonen (2000). We have shown
that both the LR with unrestricted trend (LRs) and the LM statistics are asymptotically robust
to the local trend when testing for the rank of cointegration in a stochastically cointegrated VAR
(from the definition in Perron and Campbell, 1993). In such a setting where 3’1 # 0, using the
test statistics LRy and LR} leads to invalid inference as the rejection rate drops when the local trend
coefficient increases. Yet, LR} is locally robust to the trends when the data are deterministically
cointegrated (i.e. 3'¢p = 0), but we show that in finite samples it seriously undereject, even in the
presence of small departures from zero trend, when the rank of cointegration is large. In practice,
there is little gain in moving from LR; to LR}. When the data are stochastically cointegrated with
B’ 1 = 0, both LR; and LR} yield flawed inference.

As for the two statistic who never correct for a trend, LR and LR*, they both show power
against a local trend. Yet, when 3’1 # 0, they undereject in the presence of small departures and,
although they gain power in the presence of larger departures from zero trend, they do not reject
more than half the time. Discrepancies between inference based on LR and LR* on the one side,
and on LRy and LM on the other may hence be used as a diagnostic tool for the presence of a small
deterministic trend.

Finally, in the general case of stochastic cointegration where the trend spans both 8 and 3,
it is the dimensions of the two subspaces that govern the distributions of the test statistics. Low
cointegration ranks imply that the dimension of sp(3) is low and hence a pattern close to that
encountered when 3’1 = 0; by contrast high ranks of cointegration imply that non-deterministic
cointegration prevails.

As a recommendation, given the bad performances of LR; and LR}, these should only be

used in moderately or largely sized samples and when there are strong reasons why deterministic
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cointegration must hold. On the other hand, it is known that when the trend is over-specified,
the power of the tests for cointegration can prove low. Hence, although it proves useful to use
a multivariate extension, as in Liitkepohl and Demetrescu (2008), to the combination of several
statistics that was proposed by Harvey et al. (2008), it might prove preferable to use (LR, LM) or

some other combination that does not include LR; and LRj.

References

Chevillon, G. (2008). Inference in the presence of stochastic and deterministic trends. working
paper, ESSEC Business School.

Haldrup, N.; and Hylleberg, S. (1995). A note on the distribution of the least squares estimator of
a random walk with drift: Some analytical evidence. Economics Letters, 48, 221-8.

Harvey, D. 1., Leybourne, S. J., and Taylor, A. M. R. (2008). Unit root testing in practice: dealing
with uncertainty over the trend and initial condition (with commentaries and rejoinder).
Econometric Theory, forthcoming.

Hubrich, K., Liitkepohl, H., and Saikkonen, P. (2001). A review of systems cointegration tests.
Econometric Reviews, 20, 247-318.

Johansen, S. (1988). Statistical analysis of cointegrating vectors. Journal of Economic Dynamics
and Control, 12, 231-54.

Johansen, S. (1991). Estimation and hypothesis testing of cointegration vectors in gaussian vector
autoregressive models. Econometrica, 59, 1551-80.

Johansen, S. (1994). The role of the constant and linear terms in cointegration analysis of nonsta-
tionary time series. Econometric Reviews, 13, 205-31.

Johansen, S. (1995). Likelihood-based inference in cointegrated vector auto-regressive models. Ox-
ford: Oxford University Press.

Johansen, S. (2000). A bartlett correction factor for tests on the cointegrating relations. Econo-
metric Theory, 16(5), 740-78.

Johansen, S. (2002a). A small sample correction for the test of cointegrating rank in the vector
autoregressive model. Econometrica, 70(5), 1929-1961.

Johansen, S. (2002b). A small sample correction for the tests of hypotheses on the cointegrating
vectors. Journal of Econometrics, 111(2), 195-221.

Liitkepohl, H., and Demetrescu, M. (2008). Testing for the cointegrating rank of a vector autore-
gressive process with an uncertain deterministic trend term. mimeo, European University

Institute.

14



Liitkepohl, H., and Saikkonen, P. (2000). Testing for the cointegrating rank of a var process with

a time trend. Journal of Econometrics, 95, 177-98.

Miiller, U. K., and Elliott, G. (2003). Tests for unit roots and the initial condition. Econometrica,
71, 1269-86.

Murray, C. J., and Nelson, C. R. (2000). The uncertain trend in U.S. GDP. Journal of Monetary
FEconomics, 46, 79-95.

Nielsen, B., and Rahbek, A. (2000). Similarity issues in cointegration models. Ozford Bulletin of
Economics and Statistics, 62, 5-22.

Perron, P., and Campbell, J. Y. (1993). A note on Johansen’s cointegration procedure when trends

are present. Empirical Economics, 18, 777-89.

Rahbek, A. (1994). The power of some cointegration tests. Department of theoretical statistics,

University of Copenhagen.

Saikkonen, P., and Liitkepohl, H. (1999). Local power of likelihood ratio tests for the cointegrating

rank of a var process. Econometric Theory, 15, 50-78.

Saikkonen, P., and Liitkepohl, H. (2000a). Testing for the cointegrating rank of a var process with
an intercept. Econometric Theory, 16, 373—406.

Saikkonen, P., and Liitkepohl, H. (2000b). Trend adjustment prior to testing for the cointegrating

rank of a var process. Journal of Time Series Analysis, 21, 435-56.

Sampson, M. (1991). The effect of parameter uncertainty on forecast variances and confidence
intervals for unit root and trend stationary time-series models. Journal of Applied Econo-
metrics, 6, 67-76.

Stock, J. H., and Watson, M. W. (1996). Confidence sets in regressions with highly serially

correlated regressors. mimeo, Princeton University.

Toda, H. Y. (1994). Finite sample properties of likelihood ratio tests for cointegrating rank when

linear trends are present. Review of Economics and Statistics, 76, 66—79.
6 Appendix
Proof of theorem 1.

6.1 Sample Moments

In the appendix, we assume that x; admits a VAR(1) representation, i.e. k= 11in (1). It is straightforward

to extend the results to more general dynamics. We follow the lines of the proofs Johansen (1991). We
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first let @ = 15 + ¥4, and choose v orthogonal to B and g5, such that <ﬂ Dy 1/:5L> has full rank.
/ o /
TV (7%, ) vien = (F:9s,) Kuos ()
def

= (7:%,.) =W+ 0: 1) r L HE)

and let also

2

H, (r) = (*;%L)'cz (wm —/01W(r)dr) +(0:1) (r—1/2)

o ’
and Hy (r) = (7 : wBL) CX (W (r) — a— br), where the coefficients are obtained by correcting W (r)

for a constant and a linear trend. Now let the variance-covariance matrices

> >
Var{ Axy }: 00 08 AXp 1, AX_jy1

Bxia g0 Xpp

which satisfy the relations in lemma 10.1 from Johansen (1995) (denoted lemma J-10.1, and we use similar

notation in the following). In the remainder of the appendix, we do not write explicitly that the process

is corrected for lagged values since it only affects the definition of I'. Now recall that S;; is the uncentered

sample mean of RitR"t where (Rot : Rit) is (Ay: : y¢+—1) corrected for the deterministic terms present in the

model under the null. We consider the hypotheses H, H; and Hs in turn, noting that 72 Et 1 \F \F
VT 12 12T

we keep the notation €; although this may also corrected for a constant and possibly a trend):

H : Ryu=T"*(T¢-aBf'y,(t-1)+ab Ri+e

g + ﬁ + W and 771 thl [M] = L — L. Under the hypotheses, the model rewrites as (where

Hi @ Ro=-T"af¢,(t—1-T/2)+af Ru+e
Ha : Ro: = af Rt + e

Hence the following results.

e First, under H, the residuals R;; are not corrected, hence, different limits result, depending on

whether ;=0

First if 194 = 0, then Soo > o0, 3'S113 = Xpss, B'S10 = Xpo and

(Wr%J (S10 — SuBa’) = [ H(r) dKiy ox (r)
(W : Eﬁl) S0 = [y H(r) dK} o5 (’")

T (7%, ) Su (7%, ) = J) HBdr
(7:%5,) 518 =0,(1)

and for ’lbﬁ # 07 SOO ﬁ; 200, T_lﬁ/SHIB ﬁ) %ﬁ/d)gwlgﬂ’ 5/510 = 250+250 +ﬁ/’l[)5 fol TdKi/),CE (7‘)

and

T! (7 : E@Ly (S10 — S1Ba’) = (fl rH (r) dr) o' B

5, )S1o=>f0 ) dKy cx (1)
71 (7 : ¢lh) S11 (7 : ’lﬁﬁL) = fo HH'dr
T (7%, ) SuB = (Jg B dr) 40
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e Under Hy,

If 'l/Jﬁ = 0, then Spo 2 3200, ,3/511ﬁ LN IR B/Sm 2 330 and also

(7 : %J’ (S10 — S118a’) = [; HydKp 5 (r)
(395, ) S10 = J) HidKp o3 (1)
T (395, ) S0 (78, ) = ) HiHLdr
(7:%5,) $u8=0,(1)

and for 95 # 0, Soo 2 S0, T

and

1B S1uB L LB Y8, B'S10 = Sao+B'Y, [, (r— 1) dKo ox (7)

A

75, ) (S0 = Sufe) = (J) (7 3) Hi (1) dr) o' B9
7P, ) Swo = Jy Hi(r)dW' () 2'C’ = [} HidKp o3 (1)
wm) Su (F:9s, ) = o HaHidr

7 %L)'Suﬁ;s(f& (r—3)H (r)dr) V),0

,_.
AA
\.2

e and finally, under Haz, whether or not %4 = 0, then Sgo 2 S0, B'S118 > Y55, B'S10 EN 30 and

(7: aﬁi)’ (S10 — S118a’) = [} HadKj 5 ()
(3:%5.) S10= [} HadK3los (1)

7! (7 : ¢5L> S11 (7 : ‘%L) = [y HoHbdr
<7 : EﬂJ_), Sup =0, (1)

where we denote by K 'y (r) the detrended version of Ko,cs: (7)

We complete the analysis above with the two hypotheses H* and Hi. Note that, under H*, Ro; = 1 and
under Hj : Roy =t — 1 — T/2. Now let (T9),, = o (B'cx) "
H* @ Roa=-T"afvy,t—1)+T "> (Ty)

Hi

BTy and (T¢),  =T¢p—(T¢),, then
o, taB' R+ T2 (TY), R+ &

Rot = ' Riy — T™?af ¢ Ros + .

We therefore derive the following properties of the sample moments under linear restrictions of the param-
eters.

e First under H* : letting R}, = (R}, : Ry;) and B* = (,6’ : (ﬂ’a)‘l,@'r¢)

= (8 :3,). We also
define the vectors v*' =

/
(['y : wﬂL] : 0) and 7% = (0:1) such that (8" : v* : 7*) is of full rank

Yire ] - (T_1/27* :7*)’ [ Ky.cs(r) ] _
1

p+ 1, then
(T_I/Q** ,,*)’
¥ T

if 99, = 0, then Soo = oo, B ST18" & s + B85, B Sio = Bo and

1

(fy :\/TF") (510 — S118” a = fo H* dK(F¢)a = (7‘)
7

*:\/TT*) Sto = [} H* (r) dK} o5 (r)
Tfl(ﬁ*:\fT>511(7 3\/T7)$foH* JH™ (r) dr
o \/T7*>/511,3 =0, (T)
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and for 94 # 0, then Soo = o0, T7'B7S7:18° & £8'¢ 493 and

B ST = Bpo + B'Y, /01 rdKy s (1)
with also
Tt (7* : \/T?*)' (Sto — St ) = — [} rH* (r) Ba/dr
(3" VTT) S50 = J; B (1) Ay o (1)
7! (7* : \/T?*)/Sfl (7* : \/T?*) = [TH" () H" (r) dr
T (5 VT ) SB = [ (1) $Bdr

e And finally under H}, letting R}, = (R}, : Ry) and 8" = (B": B'¢4) . We also define the matrices
~* = ({’y : Q/Jﬁi] : 0) and 7*' = (0 : 1) such that (8% : v* : 7%) is of full rank p + 1, then

T71/2 (7* . T*l/Q?*>/ y[T”'] = (7* :7*)/ K¢,CE (’f’) H (T’)
[Tr] r T
Hence, if 95 = 0, Soo = X0, B 518" & s, B Sto = Bpo and, letting H (r) = (H, (r) : v — 1/2)’

(37 7727) (Sty - S18"a’) = [} Hi () dK (1)
(37 7727") S50 = f, Hi () dKh o (1)
71 (7* : T‘1/2?*>/ S5 (7* : T‘I/Q?*> = [THi () H (r) dr
(3 :7727) 818" = (0, (T) 0, (T))
and for 94 # 0, Soo = Zoo, T~ 28" S118" & 58'¢ 59758, B Sio 2 Zpo,

!
71 (7* : T_I/Q?*) (870 — S1187a’) = —fol (7“ — %) H (r) w/ﬁ,ﬁa'dr
!

(7* : T*l/?;*) Sio = [ Hi (r) dK} ox ()

T (3 ) s (30 TR ) = [ () B () dr

. /

T-3/2 (7* : T_I/QF*> SuB* = [ (r— 1) Hi (r) ¢Bdr

6.2 Trace statistic

We turn next to the asymptotic distribution of
IS ()] = |AS11 — S10S50 So1]

where the trace statistic is the sum of the p — ¢ smallest solutions to the equation |S (A)| = 0 (except for
the hypotheses H* and H} which we treat later). The matrix (B : "([JBL :’y) has full rank, then denote

Ap = (,3 :T‘l/quln :T_1/2'7) such that we obtain distributions under the various hypotheses. We

provide standardizing matrices at the end of the section.

e Under assumption H, if 5 =0
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|ATS (A\)Ar| =

000 Sog 0 ] ‘

0 J,HHdr 0 0

1
= |AZss — ZpoToo Tos| ')\/ HH'dr
0

which has g positive roots given by ])\2,35 — 2502501205‘ . Now, consider

(8%, ) s (875, )]

| AS(NB as (v: s, ) ‘

(7:%0.) 58 (7:%,.) SN (7:95.)

858l (7:%5,) {SM-50BESNA T BSW} (7:%, )|

where the first factor has no roots:
B'S(\)B— —p0To Sos
and, letting p =T\
’ 1 1 1
J: SN (7:4 = HH'dr — H (r) dK, S5 | dK H'
(’Y ¢,5L> ( )(’7 1/’,@) P/O r (/0 (r) dKy csx (T)) 00 /0 y.cs (r)H (r)
’ 1
(7:%:.) 508 = 0,0~ [ H)dKiex (1)) BBy
1
= (/ H(r)dKy cx (r)) S0 Zos
0
hence
(7:%5,) {s-sMBEsNB A W} (7:%,,)
1 , 1 , . 1 ,
= p/o HH'dr — (/0 H(r)dKy cs (r)) 0o /0 dKy,cx (r)H (r)
1 1
+ (/ H (r)dKy cx (7“)) Soo Sog [Eﬁozgolszrl 2,802801/ dKy,cs (r)H' (1)
0 0

1 1 o1
= p / HH’dr—( / H (r) dK} cx (r)) [2501—2501205 [anzaolzoﬂ]’lzgoza&] / dKy cs (r)H' (1)
0 0 0

where 350 — 255 Zos [2[3025012%]71 S50850 = au (o Qa ) 'a,. Noting that Sppa; =

(S10 — S11 ,30/) o The above expression is therefore equal to

o[- ([re i 0) e @00 el [ a0 0) (1)
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Now for 15 # 0, define the two matrices

N BB B, (f rH () dr)
(Jy (@) dr) w8 L HH dr
M — (Eﬁo +B'Y; [y rdKYy ox (7‘)> oo <2ﬁ0 + B, [, rdKYy o (7“)>/

Sy L) Iy o () S5 (B0 + B0, [} 1Ky o (1)

(Zo0+Bvs Jy 1Ky ox (1) B J, dKy cxH (1)
Jo H(r)dKy o (r) Sy [y dKy cxH (r)

then
p— — / p— 5
(ﬂ 7 wﬂl) S\ (ﬂ 7 1/%) = ATN — M + o,, (1)
which shows that if |N| # 0, then the test statistic has the same distribution as
Ttr {S11' S10S00 So1} = tr {N~'M}

Now recall the definition H (1) = (7 : EﬂJ.)’ CEW (r) + (¢57 : 1)/ r then(ﬁ : E5L>/ CXEW (r) +
©0:1)r < H(@)

%r@/wﬁw/ﬁﬂ B (0:3)
EN] = . o, Vo
(0:3) v,8 (7:1/)%) coc (7:1/;&)-4- :1)(0:1)
89958 0 0 . B'Yg B, 0 0
= - 0 0 0|+5| o o | +| vc= y'Cx
0 0 0 1 1 P, CS Y, CS

hence the expectation of the matrix has nonzero determinant as long as g < p.
e Under assumption Hy, if gbﬁ =0

1
[ALS (A) Ar| = [\Sa5 — S0 5 o ‘)\/ H H,dr
0

which has ¢ positive roots given by ])\255 - 2502501205‘ . Now, consider
((87:%5,) s (B9, )| =18SNBI|(:95,) {SOV-5NB[BSNE BN} (7: 95, )|
where the first factor has no roots as A — 0

B'S () B — — BpoXgp Sog

(7:9s.) S0 (7:95,) = p/OlH1H/1dr— (/:H(r) K} o3 (r)) zg;/oldxo,cz ()| (1)

(7:9,.) 508 = 0,0~ ([ 1) dKex ) 2ot By

1
= (/ H; (r)ngpz(r)) Yoo Sos
0
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hence

(7:%5, ) {SO-sNBBsNB B W} (7:%,.)
= p(/o1 H.Hdr — (/01 H; (r) dK/O,Z (7")) ol (alQaL)fl o) iKo.5 (1) H, -

Now, for 5 # 0, as previously, let

N 12859 B (fy (r— 3) B () dr)
(Jo (= 5) Ha () dr) w8 S HY dr
N (250 +B'%5 fy (r—3) dKy o (T)> o0 (Eﬁo +B'%s fy (r—3) dKy o (T)>/
Jy Hi (1) K o5 () So0 (S0 + B, [, (r— 3) dKY o (1)

(Zoo+Bws Jy (= 3) dKy ox (1) B3 [, dKo,cxH (1)
Jo Hi (1) dK§ os; (1) 2o [, dKo,csH] (r)

where E [N1] has zero determinant since it is the sum of two outer products of matrices:

/ /

) By s By s . 0 0
E[N.] = 3 0 0 t3 7F'Cx 7F'Cx
— —
1 1 5 CZ Y5, CZ

The trace statistic therefore tends to a random variable whose expectation can take any values.
e Under Ho, ifps =0o0r 5 #0

1
|A/TS ()\) AT’ = |)\Eﬁg — 25020_01205’ ’)\/ HQH/QdT
JO

which has ¢ positive roots given by |)\Eﬁ/@ - EﬁoEgol 20g| . Now, consider
‘(5 :ﬁiagL),S(A) <6 ﬁt@h)‘
= 1BsWBl|(7: %) {s-smslEsmel eSS W} (7:9,, )|
where the first factor has no roots as A — 0, since 3'S (\) 8 — — Zg0X 5, Zogs, and,
’ 1 1 1
Fithy ) SO (F: v = HoHodr — H. (r) dK¢ S0 [ dK H},
(’7 1/’,@) ( )(’7 1/’,@) P/O 2Har </0 2 (7) 0,Cx (7")) 00 /0 o,cx (1) Hz (1)
’ 1
(7:%s.) 5008 = 0,00~ ([ Ha(r)dKacs () =0 %0,
0
1
= ([ o) dKhes ) 2520
0

hence

(7:%0, ) {s0)-sMBBsNE s} (7: 85, )

1 1 1
= p/ HoHjdr — (/ H: (r) dKo = (r)> a) (alﬂou)_l o' / dKo,s (r) Hj (r)
0 0 0
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e under H*, with A} = (,8* c T 2 :F*) , if 5 = 0, then

|ATS™(\) AT

S5 + B2 0 B
0 [IHHYdr

= (A

50250 Zos 0
0 0

1
= A (Zps + B28%) — ZpoBo0 Tos) ‘)\/ H'H"dr
0

which has g positive roots given by |A (Zss + 8,85) — ZpoEg Zog| . Now, consider

’(ﬁ* (v \/T’?*>IS* (M) (ﬁ B T?*>
= 187 8 |(7 VTR {0 - st e [87sT (87 8sT () (7: VTE)

where the first factor has no roots as A — 0 since 8'S* () 8*— — 50254 Zos and, letting p = T'A
’ 1 1 1
(7* : ﬁ?) 5% (\) (7* : ﬁ?) - p/o H'H"dr — /0 H"dK) o (1) Soo /0 dKy.cx (r) H
<W* : \/T?*)/ S*\B = /01 H"dKYy cx (1) Zg0 Bao
hence
(7 :vTm) {57 - 5" T [875" () 87 BT W) (71 V)

= p/ol H'H"dr — /01 H"dKy cx (7) (2801 ~ S0 B0 (S0 Za0 Tog) anzaol) /01 dKy,cx (r) H”

— p/ol H*H"dr — /0l H'dK(ry), 5 (r) e (/' Qa.) ) /D1 dK (ry), = (r)H”
For 44 # 0,

(T71/2B* :T71/27* :?*),S* ) (T71/2/6* ZT71/27* :F*) -

BB B, [, rHY (r)dr
fo rH* (r)ppBdr [ H* (r)HY (r) dr

which implies a behavior similar to that under H.
e under Hi, with A} = (,6* e Tﬁl?*> , if ¥ 5 = 0, then
|A*T'S* N A*T|

50 0
0 [ HiHYdr

= |A
0 0

B [ S50%00 Zog 0 ]

1
- |)\(Eﬁﬁ)_zﬁozaolzoﬁ|‘)\ [ minar
0

which has ¢ positive roots given by |)\Eg@ - zgoza()l 203| . Now, consider

‘(ﬂ* ¥ :T*1/2?*)/S* (\) (ﬂ " T*W?*)

_ */ ok * —* —1/2_% ! * * * */ ok x1—1 x/ vk —* —1/2_x

= 87 B ||(F ) {ST ) -5 BT [BYsT BT T BTsT (} (7 )
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where the first factor has no roots as A — 0 since 8*S* (\) 3" — — 5025y Bos, and

/ 1 1 1
(7*:T_1/2F*) 5% (N (7*:T—1/27*) N p/ H’{H}"dr—/ H’{ng,CE(r)zgol/ dKo.cx (r) HY’
0 0 0
’ 1
(7 vrr) s s = [ HidKhos ()55 S0
0
hence
—% * ! * * * */ vk *«1—1 %t e/ —% *
(7 vIF) {7 ) =5 7 [B7s" BT BTSN (7 VT
1 1 1
= p/ Hfo/drf/ HIdK) s (r) o (aﬁ_ﬂou)fl aﬁ_/ dKo = (r)HY'
0 0 0

For 14 # 0, then

LB, By [ (r—1/2)HY (r)dr

/
7 (ﬁ* A T’I/Q?*> S* () <ﬁ* A T’I/Q?*> A X
Jo (r—=3%)Hji (r) ¥, Bdr Jo Hi (r)HY' (r)dr
and again the determinant of this matrix has zero expectation., as under Hj.

’ _ — S -1/2_,
e Define V = (V/, : V) with V, = [¥'CQC'7] /5 CEW and V,, = [1/’/m cnc%pm] ¥, CIW.

V is a standard Brownian Motion. Also, let

7' cacy 0 0
G(r) = _, _ q-12 |HO)=V()+ | o q-1)2
0 |4, cC, || s, cacy, |
len (r)y = (alﬂal)_l/Q ' Ky s(r)=V(r)+ (alﬂai)_l/Q ali/)cur

The trace statistic therefore admits the following distributions

LR= tr (f01 Gdyy, [/, GG/ o (a3s..,) G’) if 5 =0 (12)

1/2

Now, let Gy (1) = G (r) — [} G (u) du = V (r) — [} V (u) du+ ﬁ’m cacd, | " (r-1/2), and

G2 (r) = V (r) — ay, — byr where a,, b, are coefficients correction V for a constant and a trend.
Then
—1
LR, = tr (fol Grddy [ [y GiGS| [, (ddo) G’l) if =0

1 1 -1 1
LRy = tr (/ GQdJIO |:/ GQG’Q:| / (d.]()) G/2>
0 0 0

and for the other two restricted hypotheses

. 1 ok 1 moxgnr] 7 1 . .
LR* = ¢ (fo G'diry), [fy GG [} (Paw,, )G ’) if Y5=0
0

—1
LR, = tr(fOlGIdJE, ), GiGY] fol(dJo)Gi‘/> if =
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