GOODNESS OF FIT FOR LATTICE PROCESSES

JAVIER HIDALGO

ABSTRACT. The paper discusses tests for the correct specification of a model
when data is observed in a d-dimensional lattice, extending previous work
when the data is collected in the real line. As it happens with the latter
type of data, the asymptotic distribution of the tests are functionals of a
Gaussian sheet process, say B (v), v € [O,w]d. Because it is not easy to find a
time transformation h (v) such that B (h (v)) becomes the standard Brownian
sheet, a consequence is that the critical values are difficult, if at all possible,
to obtain. So, to overcome the problem of its implementation, we propose to
employ a bootstrap approach, showing its validity in our context.

JEL Classification: C21, C23.

1. INTRODUCTION

The paper is concerned with testing the goodness of fit of a parametric family
of models for data collected in a lattice. More specifically, we are concerned with
the correct specification (or model selection) of the dynamic structure with time
series and/or spatial stationary processes {z (t)},., defined on a d-dimensional
lattice. The key idea of the test is to compare how close is the parametric and
nonparametric fits of the data to provide support for the null hypothesis. In the
paper, we shall specifically consider data for which d < 3. The motivation to focus
on the case d < 3 lies in the fact that the most often type of data available in
economics is when d = 2, say with agricultural or environmental data, or when
d = 3. An important example of the latter is the spatial-temporal data sets, that
is data collected in a lattice during a number of periods. However, we ought to
mention that extensions to higher index lattice processes can be adapted under
suitable modifications.

All throughout the paper we will assume that the (spatial) process {z (t)},czq
can be represented by the multilateral model

1) ) —p=Y v@elt—4), Y UG <o ¥(0)=1,

jezs jezd
for some sequence {e (t)},czq satisfying E (¢ (¢)) = 0 and E (¢ (0) & (¢)) = 02 if t = 0;
and = 0 for all £ # 0. Notice that because our model is multilateral, the sequence
{e (t)},cza loses its interpretation as the “prediction” error or that they can be

regarded as innovations. Under (1.1), the spectral density function of {z (t)},cza
can be factorized as

FO) =5 1¥WF, Krem’

where II = (—7, 7] and with

(1.2) V)= v exp(—ij- ).
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Henceforth the notation “j-A” means the inner product of the d-dimensional vectors
s and A. The function ¥ ()\) summarizes the covariogram structure of {x (t)},czq,
which is the main feature to obtain good and accurate prediction/extrapolation
and/or interpolation (kriging) in the case of spatial data. Notice that the ultimate
aim when modelling data is nothing but to predict the future.

The aim of the paper is then on testing whether the data support the null
hypothesis that ¥ (A) belongs to a specific parametric family

(1.3) H={U,(\):0¢c0},

where ©® C RP is a proper compact parameter set. That is, we are interested on
the null hypothesis

(1.4) Hy : VYA € [—7, 7] and for some 6y € ©, | (A)]> = [Ty, (V)]°.

The alternative hypothesis is the negation of Hy. Alternatively we could have
formulated the null hypothesis in terms of the covariogram given by {7 (s)},czq,
where 7 (s) = Cov(x(t),z(t+s)). That is, the null hypothesis is that the co-

variogram follows a particular parametric family, say {v(s)},cza = {Vo (5)}sczas

where from now on we denote ¥ = (¢, Ug)l. This is the case after observing that
for any stationary spatial lattice process {x (t)},c4, the spectral density f (\) and
the covariogram -y (s) are related through the expression

7 (s) { Jya (V) e72dA
= —is- ;o os=0,£1,£2,....
Y9 (8) fl‘[d fo(Ne AdA

For the moment, it will be convenient to work in a general d-dimensional setting.
Herewith, any element a that belongs to Z? (or I1?), the d-fold Cartesian product of
the set Z (or II), is referred to as a multi-index of dimension d. Also, we shall write,
say, a = (a[l],...,a[d]) with the square brackets used to denote the components of
a.

Some particular parameterizations of (1.1) or (2.12), given in Condition C'1 be-
low, are the ARM A field model

where

JEZA
Q) = > B BO)=1,
jeza

are finite series in Z%. That is, only a finite number of the a (j)' s and £ (5) s
coefficients are non-zero. For instance the ARM A field model given by

kg [2

Yoal@t-i)-m= Y BGelt—4) a0)=p(0)=1

j=—k j=—t

whose spectral density function is
123 RV 2
B gg Z]’:_elﬁ(ﬁe

ey agyen|

)

Notice that the ARM A field model becomes a causal representation if the polyno-
mials @ (L) and P (L) are both unilateral. When say @ (L) = 0, a condition for
the latter is that fnd log |P (e“)| dA = 0. So that in general, we can expect that
fnd log |1119 (e“‘) ’ d\ # 0 for any admissible value of 0, see Guyon (1982b). The
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latter and comments made after (1.1) become very relevant as when formulating
"~ /
the Whittle estimator (9 ,8?) given in Section 3 below.

It is worth mentioning that Whittle (1954) showed that, almost any given sta-
tionary bilateral scheme on a plane lattice, there corresponds a unilateral autore-
gression having the same spectral scheme although not necessarily of finite order
as is the case when d = 1. See also Guyon (1982b).

Another parametric model of interest is the extension of the classical Bloomfield
(1973) exponential model, see also Whittle’s (1954) Section 6, to processes in a
lattice. These models can be characterized as having a spectral density function
defined as

fo (N = Ugexp{—Za(E; 9)cos(€~)\)} ,
£<0
where we denote by “<” the lexicographical (dictionary) ordering which is defined
as
Jj=ke@>0)VMi<O) Gl =kENGIE] <E[]),

that is, if one of the terms j [¢] < k[¢] and all the proceeding ones are equal. For
instance, when d = 2, we would then have that, say, £ < 0 corresponds to the half
plane of Z, Z° = {(e[1],€2)) €Z4: (1] <OAL[2)=0)V (L[] <OAL[2] <0)}.
Observe that if we allowed ¢ in the last displayed equality to belong to Z¢ the model
would not be then identified as cos (£ - \) = cos (—£- \).

When d = 1, the problem of testing a specific dependence structure of the
data is very exhaustive and prominent. Different tests have been formulated either
using the spectral density or the autocorrelation functions. Regarding the former,
we can cite among others, the pioneer work by Grenander and Rosenblatt (1957)
to test for the null hypothesis of white noise dependence. A classical test using
the autocorrelation function is the Box and Pierce (1970) statistic. For a latter
reference, see Delgado, Hidalgo and Velasco (2005) and references therein. In the
paper, we have chosen to employ frequency domain techniques or to base the test
in terms of the spectral density function, contrary to a “time domain” approach
based on the covariance/variogram structure of the data or that of the errors after
the model has been fitted.

Our tests falls into the category of goodness of fit tests as we do not specify any
particular alternative model or family. The tests are based on a direct comparison
between two estimates of the spectral density function in a way similar to the well
known Hausman-Durbin-Wu tests. That is, they rely on the comparison of two
estimates: one which is only consistent under the null, whereas the second (less
efficient) estimator is consistent under the maintained hypothesis. Although the
literature when d > 1 is not very vast and exhaustive, some work has already
been done, see for instance Diblasi and Bowman (2001) or Crujeiras et al. (2006).
However, our work differs from theirs in that contrary to Diblasi and Bowman
(2001) we do test for general specifications and that contrary to Crujeiras et al.
(2006) our test does not involve any bandwidth or smoothing parameter. In fact,
the latter approach uses the distance between a smooth estimator of the spectral
density function and its parametric estimator under Hy. This approach provides
asymptotically distribution free tests under a suitable behaviour of the smoothing
parameter as the sample size increases, see for instance Hong (1996) or Paparoditis
(2000) among others. However, the latter approach seems to be a mere artifact
when testing for a particular parametric family and the final outcome of all these
tests may depend on the arbitrary choice of the tuning/smoothing parameter(s)
for which no relevant theory is available. That is, there are not rules available on
how to choose the bandwidth parameter with empirical data. In fact, we might
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face the strange situation that with the same data set two different practitioners
might conclude differently or that if a practitioner chose to optimize the size of the
test, that choice would lead to tests which have very poor power properties and
viceversa. The latter is clearly not very appealing from both theoretical or applied
stand point of view. So, in this context, one of our main motivation is to extend
goodness-of-fit tests examined and described when d = 1 to d > 1, where we do not
require the choice of any bandwidth parameter. For that purpose, we rely on the
periodogram which although it is not a consistent estimator for f (\), its integral
is a consistent estimator of the spectral distribution function as the integral is the
most natural smoothing algorithm.

The remainder of the paper is organized as follows. In the next section, we
present the test and examine its asymptotic properties when the true value of the
parameter 6y is known, whereas Section 3 extends these results to more realistic
situations where we need to estimate the parameters of the model. Because, the
asymptotic distribution of the test in the latter scenario is not pivotal and model
dependent, Section 4 describes the bootstrap test showing its validity. Section 5
gives the proof of a series of lemmas employed in the proof of our main results in
Section 6.

2. TESTS WHEN THE PARAMETERS ARE KNOWN

This section discusses and examines how we can test the null hypothesis Hy
given in (1.4). That is,

0.2

Hy:f(\) = ﬁ [We, (V)]* VA eIl? for some value 6,

when the “true” value of 6 is known, and where herewith II% denotes [0, 7] x
[—7, 7], that is A € 19 if A[1] € [0, 7] and A[{] € [—m, 7] for £ = 2, ...,d. Before
we introduce and describe the test, we notice that the null hypothesis Hy can be
alternatively stated as

d
(2.1) Hy : gzz Ei; = g % for all A € [0771-]d’
where
o (w)
G = w
w2 f G

with the notation

A A[1] AL2] Ald]
(2.2) [=

p (u[1]A0) J p[2] u[d]
Under Hy, Gy, (A) is the spectral distribution function of the lattice process {e ()},
and Gy, (m) = o2. Notice that by symmetry of f ()), it does not matter which co-
ordinate we take to belong only to [0, 7]. The consequence is that the choice would
not affect the value of Gy (\) and so the value of the test given below.

d
Given a record {z (¢)};_, and denoting henceforth N = Heq n[f], a natural
estimator of Gy, (A) is

X /]
_ 1 I (A
Gon (N) =2+ Lo Gy)

2
N j=—[AX\/m] |\P9 (AJ)‘
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(S

where I, (A) denotes the periodogram of a generic sequence {v (¢)},_,,

1| ;
=5 Z v (t)e "N

t=1

2
; A eI

and similarly to the definition of f:, we are employing henceforth the notation

[2p/ ] [A[1]pu([1]/7] [2[2]p[2] /] [n[d

(2.3) > o=

|
j=lav/=] =R Av/7], j2)=[R[2]v([2]/=]  jld]=[n[d]v[d]/x]
where [¢], = max {[q|,1}. Also we have abbreviated [n [¢] /2] by [Z] fort=1,...,d.

As usual we have excluded the frequency A; = 0 from the sum 37" [ ZL Z]/ﬂ] so that
we can take Ex (t) = 0 or assume that z (¢) has been centered around its sample
mean. It often the case that in real applications, in order to make use of the fast
Fourier transform, the periodogram is evaluated at the Fourier frequencies, that is

)\k = ()\k[l]a veey )‘k,[d])/a where

wld] /7]

)

27k [1 ~
Ak = n&h k1] =0,1,..,72[1];
27k [0 5
Mg = n%h k[0 = 0,41, .., £, (=2, ...d.

Unfortunately, as noted by Guyon (1982a), due to nonnegligible end effects, the
bias of the periodogram does not converge to zero fast enough when d > 1, so that it
would have unwanted consequences. One of theses is for the Whittle estimator of the
parameters ¢, see Guyon (1982a), which it does not have the standard asymptotic
properties as when d = 1. Because of that, in the paper, we shall employ the taper
periodogram defined as

where

va ()‘7) 1/2 Z et
(Ztl
is the taper discrete Fourier transform of a generic sequence {v (¢)};_,. Tapering
is primary a technique employed to reduce the bias of the “standard” periodogram
I, (A\). Notice that when h (t) = 1, we have that the taper discrete Fourier transform
wX (\j) becomes the standard discrete Fourier transform (DFT). It is worth men-
tioning that to alleviate the bias problem, alternative procedures to tapering have
been proposed. One of these proposals was due to Guyon (1982a), who replaced

the periodogram by

I () = iy SO A () e,
(27)" iep
where 7. (h) = N%lh‘zt(h)v(t)v(t—i—h) and D ={h: —n[l] < h[f] <nlf; { =
1,...,d}. Notice that the standard periodogram I, (Ax) replaces 7, (k) by 7, (h) =
+ >ty v (t) v (t + h). However, Dahlhaus and Kiinsch (1987) have criticized the
use of I* (Ag) on the grounds that when employed to estimate the parameters of
the model via a Whittle estimator, see (3.1) below, the estimator loses its mini-
mum distance interpretability and that the objective function possesses several local
maxima. The latter implies that to obtain the maximum of the Whittle function
becomes more strenuous. Another possibility is that described by Robinson and
Vidal-Sanz (2006). The latter proposal will be helpful when d > 4. However as we
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consider explicitly only the most common scenario d < 3, it suffices for our results
to hold true to employ the taper periodogram I (};).
The benefits of tapering can be seen following the properties of the cosine-bell

(or Hanning) taper, which is defined as

2mt [£

1 — cos ual .

ay
Indeed, denoting the taper Dirichlet kernel by
n[f]

= 37 he (e [A) N,

t[e)=1

d
@4) b= [hetl); b
=1

we have that
(2.5) sup | DF (A[0])] = (mm{ [0, n[0 %A [e]rB}) .

n[e],\[£]>0
The immediate consequence of property (2.5) is that it will improve the properties
with respect to the standard periodogram as the bias is of smaller order of magni-
tude than with the standard periodogram. Observe that the relationship between

DT (X[€]) with the standard Dirichlet kernel, D, (A[{]) = Z?[%]:l AN s

(26) D¢ (i) = 61/2{ De (Ajig-1) +2De (Njig) = De (i) }

It is worth observing that the standard DFT and the cosine-bell taper DFT are
related by the equality
d

1
@7 wr ) = gz [T e (via-1) + 200 (A1) = we (i) -
=1

In the paper we shall explicitly consider the cosine-bell, although the same results
follow employing other taper functions such as Parzen or Kolmogorov’s tapers.

The formulation of Hy given in (2.1) suggests to use the Bartlett’s T}, — process
as a basis for testing Hy. The T}, — process is defined as

d
?L(A)_H ()‘g])] . Aelfo, )%,

(2.8) agn (\) =27 2N1/2

o (m)
where
[AX/7] T
1 r ()
(2.9) Gon(N) =2— —z I
NJ§MWM)2

It is worth mentioning that similarly we might have employed the U, — process.
The latter is defined as

[7ix/x]
1

Uow N =25 > {IFOy) =02 W)}
j=—[AA/7]

which is the route followed by Grenander and Rosenblatt (1957).
One motivation to employ ag n () instead of Up n (A) is that the latter statistic
is not invariant to the variance of {e(t)},c;« as is the former statistic ag n (M)
n (2.8). Notice that because we have excluded the frequency A; = 0 from the

deﬁmtlon of > nA/Wn/\/ﬂ] and g n (A) is scale invariant, it is easy to show that a
linear transformation of the data does not change the value of oy y and therefore
we can assume, without loss of generality, that Ex (¢) = p is zero and the variance

of € (¢) is the unity.
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One rational of the statistic ag, n (A) follows from the observation (see Lemma 4
in Section 5) that under Hy, we have that

T .
max B| =)ol o),
L (120, )]

where “a < b” means that a[¢] <b[l] for all £ =1,...,d and

Z h it-)\j

7 () =

Ztl

Also, observe that 0 < j[1] < n[1] whereas —n[¢] < j[(] < @[] for £ =2,..,d.
Thus from the previous observation, we can expect that o, n will be asymptot-
ically equivalent to Bartlett’s U, — process for {e (t) /o.},cyq, i-e.

_ GO (N T (Al
0 _o-1/2p1/2 | UN _ 20
(2.10) ol () = 272N e H( . > ,
(=1
with
| [/ .
G?V()\):2N Yoo, relon.
j=—[ax/x]

Observe that the U, — process o and the T}, — process ag, y are identical when
{x (t)},czq is a “white noise” process.

We should now comment on why the formulation of the test in terms of the spec-
tral density function might be useful. For that purpose, we have just to remember
how the spectral density function is related to the conditional distribution at each
site on an infinite lattice. Indeed, denoting

=) 60)

JEZ?

we then have that

(2.11) Ele@la(): r£t= Y sG)e(t—j).

JELIN{j#0}

So, (2.11) gives a motivation why the spectral density function plays a central
role, and therefore why we have decided to work in terms of f(\). The equality
n (2.11) is related to the well known CAR (Conditional Autoregression) model
compared to the SAR (Simultaneous Autoregression) model in (2.12) below. See,
for instance Besag (1974) and Whittle (1954), respectively. It is however known
that the class of CAR models is more general than that of SAR models. In fact, as
Cressie (1993, Ch.6) observed, any SAR model has a CAR representation but not
vice versa, see also Besag (1974) or Guyon (1982b).
Let us introduce the following regularity conditions.
Condition C1: (a) The process {e(t)},czq in (1.1) is a zero mean indepen-
dent identically distributed sequence of random variables with variance o2
equal to 1 and finite 4th moments with x. denoting the fourth cumulant of
{e(®)}ieza-
(b) The multilateral Moving Average representation of {x (t)},.,a in (1.1)
can be written (or it has a representation) as a multilateral Autocorrelation
model

(2.12) dochat—i=ct) €£0)=1,

JEZ
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where £ (j) is the coefficient of 27 in the Fourier expansion of £~ (), where

L(z)=L(z[A],.nzld) =D ¥ ()2

jez?

denoting for muti-indeces z and j, 27 = H::1 z [E}j I with the convention
that 0° = 1. .

Condition C2: N = szl n[l], where n[¢] < n for £ =1,...,d, and “a < b’
means that 0 < C < a/b < Cy < oo for some finite positive constants C

and Cs.
Condition C3: {h(¢)};_, is the cosine-bell taper function in (2.4).

We now comment on Conditions C1 to C3. Part (a) of Condition C'1 seems to be
a minimal condition for Proposition 1 below to hold true. Observe that due to the
quadratic nature of af;, for the latter to have finite second moments, we require
finite fourth moments for the lattice process {(t)},.44. Also we have assumed
that the true value of 02 is 1. The latter follows from our comments made after
the definition of Gy n (M) in (2.9). However, we shall emphasize that we are not
saying or suggesting that the true value of o2 is known, only that it is equal to
1. Sufficient regularity conditions required for the validity of the expansion as an
Autocorrelation in part (b) is that ¥ (z) be no zero for any z [¢], £ = 1,...d, which
simultaneously satisfy |z [1]| = 1,...,|z[d]| = 1 at least when the Moving Average
representation is of finite order. The latter implies that f (\) is a positive function.

Looking at the proof of Proposition 1 below, and then that of Theorem 1, it ap-
pears that we do not need to assume finite four moments of the sequence {e ()},
The reason is similar to the work of Anderson and Walker (1964) as the statistic
ag, v (A) in (2.8). However, as in the more realistic situation when we need to es-
timate the unknown parameters of the model under Hy, we require finite fourth
moments to obtain the asymptotic properties of the estimates, we have just pre-
ferred to leave the condition as it stands.

Condition C2 can be generalized to the case where the rate of convergence to
zero of n~1 [¢] differs for different ¢ = 1, ..., d. However, for notational simplicity we
prefer to leave it as it stands. On the other hand, in C'3 the taper function employed
for the asymptotics to follow can be more general, as those given by Kolmogorov’s
or Parzen’s tapers. In fact, in situations where the dimension of d is greater than
3, it might be needed for the results of the paper to follow. However, as the most
important cases in empirical applications are covered in the paper, we shall leave
the cosine-bell taper explicitly as the taper function to be employed.

The empirical processes ol (A) and ag, x () given in (2.10) and (2.8) respec-
tively are random elements in D [0,7]%. The functional space D [0,7]" is endowed
with the Skorohod’s metric (see e.g. Billingsley, 1968 and Bickel and Wichura, 1971)
and convergence in distribution in the corresponding topology will be denoted by
“=7.

Proposition 1. Under C1 — C3, we have that

(2.13) ol (\) = B()\) =B (A) _ ﬁ (W) B(1) Ae0,a]

T T
=1
where {B (u) :u €0, 1]d} is the standard Brownian sheet.

Remark 1. Recall that the covariance structure of the standard Brownian sheet is

d
Cov (B (u), B (v)) = [[ [ Av[e]), foruwvelo,1].
/=1
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Proposition 1 extends Grenander and Rosenblatt’s (1957) results when d = 1,
although under stronger conditions than those assumed in this paper. In particular,
we do not need to assume eight bounded moments and only finite fourth moments
are required.

To establish the asymptotic equivalence between ag, v and af, we introduce
the following smoothness assumptions on ¥ ().

Condition C4: |¥ ()\)|? given in (1.2) is a positive and continuously differ-
entiable function on [—m, 7]

Our main result of this section is the following theorem.
Theorem 1. Consider (1.1) and assume C1 — C4. Then, under Hy,
agn (\) =B () el

Proof. The proof is an immediate consequence of Proposition 1 and Lemma 4 after
we observe that Lemma 4 with ¢ () = 1 there implies that

N1/2 sup , ‘G@O,N \) — G?V ()\)| =0, (1)

A€[0,7]
so that
N1/2 sup Goo,v (A) _ G(J)V (A) =0, (1)
Ae[0,7]¢ Go,,n (1) GY (7) ?
by standard algebra. O

Remark 2. An immediate conclusion that we draw from Theorem 1 and Proposi-
tion 1 is that

(2.14) Gog.n (1) — 02 = O, (N—1/2) .

We now comment on the result of Theorem 1. The theorem indicates that ag, n
is asymptotically pivotal. One consequence is that critical regions of tests based on
a continuous functional 7 : D [0,7]* — RT can be easily obtained. Different func-
tionals 7 lead to tests with different power properties. Among them are omnibus,
directional and/or Portmanteau-type tests. For example, classical functionals which
lead to omnibus tests are the Kolmogorov-Smirnov (1 (g) = supy¢o - |9 (A)]) and
the Cramér-von Mises (17 (g) = 7~ [T_g(\)*d)).

In fact we have the following corollary.

Corollary 1. Under Hy and C1 — C4, we have that for any continuous functional
n ()a
d ~
n(ag,n) S (BO).

Proof. The proof follows from Theorem 1 and the continuous mapping theorem. [

Unfortunately, the results of Theorem 1 and Corollary 1 are only valid when
the “true” value of 8y is known, which in practical situations is unrealistic. The
question is then how are our previous results affected when 6 is estimated? This
is the topic of the next section.

3. TESTS WHEN THE PARAMETERS ARE UNKNOWN

This section extends the results of Section 2 to the more realistic situation where
we need to estimate the parameters 6y to implement the test. That is, we replace
0o in ag v (A) by an estimator, say 6 in (3.1) below. In this scenario, drawing the
terminology from Durbin (1973), we say that our null hypothesis Hy becomes a
composite hypothesis.
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A popular estimator of ¥ = (), 0?2) is the Whittle (1954) estimator defined as

o~

19(': i ‘(9 )
- =arg min Q°(9)

xR+
where
" 7 ()
C ,19 —

. /ﬂ{logfﬁ W s, <A>}dA
or in its discrete version
(3.1) U = arg 196%11an+ On (9),
where

17 ()

(3.2) On ( N Z {fﬁ e’ s, ()\j)}

with fg (A;) = 02 |V (A))]/ (277) and © C RP? is a compact set. Recall our notation
given in (2.3), and that the true value of the variance of ¢ (¢) is unknown and
therefore we need to estimate it. In this case, the T}, — process ag, n (A) becomes

Gon N & (A p
(3.3) o (N) =272N/2 | B () , Ae o, ],
o,N G@}N (m) g T
where Gg n (A) is given in (2.9).
Notice that, contrary to the standard causal models, as Whittle (1954) noticed,
the estimator of ¥ obtained by

: 2 N IT (N 2 & IT (N
ezargmini g M’ O".g:i § #])2
PON T2 1o () N 195 09)

is inconsistent. The main reason for the lack of consistency of 0 is that when the
model is not causal then f:r ©g (A) dX # 0, where from now on we write

B9 () = oo log fo () = (¢ (1),02%)'
and
0
(3.4 0 () = o Tog By (V)

Let’s introduce the following regularity conditions on 6y and on the model (1.1)
or (2.12).

Condition C5: 6 is an interior point of the compact parameter set © C RP
and 02 € RT.

Condition C6: Uy (1)) is a positive and twice continuously differentiable func-
tion in 6 on [—,7]".

Condition CT7: If 61 # 05, then Wy, (A) # Uy, (A) inaset A C [—m, 7] with
positive Lebesgue measure.

The conditions imposed on © and the model are standard so that we omit any
comment on them. Let

1 N
%,N—Nj;ﬁ¢ﬂ(AJ){ag|\Ija()\j)|2 1}

(35) Qo = D2 69 ()6 ().
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and also, recalling our notation in (2.2),
By =(2m) " [ ¢y (N dr and Ag=(21)"" [ 6, (N) ¢ (N)dA.

Notice that we write explicitly o2 as it is a parameter in itself.
Condition C8: Ay, is a continuous positive definite matrix.
Theorem 2. Under C1-C8 and C5 — C8, we have that
N2 (@ - 190) LN (0,245 Vg, Ay
where Vy, = 2Ay, + Ke (g—g)d <I>790<I>:90.
Proof. First, by definition, we know that
D — 90 = Q3 n0.N

where ¥ is an intermediate point between 9 and 5, qy.n is given in (3.5) and éﬁyN
is given by

i ) _ -
QM+% Z~ (2¢19 ()6, () — 240 (AJ)){ I () 1}

= 0009 ) | o2 [Wy (M)

= Qun+o0,(1)

by Lemma 5 and that 0 — 9y = op (1) by Lemma 6. On the other hand, by

Brillinger (1981, p.15) and standard arguments, since 9 — 99 = o, (1), we have that
Q3 y — Mo, = 0p (1). Next, by Lemma 4 with ( (\) = ¢y, (A;) there,

G0 = D G0, O) {IF () = 1} +0, (1),

From here the proof proceeds as in Robinson and Vidal-Sanz (2006). O

Looking at the proof of Theorem 2, and denoting in what follows

50N = %(A)—@i)d /Zwm)dx, By () = (3 (V)0

Pon ) = # O % D2 w00 Baw ()= By )0

j=—n
with ¢y (A) given in (3.4), standard algebra establishes that the Whittle estimator
¥ in (3.1) satisfies the asymptotic linearization

-~ _ ™ i 1 & 17 ()
(3.6)
+op (N_1/2) .
Then using (3.6) and defining
~ 1 PR WU T o~
Qoo (A\) =B (\) — (W /4 Pg, (A) dA) Al (00)/4 Poo.nv (A) B (dX),

where

N 1 T e s
Ao = (%)d/w% (A) @6 (A) dA,
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we obtain the following result.

Theorem 3. Under Hy and assuming C1 — C3 and C5 — C8, uniformly in X € [0, 7],

1 [AA/x]

@ gy = kW= |5 3 Fhoa )] Al %Z AT )

=—[aX\/x]
+op (1),

where the o, (1) is uniformly in A and

Ao N =

==

(0) o x = Qco-

From Theorem 3 and continuous mapping theorem we have the following corol-
lary. Let 7 (-) be a continuous functional 7 : D [0,7]* — R.

Corollary 2. Letnjy =7 (0@ N ()\)) Under Hy and the same conditions of The-

orem 3, we have that
~ d
Ny = 1 (oo (A)) -

Proof. The proof follows from Theorem 3 and the continuous mapping theorem. [

The main conclusion that we draw from Theorem 3 is that the T),-process a5
is no longer asymptotically pivotal, so that the immediate consequence is that tests

based on 7, say n (0@7]\,) = SUpy¢c(o, 74 |0 v (A)]| 0T 7 (O@,N) = (2m) "¢ I G N (\)?
are not useful for practical purposes as its asymptotic critical values are difficult,
if at all possible, to obtain. To compute the critical values of the asymptotic dis-
tribution of 7, several approaches have been described and examined. A first
approach makes use of a tuning or smoothing parameter that must behave in some
required way as the sample size increases. This procedure makes the asymptotic
distribution of the tests to be pivotal, so that its critical values are readily avail-
able. Among them, the most popular one is the Portmanteau test. Box and Pierce
(1970) showed that the partial sum of the residuals squared autocorrelations of a
stationary ARMA process is approximately chi-squared distributed assuming that
the number of autocorrelations considered diverges to infinity with the sample size
at an appropriate rate. Alternatively we could employ a frequency domain ap-
proach as in Hong (1996) or Paparoditis (2000), who compared a nonparametric
estimator of f (\) and the parametric one. The first downside of the latter method
is that the power of the test is smaller than the one proposed in the paper, that is
if we denote by by the smoothing parameter, their test has a local power of order
(Nby) ™2 whereas ours is N~/2. A second potential drawback is that the choice
of the bandwidth by seems an artifact when testing for a particular parametric
family and the final outcome of all these tests may depend on the arbitrary choice
of the tuning/smoothing parameters for which no relevant theory is available. That
is, there are not rules available on how to choose by .

A second alternative is in the spirit of Durbin, Knott and Taylor (1976) for
the classical empirical process, and it was the route followed by Anderson (1997),
who proposed to approximate the critical values of the Cramér-von Mises tests for
a stationary AR model. The method considers a truncated version of the spec-
tral representation of aj N with estimated orthogonal components. The number

of estimated orthogonal components must suitably increase with the sample size.

),
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However, its implementation is quite cumbersome even for the rather simpler case
when d = 1. See for instance Anderson (1997) for details.

So, in view of the preceding arguments, we consider a third approach based
on bootstrap algorithms. This is the route employed, among others, by Chen
and Romano (2000) or Hainz and Dahlhaus (2000) for short-range models using
the U, — process and by Hidalgo and Kreiss (2006), who allow also long-range
dependence models using the T, — process. Of course all those articles were for
d = 1. Also, we will see that bootstraps employed when d = 1 are not valid in our
context.

4. BOOTSTRAP TEST FOR THE TEST

Since Efron (1979), bootstrap algorithms have become a common tool in applied
work and thus considerable effort has been devoted to its development. The primary
motivation for this effort is that they have proved to be a very useful statistical tool.
We can cite two main examples/reasons. First, bootstrap methods are capable of
approximating the finite sample distribution of statistics better than those based
on their asymptotic counterparts. And secondly, and perhaps the most important,
they allow computing valid asymptotic quantiles of the limiting distribution in
situations when the practitioner is unable to compute its quantiles.

In the present paper we face the latter situation. Following our comments at
the end of the previous section, the aim of this section is to propose a bootstrap
procedure for o  (A) given in (3.3) and thus for 7y =7 (O@,N). The resampling
method must be such that the conditional distribution, given x = {z;};_,, of the

bootstrap statistic, say 75, consistently estimates the distribution of 1 () under
Hy. That is, iy —a* 7 (so) in probability under Hy, where “—4+” denotes
Pr iy < 2l2] LG (2),

at each continuity point z of G (z) = Pr (1 (ax) < z). Moreover, under local alter-
natives

(4.1) H,: fo(N) (1 + ﬁg (A)) for some ¥ € © x RT

where ¢ () is some symmetric, non-constant continuous function in [0, 7] such that
ﬁg (A) > —1 for all N > 1, 7jy must also converge, in bootstrap distribution to
N (0so ), whereas under the alternative Hp, we only require that 73 is bounded in
probability to have good power properties.

Remark 3. We should point out that H, could have been written as
1
Hy:  fo(N)+ Wg()\) for some ) € © x R

where g (\) is a positive integrable function. However, since we are concerned with
the relative error of IT (\;) compared to fy ()\;) (|\I&9 ()\j)|2), we found notationally
more convenient to write the alternative hypothesis H, as given in (4.1).

When d = 1, Hidalgo and Kreiss (2006) examined a bootstrap algorithm based on

an approach in Hidalgo (2003) showing its validity and consistency. This bootstrap
consists on the following 3 STEPS.

STEP 1: Let % (t) = (x(t) — %) /G, where T = N~'37  a(t) and 52 =
Nt Zil (z (t) — %)?, and a random sample of size N with replacement
from the empirical distribution of Z (¢). Denote that sample as z* =

{z" (O}
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STEP 2: For j =1,...,n, compute the bootstrap periodogram
L (\) = f30g) I (V)

where
2
G§ N (m) 2 % 1 - ;
S = 22 2w\, TR\ = = h(t) z* (t) et
79( J) (27T)d | 6 J) ( J) t:1h2(t) ; () ()
and the bootstrap analogue of 9 by
(4.2) 0" =arg min Qj (9),

YEOXRt
where

n

5y ()=~ )y L)
Ay 2 {fﬁ M e, w}

Jj=-n

with £y (%)) = 02 [T (A))] / (27)".
STEP 3: Compute the bootstrap T}, — process

Gro ) /A0
() = 92— /212 o N _ A d
Qg ,N( ) Gé*,N (7‘(‘) Ezl_ll T ) € [077(] ’
where
_ 1 [ﬁi”] 7 ())
Gin V) =25 e
N j=—[AXx/m] |\Il9 ()‘j)‘2

Some other procedures are possible as that based on that of Franke and Hérdle
(1992), where the bootstrap periodogram IZ. (\) = |¥; (/\j)|2 I ();) is replaced
by

IL () = f5(0) x5
where x_j, ..., X5 are independent exponential random variables. However, unlike
in the case of d = 1, the previous bootstrap algorithm will not be valid. The reason
is because the bootstrap does not correctly “estimate” the fourth cumulant k..
More specifically the asymptotic distribution of the bootstrap estimator 9" in (4.2)
will not have the same asymptotic variance as that of 9 in (3.1).

So to overcome this problem, following Hidalgo (2007), see also Hidalgo and
Lazarova (2007), we propose in the paper an alternative algorithm, as described in
the next 4 STEPS.

STEP 1: We first obtain the residuals
1 z —it- X —1 (i,
Nz 2 ¢TI () we (),

j=-n

g(t) = (2m)*?

for t = 1,...,n. From here as usual, we obtain a random sample of size
N with replacement from the empirical distribution function of {£ (¢)};_;.
Let’s denote the bootstrap sample by {e* (¢)},_;.

Remark 4. (a) Notice that because the test statistic 7y =1 (O@N ()\)) is asymp-

totically independent of the mean and variance of {€(t)},czq, we do not need to
standardize € (t) before computing the empirical distribution of {€ (t)};—, in order
to obtain the bootstrap sample. (b) The motivation to compute the residuals as in
STEP 1 comes from the observation that fort =1,...,n,

1N iino1 fin,
N1/2 D et (M) ws () -

Jj=-n

e(t) ~ (27r)d/2
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STEP 2: For t =1,...,n, compute the bootstrap observations

N1/2 D NG (M) wes (V).

j=—f

(4.3) z* (t) = (2m)?

where w.« (\;) is the standard DFT of {¢* (t)};_,, and the taper peri-
odogram

2

Z h(t) z* (t) et

1
I () =
( ]) . h2 (t)

STEP 3: The bootstrap analogue of Vs given by

o~k

m 7, i, O )
where
(4.5) W)=y j—z_:ﬁ{fﬂ W (2m)" £5 (A;) }

STEP 4: Compute the bootstrap T}, — process

Gr () d
(46)  age (V) =27"N? [G"N() -1 (Aw[f]ﬂ . aelo, ),

with
1 [AX/7]
(4.7) Giv =25 >

j=—[aA/m

Theorem 4. Under C'1 — C3 and C5 — C8, we have that

1T (\))
1 O

NY2 (3= 9) SN (0,205 Vi, A5))

d* . o
where — denotes convergence in bootstrap distribution.

As it happens with ¥ in Section 3, we also have that the Whittle bootstrap
~k
estimator ¢ in (4.4) satisfies the asymptotic linearization

3 _5_ o=t il " L ¢ I (%)
v —9=0Q5 G (N agy ([@N) + [ o5\ drg > v 1
- - j

j=—n (2m) f@(
(4.8)
+ 0y (N—l/Q) .
Let
%0 d
(49) o) (3) = 272N/ g;}gg 11 (Aﬁmﬂ |
with

[7A/]

* d
G (N =25 > IE), relon.
j=—[ar/x]
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Theorem 5. Under Hy and assuming C.1 — C.8 and C5 — C8, uniformly in

A€o0,
1 [AX/7] N ;&
* * ~/ — ~/
(@ a3 ) = RN -5 D Fa) |87 2 B A IEQ)
j=—[AX/m] j=—1t

+OP* (1) ’

where the oy« (1) is uniformly in .

(b) ok o % an.

A conclusion from Theorem 5 is the following corollary.

Corollary 3. Let 1y =7 (ag* N ()\)) Under under the maintained hypothesis

and assuming C1 — C8 and C5 — C8, we have that for any continuous functional,

o~k d*
iin = 1 (oo (A)) -
Proof. The proof follows from Theorem 5 and the continuous mapping theorem. [

Thus, Theorem 5 and Corollary 3 indicate that the bootstrap statistic 7y is

consistent. That is, let c]f\,’( and C((lka) be such that

1—a)

Pr{fi| > el o} =a
and
lim Pr {|ﬁN| > c'(llfa)} = a,
n—oo

f D

respectively. So, Theorems 3 and 5 indicate that cy (1—a) — C((Lka) and cflfa) =

c‘(ll_a), respectively, where c?l_a) is defined as

Pr{fixl > ¢ | =

Typically, the finite sample distribution of 7 is not available, although the
critical values c?lfa) can be approximated, as accurately as desired, by standard

Monte-Carlo simulation. To that end, consider the bootstrap samples {g*e (t)}
t=1
for £ = 1,..., B, and compute ag* n (A) as in (4.5) for each . Then, cf,_,, is

approximated by the value 02‘5 ) that satisfies

;il’ (77 (ag*’N ()\)) > czﬁa)) =a.

Next we study the behaviour of the bootstrap tests under the alternative hy-
pothesis Hj.

Corollary 4. Assuming C.1-C.8, under Hy,

~x d*

Ny —1 Qs (X)) in probability,
where Qoo () s a centered Gaussian process with covariance structure as Qoo (M)

but with 8y replaced by 6; :plima

Proof. The proof proceeds exactly the same as that of Theorem 5 and then Corol-
lary 3 but instead of writing 6 — 6y = o, (1) we write § — 61 = o, (1) and 6; instead
of 90. O
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5. LEMMAS

First, we introduce some notation. We denote the conjugate of a complex num-
ber a by @. Also, for a generic function v ()), we abbreviate v (\;) by v; =

(1/]»[1], e Vj[d])/ and C will denote a generic positive and finite constant.
For the next two lemmas, we shall assume that {£ (t)},c4 and {( (t)},zq are two
stationary spatial processes with a representation as that in (1.1) and whose respec-

tive errors satisfy C'1. Also fee () = (2m) "¢ > jeza B(E@)C(E+7)) exp{—ij- A},
the cross-spectral density function, is a twice continuously differentiable function
in A € 1. Denote Z4 = {j: (- <j <@)A(0<j[1])}

Lemma 1. Consider j € Z4. Then,

(a) B (wg, wl;) = fecg =0 (n7%); (0) B (wi wl;) (HJ _3> :

Proof. We begin with part (a). By definition, the left side of the equality in (a) is

d
/Hd (fec V) = fec (A H = Ajgy) d,

surprising any reference to £ in K} and/or D} for notational simplicity.
Now, because fe¢ (A) is twice continuous differentiable and [, uK™ (1) dp = 0,
we have that the last displayed expression is bounded in modulus by

d
C/ ZZM j[e]HA[P}—Aj[p]’Z_l_[lKT (A= Ajig) dA

lel

d
= C/ Z|W]*W]!QHKT(W]*W])dA
0 = =1

by the Cauchy- Schwarz inequality. Now, using (2.5), that the Fejer’s kernel inte-
grates 1, and that Zt =1 he (t[€])* > Cn, we obtain that the right side of the last
displayed inequality is bounded by

C [ < _
N/HdZm M| Hmm{ n~ AL = A 6}d)‘20(”_2)
(=1

by C2 and standard algebra.
Next we show part (b). Again by definition and that |fec ()| < C, we obtain

that ’E (wg]wg])’ is bounded by

d
C/Hdlfsc \H” HDT (A = Nig) DT (A + M) |ar < CTa 1077

{=1

by standard arguments after using (2.5). O

d

+ 7 n

Lemma 2. Let k < j € Z4 and Cik = min{l_[e_1

710 - k[q]° log"}, where
lq| . = max {1,[q|}. Then,

(@) B(wiwly) = fec TG —-kWI=2,=1,..,d)+ O (cx)
(b) E(“’ijZk) = O(cjn)-
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Proof. We shall handle part (a) only, being part (b) identical. By definition,
(5.1)

d
E (wg ;W) =671 /Hd fee M) [ 107 D" (MO = Ajig) DT (Megg — A1) d.
=1

Because |fee (A)] < C, the modulus of the right side of (5.1) is bounded by

oL { [ [T Ao - a7 (- )

(=1 - (Flel+k1e)) /2

using C2. Now using (2.5) and because [, |D” (A)| d\ < C, the contribution due
to a factor of the type f:\:m*"'[e])/Q is bounded by

AGlel+kie) /2

clii -kl [ DT (A = A ax [0 = 0 (I 10 - k1157,

if /\k[g] < )\jm whereas if )\j[g] < /\k[g] by C |] [é] —k [f”;B f:\;j[el+k[[])/2 |DT ()\ [5] - )\j[g]) ’ dA [5],
which is also O (\j [0 — k[0 _7_3) Recall that & < j we can have that for some
£=1,..,d—1, Ajjg < Ag[g- Finally, proceeding similarly the contribution due to a

factor of the type f;( ’ is also O (|j [0 — k4] |I_3> Now conclude by Holder’s

O+(e)) /2
d
inequality that ‘E (wg:jﬁzk)‘ =0 (HZ_I 1714 — k[ ;3) On the other hand,

because
d
(52) [ TID™ (A8 = Aj) DT (g = Al8) da =0,
=1

when |7 [¢] — k[€]| # 2 for some £ = 1,...,d, we have that, in this case, except
multiplicative constants, the left side of (5.1) is

d
N_l/ (fec N) = fec O TT D (M = Njg) D (Miggg — A [€]) dA,
e (=1

which, by the mean value theorem, is bounded in absolute value by

N—l/ SO = Mg TTID (V= M) | 1D (g = A1) dA = O <logn>’
M= =1

n

because [AD (A)| < C, [ |D (M) dA = O (log n) and the Cauchy-Schwarz inequality
imply that [ |D (A= Ajiq)||D (Akg — A)|dA = O(n). Now, when for all ¢ =
1,...,d, | [€] — k[€]] = 2, because the left side of (5.2) is 1, we have that proceeding
as above, the left side of (5.1) is fe¢ ; +O (nil log n) This concludes the proof. [

In what follows, we shall abbreviate wl (A) /¥ (\) and w?! (\) by u ()\) and v ()\)
respectively for all A € I1%.

Lemma 3. Let ¢ ()\) be a continuous differentiable function in 1. Under C1-C4,
we have that for all r < s € 74

s 2 d
(5.3) E|Y ¢, (uy —v))| =0 (1"5” ITisia - [£]|+> .
Jj=r =1




GOODNESS OF FIT FOR LATTICE DATA 19

Proof. Denote o; = u; — v;. By standard arguments, the left side of (5.3) is

Y CE{ovinie}+ D GG {vTko o}

j*r ‘;ék’*r
Zc {aj +ajp} + Z CiCk bk + bir},
jF#k=r
where
aji = E(vv )E(Q]QJ)+’E 793)’ +‘E(UJQJ)‘
ajp = cum (vj,j,Uj, u;) + cum (vj, 0,05, 0;)

—cum (vj,7;,U;,v;) — cum (vj,T;,u;,T;)
= E(v;ur) B (0;0;) + B (vj0;) B (vr0,) + E(v5o) B (Tro;)
bike = cum(vj, Tk, Uj,u) + cum (vj, Vg, Tj, )

bjk,1

—cum (vj, Vg, Wj, Ug) — cum (v;, Uk, Uj, V) -

After observing that E (v;u;) = 1+ O (n?) and E (v,g;) = E (v;1;) — E (v;7;),
we have that Lemma 1 implies that aj; = O (n_2), whereas Lemmas 1 and 2 imply
that bjg,1 = O (3, +n~tlognT ([ (0] — k(4] = 2,0 = 1,...,d) ), with c;y as defined
there. From here it is immediate to conclude that the contribution due to a;; and
bjk,1 into the left of (5.3) is its right side.

Finally we examine a;o and bjz 2. Using formulae in Brillinger [(1975), (2.6.3),
page 26, and (2.10.3), page 39|, we deduce after standard algebra that

bjro = /Hd/nd( 7, >(\I'\IEZ)—1>DT(A—AJ.)DT(M+A,€)

T (A = A — A — ) dAdp.

By the Cauchy-Schwarz inequality, we have that |bjk,2\2 is bounded by CN ! times
v 2 v 2
/ (()\)—1) KT (A=) dA ((H)_1> KT (n+ M) KT (N — M — A — ) dAdp.
md \I’j 11 k

Proceeding as in Lemma 2 and by C4, we then obtain that bjx» = O (R 2N~1/2).
Likewise ajo = O (n_2N -1/ 2). From here, the conclusion of the lemma easily

] d
follows by observing that szl |s[f] —r ], <N. O
Lemma 4. Let ¢ (\) be a function as in Lemma 3. Then, under C1 — C/,
T

(X /7]
T

E sup Z Qj{\lljjﬁ—lgj} :o(N1/2>.
j

A€0m] | =[x /]

Proof. We shall consider the proof in the positive quadrant Zgz\l/ Tr], being the proof
for the remaining 2¢~! — 1 quadrants similarly handled. By the Cauchy-Schwarz

and the triangle inequalities, it suffices to show that

(5.4) Esup ZC {|\I/T —IgTJ} SEsupZ|Cngj|2+2Esup ZCjUj@j
s = s =1

is o (N1/2) where we abbreviate “sup,_; 7" by “sup,” and ¢; = u; — v;.
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The first term on the right of (5.4) is bounded by
S {(Blul* = 1) = Bww;) - 1) = @ @) - 1)+ (Bl 1)} =0 (N2),
j=1

because ‘Cj| < C, d < 4 and by Lemma 1, say,

LU gl < o2 w2 ) Wej N o v _ -2
Elof s ) | sommr (Ble{ 5 ) -2{ e ) -0
Next, we examine the second term of (5.4). To that end, let ¢ =0,...,[n°] — 1

for some 0 < ¢ < 1/d. (Recall that [n¥] = ([7¥ [1]] ... [2¥ [d]]) for any ¥ > 0.)

Standard inequalities imply that the square of the second term on the right of (5.4)
is bounded by

2 2
s a(s)[ e a(s) [ 7]

(55) Emsax Z — Z ijjEj +Emsax Z erUjEj )
j=1 j=1 j=1

where herewith g(s) denotes the value of ¢ =0, ..., [1°] — 1 such that g(s) [2'~°] is
the largest vector s; such that s; < s, and using the convention E?:C =0ifd<ec.
From now on, we abbreviate (7t [1] / [fi° [1]], ..., 7 [d] / [2° [d]]) by [@'~<].

From the definition of ¢ (s) and

2 2 2
(5.6) (supp |cp|) = sup, lepl” < Z lepl”,
P

the second term of (5.5) is bounded by

2

-1 a7 ]
SB[ S Gug,| =0 (N o) = o (N)
q=1 j=1

by Lemma 3 and because ¢ < 1/d. To complete the proof we need to show that the
first term in (5.5) is o (N). To that end, we note that it is bounded by

2
s

E max max U0
q=1,...,[A5] =1 s=1+q[a'=<],...,(¢+ 1) [A1 <] | Z $3vi
j=l4q[nt~<]

2
which is O (N¢) Emax,_; 71— 22:1 C;v,0;
So, we have that the square of the second term on the right of (5.4) is

2

S

O (Vg n) + OVIE _max |3

=1,...,[pl=¢
s=1,...,[n ]j:1

Observe that the second factor of the second term of the last displayed expression
is similar to the second term on the right of (5.4) but with s =1, ..., [ﬁl_g] instead
of s =1,...,n. So, repeating the same steps, the last displayed expression, and so
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the square of the second term on the right of (5.4), is

t—1
O ({NH‘g 4 Z NA+) A=) T ¢ Zgg(lc)p} n-! 10g2 n)
q=0
2

LNSZ, “o(1—q)P E max chngj

nls

EST 2

= O(NH'g ~1og? n)—l—O(NCZP 0(1=<) ) Z E Z( 0;0;| =o(N)
after choosing ¢ large enough because ¢ < 1/d. This completes the proof. O

Lemma 5. Let ¢ (X\;9) be as in Lemma & for all 9 € © x RY, and continuously
differentiable in ¥ for all A\. Assuming C1 — C4,

1 o ey
5.7 — sup ¢ (9 D 1|l =0,(1).
(5.7) Nyl | 2 G ><|%j|2 ) (1)

Proof. By the triangle inequality, the left side of (5.7) is bounded by
(5. 8)

T 7
—  sup Z C ( ITJ) —&—g sup Z ¢, () (Igj—l) .

Nﬂe@xR+ == |\P9M| N ycoxr+ i

Now, because by assumption | (\;9)| < C, the first term of (5.8) is bounded by

C 7 7
N Z N :Z QJ’ +N Z~ |Uj@j|:0p(1)

j=—n - j=—n

907J|

by Markov’s inequality because by the Cauchy-Schwarz inequality E|vj§j|2 <
E |vj\2 E ‘Ej |2 and then proceeding as in Lemma 3. Next, we show that the second

term of (5.8) is 0, (1). But this follows by standard arguments (see also Lemma 15)
and because ¢ () is continuously differentiable in . O

Lemma 6. Assume C1 — C3 and C5 — C8. Then,
=1 =o0,(1).
Proof. The proof follows very easily using Lemma 5. Indeed, (3.2) is
fﬁo j gg 1 2 fﬁo \J fﬁo J
—-1]+—= —log —== + log fu,.;
j;n fﬁﬂ ) f1907 N j;n fﬂﬂ fﬂ’j "

Now then the second term of (5.9) converges using Brillinger (1981, p.15) to

/: {J;f;((;)) — log (J;f;((/\)\))>}d)\+/: log fg, (A) dA > (Qg)d +/: log fg, (A) dX

with equality when fy, (A\) = fy (A) which is the case only if ¥ = 9 by C7. On
the other hand, the first term of (5.9) converges to zero uniformly in ¥ by Lemma
5 because fﬁ_; f9,,; satisfies the same conditions as ¢ (A; V) there by C6. From here
the conclusion of the lemma is standard, so we omit its details. O
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Lemma 7. Assume C1 — C3 and C5 — C8. Under Hy,

1 [AX/7] T 1 [AX/7]
z,J —
1/2 Z G 51| = 1/2 Z C( )
N N
—[aX/x] ‘\If" j=—[n\/7]
Y / s
(5.10) % X G | NE(0-00) +0, (1),
j=—Ta /]

where the o, (1) is uniform in X € [0, 7]* and where ¢ (N) is as in Lemma 3.

Proof. The difference between the left side of (5.10) and the first term on its right
side is

(5.11)
[/ 7] T
1 Lg% |
N1/2 Z G \lej'z = 1+5090J(0 90)
j=—[AX/x] | 907J| ‘\I/b\j
[AX/] [/ 7] T
1 1 I;.
+—s ¢ ﬂj-) - ¢~ (0 6,
N1/2 zn:)\/ﬂ—] <|\IJGO j| €59 N1/2 j__[zﬁ:}\/ﬂ] J 0:J |\:[190 j| ( )

First, because each component of the vector ¢ (\) ¢y, (A) satisfies the same condi-
tions of ¢ (A\) in Lemma 4, Markov’s inequality implies that the second term of (5.11)

is 0, (1), whereas the third term is N1 ZE”_’\[[M/W] C;%0, JN1/2 (9 90> + 0, (1)
by Lemma 4 and because proceeding as in Robinson and Vidal-Sanz (2006)

1 n
N1/2 Z (50,5 (I = 1) = Op (1)

j=—*
Finally, by mean value theorem, the norm of the first term of (5.11) is bounded by

(/7] T
—~ 2 1 I
1/2 (g _ i _ 0 -1/2
(5.12) CN He GOH N E w, ,4|2 O, (N ),
j=—[n\/n] 0:J

by Theorem 2 and proceeding as with the third term of (5.11). This concludes the
proof. O

We now introduce the following notation. For v < vy € [0,7]%,

[Ava /7] 1/2
1 N
(5.13) N (v1,v2) = N Z J (

j=[nvy /7]

1 [Av2 /7] N1/2 n ‘
(5.14) Ean (v1,v9) = ¥ Z ; Zt N0 Z T (1) €T (1) it —t2) A,
j=[nv1 /7] t1F#ty=1
where e” (t) = h (t) e (t). Notice that & n (v1,v9)+E N (v1,v9) = N71/2 ng[i/qz .

Lemma 8. Let v; < v < vy € [0,7]%and ¢ (\) as in Lemma 3. Then, assuming
C1—C3, for some 8 > 0,

(5.15) B (& 0,0) |Ex 0.0))) <C]]

d

=1 (v2 [ =1 [0)°, j =1,2.

PRCENE

1).
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Proof. The proof follows proceeding as that of Lemma 6 of Delgado et al. (2005) and

observing that because ¢ (A) is a continuous function, then [N ! me[il/;] /Tr <
d
C’l_L{:1 (v [€] — vy [€]) for any g > 1. O

Next we will show that the processes &1 n (0,A) and & n (0, A) are tight. From
Bickel and Wichura (1971) it suffices to show the following lemma.

Lemma 9. Assuming C1, we have that

2
(5.16) EH (&% (0.2p) = €% (0. 2010) ) <CH (Mo — M)
2
(5.17) EH@ (&% 0 Alm) 8% (0, Aagn) ) < CH (Aajeg — Aage)
for all M\yjg < Mgy € [0,7], £ =1,...,d, and where, say,
[AXae) /7] 1 n
y 1 N1/2
E% (s o) = -~ > G (Z Z( ))
j[e]:[m\ue]/ﬂ} = 1 t=1
[ﬁ)\g[e]/ﬂ‘} 1 n
¢ 1 N1/2 it —ta) A
En P do) =~ D0 s 2 © )T )T,
l0=[AA1g /7] =1 t1#t2=1

Proof. The proof follows after observing that 57(5) (0 )\1[4) 5 (O Ao g]) 5(9\, ()\1[@], )\2[4])
for j = 1,2 and then by Lemma 8. t

Lemma 10. Under C1 — C3 and C5 — C8,
R 1 n . N 1 n
“ LS - L300
t=1 t=1

are consistent estimators of o2 and Py, TESpectively.
Proof. See Theorem 4 of Robinson and Vidal-Sanz (2006). O

In what follows, we shall abbreviate wl. (X) /%5 (A) and wl. (X) by u* (A) and
v* ()\) respectively for all A € I1%.

Lemma 11. Consider j € VA Then, for (5*’1» and 55* ; equal to ui or vy,
T

(@) B (¢l y8 ) 72 =0, (n™): (1) B (¢ k) = 0.

Proof. We shall handle the case when both Cf* ; and 55* ; are uj, being the other
cases identically handled. We begin with part (a). By deﬁmtlon and using (2.7), it
is easy to show that

1 d _
T .
War,j = Gajz Z U5 We k He=1 Le (5 k).
k

where T (j,k) = 22 ([0 = k[6) —T(/[()—1 = k[0) — TG +1="k[). So,
because B* (we- jWe- ) = 5-Z (j = k), the left side of the equality in (a) is

ot (S oa, | fosa {TIL 20} 1)

From here the conclusion is standard because |¥y (A)[? is twice differentiable uni-
formly in 6 € © for all A € II¢ and that 6 — §y = op (1). Next we show part (b).
That follows immediately because, say, E* (we+ ywe- i) = 0. (I
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Lemma 12. Letk <j € VAS Then,
* =T -~ — .
(@) E (gf*,jgm*yk) = FA+0,(n )T -k[=2L=1,...4d)

() B (¢L el )

0.

Proof. Again, we shall handle the case when ¢Z. ; and L, ; are uj. We shall
examine part (a) only, being part (b) identical. Proceeding as with the proof of
part (a) of the previous lemma, the left side of the equality in (a) is

. -2 2 d — . —
72 wa | v, {IL, 7o T ).
p

From here, we see that the last expression is zero except when Z |5 [¢] — k [{]| = 2,
2 2

for all £ =1, ...,d, in which case is ‘\115,3'11‘ / ‘\Ilg’j‘ =140, (n71) as |¥y (A2 is

twice differentiable uniformly in 6 € © for all A € II% and 0 — 6y = op (1). O

Lemma 13. Let ¢ ()) be as in Lemma 3. Under C1 — C4, we have that for all
r<sezt

2

s d
(5.18) B> ¢ (u) —v))| =0, <711H|5[€]r[€]|+>.
j=r (=1

Proof. Denote ¢} = uj — vj. By standard arguments, the left side of (5.18) is

S S
Y GE {umon )+ Y GGE{vTioe)
j=r

j#k=r

= ZC? {G;H + a;Q} + Z CiCk {b;m + b;k,z} ;
j=r

i#h=r
where, by Lemmas 11 and 12 part (b),

2

)

Ay = B (7)) E" (0j7;) + [E (v7))
aj, = cum” (v;‘,ﬁ;,ﬂ}u;) + cum”* (v;,ij,i;,vj*-)
—cum® (vj,ﬁ;,ﬂj,v;‘) — cum” (vj,ﬁj,ujjj)
et = B (0j05) B (05or) + B (vjo;) B* (v)0))
ko = cum’ (v;,@z,ﬂ;,uZ) + cum”® (v;,iz,ﬁ;‘-,v};)

* * —k —k * * * =k * =k
—cum (vj,vk,uj7vk) —cum (vj,vk,uj,vk) .

After observing that E* (vj*ﬂj) =52+ 0, (n=?) and E* (vj@j) =E* (viu}) —
E* (v;@;), we have that Lemma 11 implies that a7, = O, (n_g), whereas Lemmas
11 and 12 imply that 0%, | = O, (R > +n ' Z(|j [(] - k[{]| =2,£=1,...,d)). From
here it is immediate to conclude that the contribution due to a}; and b7, ; into the
left of (5.18) is its right side.

Finally we examine aj, and b7, ,. By definition of, say, wl. (\) and that
cum® (e* (t1),...,e" (t1)) = KL (t1 = ... = t4), it is obvious that
bio =0, (n T (|j[] = k[)] =2,£=1,...,d)). Notice that B. = N-1 31 | &* (t)—

2
3 (N_l doie Es (t>) = O, (1) by Lemma 10. 0
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Lemma 14. Let ( (\) be a function as in Lemma 3. Then, under C1 — C4,

[AX/ ] IT* X
E* sup Z ¢ =l - Ig;,j = O (Nl/Q) '
Aelo,7]? j=—[A\/x] )‘1/53"

Proof. We shall consider the proof in the positive quadrant Zgﬁ:}‘l/ Tr], being the proof
for the remaining 2¢~! — 1 quadrants similarly handled. By the Cauchy-Schwarz
and triangle inequalities, it suffices to show that

(5.19)

s IT* ) S s
E* sup ZCJ' %_I&ZJ §E*sup2|(j||9§|2+2E*sup ZC]-U;?;
S lj=1 ‘ 8. S j=1 S lj=1

is op« (N1/2)7 where we abbreviate “sup,_; ;" by “sup,” and ¢ =uj —v
The first term on the right of (5.19) is bounded by

o> {(=
j=1
because \Cj| < C, d < 4 and by Lemma 11, say,
—x _ — U,
’]EJ* (u*{ i ) 5 2 (| (wg; j{ We- ) _ ER
2 i\ w v,

Next, we examine the second term of (5.19). With same notation as in Lemma
4, the square of the second term on the right of (5.19) is bounded by

*
e

ut

) - () 52) 1 ) 22 (o -2} o ()

*
Uj

~2
<0 “I’E,J‘

2 2
s a®)[at ] a(s)[" 7]
(5200 B'max|¢> — > o] +E max| Y (ofg;
j=1 j=1 Jj=1

From the definition of ¢ (s) and (5.6), the second term of (5.20) is bounded by

2
1 |a[at ]

()~
STE| Y gl =0, (N log?n) = o, (N)
qg=1 Jj=1

by Lemma 13 and because ¢ < 1/d. To complete the proof we need to show that
the first term in (5.20) is o, (IV). To that end, we note that it is bounded by

2
s

E* max __max ) Z jv;‘@;
=1,...,[n5]—1 s=1+q[al=5],...,(qg+1)[A1—5] | . /
q (€] gt <], (g+ D[t <] j=1-q[Ai—]

2
which is O, (N°) E* maxX,—i . [l Z‘;:l ijj’-‘@j
So, we have that the square of the second term on the right of (5.19) is

2

Op (N n71) + O, (N*) E¥ 1ma[>§1 . ZCJ‘U;@;
s=1,...,|[n*—°¢ =1
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Now proceeding as in Lemma 4, the square of the second term on the right of (5.19),
is

t—1
O, ({NH@ + Z NI+ (A=) s zzg(l—c)"} n_1>

q=0
+N§E;;t(1_§)pE* max ZCJUJ 0;

70— <)

= 0O, (Nlﬂ'n_l)-i-Op (Ngzp 0(1=) ) Z E* Z jv;@; =0, (N)

after choosing ¢ large enough because ¢ < 1/d. This completes the proof. (]
Lemma 15. Let ¢ (\;9) be is as in Lemma 5. Assuming C1 — C4,

1 - Iy .
(5.21) ~ . sup > ¢ W) d 52 || =0, (1).
veoxr+ |7, )‘I’aj‘

Proof. By the triangle inequality, the left side of (5.21) is bounded by
(5.22)

IL
sup Z ¢j () z ,J2 7157;,3' Jr— sup Z C < i~ z) .

N ycoxr+ == ‘I’a,j) N yeoxrt | 2o
Now, because by assumption |¢ (A\; )| < C, the first term of (5.22) is bounded by

C & C &
NZ _ﬂ;,jﬁﬁ_z

9,3‘

S

by Markov’s inequality because by the Cauchy-Schwarz inequality E* |vj (ﬁ; — @;‘) |2 <
E* |v;‘|2E* |ﬂ;‘ fﬁﬂz and then proceeding as in Lemma 13. Next, the second
term of (5.22) is op« (1). First, the finite dimensional distributions of S* (¢) =

D i G (D) (I Z 85) converge to zero in probability. Indeed, the second
bootstrap moment is

5 Y GoaE {(1,-5) (i, -at) b =0, (v

Jk=—n

by standard algebra after observing that B* (we« jWe« 1) = 2T (j = k), B (We= jWer ) =
0 and cum™ (We+ j, We= j, Wex g, We= ;) = O (Nfl) keZ (j = k), where K, is the stan-
dard estimator of the fourth cumulant .. To finish, we need to show the tightness
of the process S* (). But this is immediate because

2
N72E*|S* (¥93) — 8* (9)]> = N~ Z — ¢ )| B IL - 52
Jj=—n
= [#2— [0, (1)
by continuous differentiability of ¢ (A;9) for all A € 1% O

Lemma 16. Assume C1 — C3 and C5 — C8. Then,
5*—1/9\:01,* (1).
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Proof. The proof follows very easily using Lemma 15. Indeed, (4.5) is

fﬁ 1T . 1 f19 f@ i
(5.23) 0 L—l + — J L 4 log f5 .
Z f9.,5 )dfﬁj N Z  Jog fﬂ,j .3

Now, the difference between the second term of (5.23) and

[ {8 -ve (50} [ v

converges to zero in probability using Brillinger (1981, p.15) and that uniformly
in A, {f@ (A) = fo, (A)| = 0p (1). Moreover, the last displayed expression is greater
than or equal to (Zg)d + [T log f5 (A) dA with equality when f; (A) = fg () which is
the case only if ¥ = 9 by C7. On the other hand, the first term of (5.23) converges
to zero uniformly in ¢ by Lemma 15 because f; jl ff%j satisfies the same conditions as
¢ (\;9) there by C6. From here the conclusion of the lemma is standard proceeding
as in Theorem 1 of Hannan (1973), so we omit its details. O

Lemma 17. Assume C1 — C8. Under Hy,

| [ oo | [
z*,j ~ _
N1/2 Z G 2 % | = N1/2 Z 9 ( e s)
—[nX/7] ‘\Ij’\* ’ —[AA/]
Y / o (e
(5.24) -5 X e, N (07-8) +o0p (1),
j=— /]

where the oy« (1) is uniform in X € [0, 7]* and where ¢ (N) is as in Lemma 3.

Proof. The difference between the left side of (5.24) and the first term on its right
side is

(5.25)
[X/m]
1 PR
E gj =1+ (9 fe)
j=—[aX/n]
[N/ T [AX/7] T
1 I, 1 1%
+N1/2 Z G 7 ey | — N1/2 Z Cj@l@g (9 _9>
j=—[AX/7] (‘Pg,j j=—[ir/] ‘\If ‘

First, because each component of the vector ¢ (A) @5 ()) satisfies the same conditions
of ¢ (A) in Lemma 14, Markov’s inequality implies that the second term of (5.25)

is 0p= (1), whereas the third term is N1 Py "/\/” jgo’nglﬂ (3* —5) + 0p (1) by

Lemma 14 and because proceeding as in the proof of Theorem 4

1< -
N1/2 Z Ci%a.; (Ig:‘,j - Ug) =0y~ (1)
j=—#

Finally, by mean value theorem, the norm of the first term of (5.25) is bounded by

I IV
oN2 i -0 5 Y =0, (V).
=t/ [V

by Theorem 4 and proceeding as with the second term of (5.25). This concludes
the proof. 0
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We now introduce the following notation. For vy, v, € [0,7]%, denote EF n (v1,v2)
and &5  (v1,v2) as in (5.13) and (5.14) but with 7 (¢) there replaced by £*7 (t) =
h(t)e* (t) and also let Hy = Hpy (v1,v2) a sequence bounded in probability.

Lemma 18. Let v < v < vy € [O,W]d. Then, assuming C1 — C3, and for some
B8 >0, with ¢ (\) as in Lemma 3,

E* (|EJ*,N (1)17 ’ | ’U ’U2 ’ ) < HN (UI;'UQ) Hd

ooy 20— ), j=1,2

Proof. The proof proceeds as in Lemma 8 but instead of using Delgado et al.’
(2005) Lemma 5 we use Lemma 7.3 of Hidalgo and Kreiss (2006). O

Next we will show that the processes &7 y (0,A) and &5 y (0,A) are tight. To
that end, it suffices to show the following lemma.

Lemma 19. Assuming C'1 we have that
(5.26)

(a) BT, (5% (0, M) — E1X (0,/\2[51)) = Hy O, ) [T, Qg = M)
(5.27)

T (£) (0) 4 d 2
o BT (5 (0, M) — E5% (0, AQ[Z])) = Hy (0, 20) [T, (hatg = Maja)
for all M\ < Mg € 10,7, £ =1,...,d, and where, say,

© p P/l N2
En Mgdag) = |- D0 G <Zt ) Z( ))
]

JlO=[Are /7 t=1
[’ﬁ)\z[[]/ﬂ'] 1 n
0)* 1 N /2 . . i
52(J)V (Mg A2pg) = - Z ¢ SO Z T (1) T (ty) it —t2)As
=[x /7] =1 t1£ty=1

Proof. The proof follows after observing that Ej(é])\; (0,)\1[@]) - EJ(ZJ)V* (O,)\zm) =
g]()z])\]* (Mg, A2pq) for j =1,2 and then by Lemma 18. O

6. PROOFS

6.1. Proof of Proposition 1.
We shall be a bit more general. In particular, for a vector function ¢ () as in
Lemma 3, we will show that

(/)
1
SN(M)ZW Z ¢ (1T, =1)=Bc(w), peloa]
j=—I[np/x]
where for < v € [0,7)", Cov (B¢ (), Be (v) = (2+ 2 (£)") S, C) ¢ (V) dA.
To that end, it suffices to show that (a) for all u € [0,7]%,
(6.1)
[fips/ ] d
1 d 35 B
N2 [Z/]C (22, I)HN<0,<2+H5<32) )/”((A)C/()\)d)).
j=—|np/m

(b) For p < v, the covariance structure is such that

E 5wy Y - (””5( )>/<

=/ =l /7]
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(¢) the process {SN (1) :p e [O,W]d} is tight.

We begin with (a). Its proof follows directly by that in Robinson and Vidal-
Sanz (2006) and observing that because ( ( ) is continuously diﬁerentiable then by
Brillinger (1981, p.15), N~ 1™/ ¢ I CNC (N) A =0, (n7Y),
and thus it is omitted.

Part (b) follows after observing that EIg:j =1by Cland E (IT Ir )

e,j ek
1 2 , ,
E {ET (t) ET (S) ET (7“) ET (S)} e—z(t—s)~)\j+z(r—u)~)\k
n 2 Z
(Zt:l h2 (t)) t,s,r,u=1

1 35\ ¢
= 2I(gko,n)+z<a+ko,n)+N(z+HE <32>>

using that, say Zn[f]] Lhe (E14]) e~ PANmErn) = [T ([0 £ k[€] =0,n[f) and
that by Brillinger (1981, p.15) we have that N~! Z?Zl P (t) — 24 f[o 1y 1 (u) du
for all p > 0. Finally, part (¢) follows by Lemma 9.

2. Proof of Theorem 3.
Part (a). By Lemma 7 with ¢ (A) = 1 there and the definitions of G ny (A\) and
G (), we have that

[7iA /)
N2 (G =G W) == (5 2 Bhow )| N2 (0-00) +0, )
j==[AAr/n]
1 ] ~/ . T 1 i ~ ng
(6.2) e Z Do, (7) A901,N N1/2 Z ®oo.n (K) v —3
j=—[na\/x] k=—n o,k
+op(1),
by Theorem 2, where the o, (1) is uniform in A € [0, 7%, and o.n (k) =09 n (k).
But using (2.14) and that }G@OJ\[ (m) = G% (m)| = o0p (N~1/2) by Lemma 4, then
by (6.2), uniformly in A, we obtain that
Vo NV (G ) -Gk )
agy(A) = axy () + G )
(63 +GaN<A>N1/2< o )
Gon @ G
Y o,
= vV -| Y oy () AooN 3173 > o (k) I+ 0, (1),
=—[Aa\/] k=—#

which concludes the proof of part (a), because G, (1) — 1 = o, (1).

Next part (b). Taking into account part (a), part (b) follows because Proposition
1 guarantees the fidi’s convergence of o}, and its tightness. Tightness of the second
term on the right of (6.3) follows by Lemmas 8 and 9 because 4 (u) is continuously
differentiable in  and u. This concludes the proof. O

6.3. Proof of Theorem 4.
First, by standard algebra

~%

-~ —*—1
V=0 = Q5 a5y
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where 9 is an intermediate point between J and 5*,

é -1
; 1“{ |w]| }

and @:; n is as defined in the proof of Theorem 2 but with I;[j ; replaced by JEN g

there. Now, because fy ; is twice continuously differentiable by C'6, and that J -
¥ = 0, (1) by Lemma 16, we easily conclude that

@5 v = Qg | = 00 (1

and that |Qz+ v — QﬁO’N‘ = 0p+ (1). On the other hand, by Lemma 14 with ¢ =
qS@j there,

n

¢ =N > ¢§j{ - /0% —1}—+0w(1)

=

So, to complete the proof it suffices to show

1 * j - / Ig;J
(a’) ﬁE Z (72519] A2 —1 Z ¢1A97j 6_\27 -1

j=—n

P 35 B ,
L <32) [ on s, )i

and then (b) the Lindeberg’s condition

2

1« |15, IsT 1 P
E* NZ e 1 21| >4N = 0.
j=—n € €

IT- IT

]E* a*,]_l 5*,]6_1 :Z(:ki2)+ *( . TDw s . —*)
) ) J Cum: (Wex j, We* j, Wex Jo, We* k) -
Oe Oe

Now, because cum* (e* (t1),e* (t2),e* (t3),€* (t4)) = RZ (t1 = ... = t4), we have
that the left side in (a) is

1 & 35
N Z ¢19J¢19j <2+/€5 (32)>

j=—n
From here we conclude (a) by Lemma 10 and that ¢, (\) is continuous by C6.
We now show (b). By standard inequalities, the left side is bounded by

2

* *,’4 log N o * Ig:‘,J
N2 Z B— -1 =C > B
Jj=—n j=—n €

by An et al. (1983) because {e* (t)},_, is a random sample. Now conclude part
2
(b) since E* 62| = 0,(1) by Lemma 10. This concludes the proof of the

theorem. 0
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6.4. Proof of Theorem 5.
Part (a). By Lemma 17 with ¢ (A\) = 1 there and the definitions of G} 5 (A) and
G ()), we have that

[nx/ﬂ
N2 (G5 () =GR (V) = ( n ()| N2 (07 =) +0pr (1)
—[nX/~]
[nA/w] T
1 ~ . Im*,k
(6.4) = v ) ONNW Z Pon (k) =5
n/\/fr] ’\119 k’
+ o0, (1),

by Theorem 4, where the o, (1) is uniform in A € [0, 7T]d.
Now because G%,N (m) — G (77)‘ = 0pr (N_l/Q) by Lemma 14, by (6.4), we
obtain that

N1/2 (Gg\*’N (\) — G%0 ()\))

O%*,N()‘) = a¥(\)+ G
05) 4Gy WOV (G~ g
B i
1 [fiX/m]
= a¥ (N - N %ﬂ@’mm GNNW Z%N VIZ , + 0 (1),

uniformly in A,. Now conclude the proof of part (a) by observing that Lemma 10
implies that E* |G () — Ef‘ = 0, (1) and then by Markov’s inequality.

Next part (b). Taking into account part (a), part (b) follows because Theorem
4 guarantees the fidi’s convergence of ai?, whereas its tightness follows by Lemma
19. Tightness of the second term on the right of (6.5) follows by Lemmas 18 and 19
because ¢y (u) is continuously differentiable in # and u. This concludes the proof.x]
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