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SUMMARY

The recent interest in the application of classical
structural design methods to the layered road pavement
problem has made a demand for both realistic material
structural properties and a method of structural analysis
which can incorporate them. The Finite Element Method (FEM)
offers this flexibility of approach. The purpose of this
thesis is to develop and examine programs, based on this
general method of analysis, which can then easily be used by
future researchers,

An examination of a number of element forms has been
made and one element, considered most suitable for the
consideration of non-linear materials in layered systems,
chosen for development. The mathematical behaviour, in
iterative and incremental non-linear analyses, has been
examined and the absolute importance of the non-linear
material properties established. The lack of sufficient
computing power inhibited the practical development of a
fully three-dimensional approach to the problem. In the
event of extra power being available, modification to the
program will allow this more general problem to be tackled.

An attempt has been made to compare stresses and strains
in a scaled down layered system with quantities calculated
by FEM and incorporating any inferred non-linear elastic
material properties. The effect a measured temperature
distribution within an asphalt layer, had in weakening a

typical pavement, and the change which was brought about in
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the design parameters has been examined. The triaxial
material test has been modelled by an FEM program, incorporating
varying degrees of end frictional restraint. This has
provided a method of analysis to assess the likely order of
the errors involved in this usual method of material testing.
A review of recent experimental work has been undertaken to
establish the fundamental behaviour of soil materials, and
suggestions have been made as to suitable tests which can
characterise materials based on fundamental concepts of
deformation behaviour,

The careful documentation of the more useful programs
will enable future researchers to incorporate material

properties as they become available.
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NOTATION

matrix containing terms derived from element node
co-ordinates

radius of loaded area

matrix of strain coefficients

volume concentration of asphalt aggregate
stress-strain matrix

density

diameter of triaxial specimen

Young's Modulus

Young's Modulus in principal directions
Young's Modulus after ith iteration

void ratio

load vector

Shear Modulus

sum of principal stresses (0,+0:+03), J; = 30
Bulk Modulus or Structural Stiffness Matrix
horizontal and vertical linkage stiffnesses
length of triaxial specimen

resilient modulus of deformation

number of load cycles to failure

axial force on triaxial specimen or terms of
assumed displacement polynomial

distributed or self weight load

set of nodal forces equivalent to distributed
or self weight loading

radial distance from load axis

bitumen stiffness



viii

t time (seconds)
v volume or nodal displacement vector
Vp vector of displacements at any point in an element
Z depth below surface
a column vector of coefficients
6 represents small change to suffixed guantity
€, € volumetric strain éX)

v V.
€ column vector of strains at a point
8 tangential direction
L coefficient of friction
v Poisson's Ratio
V., Vg Poisson's Ratio in principal directions
o) Mean Normal Stress <?li%iig&>

or column vector of stresses at a point
0, radial

Og tangential

o, vertical

Trz shear stress
0i+1 mean stress after ith iteration
ag' effective normal stress
01,0 ,03 major principal stresses, 0, > 0p > O3
T octahedral shear stress, 2nd stress invariant
Te shear strength
Q region of integration for calculation equivalent

nodal forces



CHAPTER 1

DESIGN OF LAYERED ROAD PAVEMENTS

1.1 The Layered Road Pavement

The function of the layered road pavement is to provide
a level and durable surface allowing the free movement of
traffic. Stiff upper layerS are provided to reduce the
stresses in the underlying geological strata to a level
low enough to avoid excessive damage.

The soil foundation is termed the subgrade (Fig. 1.1),
the the formation above it, the base. The base can consist
of bitumen bound, completely unbound materials or a
combination of the two, and serves to further spread the
traffic stresses. Its thickness also protects the often
saturated subgrade from the extreme effects of low
temperatures, which could cause freezing and disruption of
the pavement.

The stiffer surface layers may be composed of
structural concrete or bitumen bound aggregates, sometimes
termed asphalt concrete. In countries where the traffic
loading is light, soil stabilised using cement or petroleum
products is often used.

The higher loadings on roads and airfields in
industrialised countries has led to the use of stronger
materials in layered road construction.

Pavements which depend mainly on asphaltic materials

for their load carrying properties have been found to be
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Fig. 1.1 Typical Layered Road Pavements



highly durable and are termed "flexible". Maintenance

is less expensive than for concrete surfaced roads since
the provision of enly a surface overlay is often found
gquite adequate. Loss of subgrade suppoft in a flexible
pavement does not necessarily lead to cfacking, which
would reduce the serviceability of the road and could
allow water access to the base and sub-base where it might
cause further damage by freezing.

Bearing in mind the above factors, it is not
surprising that the "flexible" pavement has become very
widely used throughout the world. Since large sums of
money are being spent on new road construction and magjor
improvements (U.K. £90 million in 1970), any improvement
in design efficiency would undoubtedly lead to a substantial

financial saving.

1.2 Current Design Approaches

A design method must be employed so that a logical
means exists to ensure that a pavement is made strong
enough within itself and also sufficiently strong to 1limit
stresses on the subgfade to an acceptable level. Permanent
deformations may accumulate with each wheel load to reach
unacceptable proportions if the pavement or subgrade is too
weak to withstand the applied loading. Assessment of the
interrelated factors of layer thickness and layer material
properties under the dynamic loads a pavement experiences,
has for long posed problems.

Most current design methods are empirical, being based
on long practical experience, particularly the performance

of full scale road experiments. Current British design



practice(l'l) is an example, relying heavily on the

findings of the Road Research Laboratory in their full
scale pavement experiments(l'Z). This data is taken
together with results from California Bearing Ratio tests
to establish the various layer thickness. This standard
plunger test can be carried out on material from any of
the layers of a pavement under construction to assess its
ultimate strength. In the British design method, the test
is carried out on a sample wf-the’subgrade-matefiaitic Traffic
loading is reduced by equivalence factors (based on the
AASHO Road Test findings) to a number of "standard axles".
The sub-base and roadbase thicknesses for a particular
subgrade CBR and "accumulative number of standard axles"
over the design life, are presented in graphical form.
In near saturated or saturated subgrade materials, increase
in the pore-water pressure renders the test unreliable and
recourse is made to values of the CBR based solely on soil
classification. For a satﬁrated subgrade the design method
is thus based completely on soil classification and experience.
Even when measured CBR values can be used in the design,
some measure of the ultimate strength of the subgrade
under one application of load is taken. Thus pavement
behaviour at conditions other than failure and under many
repetitions of load is not taken into consideration in the
design method.

Empirical or semi-empirical methods of design depend
heavily on experience which may not be applicable at other
locations. Although such methbds of design were adequate

when traffic loads were light, experience of permanent



deformation in heavily trafficked roads seems to lead to
the conclusion that a better understanding of the stresses,
strains and displacements occurring in the layers is
required. If it could clearly be established how these
quantities lead to permanent deformations and the possible
loss of pavement serviceability, then limitations could

be imposed which would ensure a factor of safety against
the "failure',

The full scale road experiments, which empirical
methods often rely on, suffer the disadvantages that they
are extremely expensive to construct and monitor, and
results are not usually available for a number of years.
The design often has to be decided upon long before the
road construction takes place, and results are only
available for a limited number of combinations of material
thickness and properties. The uncontrollable nature of the
pavement loadings further complicates the issue.

The results from these empirical tests cannot safely
be extrapolated beyond the range of experience without
some sound predictive theory being available. Given a
means of predicting pavement behaviour, a more rational
approach to the design problem based on structural design
considerations may be possible.

Such a thgory was used to produce design charts(l'B)
by the Shell Company in 1963. Layered elastic theory (see
later) was used to calculate the "critical" stresses and
strains in typical pavements and a series of design charts

produced. These depended on the limitation of the subgrade



vertical strain to acceptable levels and claimed that it
was only necessary to know a dynamic subgrade modulus and
traffic loading conditions to produce a design.

A method of analysis based on the failure of the complete

(1.4).

pavement structure has been presented by Sebastyan By
considering Mohr-Coulomb failure surfaces the method arrives
at an ultimate load for a layered system by considering a
series of wedge-like failures within the layers. Although
some success was claimed in comparing theoretical solutions
with full scale tests, the analysis can give no knowledge of
behaviour other than at failure.

The Shell design method was, however, the first attempt
to produce design charts based on the calculation of critical
parameters. It was based on only two of the quantities
thought to be important in controlling layered pavement
behaviour, but did put a structural design approach to the .
layered pavement design problem into practice for the first
time. It was based on the only quantities calculable at

the time, revealing that the currently available methods of

analysing layered systems were inadequate.

1.3 Structural Design Approach

The layered pavement may be thought of as any other
structure; some loading is applied which gives rise to stresses,
strains and displacements within it. Certain of the values
of these variables may be critical when compared with the
known strength of the materials and would lead to failure,
(which in a layered pavement would be defined by a drop

in the serviceability of the road to an unacceptable level).
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The steps in a classical engineering structural design
can be applied to the pavement problem and may be summarised
as:

i) assume some structural form and define the
behaviour of the constituent materials under the
expected environmental conditions

ii) define the loading to be applied to the structure
and the structural boundary conditions

iii) make a preliminary guess at the size of the

components

iv) carry out an analysis to determine the critical
stresses, strains and displacements based on the
most accurate material characterisations available
(from simple laboratory tests if possible)

v) assess whether the known strength of the
constituent materials provides an adequate
safety factor against the calculated critical
stresses, strains and displacements.

If the design is not satisfactory, then steps iii) - v)
are repeated.

The method is difficult to apply to the pavement
problem since the structure is difficult to analyse, the
loading difficult to define and the critical parameters
difficult to identify. In order that solutions can be
produced, simplifying assumptions must be made.

The assumption made in characterising the complex
road making materials are examined in Chapter 3, and those
made in the methods of analysis are discussed later

(sections 1.4 onwards). So long as these assumptions are



proven valid the designer would have confidence in
extrapolating beyond the limits of current pavement

experience.

l.3.1 Validity of Assumptions

It has already been established that full scale pavement
tests have serious disadvantages. They are expensive,
difficult to control and give only limited basic information.
Scaled down pavements offer a better solution. The applied
loading can be controlled and measurements made under
laboratory conditions. The wvalidity of assumptions made
about material properties from simple tests can be checked
with these, more easily made, in-situ measurements of
stresses and strsins.

To this end, some measurement of the strains occurring
under a rolling wheel load have been made(l's) on a
toroidal section of layered materials in the laboratory.

The work was extended to full scale pavements using electric
wire strain gauges to find the strains at the asphalt
interfaces under rolling loads. Attempts to predict the
strainsusing an elastic layered theory met with only
limited success. To provide correlation between theory
and practice, an in-situ dynamic elastic modulus, measured
at a frequency of vibration relevant to the speed of the:
rolling wheel, was used in analysis. Uncertainty in
choosing a value of the Poisson's Ratio for the complex
asphaltic materials rendered comparison with measured |
strains difficult.

More comprehensive measurements of both the stresses



and the strains occurring in a layered system have been
made by Brown(l'6/l'7). Dynamic loads were applied to a
layered soil system in a rigidly confined pit. The stress
distribution set up was thus not exactly that under a
rolling load. However, important factors emerged from the
work - it was established that the structure seemed to
obey some non-linear elastic law. Recent analysis of

these resultgl’8 and Chapter 5)

has reinforced the views
expressed in Chapter 3 on the effect of the stress and
strain invariants on material properties. The above tests
have been extended to a 3-layer system by including an
asphalt surface layer(l'9). Taken as a whole, these tests
have shown that the accurate measunément of stresses and
strains in-situ is an extremely difficult task, especially
at low stress levels. The dynamic loading applied to the
system resulted in an accumulation of permanent deformation
and undoubtedly a change in the material properties
throughout the test program. This type of testing on
scaled down pavement sections, preferably using rolling
loads and involving measurement of the accumulated
displacement at various depths with load applications,
would seem to offer the best method of checking theory
with practice. Although expensive, such tests are cheaper
and easier to construct and monitor: than full scale road
experients.

Simpler tests have been carried out omn full scale road
pavements in order to assess their response to loads similar
to those experienced under traffic. A heavy vibration

(1.10)

machine has been used by Heukelom and Klomp to

measure wave propagation and dynamic deflection in order
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to determine the dynamic properties of road construction
materials in-situ. Testson subgrade materials revealed

an approximate relationship between E (dynamic modulus of
elasticity) and the CBR value. Although the test was
cumbersome to perform, it did show that material properties
and material interaction could be assessed without the
complex instrumentation required to measure stresses and
strains in-situ. A more recent series of tests by

(1.11) applied an impulsive load to the pavement

Isada
surface. An Mimpulsive load stiffness" was defined based
on the surface deflection response and an impulse load.

This quantity varied at a location with season,and from
location to location with the type of pavement construction
employed. It was claimed that with some experience in the
use of this device, empirical laws could be established and
enable "good" or "poor" roads to be identified by the nature
of their response to impact. Although vibrational testing -
methods are valuable in assessing the finished pavement
performance, their semi-empirical nature gives only

limited assistance to researchers attempting to identify

the fundamental causes of pavement failure. Such dynamic
testson the finished pévement do, however, help to check

the assumptions made about the individual layer material
behaviour since they offer a relatively simple means of
aésessing the overall structural behaviour without complex
instrumentation. No indication whatsoever can be derived

as to which of the stresses and strains are critical and
precipitate a drop in the serviceability o©f the pavement.

It is to this problem attention will now be turned.
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1.3.2 Critical Parameters

The resilient and permanent surface displacements in
the pavement have often been thought of as the most important
guide in assessing performance. Surface displacement is
the easiest quantity to measure in the finished pavement.

The Benkleman Beam deflection apparatus, as a means of
measuring transient surface displacements, thus offers a
valuable guide to the pavement performance.

Although rightly considered as a simple measure of
performance(1°12/13), surface deflections only reflect the
effects of strains deeper in the pavement. It has been
suggested that the measurement of surface deflection without
knowledge of layer geometry and material types is unlikely to

be interpreted effectively(1°14).

An infinite variety of
layer configurations and material types could lead to the
same resilient and permanent deformations.

(1.3)

The Shell design charts of 1963 used the vertical
subgrade strain as a main design criterion. The designs
were based on computations carried out using a layered
system analysis which was restricted in that it could not
calculate shear stresses. The level of shear stress in the
soil subgrade would have been of more use in assessing
likely permanent damage (Chapter 3). Thus, restrictions
imposed by the method of analysis dictated the design

(1.14)

criterion. Later it was established that consideration
of the maximum shear stresses and strains at the base-

subgrade interface was unlikely to effect the trend of the

original design curves. The subgrade vertical strain does,
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however, give an indicgtion of the distortional effect of
the interaction of the normal and shear stresses within
the subgrade, but also depends on the strength of the
upper stiff layers. Any weakness within these layers will
lead to greater values of subgrade shear stresses and thus
greater deformations -in the subgrade. The vertical subgrade
strain would increase accordingly, and retain its usefulness
simply as an indication of the degree of subgrade support
offerred to the increased strésses imposed by the base.

The mechanism of any weakening of the upper stiff
layers of the road pavement is thought to be that of
fatigue cracking in the diréction of maximum tensile
stresses(l'ls). The repeated flexure which the stiff layers
undergo imposes a cyclic change in the stresses at the
base of the asphaltic 1ayers which it was claimed would
eventually lead to an initiation of cracking after a
particular number of load repetitions. The term fatigue
was tentatively introduced based on the fact that the usual
laws applying to fatigue in metals appeared to hold for a
cyclic loading of asphaltic materials. For a particular
controlled stress or controlled strain levél of cyclic
loading, failure occurred quite suddenly after a particular

number of load repetitions. The following law appeared to

n
N = K(—];— 1.1
€

where N = number of load cycles to failure

hold

€m amplitudé of applied tensile strain in the mix

K a factor depending on the volume and grade of

bitumen in the mix
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n = a factor defimned by the slope of the fatigue
1ime : log strain v log cycles to failure.

The importance of limiting the tensile strain at the
base of the bitumen bound layers was thus apparent. The
limit would be such that the total number of load repetitions
of a particular size and thus the "life" of the pavement
was acceptable to the designer.

The possibility of the "healing" of bituminous materials
has been examined by Bazin and Saunier(l'l6). It was
established that samples tested, dynamically, almost to
rupture and then allowed to "rest" for a number of days
underwent a change. Their strength returned and greatly
increased lives were predicted by subsequent testing. A
small compressive stress acting on the specimen and higher
temperatures increased this suspected healing. The question
was posed as to whether sufficient pavement dead weights
existed to produce large enough lateral compressions to
heal damage caused by traffic at the base of the asphalt
layers in a road. It thus may be possible that a "failure"
of the pavement system as the result of cracking due to
abnormally high loads might not greatly effect the future
elastic properties of the pavement. Such cracking would,
however, lead to at least a temporary weakening of the upper
layers, and the transmission of higher stresses to the base
and subgrade with the associated accumulation of further
permanent deformations.

In summary, it appears that three main parameters are

considered important to the pavement behaviour:



14

1. Surface deflection - This encompasses both the resilient
and the accumulated permanent deformations. Displace-
ments are more easily measured than stresses and strains
and, along with surface cracks, are a critical factor
in establishing whether the pavement is serviceable.
Without information on layer materials and their geometry
the surface displacement is simply an indicator of the
resilient or permanent behaviour of the total structure
and gives no information about the mode of failure of
individual layers.

2. Asphalt tensile strain or stress - Knowledge of the
magnitude of the repeated tensile stresses or strains
could lead to some estimation of the period of time
which will elapse before cracking will occur. The
"life" of the pavement could thus be predetermined.
Current repeated loading tests on these materials may,
however, be unduly pessimistic since a '"rest period"
may allow some healing of cracks already initiated.

3. Vertical subgrade strain or stress - Excessive subgrade
vertical strain due to weak upper layers will lead to
permanent changes in the subgrade material. The
magnitude of these strains may be limited, by increasing
the design thickness or stiffness of the upper stiff
layers.

"Although these parameters, already well accepted in
suggested "rational" design methods, do concentrate on the
most critical parts of the pavement, the reason for their
being important may be misunderstood.

It will be explained in Chapter 3 that unsaturated
materials in compression and shear all obey the same
conceptual law, except near failure. All round compression
causes the material to compact and become stronger, shear
stresses are disruptive and precipitate failure. The
limitation of the shear stresses in the base and at the top
of the subgrade, already suggested by Dormon and Edwards(l'lé)
is a partial recognition of this fact. It seems reasonable
to suppose that the excessive vertical subgrade stress or
strain or excessive strain in the base, which are to be

guarded against, are the result of the interaction of normal

and shear stresses which ought to be quantified.
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The behaviour.of materials in a state of all round
tension is fundamentally different; rupture is simply
thought to be due to the tensile stresses exceeding the
strength of the material in simple tension (Chapter 3).
The asphalt tensile strain criterion would thus seem to
be founded on a sound basis. A more systematic approach
to the whole problem of pavement design has recently been

the subject of research.

1.3.3 Systems Approach

The basic core of the system has already been discussed.

It can be reiterated by considering the layer configuration
and material properties as the variables available in an
optimisation problem and the criterion of limiting stresses,
strains and displacements as constraints. The achievement
of an optimal cost design would depend on the calculation

of the stress, strain and displacement parameters and on
assessing how important they are in damaging the pavement.

(1.17)

This general approach to the problem includes

the above vital factors. Performance, itself, was, however,
defined in economic terms by the level of serviceability
which could be expected from the road. This has been

assessed quantitatively(l'lg)

and predictably found to depend
on the axle load and number of applications and the thickness
of the pavement. Extrapolation of the empirically calculated
serviceability index to other materials and conditions would
seem of dubious value.

(1.17)

Input to the total "system" included loading and

temperature, and construction and maintenance information.
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Its characteristics were material geometry and properties.
Decision criteria were included to establish the acceptability
of the pavement design and included funding, cost, reliability
and riding quality. These formed the basis for optimising
the output of the system, fhe overall pavement performance.
Each separate aspect of such a systems approach should, it
was recommended, receive detailed attention. The indication
is that work currently in progress (1971) at the University
of California, Berkeley, includes study of sub-systems for
permanent deformation and asphalt fracture or fatigue, these
being considered as two of the critical design criteria.
Traffic density, and pavement weakness because of
increased temperature, both being parts of the overall
"system", have been incorporated into analysis by considering

(1.19).

"traffic weighted mean stiffnesses" In order not to
overdesign an asphalt pavement by considering the maximum
traffic density and maximum weakening of the pavement to
occur at the same time, a formula was arrived at for stiff-
ness which gives less weight to the figure when traffic
density is low.

The input to the "system" thus appears to exist already
in the form of spectra of loading and temperature,
(although the important effect of temperature on design
parameters is further emphasised in Chapter 6). A means
of determining an acceptable level of serviceability of

the complete road pavement structure based on economic

terms has been outlined. The important area of the
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identification of the critical stresses, strains and
displacements has been considered. It remains to establish
an adequate method of analysis to predict these possible

design criteria.

1.4 Layered System Structural Analysis

1.4.1 Basic Methods

Two basically different methods of analysis of the
layered system have been developed to date (1971).

(1.20) solved the general equations of

i) Boussinesq
elasticity for a semi-infinite elastic mass. More complex
solutions involving layéred systems were developed along the
same lines, later being aided by the digital computer.

ii) The advent of the rapid digital computer has
facilitated the more successful use of numerical methods.
These include the finite difference and finite element
methods which both subdivide the structural system with mesh
points. The finite difference method depends on making
approximations to the governing differential equations at
each mesh point, whereas the finite element method assumes
a displacement or stress pattern within each element defined
by a number of mesh points. Each method relies on the

solution of a large number of simultaneous equations to

obtain the most accurate results.

1.4.2 General Assumptions

The accurate calculation of the stresses and
displacements resulting from traffic moving at speed on

a road surface is complex. Each method of analysis
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involves a number of general assumptions, the particular
assumption made by individual researchers are discussed
later.

(1.21), that

Most analyses assume, with justification
wheel loads can be represented by a uniformly distributed
circular load. The layer interfaces are usually assumed

to be perfectly rough allowing complete continuity of

radial and vertical displacements.

1.4.3 Viscoelastic Behaviour

The extent to which material behaviour may be considered
as elastic has been examined by a number of workers. If
the layered materials were linearly elastic the maximum
instantaneous stresses under a moving load would virtually
be the same as those under the same load when stationary(l'zz).
If this assumption can be made, then the effects of multiple
wheel loading can be considered by superposition of stresses,
strains and displacements. For the purpose of the analyses
carried out in this thesis, the time dependent properties
of the materials have been simplified. For the asphaltic
materials it has been assumed that for each particular rate
of loading and temperature, elastic moduli can be assigned
and analysis carried out using some elastic continuum
theory (see Chapter 6).

Considerable effort is being made elsewhere to solve
the layered problem using visco—elastic layered theories.

(1.23)

Westman demonstrated how to calculate the velocity
range for which time dependent effects were of no importance.

Very generally, if the wheel load moved faster, some speed
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was eventually reached beyond which the materials were
essentially elastic. Leger(l'24) developed a limited
expansion for the calculation of the displacement at the
surface of a visco-~-elastic half-space under a concentrated
load moving at constant speed. The results were compared
with the corresponding elastic case and the decrease of
vertical displacement with increasing speed was shown to
~be dependent on the viscosity of the material. Recently,
the failure criteria for a visco-elastic material have
been examined(l'ZS).

These methods of analysis have so far only succeeded
in producing solutions for a'single layered system. In
this early stage of their development they can, nevertheless,
help the designer to realise the limitations of elastic

theory, particularly when used to aghalyse situations

involving slow-moving heavy loads.

1.5 Layvered Elastic Solutions

l1.5.1 Early Tabulations

Burmister first applied the theory of elasticity to
(1.26)

a layered system having the achievement of a pavement
design as his objective. The pavement was represented by
two layers of homogenous, isotropic and linear elastic
material, the lower one béiﬁg infinite in extent in both
the horizontal and vertical directions. The analysis was

(1.27). X(1.28)

later extended to include 3-layers Fo

evaluated stresses in a 2-layer system for various modular
ratios and radii of loaded area using a relaxation method
to provide more comprehensive information. Stresses were

(1.29)

later obtained off the load axis by Acum and Fox but
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values were still restricted to those at the layer interfaces.

Mehta and Veletsos(l'3o)

devéloped a more general solution
to the layered problem allowing some variation of Poisson's
Ratio. Computer programs were prepared for a system having
a maximum of 5 layers and calculations were possible off

the axis of symmetry. Comprehensive tables were later
published by Ahlvin and Ulery(l'3l) for the stresses, strains
and displacements in a single layer system and the more
difficult task of tabulating stresses in a 3-layer system

(1.32) with the aid of a digital

was carried out by Jones
computer. The values he calculated were restricted to the
layer interfaces on the axis of the load and Poisson's
Ratio was set at 0.5. Twenty-six volumes of tables
including variation of Poisson's Ratio in a 3-layer system

(1.33) under comtract to the US

were produced by Burmister
Navy at about the same time (1962).
Later in 1967 a 4-layer system was considered by

(1.34)

Vertstraeten following exactly the procedure used by

Burmister. Plots of principal stresses were added and

(1.35)

surface shear loads considered. Poulos has considered
a layer over a rough rigid base from Burmister's equations.
All these tabulations were made under difficult
computational conditions involving great research effort
for a small return. The recent development of computer
programs based on layered theory, able to calculate stresses,
strains and diSplacements at any point in the layers, for
any values of Modulus and Poisson's Ratio has greatly eased
the work load. The advance meant that, provided elastic

theory is considered adequate, effort can be concentrated

on the design problem rather than the development of the
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means of calculating the critical parameters.

During the development of layered elastic analyses,

(1.36):

several factors emerged, summarised by Niélsen

1. Vertical stresses in a layered system were found
to have much lower values than the corresponding ones from
Boussinesq theory.

2. The mechanism of how the stiff layers "spread”
the load was more apparent. It was suggested that a very
stiff upper layer could even have a detremental effect.

A high vertical stress gradient was balanced by a high
shear stress gradient which could affect the stability of
the upper layer.

3. The critical shearing stresses at layer interfaces
were thought to be deflection dependent.

4. The problem of pavement design was thus thought
to be one of evaluating critical stresses and displacements
so that the values were well below the breakdown values
assigned to the materials.

1.5.2 Computer Programs for Layered Elastic Analysis

Computer programs which permit the direct calculation
of stresses, strains and displacements at chosen points in
an elastic layered system have recently become more
generally available. A program commissioned by the Chevron

(1.37)

0il Company Inc. , and not available to the author,

has been used by workers in California. Shell Research
N.V. have produced a program(l'38) (BISTRO) which was used
to make comparisons with the author's finite element
programs. Recently, the Road Research Laboratory,
Crowthorne, have refined an earlier computer program(l'39/l'40)
which was designed for layered system analysis.
The author's experience is limited to the use of
"BISTRO" which, in common with both of the other known

programs, was based on the earlier work of Burmister.

Hankel Tranform theory was used to enable the governing
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partial differential equation, A% (r,z) = 0, to become
an ordinary differential equation in the Hankel Tranform
of the stress function, ®. The integration constants to
this tranformed ordinary differential equation depend on
Young's Modulus (E) and Poisson's Ratio (v) and were
solved from the boundary conditions. It was assumed that
layers remain in contact and that vertical stresses and
displacements were continuous at the interfaces. Two
further assumptions could be made about these boundary
conditions - either no slip occurred at the interface or
the layers could slip over one another without shear
stresses acting.

The BISTRO program uses the _principle of superposition
to calculate the total stresses, strains and displacements
at any point resulting from any number of vertical surface
loads. Recently (1971) the program has been modified to
include surface shear loads. It has been found by the
author to suffer the disadvantages that:

1. The calculation of selected stresses, strains and
displacements at each chosen point involves the complete
recalculation of all integrals, making the demand for
computer time high.,

2. As the number of layers increases beyond 8-10, the

time taken to calculate stresses becomes much greater.
(This would discourage the use of the program for a problem
to which it could have been suited, involving a modulus
varying with the depth alone - e.g. temperature effect in
asphaltic materials, Chapter 6.)

3. Quantities calculated near the surface are of ten
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inaccurate, as sometimes manifested by an overflow occurring
in the integral calculations. In short, there seems to be
no guarantee that accurate answers are assured near the
surface, even if no integral overflow message is printed

by the program.

The Chevron program, based on the same theory, is
claimed to produce answers more rapidly at the premium of
only slightly less accuracy.

The earlier version of the R.R.L. Program suffered
the disadvantage that it only calculated quantities on
the axis. The most recent version (1971) calculates
stress, strain and displacement at several places at onke
with a minimum amount of re-integration. Output of the
stress invariants and some automatic graph plotting is
incorporated. The Fortran IV program text is lengthy,
requiring the overlay facility of the Road Research
Laboratory's I.C.L. 4/70 Computer, thus casting doubt on
its easy applicability to other computers.

The author experienced only limited compatibility
problems with the FORTRAN IV "BISTRO" program text when
loaded on to an I.C.L. KDF9 computer; some changes in "DATA"
instructions were necessarye.

The whole question of machine compatibility is the
subject of difficulty and controversy but it would seem
unwise to invest a great deal of development effort into
a program which is dependent on facilities within a system
unique to one type of computer which is little used
elsewhere in the world. Such appears to be the case with

the R.R.L. system.
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It seems likely, however, that layered elastic analyses,
although restricted to single modulus layered systems of
infinite extent, will continue to play a vital part in
the calculation of the critical design parameters. Further
comparisons between the 3 programs available and finite
difference and finite element methods are, however, needed.
Some comparisons have been carried out between "BISTRO"
and the finite element programs (Chapter 4). Comparison
of the time taken to calcﬁlate the stresses, strains and
displacements in a given non-layered system suggests
that the whole system can be solved, throughout a suitable
mesh, in the same time "BISTRO" takes to compute values
at 10 or 15 points. Displacements calculated using the
finite element method are, however, subject to certain
basic inaccuracies (Chapters.4,6) because of

i) computer round-off when Poisson's Ratio is near 0.5

ii) the proximity of the boundaries in the geometrical
idealisation.

The N-layer elastic solutions outlined above are
restricted in the following ways:

l. a variation of modulus with radius cannot be dealt with

2. the method is restricted to elastic materials.

1.5.3 Non-linear Properties in N-layer Theory

The lack of a method ef analysis which incorporated
non-linear material properties led to the suggestion of

an iterative procedure based on n~layer elastic analysis.

(1.12) (1.19)

Seed et al and Kasianchuk used such a method:
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-stresses and strains were calculated using some

initial layer modulus values,

-layer moduli were repeatedly modified according to

these new stress levels until a satisfactory solution

was reached.

The method has the important disadvantages that:

1. moduli could not vary with radius.

2. the many layers required for an adequate approximation
to the modulus variation with depth, increased the computer

time required to compute stresses for each iteration.

1.5.4 Anisotropy and Finite Difference Approximations

Anisotropy has been incorporated into an elastic
analysis by Gerrard(l'Ql) based on similar integral
transform techniques to those suggested by Burmister, but
solutions were not exfended to the layered problem.

Transformation of the equilibrium equations into
linear finite difference equations has been carried out
by Cumming and Gerrard(lAQZ) and extended to a cross-
anisotropic half space and a 2-layer isotropic system by
Gerrard and Mulholland(l'QB). Non-linear material properties
which varied throughout the material have been incorporated
(1969) using a stress dependent Young's Modulus, by Morgan
and Gerrard(l'QQ).

A source of error exists in the finite difference
approximation itself and also in representing a semi-
infinite medium by a model having rigid boundaries at a
finite distance from the loaded area. This latter error

is also present in the finite element approximation.

Boundary conditions are, however, difficult to implement
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in the finite difference method. An irregular boundary
would lead to almost insuperable formulation problems.

The development of a program using this method, flexible
enough to incorporate general material properties and

allow ease in specifying boundary conditions, has not yet
been achieved (1971). The finite element method (Chapter 2)
has received greater attention since it was first

introduced in the early 1960's.

1.6 Finite Element Approximations

The finite element method of anaiysis has the basic
advantages that:
l. each element can be assigned different material
properties which are easily changed.
2. there is complete freedom of choice of boundary.
conditions including the type and number of loads,
3. a considerable amdunt of experience in the use of
the method has been built up in the short time
since its use has been made feasible by the
digital computer.
Most unbound road pavement materials have been found
to have modulus properties dependent on some measure
of stress level, but in bituminous materials, the effect
of temperature has been found to be far greater(l'lB).
The effective examination of the importance of both of
these factors demanded this flexible method of analysis
(Chapter 2).

(1.45) first reported the development of

Waterhouse
a computer program specifically designed to consider the

pavement problem. The program was based on the 3-node
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axisymmetric triangle, but was not‘general in its stiffness
formulation. The author stated the work to be incomplete.

The more sophisticated program written by Wilson(see Chapter )

based on the same element has been used by Duncan et al(l°46)
to analyse a pavement system having non-linear elastic

(1.47) recently (1969) used

material properties. Dehlen
the same program to analyse layered systems. The program
relies on the 3-node axisymmetric finite element, but does
not make provision for calculating the exact integrations
for the stiffness of elements bounding on the axis of
symmetry. The existance of a small cylindrical hole at
the axis, not found necessary in the author's program,
has been found to lead to inaccuracies. The main conclusion
made by the above workers, using this program, was that
the finite distance to the boundary was critical in
determining displacements.

The main disadvantage of an axisymmetric analysis is
that it does not model the true 3-dimensional behaviour
of a pavement, and only single loads can be considered.

(1.48)

considered the pavement edge effects using

(1.49)

Pretorius
a program extended to 3 dimensions using Fourier
Series Analysis. He found that, for a uniform subgrade
there was little difference in pavement stresses compared
with axisymmetric analysis, 24 inches from the edge of an
11 in. thick pavement. Computation time for this analysis

was high, rendering non-linear analysis prohibitively

expensive.
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1.7 Objectives

Since the author started work on the development
of finite element programs (Oct. 1968), other workers
have similarly examined the pavement problem. The
objective of the author was primarily to lay the
foundation for others at Nottingham by:
1. the development of versatile finite element
programs by examining a number of element shapes.
2. the examination of the non-linear characterisation
of soil materials and methods of testing to obtain:
fundamental properties.
3. the establishment of the importance of non-
linearity compared with an n-layer elastic solution.

4., the tackling of a 3-dimensional pavement problem.
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CHAPTER 2

THE FINITE ELEMENT METHOD

2.1 Introduction

The Finite Element Method has become widely used, having
been recognized as a powerful means of calculating displace-
ments, strains and stresses in structures having arbitrary
shapes, boundary conditions and properties. Improvement in
the speed and size of readily accessible storage of high speed
.digital computers‘has allowed the method to expand in use;
its flexibility has meant that it has outstripped the Finite
Difference Method as a means of solving the continuum problem.

Whereas the finite difference method makes a mathematical
approximation to the continuum equations governing the
structure, the finite element method defines the displacement
or stress pattern within elements intercomnected at their
nodal points. The polynomial expression used to define the
state of stress or displacement is truncated in an arbitrary
way, which fact has led to controversy. The achievement of
greater accuracy of displacements or stresses and strains
depends on the type of formulation and the refinement of mesh.
Nowhere has a satisfactory proof been presented to explain why
the finite element method converges for the more complex

formulations.

2.2 Types of finite element formulation

Two basically different methods exist for determining the
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stiffness matrix of each element. A third is under develop-

ment.

2.2.1. The method using an assumed displacement polynomial
and adequately described by Clough(z'l) has become the most
popular in current use. The number of terms in the poly-
nomial expression is governed by the number of nodes in the
element and the number of degrees of freedom at each node.
The formulation suffers the drawback that continuity of

displacement or slope (bending elements) is not assured

between elements.

2.2,2, Another method derives a stiffness matrix from an
assumed stress polynomial(z'z), based on the principle of
complementary energy. Element interface continuity can be
written into the formulation and the number of assumed stress

coefficients is not limited by the number of nodal points in

an element.

2.2.3. The displacement method has been found to yield
less accurate strains and stresses, having discontinuities

(2.3).

between elements Reduction of mesh size leads to a
more accurate solution at the expense of greatly increased
computer storage requirements. Improvement can be made using
higher order elements but this requires more computational
effort and reduces the possible variability of material
properties by reducing the number of elements possible using
the same computer storage.

Experience with elements derived using an assumed stress

(2.3)

polynomial has found slower convergence than that using
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a displacement model, Results were, however, better for a
simple element model but there are difficulties in formulation:
the equilibrium equations must be satisfied exactly énd it

is difficult to establish a convenient co-ordinate system.
Unless care is taken in the selection of constraint equations
the banded form of the stiffness equations can be lost.

Since insufficient information is available which compares
the stress model with the widely used displacement model and
formulation of the method in a generally applicable computer
program would seem to present problems, the displacement

method was chosen as the tool of the author's work.

2.2.4. A third method is under development(2°4) which

formulates the model in terms of both displacement and stress
fields using the Hellinger-Reissner Theorem. It is claimed
that since the stress field need not satisfy the equilibrium
or compatibility equations or the stress boundary conditions
and the displacement field need not satisfy the stress-strain-
displacement relation or the displacement boundary conditions,
the method represents a significant advance, The difficulty
lies in establishing to what extent each condition is to be
imposed on the co-ordinate functions. There appear to be no
simple answers to this question and this generalised technique
is still in the early stages of development posing theoretical
as well as computational difficulties greater than those

presented by the stress method.

2.3 Choice of element form

In deciding on an element form it is important to consider
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shape and number of nodes and their relation to the quality
and cost of the solution. The soils problem, however,
demands non-linear properties which ideally should vary

continuously throughout each element and the whole structure.

2.3.1. Elastic case

The simple, constant strain, plane triangle has increas-
ingly been brought into disrepute and higher order elements
found necessary. The 6-node triangle is claimed to increase
the accuracy of an elastic solution even though less elements
are possible within the same computer storage.

The same general rules apply to rectangular elements
where the addition of mid-side nodes increase accuracy. The
rectangular element, however, has boundary geometrical limit-
ations which nevertheless can be considered acceptable in the
layered road pavement problem. Both types of element produce
a less accurate solution when the element includes very small
angles or is elongated.

The recent availability of isoparametric element forms
has increased the generality of element shape but at the
expense of the increased computing time which is necessary to

perform the numerical integrations.

2.3.2. Non-linear case

Integration to calculate the stiffness of an element with
a non-linear stress-strain matrix would involve numerical
integrations and increased computer time, An increase in
the generality (more nodes or isoparametric form) of the

element would probably render the time requirements excessive



33

since it would be necessary to calculate stresses and strains
at many points in each element to completely define the non-
linearity.

The alternative is to use simple elements and consider
the structure as piecewise linear. A constant stress-strain
matrix for each element would greatly simplify the necessary
integrations. The road system is already layered and does
not require generality in element shape, and thus the simple
constant stress-strain element would seem to offer the best
solution. Non-linearity can be built in by considering the
constant stress-strain matrix within each element as dependent
on a representative stress or strain level within the element,

Ideally, the road pavement should be represented by a
number of simple rectangular 3-dimensional non-linear finite
element s. The storage requirements are excessive, and
demanded an axisymmetric finite element approach in order to
obtain solutions for single loads in non-linear systems in

the first instance,

2.4 Formation of element stiffness by displacement method

Loads are applied at the nodal points of the structure
resulting in nodal displacements which depend on the structural

stiffness

(F) = (K).(V) 2.1
F - load vector
K - structure stiffness matrix

V - nodal displacement vector
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2.4.1., Assumed displacement pattern

It is assumed that the behaviour of the structure can be
represented by the behaviour of the nodes in the mathematical
model. The deformation pattern within an element is some
polynomial in the variables used as a co-ordinate system

(e.g. f(x,vy,2)).

(Vp) = (P).(a) . 2.2

Vp is a column vector of displacements at any point in the

element: (Vp) = |Vx
Vy
Vz
P - matrix of the terms of the assumed polynomial
@ = column vector of coefficients

The matrix (P) must:

i) allow solid body movement of the element without
incurring strain energy,

ii) be continuous with its first derivative within each
element.

iii) ensure continuity of slope and displacement between
elements (although some elements not 'conforming'

to this requirement have given convergent solutions).

iv) allow uniform strain to be represented.

The matrix (P) thus contains terms of the form:

< < < 2 £
1,x,y,z,xy,yz,zx,x,y,z,xyz,xy, €tc.

The number of terms taken is governed by the total
number of degrees of freedom allowed by all nodes in the

element. Thus a row of (Vp) will take the form:

Vpi = & + Qpx + Qzy + Quz + OsXy + etc.
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and define the displacement at any point within the element

if the aj terms are known.

2.4.2., Matrix (A)

The ai terms are defined by a matrix (A) and the actual
nodal displacements (Vi) for the element. The elements of
the (A) matrix are those of (P) with the co-ordinate of each

of the nodes of the element substituted:
(vy) = (A).(a) 2.3

V. -~ mnodal displacements for element,

A -~ matrix containing co-ordinate values substituted in (P),
Thus a = (ATH)V) 2.k

This means that (A) must be square and thus sets the limita-
tion on the number of terms in the displacement polynomial
in (P) and restricts its accuracy. The ordering of the rows
in (A) may have significance, preventing its inversion by a
matrix procedure which does not re-order the terms to select
the maximum pivot at each stage. The choice of (P) can be

influenced by the requirement that (A) is non-singular.

2.4,3. Strains-
The strains are determined in terms of the coefficients
(@) by differentiation of the assumed displacement polynomial

(P), (Equation 2.2).

(e) (B). (a) 2.5

where (€) = column vector of strains
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(B) = matrix derived by the appropriate differentiations
from (P).
2.4.4, Stresses
It is assumed that it is possible to define the relation-
ship between stresses and strains in the element by a matrix

(D) such that:

(o) (D).(e) 2.6

vector of stresses.

where (0)

2.4.5 Element stiffness

Stiffness means "force required at a nodal point to there
produce unit displacement in the same direction'. Defined
for all the displacements in a structure, in a usual set of
orthogonal axes, this leads to a structural stiffness matrix
(X). By the principle of virtual work, the virtual intermnal
energy in an element associated with virtual strains (€') is:

T
AW . = (e') .(o) d vol. 2.7
int
vol.

But from 2.5 and 2.4 respectively:
(e) = (B)(a) = (B)(A_l)(Vi) 2.8

and substituting in 2.6

(6) = (D)(e) = (D)(BY(ATH)(V,) 2.9
as in 2.8, virtual strains (e') = (B)(A_l)(Vi')
thus (e')T = (vi')T(A'l)T BT 2.10

Substituting equations 2.9 and 2.10 into 2.7 the internal
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virtual energy becomes:

Wine = (v,0T@)T IVOl(B)T(D)(B) a vol, (A™) (V)
2.11

The external work to produce this internal energy is:
T
(Vi') (Fi) where (F;) are the nodal loads.
Equating the two quantities:

@ = {aHT [

thus the stiffness for the element is defined as:

BT) (D) (B) d vol. (W) }(v,)  =2.12
ol. 1

®),, = (™) j;olFBT)(D)(B) d vol. (A7) 2.13

2.4.5.1 Solution
The set of nodal displacements (V) for the total structure

is found by solution of equation 2.1 given (K)structure

assembled from many element stiffnesses (K)el as calculated

in equation 2.13.

2.4.5.2 Strains and stresses

Strains at any point in any element are found from

equation 2.8 and stresses from equation 2.9.

2.5 Boundary Conditions

2.5.1 Displacement restriction

To impose restriction on displacement being allowed to
occur in either co-ordinate direction at a node it is necessary

to delete rows and columns in the structure stiffness matrix
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associated with the nodal point and direction in question.
The associated zero stiffness prevents displacement provided
the right hand side term is zero. The leading diagonal term

must be set to unity to ensure the equations are non-singular.

2.5.2 TImposed loading

2.5.2.1 Point loads

Any simple nodal point loads are placed in the appropriate

position in the load vector (F).

2.5.2.2 Distributed loading

This applies either to overburden loading imposed through-
out an element with volume, or equally to a uniform distributed
load on an area. Both are reduced to a set of equivalent
nodal forces (R.) by integrating over each element of the

relevant loaded region in the following way:-

If (Vi') are a set of virtual nodal displacements
(V') wvirtual displacements with the element
(q) distributed loading or body forces

dQ is the element of volume or area, as explained later:
then the External Work done on the element:

' T
Mg, = (Vi) (Re) 2. 14
Internal Work done by distributed load:
T
AWq = (v') " (q) aQ 2.15
Q
from equations 2.2 and 2.4

(V) = (P)Y(A™h)(Vy)
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thus (v)T = (v;nlaH L@t 2.16
wq = (v, T HT @ () a0
region
- wptemt | @M@ a0 2.17
region
thus:
Re) = HT [ ®T an 2.18
region

where (P) are the elements of the assumed polynomial,

The exact region of integration, 2, is the volume if
body forces are being considered, and the area if a uniformly
distributed load is imposed.

The set of mnodal forces (Re) are placed into the relevant

part of (F) the structure load vector.

2.6 Solution of structural equations (F) = (K).(V)

Although at first the solution was carried out using a
standarq direct inversiomn technique, computer storage
restrictions demanded that the symmetry and banded nature of
the equations be exploited. A procedure using the well
known Banded Choleski Decomposition, modified from a routine

(2.3)

in PAFEC , was used for all solutions presented here

(Appendix A.7).

2.7 Displacement Method Flow Chart (Elastic)

The computations involved in a simple elastic finite

element program are outlined imn Fig. 2.1. The order of the
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basic operations shown is that used in all programs developed
by the author. Modifications to carry out calculations
using non-linear material properties with iterative or

incremental loading will be introduced in Chapter 4.

2.8 Finite Elements developed in programs

Since the production of a working finite element program
could  involve the use of considerable resources, let alone
the author's time, a number of schemes written by other authors

(2.3/5/6/7)

were examined to see if they were easy to use and
more important could be modified easily, It was eventually
decided that only by writing working programs could the method
be developed effectively.

Firstly a program was written for the axisymmetric 3-node
‘triangle (Appendix, Prog. 1) aided by the experience of

(2.8) and Wilson(2'5). Although the element can

Zienkiewicz
be considered geometrically versatile the results were not
found to be satisfactory for the computation time necessary.

The 4-node axisymmetric element after Clough(z'l) w

as
found to be simple in formulation and led to equally acceptable
results with the use of less computer time for the return
obtained. As a result programs having the basic form of
Program 2.1) (Appendix) were used for all of the tests on non-
linearity (Chapters 4, 5), temperature effect on pavement
strength (Chapter 6), and the analysis of the variables- involved
in the triaxial test (Chapter 7).

A program (Appendix, Program 3) was later written to

investigate the feasibility of using a fully 3-dimensional
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element. This would have the inherent advantages over :an
axisymmetric program of being able to carry out non-linear
superposition and thus enable investigation of multiple wheel
loading and the pavement edge effects. The lack of efficient
enough computer software to enable the decomposition of a

set of equations using disc or tape back-up prevented this
program's use on practical problems. The main trouble being
that each such decomposition would have involved a great deal
of computer time and disc or magnetic tape storage. This
would have to be repeated at least 8 times for non-linear

elastic problems.,

2.9 Verification of elements

2.9.1 Axisymmetric

The programs written for both the 3-node triangle
(Appendix, Program 1) and the 4-node rectangle (Program 2)
were verified by making comparison with the elastic stresses
and displacements in an infinitely long thick ring under
internal pressure. The exact solution to this plane strain
problem is given by Timoshenko(2'9).

Apart from checking that the finite element approximations
gave values of the correct order,it was thought necessary to
examine the degree of stress continuity between elements and
also make sure that as elements became smaller the solution
became better (convergence).

The finite element idealisations in Fig. 2.2 were

considered. Nodal loads were applied to represent an internal

pressure of 2000 1bf/in® and boundary conditions were imposed
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as shown in order to model an infinitely long thick walled
cylinder. Radial nodal displacements (Fig. 2.3) and radial
and hoop stresses at element centroids (Fig. 2.4) were
compared with the exact elastic solution.

Stresses showed good agreement, the better agreement
being obtained for the 4-node rectangle. To some extent
this was no doubt due to the 3-node element representations
not being geometrically symmetric about a line in the
direction of increasing radius. Nodal displacements
surprisingly did not compare with the elastic solution to the
same degree of accuracy, although it was apparent that as
the mesh became more refined answers improved.

An examination was made of stresses (at nodes and at
element centroids) and nodal displacements for both element
types to establish how well answers from each converged.

Quite arbitrarily the point at r = 8 in. was chosen.

Siepent desb | Bgmems | songion | Ei2 Bl
x10 (in.) x10 (in.)

1. coarse 3N 6.0309 6. 444 93.6

2. refined 3N 6.1014 " 9k.7

3. coarse 4N 6.0412 " 93.7

L, refined 4N 6.1001 " 94.6

Table 2.1 Radial Displacements at r = 8 in.

Radial displacements at this radius (Table 2.1) obtained

from 3-node and 4-node elements (the 3-node values by
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averaging displacements at that radius) showed a convergent
trend with decreasing element size. However, there was no
significant difference in displacements from the 3-node or

the 4-node element.

Nodal stresses were calculated at the same radius by
averaging stresses calculated at the node from all surrounding
elements. These were compared with actual values of
0y = -833 1bf/in® and 0g = 2167 1bf/in° from elastic theory
(Table 2.2). It can be seen that although there were large
stress discontinuities at the boundaries (particularly with
the 4-node element) decreasing mesh size improved the average
values. It is perhaps surprising that with the refined
4_node element mesh, average radial and hoop nodal stress
values were within as little as 4% and 1% respectively of the
elastic theory value.

For both types of elements,stresses calculated at the
centroid of an element were found to agree closely with the
average of the nodal values.

Since the 3-node triangle was general in orientation, the
program took longer to compute element stiffnesses and more
elements (i.e. more computations) were required for a given
problem. The rectangular element used by Wilson(z'S), and
derived from 4 triangles, would have removed errors in
calculated values due to lack of geometric symmetry of the
finite element mesh, but would have required the averaging of
stresses from surrounding element centroids. Although Wilson
found this produced a satisfactory solution there was no

theoretical justification given for the averaging process.
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The 4-node rectangular element, as seen above, produced
no better results than a combination of triangles but had
the advantage of requiring less computer time. It was

chosen for development.

2.9.2 3-dimensional element (8 node)

A program for thev8-node rectangular prism is given in
the Appendix, Program 3. It is based to some extent on
earlier work by the author(z'g).

Although the extension from the essentially 2-dimensional
axisymmetric case to three dimensions is algebraically straight
forward the logical problems are greater. Automatic data
generation for a solid block of element was developed for the
program which formed the upper band of the element stiffness
matrix within the rapid access store.

The effort was undertaken in the expectation of a
significant increase in computing power,and in additiomn to
testing superposition of non-linear response,the practically
important problem of the edge of the pavement could have been
tackled.

Convergence and the absolute accuracy of the formulation
were checked by considering a cantilever of material in
bending (Fig. 2.5). Each of the three finite element models
was made one element wide (y-direction) and acted on by 200 1bf
distributed to the two lower nodes. Successive halving of
the mesh size led to a rapid convergence toward the simple
bending theory solution (Table 2.3). The explicit integrals
and other matrices were thus proven accurate with some degree

of confidence,.
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Element Meshlvzitbngligla;§m§nt Simple Benging Fin, El.%
. . 7z . . 4 =
(Fig. 2.5) |53y "B1. Sciution | T0e0rY (P4°/3EI)Bending
1 -6.407x10"* -1.706x10"2 37.6
2 -1.190x1072 " 69.8
3 -1.568x107°2 " 91.9

Table 2.3 Vertical Displacements at End of Cantilever

In the event, the increased core store that is slowly
becoming available is either associated with time sharing
operations (ICL 1904E Loughborough, Chilton Atlas) making the
use of the whole core plus backing store costly, or is not
supported by adequate software to permit the exploitation of
the Choleski decomposition for banded matrices. This is a
disappoihting situation as the program itself showed every
indication that sensible 3-dimensional solutions could have
been obtained.

Given efficient software, the decomposition of the
structural equations would be ideally carried out in blocks
using the back-up store, only the (bandwidth)2 being required
as fast storage. The importance of the problem of size is
illustrated as follows using (say) the fast store on an Atlas
machine to retain the whole upper band of a symmetric stiff-
ness matrix:

Given a block of elements with 4xmxn nodes in 3
orthogonal directions (where #<m<n) the minimum band-
width is 34m and the total number of unknowns 34mn.
gggmggﬁber of structure stiffness matrix elements is

The Chilton Atlas computer has available 110x550
locations of rapid access store, e.g. if £4=m=n, then
9n®=110x550, i.e. n = 8.3.
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This means that the largest block of elements which could
currently be considered would be (8x8x8) in size, clearly
not enough to derive useful solutions to the 3-dimensional
layered problem.

Given adequate software support, which allowed decomposi-
tion in blocks 6n.the same size of machine, the refinement of
mesh would increase but in two directions be limited by the
bandwidth and in the third by time or cost:

The total fast store requirement is (bandwidth) 2
i.e. (34m)?, thus 94°m° = 100x550 if 4=m then £ = 9.06.

Mesh refinement in the n direction could be chosen
at will and would increase the number of blocks to be
considered. In consequence n would be restricted by
the computer time available, and would depend for its
large size on the efficiency of transfer software from
backing to fast store.

It is clear that given an even larger fast store and the
necessary software, an attempt can be made to model the three

dimensional pavement in a realistic way, the n direction being

that along the road pavement.

2.10 Conclusions

It has been established that simple elements appear to
offer the most desirable solution to the non-linear finite
element problem. The accuracy of the 3 and 4-node axi-
symmetric elements has been shown to be roughly comparable,
but the 3-node triangle required more element stiffmness
calculation of a general kind and thus more computer time.
Stress discontinuity at nodal points was shown to be more
considerable for the A_node element but values averaged from
stresses given by all surrounding elements were found to be

better using this formulation.
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The program based on the 8-node rectangular prismatic
element gave a convergent solution but awaits the development
of efficient software. Inevitably such a solution procedure
would be written in machine code and thus its form would
depend heavily on the computer and its intermnal organisation.
So that effort is not wasted it seems essential that a system
with long life is chosen for which to develop the highly
efficient coding necessary.

There is the danger however that given such a highly
efficient tool, research workers would devote their time to
solving more and more of the previously intractable problems
without making an assessment of the very basic deficiencies
of the finite element method itself. Although considerable
resources have been used in developing complete finite element
suites of programs based on the displacement method it must
be borne in mind that increasing effort is currently being
expended on other formulations and they will become more

readily usable as experience of them is reported.
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Fig. 2.1 Basic operations of finite element programs
1 Read in details of mesh size
and spacing and no. of layers
o Generate Element node and INPUT DETATLS
Node co-ordinate data OF MODEL
3 Calculate max. band width
A Read in Boundary Conditions
Read in Loading
| counter = 1|
—
5 Compute Element
Stiffness Matrix
6 Post into relevant part of STRUCTURE
Structural Stiffness Matrix STIFFNESS
inc. counter
by 1
YES
. . ) MODIFY STIFFNESS
.7 . Modlfy gtlfgness mazrt§ FOR BOUNDARY
o impose Boundary conditions CONDITIONS
Calculate uniformly
8 distributed or body force LOAD VECTOR
lloads and put into load vector
9 Solve equations (F) = (K)(V) SOLVE EQUATIONS
counter = 1
=
10 Calculate strains and stresses STRAINS
at centroid of element STRESSES
inc. counter NO last
by 1 elemen

end
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Elastic problem
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Fig. 2.2 Thick ring; actual and finite element
models
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=
n

30 x 10°%° 1bf/in®
'0. 15 Pla

V 100 1bf
100 1bf

\

200 1bf

\/

200 1bf

: . v

200 1bf

Fig. 2.5 Cant:!.lever and solid finite element idealisations
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CHAPTER 3

MATERIAL CHARACTERISTICS

3.1 Introduction

The objective of all pavement analysis is to predict
displacements, stresses and strains as accurately as possible.
To calculate these quantities the properties of the layer
materials must be characterised so that the mathematical
representation is as close as possible to the real behaviour.
Road making materials have extremely complex properties and
it is inevitable that all work for a long time henceforth will
only produce an approximate material characterisation.

In this Chapter it is hoped to contribute to this by
examining the fundamental properties of the materials.

(3.1,3.2)

Experimental work carried out recently on material
characteristics has begun to fill in the gap which exists in
our knowledge of soil properties. In roads, the major factors
to be considered in the asphaltic material in predicting both
resilient and long term deformations are the temperature and the
rate of loading. However, for example, weakening of the
asphaltic layers due to increased temperature may lead to
increased stresses in the sub-base and subgrade and to a
conventional soil mechanics failure of the system. It is thus
clearly necessary to look at the conditions of deformation and
stress in the pavement materials. In the past attention has

been centred only on failure conditions and the early soil

mechanics theories were based on this. It is now thought
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important to observe the development of those stresses which
lead to failure in the pavement and to be able to predict
where it would occur within the pavement system.

To do this it is necessary to know the load deformation
characteristics of the materials involved.

Roads are subjected to repeated loading and hence there

.are two phenomena to observe:-

(1) resilient behaviour - recoverable deformation occuring
many times a minute under wheel loads, i.e. loading and
unloading.

(2) 1long term deformation - non recoverable deformations
occuring as a result of the effect of repeated loading

to a particular stress level.

3.2 Materials in Road Pavements

The three basic materials widely used in layered road
construction are: bituminous bound materials in the upper
layers, a granular base, and a subgrade which in this

A

country is often a clay.

3.2.1 Bituminous materials

The bituminous materials form both the wearing surface
and the more highly stressed load spreading upper layers.
The bitumen which forms the matrix of the asphalt or bitumen
macadam has stiffness properties which vary very greatly with
temperature (Chapter 6) and creeps with time under conétant
load. Simple viscoelastic theory has been used in layered

(1.23/24/25)

systems but the complex differential equations
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which arise have inhibited work which otherwise would have
led to the prediction of the permanent deformations within
the upper asphaltic layers, and at the same time permitting
realistic material properties in the lower granular and

(3.3)

cohesive materials. Pagen has defined the rheological

response of a bituminous material over a wide range of loading

(3.4)

times and temperatures and Gandi and Gallaway have

examined the effect of bitumen viscosity changes on the stress-

(1.13) £ nd that

strain behaviour of asphalt mixes. Terrel
temperature (and the attendant change in bitumen viscosity)
was more important than stress level in governing asphaltic
material behaviour.

For a long time measurement of the load-deformation
characteristics was restricted to determining an axial
modulus on a cylindrical specimen. Currently, dynamic tests
more complete than the static tests of Gandi and Gallaway,

are being carried out at Nottingham on specimens using the

triaxial cell.

3.2.2 Granular base

The road-base is usually of crushed rock, a material
which is often thought of as being able to take no temnsile
stresses, These granular materials have been found to have
non-linear resilient stress-strain properties well below
failure. In addition, any permanent deformations which
occur. may be caused by particles moving with respect to one
another, altermnatively, this could be explained by compaction
or dilation due to repeated loading and unloading. The base
is usually well drained so that pore water pressures do not

pose a problem.
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3.2.3 Subgrade

In this country the subgrade is usually composed of
saturated or partially saturated clay. The €alifornia
Bearing Ratio Test (CBR), as already mentioned, is often
used to as;ess the subgrade strength in a failed condition.
The test, however, does not give enough information about the
material which would enable theoretical analysis of the whole
pavement system to predict both the resilient and long term
deformations under any loading up to failure.

The long term deformation, as in the case of the base
materials under compression, can be thought of as that due to
a contribution at each unload stage, i.e. the intensity of
shear stress and effective bulk stress would be such that
non-recoverable deformations occurred with each passing wheel

load.

In this thesis the time and temperature dependent
behaviour of bituminous materials has been simplified to that
of an elastic modulus which is different at various rates of
loading and temperatures (Chapter 6). The 'soil' materials
are considered in a fundamental way and assumptionseventually
made to enable their resilient properties to be incorporated
into the finite element method of amnalysis. The non-~recoverable
behaviour has been considered but not incorporated into the
analysis.

Until 1968 there is little published research describing
experimental work leading to a material characterisation.
Most of this is mainly concentrated on the calculation of an

axial modulus from conventional soil mechanics tests. In the
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vears 1968-71 it has been more widely recognized that in this
‘area inadequate information exists to permit computer analysis
of soil structures and there has been a spate of unco-ordinated
research effort, all of which, however, contributes to the

whole.

3.3 Review of Recently Published Work

Road pavements in Britain are currently (1971) designed
using the CBR test which characterises the subgrade under
failure conditions. The CBR value has been related to a

(1.10). The

dynamic soil modulus by Heukelom and Klomp
concept of a dynamic soil modulus and its relation to past
practice has been followed by major research investigations
into road material behaviour.

It has long been known that the stiffness of roadmaking
materials was dependent on stress level and thus elastic
theory has been thought inadequate to predict stresses and

displacements accurately. The response of a layered road

to the cyclic loading it experiences is two-fold:

(1) resilient deformation which is thought to obey some
non-linear stress-strain law and ‘which might vary with
age or the number of loading repetitions.

(2) 1long term damage, accumulated at each load cycle.

3.3.1 Material testing
| (3.5)

As early as 1957 Hruban had carried out incremental

loading tests suggesting that a '"modulus of deformation”
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depended on stress level. He proposed that this modulus
could be expressed as:
n
p . kKloo| (3.1)
i n-1

C.
1

where n, k = constant, n > 1

of major principal stress.

i defines direction of modulus.

The relationship shows a decrease in modulus with
increased stress level for a clay. Hruban concluded that
only further field observations could provide enough inform-
ation for improved knowledge of material behaviour. He was
concerned with soils under a "one-off" load increment and
not with vibrational tests which give "dynamic characteristics".
Although this was an early attempt to simplify, or make
understandable, soil behaviour, effort did not become
concentrated until the advent of the digital computer and
the extensive development of continuum analysis programs
demanded better material knowledge.

Non-linear resilient’deformation received attention at
the 1967 Ann Arbor Conference on the Structural Design 6f

al(1°12) showed that a

Asphalt Pavements. Monismith et
tangent modulus of resilient deformation of a granular material

under cyclic loading could be given by:

Mr = ko' (3.2)

n, k = constants.

Oz = confining pressure in the triaxial cell.
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The tangent modulus, ﬂiﬂﬁé%ﬁl, increased with triaxial cell
pressure at a decreasing rate. The tests were, however,
carried out at constant cell pressure and thus did not model
conditions in the pavement where horizontal stresses rise
with load. The modulus is not necessarily a fundamental
characteristic of the material except as representing repeated
loading behaviour in the cylindrical test specimen,

Whereas Momnismith et al. characterised the material from

(1.7)

triaxial cell tests, Brown and Pell derived a stress
dependent '"modulus!" based on stress and strain measurements
from a scaled down pavement section. They measured stresses
and strains occuring in a granular basecourse and clay sub-
grade of a 2~layer pavement constructed in the laboratory sub-
jected to a repeated pulse load. Instrumentation difficulties
led to a very wide scatter of results. When linear elastic
theory was assumed at each instrument point separately and
then values of Young's Modulus and Poisson's Ratio calculated,
Poisson's Ratio was found to vary eratically from 0.2 to 0.6
in the clay and decreased linearily with mean stress from

0.4 to 0.3 in the granular base. Using measured values of
the maximum stresses and strains occuring in three-dimensions
under the pulse load and by applying the equatiomns of
elasticity at a point, a "resilient Young's Modulus" was
found. For each layer the modulus was expressed in terms

of the sum of the principal stresses:

- 2040 J,0-°7 (3.3)
-0.61

granular base , E
secant

clay subgrade , 28000 J,

Esecant
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where Jl = 01 + 02 + Og (3.4)
0;- - principal stresses

These equations, it must be remembered, were the result of

a regression analysis with a very wide scatter of results.

It is shown in Chapter 5 that for similar test results the
scatter is reduced if bulk and shear behaviour are characterised
separately based on the derived values of bulk and shear
stresses and strains. The equation for the granular base

shows the same trend as that given by Monismith et al. In

the clay subgrade, however, modulus decreased with the mean
stress. The same trend was apparent from the measured stresses
and strains of Brown and Pell when this secant modulus was
expressed in terms of the 2nd stress invariant or octahedral
shear stress. Thus, quite arbitrarily, the material could

be characterised in terms of either the mean stress or shear
stress.

1(1.46)

Duncan et a were concerned to find material
characteristics which could be used in a finite element
method of analysis. Conveniently the triaxial cell (where
Oz = Oz) at constant confining pressure yields a resilient
tangent modulus equivalent to Young's Modulus defined:

MR = gig%%gll = Etan’ This was incorporated in finite
element analysis. Although the balance between bulk and
shearing stresses had been shown to be the fundamental factor

(3.6)

in the behaviour of soils up to and at failure , Monismith

ot al(1.12)

considered only quantities coming from the
traditional triaxial test with pulsating loading, namely,

"modulus'" based on a peak to peak deviator stress and peak to
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peak axial strain. This modulus has little meaning in

terms of fundamental soils properties since it is defined
QLE%%%QL and confuses shear stresses with an axial strain.
Measurements of other, particularly radial, strains were not

made presumably because of the practical difficulty involved.
Difficult to measure within a triaxial cell under pressure, these
radial strains, it would seem, are almost impossible to

measure under pulsating loading conditions. Snaith(7'1) has
evolved a technique involving measurement of volume change in
a tube surrounding the triaxial specimen but the success of
this is not yet certain.

The tests by Brown and Pell clearly show that stiffness
was dependent on stress level in both granular and clay
materials. The tests also showed that in a pavement the rate
of loading influenced results. In the subgrade cilay,stress
increased and stra%n decreased with increased rate of loading,
the effect on the strains being more marked. Although non-
linearity was shown by the stresses in the clay not being
proportional to surface contact pressure, they argued that
elastic theory predicted maximum shear stresses adequately

(3.7)

for design purposes. Later comment again emphasised
non-linearity. Under loading the clay showed a decrease in
secant modulus with increased deviator stress at some confining
stress, and an increase in modulus with increased confining
stress. A more general description of the behaviour of the
clay is therefore necessary and a simple functional relation-

ship could be postulated as E = f(o,T), Here 0 = all round

stress is chosen, as opposed to any one normal stress and,
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T is a measure of the shear stress system, taken as the
second stress invariant. With such a relationship isotropy
is retained, Experimental evidence suggests that for a
clay the shear (T) is the dominant variable.

(1'7),that for a clay the modulus

The earlier conclusion
decreased with increasing confining stress was stated with a
certain amount of confusion. In the layered system under
test, normal loads at the surface led to ratios of mean
normal/octahedral shear stress (Chapter 5) which did not vary
greatly throughout the system for a given load, or at a given
position for changes in the value of the normal load. Hence

—0'61,which describes

a relationship of the type, E = 28000 J,
the stiffness change in this type of stress system under these
loading conditions does not model the clay under any general
system of loads., Hence it does not model the fundamental
characteristics of the material.

(3.8)

Huang had first suggested a general set of postulates
to cover both the granulaf and clay type materials. He
assumed that under dynamic loads the effect of loading time

on material properties could be ignored and the material

could be considered as non-linear elastic. Clearly this
excludes a rigorous consideration of asphaltic materials which
because of their bitumen content have properties which are
markedly time dependent. He also assumed that Poisson's

Ratio (V) was 0.5 so that the material could be described
completely using one parameter E (Young's Modulus) or G (shear

modulus), Huang stated that for granular materials, mean

stress had a greater effect on E than octahedral shear stress



64

(Fig. 3.1 i)) but that increase in either stress led to

increased E,. It can be said for a clay that shear stress

is the more important factor and reduces E (Fig.-3.1 ii)).

It can therefore be seen how tests carried out in
instrumented scaléd down pavement sections can obscure the
understanding of the general behaviour. Brown and Pell
produced a relation E = 28000 J1-0'61,but such was the
similarity of 0/T values within the pavement that the wrong
conclusions were drawn. From Fig. 3.1 iii).it was inferred
that E decreased with increasing 0, but since the ratio 0/T
varied only slightly in the material, the decrease was
essentially due to the change in T and the inferred dependence

on 0 incorrect. Huang contributes to the confusion by

characterising the material in either of two ways:
E - k(o)™ or E - kg(T)™ (3.3)

without recognising that k; and kg could not be true material
constants.

(3.9)

Clough and Woodward in carrying out an incremental
finite element analysis on an earth dam, considered the more
fundamental deformation properties of the soils. They

stated that E and V were not necessarily the most "convenient!"
measures of material properties. It was thought that in

the field it was '"more effective to deal with a bulk modulus
(M) and a distortion modulus (Md)". It was considered
appropriate to consider the embankment problem as one of

plane strain (€2=0); thus referring to the principal

directions the stress~-strain law could be written:
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— E — v v N —e T
1| = T |- 0 1
Ga Vv 1-V 0 €3 (304)
1-2v |’
T 0 0 > Y
. . — L

where Tm and Y. are the maximum shear stress and strain
respectively,

The characteristic moduli were defined as follows:

o\ 1k - E;%Eg = M (e;+€5) (3.5)
= =% _ M ( ) (3.6)
Sdeviator = 2 = g'€1-Fs 3.

By introducing equations 3.5 and 3.6 into 3.4 relationships
between the moduli, as defined, and Young's Modulus and

Poisson's Ratio were derived.

E
b T~ 2(1+V) (1-2V)

M (3.7)

E

Mg = B (3-8)

and equation 3.4 was expressed in terms of Mb and Md only.
In the triaxial test condition (where 0 = 03), €; =
%(01 - 2V03); thus provided the confining stress was held
constant, gigﬁggél = Etan' This ratio was defined as Mt
by Clough and Woodward and from triaxial tests allowed the
calculation of non-linear E and V values for a finite element
analysis.

Although the above simplification applies to the incremental
behaviour of soils, secant characteristics necessary for an
iterative analysis are less simple in definition (see later).

Clough and Woodward assumed an initial Poisson's Ratio

of 0.4k arbitrarily, so that from the initial value of modulus
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obtained from any one confining pressure and equation 3.8,

an equally arbitrary wvalue of Md would be obtained for the
incremental finite element analysis. It is shown in Chapter
4 that the correct choice of initial value is of critical
importance in a numerical incremental treatment, In
summary, the application of generalised Hooke's Laws using
bulk and shear moduli derived from an incrementally loaded
triaxial cell, without the measurement of €3 (radial strain),
does not yield characteristics fundamentally different from
an axial foung's Modulus. The results seem completely
dependent on the aribtrary choice of Poisson's Ratio (V = 0.44)
and this method of characterising soil behaviour would seem
inadequate to model the fundamental behaviour.

(3.10) approached the problem

Girijavallabhan and Reese
of material characterisation in a more fundamental way. Two

basic phenomena were recognised as being important.

(1) hydrostatic stress for volume change,

(2) deviatoric stress for change of shape,

It was also recognised that in soils volume change could occur
as a result of shear stresses, thus adding a third variable to
the relationship. The hydrostatic and shearing components of
stress and strain were defined in terms of the first and
second stress and strain invariants. These invariants in

terms of principal stresses are:-

T4 +0. +Ga
o = =iI-27-38
3
T = %/Kcl-cg)z + (0p-03)°% + (03-0,)7

(3.9)
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(4 = (€1+€g+€3)/3
Y = %/(e1-€3)° «+ (ep-€3)% + (€5-€,)"

0y, Os, Og are the principal stresses.

€,, €3, €3 are the principal strains.

0 and T are mean normal stress and octahedral shear stress
respectively. € and Y are mean normal strain and octahedral

shear strain.

For an isotropic elastic material the relations between

stresses and strains are:
K (bulk modulus) = %% (3.10)

(3.11)

G (shear modulus) =

<=

These relationships do not apply directly to all soils since
they can change volume under shear. The ratio was replaced

by function relationships which in the general form were

written:
e = f£,(0,T) (3.12)
Y = f5(0,T) (3.13)

The soft clay being considered was assumed incompressible
(v = 0.5 and K = =), Since the Author's finite element
method could not cope with this situation a value of 0.48 was
chosen for Poisson's Ratio. Triaxial tests were carried out
to establish the shear behaviour of the clay and the material
characteristic obtained was used to analyse the load settle-

ment behaviour of a circular footing in soft clay. Since the
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material was considered as imcompressible, 2¢z3+€; = 0, and
T = /2 (0,-03)
3
Y = /2 € (3.14)

thus G = % and E = 2G(1+V) = 3G

For this saturated material,change of shape occurred under
constant volume and the stress-strain curves were found to be
independent of the confining pressure in the cell.

A second problem, that of a wall retaining sand, was
considered by the finite element method. The material was
assumed to suffer volume changes only under shear stresses and
the pseudo-elastic constants E and V derived from triaxial
testing which involved the measurement of the volume change
(év). Thus shear stresses and shear strains were used to
express the stress-~-strain relationship of the sand and ¢ used

to represent the effect of the confining pressure on the

relationship. The parameters E and V were found as follows:
=€a 1 -2 L)
E = 2G(1+Vv) where G = % and
T = \/-'32' (01—03) and Y = ZT\/-Z €1 (1+\))

The variation in material properties was thus built into the
analysis by varying both E and V but relates only to the
restricted stress state in the triaxial cell.

The authors make the comment that in the present state

of experimental knowledge there may be no merit in ignoring
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bulk action and explaining all volume change by shear action,
The influence of confining pressure was, however, observed to
result in a linear increase of the shear modulus.

(3.2)

Holubec considered the elastic behaviour of cohesion-
less soils and described the volume change caused by shear
through the void ratio (e). For any given initial void ratio
he showed that the elastic properties of a granular material
varied with 0 and T. He was concerned to obtain a soil
characterisation which was based on an incremental stress-strain
theory and thus claimed to show that the elastic properties
were functions only of the state of strain of the granular
material element and independent of how this state was achieved.
Using a triaxial cell with frictionless end platens he obtained
plots of deviator stress/axial strain and by unloading showed

a permanent set, Graphs produced were similar to those of

(3.9/10).

previous workers Holubec explains the unload and
reload parts of the curve on the assumption that soil particles
attain a critical equilibrium. Volume change occurs with
shear because of the dilatant nature of the soil; the particles
do not return to their original positions and irreversible
deformations occur, The characterisation which Holubec

sought was an incremental one which could model this permanent
deformation as well as the resilient elastic behaviour. The
experimental work, using the triaxial cell, established that
the sand was anisotropic. The elastic axial modulus was

found to be a function of the state of the soil element and

more particularly, in the triaxial cell, a function of mean

normal stress, octahedral shear stress and initial void ratio.
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El = f(O', T, einit) ‘ (3. 15:)

The anisotropy was described by four parameters E,, Vv, and
Esz, Vs relafed to vertical and radial directions respectively.
Fig. 3.2 (after Holubec) summarises the effect of stress level
on Ej.
E, was seen to increase with 0 and T
Es increased with 0 but decreased with T but the
change in Ez was so small as to be regarded as
insignificant

V, decreased and Vg increased with 0 and T

The curves in Fig. 3.2 all represent a particular initial
state (i.e. void ratio or density).

It has been suggested(B'll)

that E; increased with T, ¢
because small shear strains help individual grains to find
positions of greater stability. Doubts were cast on Holubec's
calculations showing anisotropy under the load but it was
accepted as "intuitively reasonable'" that anisotropy does

(3.12)

occur, Coon and Evans doubted whether Holubec was
modelling elastic behaviour at all. (The fact that he was
dealing with incremental loading and allowing irreversible
deformations to occur by changing the E values does pbint to
a confusion of two phenomena.) The need for more investi-
gation of the purely recoverable part of the behaviour of
cohesionless soils was also pointed out.

Whereas Holubec characterised the soil by E and V,

(3.1)

Domaschuk and Wade returned to the more fundamental

(3.10)

definitions set out by Girijawallabhan and Reese earlier
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used by Brown(1°6) to analyse results from in-situ 3-dimensional
instrumentation. Bulk and shear modulus were given the

definitions of classical elastic theory:

k = 32

c G =

I
Y
The ideal basis of the work was:-

(1) Bulk modulus (X) from triaxial tests in which only
normal strains were permitted, i.e. isotropic consolid-
ation.

(2) Shear Modulus (G) from triaxial tests in which only
shear strains were allowed to occur. The condition to
find bulk modulus was easy to simulate, that for shear

modulus was more difficult since it was necessary to

keep 0 = EL%EQ& = constant. To calculate €; and €5, a
drained triaxial test with measurement of volume change
was hnecessary. From volume change and €,, the lateral
strain was deduced, presumably from, %X = €; + 2€g.

Hence the Bulk and Shear Moduli were obtained from their
definition in terms of the first two stress invariants.
Variation in the density of the sand was stated to be

the 3rd factor which could vary K and G.

From isotropic consolidation tests a power law relation

was proposed, € coa, giving rise to a secant bulk modulus,

Q

0(1-oc)

1

Tests of the shear box type were found to give linear
stress-strain curves in granular materials with the slope

dependent on the applied normal pressure, Domaschuk and Wade
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also discussed a dynamic shear modulus derived from repeated
rotational testing where the shear modulus was found to
depend on the confining stress alone (i.e. G = CG%). It is
therefore implied that shear stress-strain behaviour does not
depend on the magnitude of shear stress, but, of course, in
almost any loading pattern shear stress increase is accompanied
by changes in confining stréss. Domaschuk and Wade, however,
retained generality and defined a shear modulus from the
triaxial test at various constant values of CTas G = %-where
T and Y are octahedral shear stress and strain. Their
findings are summarised in Fig. 3.3. Their experiments
showed that for a sand:

increased shear strain led to a lower shear modulus

(softening)
increased bulk strain led to a higher bulk modulus
(stiffening),

and as might have been expected modulus was increased by a
lower void ratio or raised density.

In these tests ¢ and Ti:'had taken various values depending
on the stress path, but at failure 0/T appeared to reach a
constant value which depended on the overconsolidation ratio
(Fig. 3.3 iii)). On this basis,if road materials did not
dilate under shear then the location of regions succeptible
to failure could be established with some confidence by
theoretical analysis. The travelling load produces in the
pavement a ratio ¢/T for any one point which varies with the
passage of the load but its maximum value, neglecting time
dependent properties, can be obtained from the maximum

stationary load case. If the effective moduli are strongly



73

dependent on the stress path, the stress distribution would
be affected. In real materials this leads to more difficult
conceptual and computational problems which have not so far
been examined.

It is generally accepted that volume changes occur under
shear stress action thus prediction of the exact behaviour
becomes complicated. For the sand considered by Domaschuk
and Wade,failure occurred when 0/T was less than about 0.8
for a dense sand and 1.0 for looser material. Their work
appears to be the first separation of stress-strain behaviour

into volumetric and deviatoric components in any fundamental

sense.
K = f£,(0, D)
(3.17)
G = f3(o, T, D)
D.. = relative density

Since K and G are related to E and V this shows that E and V
have a very wide range of wvalues. K and G depend on
fundamental soil stresses and strains which are measurable
and independent of axis of orientation. Poisson's Ratio 1is
difficult to define adequately in this context and difficult
to measure.

In discussion of Domaschuk and Wade, Girijavallabhan(3'13)
argued that the volumetric strain should be allowed to change
as a result of shear stress (dilation), symbolically
%X = £(o,D,.,T). He also made the valid conclusion that K and

G values obtained from triaxial testing may not be valid for
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states of stress where 0; £ Oj. It may be added that end
restraint in the cell has an effect on the deformed shape

and will cast doubt on estimates of €3 based on volume change
and €, (Chapter 7). Girijavallabhan also comments that
Domaschuk and Wade do not explain precisely how €3 was
calculated. He questioned the advantage of characterising

the material using K and G. It was argued, what in linear
elastic terms would be correct, that E and V are only different
versions of K and G and yield exactly the same results.,

Chowdhury {3+ 1%)

doubted that the isotropic compression
test and the constant mean normal stress test produced unique
values of elastic moduli. He also stated that Domaschuk and
Wade had nowhere justified the use of K and G as soil
parameters except to say that they were more "appropriate',
He recognized that the method of testing has an important
bearing on the values of moduli obtained and would have
preferred tests more closely related to the kind of stress
system being modelled. A further criticism was that unloading
characteristics were not produced. These are clearly
important in showing to what extent dilation has caused
permanent changes in the soil structure. Chowdhury was also
interested in load and unload tests where deviator stress

was increased, at constant mean normal stress, to a level
well below failure. (He was presumably interested to know
whether permanent deformation occurred due to shear at lower
stress levels.) The rate of loading of the one-off tests

carried out by Domaschuk and Wade was mnot specified.
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Passing on from single loaded tests on both granular
and cohesive soils, it is essential to consider repeated

loading tests and to examine the nature of the characteristic

parameters they have been able to yield. The Californian
work on granular materials(l'iz) yielded MR = kon, where
MR was defined as a modulus of resilience, For constant Oj

in repeated load triaxial tests this yields a tangent

; d(0,-03)

! - —ml=r37 : .
Young's Modulus, Etan = dey which has been used in
finite element analysis.

Vibration testing on clay materials has been reported

by Hardin and Black(3'15) (3'16);

and Humphries and Wahls
Hardin and Black recognised that in the early cycles of
loading the clay underwent irreversible deformation so that
for subsequent loadings the stress-strain relations changed.
After about 100 repetitions the pattern settled to an
almost steady, narrow hysteresis loop. (In the case of
a sand this occurred after 10 or 20 repetitibns.) It was
claimed that, at a particular level of loading, any
irreversible deformation had been completed and only the
non-linear resilient behaviour under repeated loading remained
to be observed. A shear modulus was measured in shear

tests using a column of soil under repeated rotation and a

"vibration shear modulus'" found. A relationship was given:
G = A.f(e).o” (3.18)

where A depended on the amplitude of vibration,

volid ratio,

(0]
I

s
I

constant (0.5 for angular sand) .
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It was emphasised that this vibration modulus did not depend
on the octahedral shear stress and decreased with increasing
void ratio. The modulus increased with mean normal stress
by a square law but secondary increase occurred with time,
which was thought to be a result of 'sensitivity to particle
disturbance!', (There might well have been a volume
contraction causing this stiffening.) The relationship

for vibration modulus (Eq. 3.18) was found to be very
similar to that earlier found by Hardin and other workers.
In that case, G was found not to depend on the amplitude of
vibration,

(3.16)

Humphries and Wahls established a shear modulus
from torsional tests on bentonite and kaolin. An increase
in the all round pressure was applied and shown to produce
an increase in shear modulus. (defined in the same way as
Hardin and Black). The new information given by Ref. 3.16
concerned the effect of amplitude on modulus. Dynamic
shear modulus was found to decrease with increasing
amplitude of rotatiomal vibration. Again stress history,

as simulated by all round pressure, and the void ratio were

found to be the most important variables.

The above vibrational shear tests show that with
repeated shear stress reversal a steady state is achieved

and some characteristic resilient shear modulus can be

determined. The modulus is not that defined by
G (shear modulus) = %%

but some characteristic which is a function of this method
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of dynamic testing.

(3.17, 3.18)

Two recent papers have used soils tests
to obtain a tangent modulus (Etan) to be used in incremental
finite element analysis.

(3.17)

Desai and Reese carried out undrained triaxial
tests and for various values of cell pressure determined
the deviator stress, d(0;-03) - axial strain de;, behaviour.
If 03 = constant, Etan = gigﬁégll, thus enabling an
incremental finite element analysis. Poisson's Ratio was
arbitrarily assumed to have the value 0.485, for all stress
conditions, in the absence of volume change measurements,

(3.18)

Duncan and Chin Yung Chang made measurement of
volume change in triaxial tests which were essentially the
same as those of Desai and Reese and carried out at various
constant cell pressures. The same incremental tangent
modulus was obtained but an incremental Poisson's Ratio was

calculated as follows:

from incremental generalised Hooke's law applied to
the triaxial cell stress state (0; = 0z)

Ede, = 60, - 2Vé0j

(3.19)
E6€3 = 603 - \)(60'1+60'3)
but in these tests 803 = O and %€, = 0€;+20¢€;
where €, is the volumetric strain
dey-06€ey)
1( v 1

thus V = -3 5es (3.20)
For silica sand this ratio was found to increase with
increasing "stress level!" from V = 0.11 to 0.65 over the
range 2-7 kgf/cmz. The tests are more complete than those

of Desai and Reese in that the authors carried out unload

and reload tests., On reload the ¥ange of Poisson's Ratio
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became 0.15 to 0.4 and the range was "larger for unloading
than reloading!'. It was, therefore, concluded that the
material could not be characterised by one value of Poisson's
Ratio and without regard to reload conditions. It was

also pointed ouf that to represent materials which dilated

or contracted under shear, more than two soil parameters

were needed, even in the case of isotropic materials.

(3.19)

Gerrard examined samples of sand for stress
induced anisotropic behaviour. Initial anisotropy due to
the method of packing of the sample was changed on the
application of an all round pressure. The characteristics
tended towards those of an isotropic material. For tests
in which both deviator stress (0,-03) and a torsion stress
were applied a change in the mnature of the anistropy was
indicated by the increasing difference between ''shear
modulus'" representing the deviator stress-strain behaviour,
G = %%%%TE%%%, and the shear modulus representing torsion
stress-strain behaviour. Unfortunately, since unloading

tests were not carried out it is not known whether the

dilation that occurred was elastic or not.

In all the non-vibrational triaxial tests which have
been examined under unload and reload conditions there has
been a marked change in properties as measured by E and Vv
or K and G, however defined. Tests by Hardin and others
have shown that after a number of repetitions of load a
non-linear elastic property may be attributed to materials,
but there is as yet mno clear understanding of the mechanism

whereby the material properties vary with stress level.
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(3.19)

Gerrard has demonstrated for sands that after

repeated loading there is a degree of anisotropy which

(3.2)

depends on the stress history. Holubec confirms

these findings and states that

"cohesionless soil is isotropic for isotropic stress
conditions and becomes anisotropic when sheared.

The anisotropy increases with shear stress and the
increase appears to be a function of o/T"

3.3.2 Elastic dilation and transverse isotropy

(3.20)

In a recent paper, Pickering examines elastic
dilation in terms of anisotropic parameters, He assumed
that in a layered soil the governing parameters were
independent of horizontal direction and that the vertical
axis was an axis of radial symmetry. In the case of the
stress dependent anisotropy observed by Gerrard this would
not strictly be true away from the axis of a repeated load
on a road pavement,

"Twenty~-one elastic parameters are needed to fully
describe three dimensional anisotropy. If transverse

isotropy is accepted as being a realistic description of

the layered pavement materials under a large number of

moving 1oads,ﬁgﬂgﬁ there is a reduction in the required
material constants to 5. For such a material Pickering
defined the limits of these parameters and stated that it

was possible that a dilatant material could be treated by
elastic methods and considered in this way in a finite element

(3.21)

analysis. Suklje has incorporated the same kind of
anisotropy into relationships for the bulk and shear moduli

of a material based on triaxial testing and allowing elastic
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dilation. It is shown in the Appendix at the end of this
Chapter that elastic dilation must be the result of inter-
action of the principal stresses only. Shear stresses in
the plane of the principal stress axes do not lead to a

volume change.

To summarise, an explanation of dilatant behaviour under
shear stress or uniaxial compression demands anisotropic
parameters, However, since dilatant behaviour in one-off
loading tests is thought to be non-recoverable (e.g. in sand -
riding over one another of particles) the relevance of elastic
anisotropy is doubtful.

The material characterisations developed up to 1971
which use E-V or K-G assume, either explicitly or implicitly,
that the material is isotropic. Modification which allows
the introduction of dilatant effects permitschanges in moduli
with either the density D, or the void ratio e. This
mechanism of change in characteristics seems most suited to
the incremental analysis of once-~loaded structures. Dilatant
behaviour in this case would bring about permanent changes in
structure and thus changes in '"stiffness'",

The situation under repeated loading is different. It
has been shown that after a number of repetitions under the
same load in laboratory conditions the behaviour can be
explained by mnon-linear elastic deformation. Experimental
evidence is not conclusive, but the elastic deformation may
contain an element of recoverable dilation which could be

modelled by anistropic parameters.,
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In full scale road tests it is well known that
permanent damage occurs, even after many repetitions, since
the pavement is not perfectly resilient. For numerical
prediction it is therefore important to obtain additional
experimental evidence on the wvariation in time of both
resilient characteristics and the incremental permanent

deformation per load cycle,

3.4 Summary of Basic Soil Characteristics

The behaviour of stress systems can be broken down into
the separate effects of hydrostatic and shear stresses.,

These are thought to have fundamental significance in isotropic
materials because of their invariance under changes of axes.

In soils the stress-strain characteristics under
hydrostatic stress are very different from those under shear
stresses, and from material to material the nature of these
relationships will change.

For any stress system, the volumetric strain or wvolume
change and the shear or distortional strain together
completely define the state of strain. These strains each
depend on the loading system imposed and in a soil the
orientation of their principal directions will be different
from that of the stresses if there are inelastic or anisotropic
deformations.

A general loading on a layered system leads to the
development of both normal and shear stresses.with any one
choice of axes. Thus the complete description of the behaviour

of a 80il which retains isotropy for an increment of load at
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any already established state of stress can be stated as:-

(1) volume change with all round stress level’

(?X V - volume
DO. 0 - mean stress
The inverse of this quantity can be considered as a
bulk modulus K.
(2) shear distortion with shear stress:
(gy_ Y - distortional strain
QT T -~ deviatoric stress
The inverse of this quantity can be considered as a
shear modulus G .

(3) volume change with shear:

@

The magnitude and sign of this quantity will depend
on stress history. A heavily over consolidated clay
will dilate under shear stresses whereas a normally
consolidated sample would contract. At any state
the material is at a particular density or void ratio,
any volume change as a result of shear, changes this
density and thus the bulk and shear moduli.

(4) The fourth possibility is distortional change with
all round stress level, This is unlikely to occur in

homogeneous materials.

Elastic theory, on which the continuum analysis in this
thesis is based, defines the mean normal stress and octahedral

shear stress invariants as:-
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2

3
il

2467

3/(0_-0 )2 +(0_-0 )2+(0_~0_)2+6T_ 2+67
X N N 4 4 X Xy Yz zX

where x, y, z represents an orthogonal set of axes

These invariants as measures of the stress state are
independent of the orientation of the axes to which they
are referred and except in the case of isotropic materials
the principal strain axis need not coincide with the principal
stress axis.

A Bulk modulus (K) and a shear modulus (G) can be

defined as:

bulk stress 10

K(bulk) = ok stroin = Yo (3.21)
T
G(shear) _ octahedral shear s?ress - oct'(3.22)
octahedral strain Yoct

If- the material is elastic, homogeneous and isotropic, these
two parameters offer a complete description of the soil.

In real soils, each is dependent to some extent (which
can be found from testing) on the two stress invariants ©
and T and on some factor to define the state of the material.
It is possible that this third factor could be the density
or void ratio, which would represent the state the material
has reached in its history and would almost always be time
dependent under repeated ;oading.

The outcome for isotropic materials is a two parameter
description each of which varies with the state of stress

and history of the material, i.e.
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K (bulk modulus) = f;(0,T7,Dr)
} after Domaschuk

G (shear modulus) = fz(0,T,Dr)
Dr = relative density

The stresses occuring in an isotropic material dilating
under shear will not be predicted accurately from linear
elastic theory, but the use of a changing density or wvoid
ratio may lead to more acceptable results.

If the material was considered as generally anisotropic,
with a stored energy, independent of stress path even though
the anisotropy might be the result of the imposed stress
system or stress history, 21 elastic constants would be
required. If there is no recoverable work-energy concept,
this number rises to 36. It would be outside the realms of
practicality to carry out soils tests to establish all these
parameters, even if it were possible with present equipment,
and to handle the information to predict behaviour.

It is shown from analysis of insitu measurements (Chapter
5) that K and G, since they relate to fundamental modes of
deformation, are informative about basic material behaviour.
The triaxial cell can be used to measure all the quantities
necessary to calculate K and G as defined above but in
addition to the measurements commonly made in the past it
would be mnecessary to measure the volume change of the sample
or the radial strain. Because of its importance,a means
of analysis of the triaxial test is given in Chapter 7.
Finite Element Methods are used to examine the inaccuracies

arising from end effects.
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An approximate description of the deformation of the

soil up to failure now seems possible given measurement of

triaxial cell volume change.

3.5 BSuggested Role of Triaxial Test

Since the test has the basic restriction that 0, = O
a truly 3-dimensional stress state cannot be modelled.

Accurate material characteristics are, howewer, most
desirable under the axis of a load on a pavement where the
highest stresses occur. From symmetry, for the axis of the -
load only, the horizontal stresses are equal. The triaxial
test wéuld thus seem to give a reasonable prediction close
to the axis of an on-off load. It would not accurately
mddel the stress system with rolling or passing loads.

For a particular material it is desirable to find how
the moduli vary with all round stress and shear stress. It
seems that important information will be lost if assumptions
are made about either Poisson's ratio values or bulk modulus.
In the above mentioned research work stresses have been taken
to be the effective values and not gross. The triaxial test
for, say, wet clays introduces further parameters, In
repeated loading tests on wet clays,drainage cannot occur to
dissipate pore pressures in the time scale of the tests.

For a saturated soil it would be normal to define the
effective stresses in terms of gross load divided by gross
area (including voids), and to reduce this by the pore
pressure, From the relative incompressibility of the pore

fluid it could then be argued that for pulsating loads the
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all round compression would be equilibrated by the pulsation
of the pore pressure. This would equally occur in the test
cell and in situ, in the road subgrade.

If there were long term or cumulative effects in situ,
these could only be modelled under test conditions by
alldwing moisture movement to permit the appropriate dilation
or consolidation,

The greater problem in subgrades, of seasonal variations
in degree of saturation and the possibility of a partially
saturated zone in the base and sub-base, is thought too
difficult for most soil mechanics -experiments and its
consideration is often excluded. Apart from the comments
above ,the modelling of possible consolidation in saturated
soil masses is also excluded from this thesis.

The basic material characteristics defined in terms of

invariants when applied to the triaxial cell are:-

129 1(01+20g
K = e - 7<€1+2€3> (3.23)
T _ 1(91-0s
G = 3 = g(el_%) (3.24)
where o = QL§291 T = [%(01—03)
(3.25)
e - Suf2fs v = #2(ere5)

The cell pressure acts on the top of the triaxial specimen
(Fig. 3.4) introducing experimental difficulties.

e.g. 1if it was desired that 0,<0 then % + Oz < O.
This implies that for a positive cell pressure, P
would be negative, clearly not feasible unless the
specimen could be fixed to the end platen.
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The following tests,although more complicated,might
yield better material information by their concentration on

the stress invariants.

3.5.1 Static tests (one off)

i) Constant Mean Normal stress (0): requires
0,+203 = ¢y (constant), where o1 = % + Oz . For this
condition:

Oz = %(cl - -E) (3.26)

Thus to retain 0 = constant,the cell pressure (0z) would
have to be varied during the test according to the above
equation. Separate tests would be carried out for a number
of realistic values of cy. During each test P would be
varied over a range and simultaneously the cell pressure O
changed according to equation (3.26).

With measurement of the volume change of the specimen
the result would be; K and G with varying T for constant

values of O,

ii) Constant Octahedral Shear stress (T): requires
(0y-03) = cs (constant) where O; = % + Oa. For this
condition (0;-03) = % = Ca, implying that it is mnecessary to

carry out tests at a number of constant values of P varying
Oz each time over a realistic range.

The result would be; K and G with varying 0 for constant

iii) Strains

To obtain strain invariants, the radial strain must be
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determined. Provided there is an appropriate correction
made to account for change in shape of the specimen from
cylindrical due to some end frictional restraint, volume
change will provide radial strain.

If the specimen deformed in the shape of a cylinder

the volume strain

ST = €

V €y + 2€a

. AV

1.e. €a = %<_V_ - €1> (3.27)
and for zero volume change then €3 = -1€; and the bulk

modulus would be infinite,

The moduli defined from test measurements become
P
@ 30
v

>

G = (361 -%Yj (3.29)

In the modulus definitions the possibility of dilation
due to shear stress is not considered. Thus in a test
where dilation occurred, whether recoverable or not, the
volume changes would not be associated only with the mean
normal stress whereas the definitions assume that they were,
The volume changes could be separated by carrying out a
hydrostatic compression test on the material, these being
conditions where dilation could only occur in non-homogeneous
material. The range of hydrostatic stresses used would be

the same as the mean normal stress values in the above "static'
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tests at constant 0 or T. The existence and magnitude of
the dilation due to shear could therefore be determined from
triaxial cell tests. Measurement s of dilatancy would
indicate whether further enquiries into the anisotropic
parameters would be necessary.

Assuming, for example, an overconsolidated soil, %; as
measured would be nnreasonably high in the case where shear
stresses accompanied and all round compression and the
calculated values of K and G would be lower than if dilation
had not occurred.

(1.6) established

For a stiff clay (Keuper Marl) ,Brown
curves of the type in Fig. 3.3i) and ii) for 0 against € and
T against Y (for one density only). K and G can be found
from these curves. The effect of dilation on these material
properties can be better explained by making diagrams of this
type 3-dimensional and explaining volume change due to shear
separately. In Fig. 3.5i), K will depend on stress history
j.e. whether or not T has undergone repeated reversal as in a
road pavement. Shear modulus would be reduced if dilation
were acknowledged (Fig. 3.5ii)) but increased if,for the
material, 0 increased G.

In general terms .

Avd

Kopparent = £(0,7,=7).
. _ e(o.r VA (3.30)
apparent = ARV

where AVd is dilation volume change and depends on T
Since in any material at given values of 0 and T dilation

will depend on stress history, there are no unique equations
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to describe K and G. Moving vehicle loading on pavements
involves reversal of shear stress and would imply a completely
different dilatant behaviour (the stress "path'" is different).
Dynamic moduli defined from equations (3.28/29) above and

(1.6)

found from either full scale tests or repeated load
triaxial tests, do not simulate this shear reversal. Thus
such tests do not model the true strain changes in the real
pavement, Principal stresses are measured using the triaxial
cell: Reversal of octahedral shear would imply inter-
changing 0; and 0z and necessitate a tensile force P being
applied axially to the specimen, This is not feasible with
present equipment.

The possible mechanism of dilation or consolidation in
actual pavements may be missing from the present tests of a
"triaxial'" type. Thus present dynamic testing which could
yield tangent bulk and shear moduli as modified by the
dilatant effect might not be strictly correct for the pavement,
which experiences passing traffic loading.

The development of a triaxial test where O; and Uz can
be interchanged would add materially to the confidence with
which all tests could be extrapolated to pavements. Since

such tests are not currently available the proposals for

using more conventional dynamic tests are now considered.

3.5.2 Dynamic test

i) Constant Mean Normal stress (o)

% must be cycled but in order to retain 0 as constant

the cell pressure must be controlled such that 03 = 1(c - %).
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This follows directly from the reasoning in section 3.5.1.
Similarly, if P cannot be mnegative (specimen‘can take little
or no direct tension), then (c - 303) must be kept greater
than zero. Radial strains must come from cell volume changes

or specimens heavily instrumented around the edge.

ii) Constant Octahedral Shear stress (T)
% must be kept constant (i.e. 01_63). This implies

that O3 must be cycled in some chosen way and % kept constant

using some feedback device,

K and G are tangent moduli and expressed as peak-peak
stress/peak-peak strain, implying the need to measure peak-peak
volumetric strains. In conclusion it must be emphasised that
although K and G fully describe an elastic material, soils
exhibit dilation under shear. In road pavements shear
reversal takes place. As yet neither dynamic nor static
testing has simulated this in a specimen where ¢ and T have
been considered as fundamental material parameters and theéir

effects examined separately.

3.6 Failure Criteria

Failure in a road pavement can be defined as occuring
when permanent deformation remnders it unsafe for traffic
moving at its normal speed. Catastrophic failure may occur
locally due. to subgrade weakness but design against failure
is mainly aimed at minimizing long term permanent damage.

Given that stresses and stréins can be predicted

accurately before a critical level of stresses is reached it
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is necessary to examine what can be done to predict
displacements after a "failure" has started and indeed to
predict the level and type of stresses which exist at the
critical state,

Early work was done on metals and two failure criteria

emerge:

3.6.1 TRESCA yield is defined to occur when the maximum
shear stress reaches a critical value, k. This yield
function describes plastic behaviour in a material.
if 0, > 05 > 03 and F is the yield function
thenF=01-03-2k:O
This criterion has been used to determine the yield point of
(3.22)

elements in an ideal elastic-plastic soil model

analysed by the finite element method.

3.6.2 Von Mises
This criterion is defined in terms of the yield stress

of the material in simple tension.

F = (0,-05)%4(02-03)"+(03-0,)%-2Y% = 0

It must be noted that neither of these failure criteria
contain terms for the influence of all round compression or
specific volume, The Tresca yield function does not include
the effect of intermediate principal stress and the Von Mises
criterion equates a quantity proportionalto octahedral shear
stress with a tensile yield stress for the material. The
criterion can be rewritten as,T° = constant, where this

constant is some level of distortional energy.
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3.6.3 Mohr-Coulomb
The Mohr-Coulomb theory of failure defines the limiting

stress state by:

o! effective normal stress

T

£ shear strength

The limiting stress envelope defined by this equation changes
with various pre-consolidation pressures. Thus failure

depends on both the shear and normal stresses taking

particular values. A higher normal stress will permit higher
shear stresses before failure occurs. A suggestion that
(3.23)

this kind of relationship explained failure in concrete

(3'24). It was doubted that

was questioned by Bellamy
octahedral shear stress could give a true distinction between
safe and unsafe states of stress even though it provided a

neat means of accounting for the intermediate principal stress.
It was felt that "quantities directly proportional to stresses'"
would provide the soundest failure criterion. For soils,

Domaschuk and Wade(3'1)

found a definite relationship at
failure (Fig. 3.3 iii)) between octahedral shear stress and
mean normal stress. The envelope changed with different

levels of compaction (consolidation ratios) and :~ thus a soil

would seem to obey a Mohr type of failure criterion,

3.6.4 Schofield and Wroth(3'6), however, found that a Mohr

type of failure criterion led to unacceptably high rates of
change of volume with shear distortion. In order to examine

soil behaviour they define two hypothetical materials -
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a rigid plastic gravel (granta)

an elastic plastic clay (cam)

The grével (for example) was found to have a yield function

defined:

F = q+Mp<,€n-I;L-—1> = 0 (3.31)

u

where p = O

q:'T
P, = undrained critical state pressure = exp Il%—;)
[ = ordinate of crit. state line.
A = grad. of compression line,

<
1l

specific volume,

This defines a yield surface which takes account of both
normal and shear stresses, The yield functions defined
by Schofield and Wroth and the experimental findings of

Domaschuk and Wade all lead to the same conclusion:

3.6.5 Failure appears to be dependent on a ratio of

shearing stress to all round compression. - The lower this
value, the more likely is failure to occur. Chapter 7 shows
verification of this fact where the failure initiation of
axial compressive loading in cylindrical specimens of
bitumen-macadam was found to tie in well with stress
distributions derived theoretically. Since stress invariants
define stress level without reference to a set of axes these
were considered as fundamental parameters. Thus the ratio

was considered fto indicate nearness to failure.
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The mode of failure when the material is in a state

- of all round temnsion is, however, completely different.
Compression failure requires that the particles ride over
each other leading to dilation and an eventual weakening of
the material. In tension, however, weakening of the
material can be considered as the resfilt of the breaking in
interparticle bonds as a result of the direct tensile forces
acting. Thus it wounld seem that failure should occur as a
result of the maximum of " principal tensile stress, given
a specimen in all round tension, as indicated by the mean
normal stress.

Given the above evidence for compressive failure
depending on some ratio between 0 and T and that the mode of
failure in tension is fundamentally different (as verified in
bituminous specimens, Chapter 7) the following conceptual
diagram,in Fig. 3.6 ,can be considered as representing soil
behaviour. To simplify the diagram and analysis Oz has been
assumed zero. The material postulated has some limiting
tensile strength 0, 2% = 0,"@¥, The elipse is defined by
assuming that failure in compression depends oh the ratio of

9 - k and if O3 = O, then:

0 and T, thus: T

2 2
04 +0
21%% 4 5,0,
2 _ kz
2 2 =
0y +0g =01 =0z

which defines an elipse.

If adequate data could be obtained on the nature of
this type of failure characteristic for each of the pavement
materials, then it may be possible to accurately predict the

pavement failure loading and hence redesign against it.



Appendix to Chapter 3

Dilation and transverse isotropy
(anisotropy of the horizontal layered type)

The principal directions are defined as 1 and 2
horizontal, and 3 vertical.

For tramsverse isotropy:

10T 1
{}1 by;3 b1z bis 01
€p bis by Dbis ‘0 Oz
€z | = bya b1z bas Os
€13 byy ‘{013 (1)
€23 0 bgy Opa
€12 2(byy~byp) O12
N - L. -t L -

Love (1892) showed that there are 5 independent elastic
parameters for the transverse isotropy case.

In general:

Ej€; = 01 = V150 - V130s
Ex€s = Oz - V3101 - V3303 (2)
E3€3 = 0-3 - V310'1 - Vggo-g

If the 1 and 2 directions have the same properties, then

VBI = V32 = Vg (Say'),
i.e. Ege€g = Oz = Vg (01+O'g)
In equation (1) by; = = = = by1s = =22  since Vi, = Vag .
E, - E E,

1
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Also \)13 = \)23 = Va%’" (Love)-
3

This gives:

E
El 61 = 01 — \)12 02 - E;" \)3 Ua
E E EL
182 = H2€ = Op - V1202 - E, 202
Ea€a = 0Og - Va (0,405)

thus there are 4 constants, E;, Ez, V;5, Vs and a shear

modulus G defined:-

et 1%
Oz also €12 = 2§E1 - E3 lg

The condition that the quadratic form (Eq. (1)) should be

2GEz g

positive definite is that all the principal minors of the

matrix are positive. This gives:-

. 14+Vi1g

1) by; - bis >0 ie ———1——E >0
1
2) by, >0 ie G >0
3) bzaz >0 ie Eg >0
) Dbyibszs - bys”® >0 ie: > <§i>
ElEs
@ i (1-v50.)

5) (b11+b12 )b33—2b13 >0 ie ElEa > 2

E,, Ea and G must be > 0, therefore

1) gives Vi, > =1

2

Hﬁ

k) gives > Vg

1

=lE =

5) gives :—1(1 Vig) > 2v5°

(3)
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If a shear stress acts only in the plane of the 1, 2, 3 axes

it follows that there is no volume change (ref. Eq. (1)).

A. Shear stress

For a general shear stress, s:-

with direction cosines defined as follows:

. . I in direction
direction normal, n . ~
of shear, s
1 24 L
2 my my
3 n, ng

then 01 = 2£1 22 S

O = 2mpmg s
Og = 2nyngs
and €, = bllgl + blzo'g + blso'_a

= 2s(£y 4 by; + mymybys + nynpbya)

and similarly for €; and €g4

\
Thus dv = 2S_n1n2 (baa—bll—blg—Zbla )

1 1 v 2Vg
anlnz(Ea -E * Efa'- Ty )

- 25mna( (1.2v,) - %3-(1_\)12 )) where 1-Vip, > O
3 - 1

Eg
—_ >
and E, Vs

Il

Thus there are regions of negative and positive volume change

depending on the values of the 4 material constants.

B. Uniaxial stress

. . . . . A
If a uniaxial stress T acts in direction n



iv

o, = 4°T Op = m°T 0s = n°T

and volume changef%x = n®T (bgz+byz-(by;+b15)), which again
can be positive or negative. It is therefore shown that
anisotropy can produce dilation either from uniaxial
compression (or pure shear provided that it is not along
the preferred direction of the transverse anisotropy).
Bulk and Shear Moduli were derived by Suklje for the

triaxial stress state and would incorporate dilation as

defined above:

Yo 8T
= 1 == = ==
K = 3 e G = 6'Y
. _ 4 280, +80s _ 805-804
Thus: K= 3 26€1+5€a G = 2(66@—661)

From equations (3) this gives:

K = %’-(2a+1). E1 (&)
[m(1-v12)+5;-(1_2v3_2v3a)]
where a = %gl
Oa
Similarly,
G = %—(1-00. 1 (5)

E
E;‘( 1- 2\)3 a+Vg )—(1 ( 1—\)12 )

If the material is simplified to isotropic (E, V), equations

(4) and (5) reduce to the well known:

E E

K = 3(1=2V) G = 2(1+V)
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i) granular (Huang) ii) clay (Brown and Pell)

Kd

iii) clay - result from insitu measurements (Brown and Pell)

Fig. 3.1 Young's Modulus v Mean Stress and Shear Stress
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i) Axial modulus with stress invariants

gxiok |- T

oo
E,

T . . o
(all quantities in Ibffin® )

ii) In state space terms

| =‘(cr. - 05)

Fig. 3.2 Relation of Granular Material Characteristics to
first two stress invariants
(after Holubec)

oo
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i) Shear modulus (G)

Tock = 10O Affin2

D ldesty)

: Tict = VO ffint
? )

ii) Bulk modulus (K)

void,
rotio
€z=07

€=]-0

iii) Failure

FAILURE  Yende
ZONE

Fig. 3.3 Shear and Bulk Moduli and Failure in
Granular Materials ‘
(after Domaschuk and Wade)
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i) triaxial cell

soil element

~

ii) ' s6il sample

Fig. 3.4 Loading on the Triaxial Specimen
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i) Bulk action <K = %%)

A _ F—A\\%‘."ﬂ dilation

e e e e e -

D Kapp=f (@ T)

Hydrostatic
et

(no sheor

S )
dilation )

€ (QY)
Vv
ii) Shearing action <§ = %%)
/\ Surfnce w.lﬂ'\ dltﬂhﬂ‘l\ F - i :-”
\Qlchmmer%mmud 9
T (ls"tn’f‘ <) f dilabion
. ‘ tonsidered,
G<Gy
Gl < G3
Gy < Ga

¥

Fig. 3.5 Bulk and Shear Stress-Strain relations as Changed
: by Dilation (Cohceptual)
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increased E
tncreased D,

increated tendency to dilatant behaviour

Fig. 3.6 Failure Criterion for Soil
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CHAPTER 4

NON-LINEAR FINITE ELEMENTS IN LAYERED SYSTEMS

4,1 Introduction

In Chapter 3 suggestions have been made as to the.
additional information required on the material behaviour
and the possible means of obtaining it.

Information is required for two conditions of test:
1. repetitive (cycling) loads to give dynamic resilience

relevant to passing wheel loads in a road pavement,
2. an incremenfally loaded test taking the path to failure
of a once-loaded structure.

Under 1) information on the cumulative permanent
strains is as relevant to pavement performance as the
repeated stresses and strains resulting from traffic.

The incremental loading test, however, gives an indication

of material behaviour throughout a one-off loading up

to failure. In the analysis of pavements, both are important
in order to begin to understand the complex behaviour of

the layered system as a whole. Each requires a different

computational approach and presents different problems.

4.2 Basis of Iterative and Incremental Non-Linear Analyses

Both iterative and incremental analyses involve the
solution of a series of linear boundary value problems.
Iterative analysis is relevant to total stress~total strain
non-linear elastic material tests, whereas an incremental
analysis has the advantage of modelling intermediate
behaviour and requires incremental stress-strain material

tests.
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Jterative analyses assume a unique state of stress-
state of strain relation, or that sensible techniques lead
to the correct result even where other false results could
exist., They also assume that a final state of stress and
strain does not depend on the "path" or history of
intervening states of stress. These two inter-related
assumptions are not in general true even when they related

to a clearly defined unique load path.

4.,2,1 Tterative Procedure

Material characteristics (moduli) are repeatedly
modified in an iterative manner (Fig. 4.1) until element
stress levels are compatible with the element moduli as
defined by some functional relationship(s). The total
load is applied at the outset and the path to a solution
is purely a numerical process. Uniqueness of the solution
is not guaranteed, but would seem likely to depend on the
form of the functional relationships between moduli and
stress level. Thus after a number of iterations, the
iterative procedure may converge to a solution. Since
total stresses and strain are being considered, secant
moduli are used in the analysis.

Fig. 4.2(a) shows a possible functional relationship
between (say) the stress and strain invariants of a
material. If after the ith iteration, the secant modulus
of a particular element is Eiec’ then a better approximation
to the stress level is calculated to be Gi+1. Reference

to the stress-strain relationship for the element
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(say E = £(0)) would lead to a new modulus E:;i.
Repetition of the process should lead to convergence of
the iterative procedure and the production of a set of

displacements, stresses and strains for the system.

4.2.2 Incremental Procedure

A predetermined number of linear analyses are carried
~out to enable the loading path for the material to be
followed as closely as possible (Fig. 4.2(b)). At each
step in the analysis the stress, strains and displacements
are calculated for an increment of load. The linear
analysis is based on an estimafe of the modulus for the
increment using the latest known material characteristics
for the accumulated level of. stress reached (Fig. 4.3).

It is thus assumed that there is a set of moduli relevant
to small stress increments which depends on the current
state of stress (or strain), and not on the pattern of

the increments. It follows that the modulus used for
calculéting stress and displacement for the next increment
of load must be predicted as accurétely as possible, as
must the initial value chosen. To avoid taking very

small increments, the chord modulus would seem to offer
the ideal solution if the new expected stress level within
the element could be predicted accurately. However, such
an estimate can only be approximate since the increase in
stress level due to an increment of load would appear
difficult to predict in a markedly non-~linear material.

It seems reasonable to suppose that a predicted chord
modulus would give better results since its attempts to

keep the loading path on the stress-strain curve. This
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is illustrated in Fig. 4.2. If the correct "chord"
modulus for the so far accumulated level of stress (Oi)

resulted in an increment of stress (oi - oi) in the

+1
element, the strain increment would be predicted
correctly. A tangent modulus taken at (Gi) would result
in an error of & ..
ei

However, in general, a predicted chord or current
tangent modulus would give some error which would
accumulate and the exact solution would never be reached.

The initial values chosen for the first step are
clearly important; a bad choice of Einitial (Fig. 4.2(Db))
for each of an assembly of elements could lead to an

immediate large error and to increased contribution to

the errors at the later stages.

4.3 Earlier and Parallel Work

Iterative analysis was first employed in 1965 by
(2.5)

Wilson based on rectangular finite elements obtained
from four triangles‘with the elimination:of an intermnal
node. He found that the procedure did not always converge
to a steady state unless the non-linear effects were

(1.46) found that for

small. Later in 1967 Duncan et al
a monotonic stiffening function, which had been proposed
for a granular material, only "a possible convergent trend"
could be identified. This appears to be contradicted by

Dehlen(l'47)

who, in 1969, using the same basic program
and the same functional relationship, found convergence of
the surface displacement after 6 iterations. Dehlen also

claimed that this iterative method could be applied to

markedly non-linear materials and the author's experience
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supports that claim.

In published work using "Incremental" analysis, there
has been little uniformity of treatment. The method
necessitates knowledge of the material behaviour for
small stress increments and for initial values depends on
material properties at low stress levels. Where triaxial
tests have been carried out at low stress levels(3'9’3'lo’3'l7)
some confidence has been expressed in using initial values
of moduli based on body force or self weight calculations.
The halfspace problem was solved for overburden loadings
only, and values of initial modulus assigned to elements
according to these preliminary calculations of stress level.
Recently (1969) a similar technique has been described

(1.44)

for a finite difference formulation . Other workers(3'18)
have recently (1970) calculated the initial tangent moduli,
based on a function of the confining stress (triaxial cell).
The above authors have used initial stress level due
to overburden to choose the moduli for the first increment
in stress due to the first increment in load. Where the
two stress systems are very different this would clearly
produce errors, and evidence is given later to demonstrate
this. An alternative technique, used by Marcal and King(Q‘l)
(1967), although for an elastic-plastic material, seems to
offer most hope of producing an accurate incremental
procedure but at the expense of increased computation time.
At each incremental step an iterative analysis, to modify
the moduli in relation to the observed stress incfement,
was carried out. Such an expensive technique may be

essential for problems which are highly dependent on stress

path.
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Akyuz and Merwin(4'2) (1968) used a similar

technique on a material with an almost bilinear stress-
strain relationship. The reasons it has been successful
in elastic-plastic deformation would not necessarily
extend to the monotonic stress-strain functions.usually
associated with soils.

Smith(4°3) (1970) has recently developed methods
based on iteration within increments which. avoids the
re-formation of the structural stiffness matrix at each
iteration and thus makes savings on computer time. The
author's computer programs have been developed to incorporate
very general non-linear, elastic functional relationships
(Chapter 3) and it was possible to include incremental
loading behaviour by making slight modifications
(Appendix Prog. 2.2). The iterative non-linear behaviour
of the 4 node axisymmetric rectangular element (Appendix-
Prog. 2.1) was examined in most detail since the 3 node
element (Appendix, Prog. 1), although found to give satisfactqry
solutions, took a greater amount of computer time for the

same number of iterations being a more general element.

4L.,4 Parameter Choice in Non-linear Elastic Analysis
Two parameters, which are usuall& taken in engineering

literature to be E (Young's Modulus) and v (Poisson's
Ratio), are required to completely describe am isotropic
elastic material. The finite element method applied

to non-linear elastic problems in Chapter 5,consists of

the solution of a sequence of linear analyses with the
values of these parameters being repeatedly modified.

Chapter 5 describes computations with an equivalent
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two parameter description. Bulk (K) and shear (G) moduli,
dérived from insitu measurements and both varying with
stress level are used. Since the linear analyses which
are being carried out at each stage retain the form of
isotropic elasticity there is a direct relationship
between K and G and E and v; thus input parameters to
the finite element analysis can be retained as E and V.

If more general forms of deformation laws were envisaged
this wounld not be true.,

The behaviour of the iteration to a solution in
single and 2-layer. systems with a variety of Young's
Modulus V. stress level relationships were examined to
see if the process produced a stable solution in all cases.
The magnitude of the error involved in the stresses and
displacements as the second parameter, Poigson's Ratio (Vv),
approached 0.5 was investigated. (It is at this value
that the displacement method formulation breaks down due
to a (1-2v) denominator termi)

The incremental method was in&estigated with special
reference to the importance of initial modulus values and

the estimation of modulus throughout computation.

4.5 Iterative Method Computations (Single layer system)

All computations were carried out on the halfspace
and loading shown in Fig. 4.4. The dimensions are
conveniently those of the problem considered by Duncan

ot al(1.46)

, in order that comparison of behaviour with
their differently formulated -finite element would be free

of other variables.
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4.5.1 3~Node Triangular Element

In the halfspace shown in Fig. 4.4 ,the rectangles
were subdivided to carry out analysis based on the
triangular elements shown in Fig. 4.5(a). The program
(Appendix, Program 1) was verified for the homogeneous
case by comparison with the series type solution (BISTRO),
known to be capable of high accuracy. The vertical
displacement was found to be 92% of the solution from
the n-layer elastic solution, which agreed with the
simple Boussinesq theory. The contribution to vertical
displacement of the material bélow the finite boundary
of the "halfspace" (at 110 in. depth) would account for
part of the discrepancy and is discussed in section 6.4.

Vertical stresses on the centreline (Fig. 4.5(b))
show a better agreement than the displacements.

Having established the order of the errors involved
in this finite element approximation to the halfspace,

a non-linear elastic analysis using this element was
examined. A relationship of the form E = kcn, which

(1.46)

represents a granular material was used to modify
stiffness according to stress level. Poisson's ratio
was kept constant. It was found that even after 25
iterations the vertical surface displacement (Fig. 4.6)
and vertical stress below the loaded area (Fig. 4.7) had
not reached completely stable values, but after only 8
iterations the changes under successive iterations were
within approximately *2% for displacement and *3% for
stress. This would seem to be the best convergence of

the iterative procedure which is possible using a 3-node

element, although damping or feedback techniques described
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later might offer an improvement.

The displacements were clearly about 8% low and
steps to improve the accuracy did not seem worthwhile
because of coste. (The full 25 iterations involved the
use of 120 minutes of English Electric KDF9 time -

40 mins. for 8 iterations - which was considered excessive.)

4.5.2 L4-Node Rectangular Element

The rectangular element‘(Appendix, Program 2.1)
having sides parallel to the polar co-ordinate axes,
involved relatively simple algebra and could be organised
to use less computer time. With a layered road system it
is not necessary to use a perfectly general element and
the high cost seemed unwarranted. Again, a check with the
classical series solution.was undertaken. Results are
given later in connection with the investigation into
the effect of changing Poisson's Ratio.

The iterative behaviour of the 4-node element was
in most cases stable, but for some materials produced an
oscillating sequence. In most cases, damping the modulus

change to half the expected value produced a stable
(1.47)

solution (a fact also established by Dehlen for the
3-node element).
Constituent relations for granular(l°46) and clay(l'6)

materials show different trends, granular stiffening with
increased mean stress level and clay materials softening.
Both relations led to a satisfactory computation (Fig. 4.8)
with surface vertical displacement reaching within about

1% of the final solution after 7 iterations. From published

comment, it seemed prudent to minimise the risk of surge
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by still further dampening the mathematical path by
applying the load in 4 steps, i.e. (+, 4, 2, 1). There

was thus no evidence of the erratic changes in displacement
and stresses experienced with the 3-node element, and
displacements for full load were found not to depend on

the number of load increments. This may be because the
stress distribution using an arbitrary initial modulus

does not differ much from that after iteration using a
modulus which was by then influenced by the modified moduli
based on stress level (Fig. 4.9).

The behaviour of a large variety of hypothetical
relationships (@ig. 4,10) between E (Young's Modulus)
and 0 (mean normal stress), together with the two known
experimental curves, were examined to investigate the
behaviour of the iterative procedure. The surface vertical
displacement appeared to be a suitable guide to the
convergence of the iterative procedure in a single layer
system and this quantity is plotted against number of
iterations in Fig. 4.11.

"Clay-like" relationships (softening) approached a
solution from below (+ve change in displacement) regardless
of the starting value of modulus and the converse was
found for "granular" relationships. When plotted on a
log basis, the percentage change in surface displacement
with iteration was found to follow a straight line. In
one case, where a strongly stress dependent modulus
coincided with a region of high stress gradients, a minor
‘oscillatory behaviour developed. All curves had roughly
the same slope énd changes became small after relatively

the same number of iterations for all relationships (to
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within 1% of fimnal value at between 8-12 iterations).

From the straight line relationships predictor-
corrector methods could lead to accelerated convergence.
In modelling softening and stiffening materials, the
behaviour is not so simple, and there seems to be no
practical value in developing procedures applicable only
to a single layer solution.

Smith(&.&)

has recently reported work in progress
to accelerate incremental finite element analyses on a

single layer system.

L.6 Poisson's Ratio (V)

Two parameters are required to describe the elastic
behaviour of isotropic materials. A bulk modulus-shear
modulus characterisation for in-situ test results will be
shown in Chapter 5, but for purposes of computation this
is identical to an E, v material description.

An almost incompressible deformation can be defined
through the Poisson's Ratio tending to 0.5. The state
of stress can no longer be inferred from the displacement
field if an all round compression produces zero strains,
and this is physically reflected in the infinite value of
the factor TI%E;T « Deformations of this type are certainly
encountered in soil systems and investigation of the
behaviour of finite element solutions as Vv approaches
0.5 is warranted.

The mesh in Fig. 4.4 was used to examine the effect
of changing Poisson's Ratio on displacements and stresses.
Fig. 4.12 compares vertical displacement by different methods

for varying V. The consistent underestimate at low values
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of v is largely due to the misssing contribution from
material below the finite element boundary. The Boussinesq
solution is exactly correct for the infinite halfspace.

The 3~node element results were 2.1% lower than the

b-node at v = 0.4, and there is some measure of the errors
from the element formulation.

Vertical displacements on and off-axis (Figs. 4.13,
4.14) show the same trend; a fairly constant error for
low values with an added divergence as V approaches 0.5.
Very close to 0.5 the results are completely unreliable.
Radial displacements (off-axis Fig. 4.1%4) are in good
~agreement with "n-layer" values except where Vv > 0.45
showing that the mesh boundary distance has little effect
on the radial displacements, whereas vertical displacements
are seriously affected.

Radial (Fig. 4.15) and vertical (Fig. 4.16) stresses
at selected elements in the mesh in Fig. 4.4 are in close
agreement with values from n~layer theory except for the
large errors with VvV near to 0.5. These begin to appear
at Vv > 0.4; that is at a lower value of v than had been
found for the displacements. The errors in vertical
stresses are not of constant sign, suggesting that
boundary distance was not the major cause. The manner
in which the error increases in a finite element solution

(cf n-layer theory) is shown in the table:
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v 0.2 0.4 0.47
_Sr 0 +3 +35
g, +3 +5 +13

Table 4.1 Percentage increase in FEM stresses over

N-~layer theory at centroid of element 23
(Fig. L4.4)

The n-layer solution, by computing more terms, seems
well able to handle values of v as shown by comparison with
the exact Boussinesq solution for the halfspace (n = 1).

It is thus shown that the finite element method can
yield gquite inaccurate results where Poisson's ratio is
near 0.5 and that values above 0.4 yield suspect solutions.
It would seem likely that algebraic difficulties lead to
round off errors in the matrix operations and contribute
to the discrepancies. Double length or extended length
arithmetic would probably improve the accuracy but at
the éost of core store, and hence of size of problem
handled.

The iterative behaviour of two completely dissimilar
systems was considered by the mesh. .in Fig. 4.4:

i) where a 12 in. layer of granula*¥ material

(E = 700000'55) overlaid a clay-like material.
ii) where a 12 in. layer of clay material

(E = 28000 E3o]'°‘6l

) overlaid the granular
material.
In case i) both surface and interface vertical

displacements converged to a solution (Fig. 4.17). 1In

case ii) where a clay-material was nearer the loaded
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area, and thus had predicted a low modulus under the load,
minor instability of the kind already experienced with
this material in a single layer was again found to occur
(Fig. 4.18). |

This is consistent with the physically intuitive
concept of the finite element iterative behaviour, namely
that the softer material would appear more highly influenced
by iterative steps which would be less stable. However,

at stress levels of less than 1 1bf/in”

the clay relationship
is markedly more sensitive to stress changes than the
chosen granular relationship and one would expect case i)
to provide the more unstable situation. It would appear
that instability does occur where this clay material
spans the whole range from high stress level and low
modulus to low stress level and rapidly changing, high
modulus.

The danger of extrapolation of these functional
relationships to stress levels over which they do not
apply had thus been emphasised.

(1.6)

Brown measured very few stresses below 0.5 p.s.i.
and none above 10 p.s.i. in his in-situ tests. In this
analysis, the absence of some cut-off stress level, beyond
which the relationship should not apply, has severely
‘tested the iterative behaviour of the finite element method
but the results may have little relevance to a physical
layered system. Even though an extreme range of modulus
changes was allowed, the surface and interface displacements

Fig. 4.18) in the unstable case still converged to a

maximum change of 5% at the interface and 2%% at the



surface. Thisemphasises that in a layered system each
interfacial vertical displacenent should be monitored
during the iterative computation since there is no
assurance that variations in surface displacement will
be the most critical.

The problem éf limiting the range of stresses the
relationships apply to and the importance of non-lineari
as compared with an elastic solution will be examined in

(1.9)

Chapter 5 where a practical 3-layer system is

considered.

4.7 Incremental Computations

A comparison of iterative and incremental methods
was made to establish the amount of extra computation
which would be required for incremental analysis and
likely order of error in displacements and stresses.
Computations were carried out using the finite element
mesh in Fig. 4.4 and modifications made to the program
to sum the stress and displacement increments (Appendix,
Program 2.2).

The monotonic modulus v stress level relationship
(1.46) _

for a granular material after Duncan et al

used to describe the material. This meant that:

n
Etan = Ko,
- K(1 - n)o™
secant ‘
(o. - 0.)
i+1 i
Bohora - K(1 -mn) (T-m) Toa)
(o -0 )
i+l i
(where Oi+1 is unknown and must be estimated).

All the above relationships are describing identically

the same curve. Hence if accurate estimates of E or

tan
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EChord (initial and subsequent values) were made in an
incremental analysis, some degree of agreement with an
iterative calculation based on Esecant should be achieved.

Surface displacements directly under the loaded area
are plotted in Fig. 4.19 and 4.20 with iteration or
increment (depending on method).

It is demonstrated in Fig. 4.19 that there is a
negligible difference in the incremental solution whether
a tangent modulus or estimated chord modulus is chosen
to represent behaviour. Although the difference is
slightly greater in the case where only 5 increments
were applied to achieve full load, it would seem
acceptably small.

Two different initial (estimated chord) moduli were
chosen to investigate how seriously this variation affected
'the solution. It was found that neither of the chosen
initial E values produces a solution near to the "exact"
iterative analysis (using E_,. = 3150 00.55). It may be
noted that doubling the initial modulus value assigned to"
all elements changed the final displacement value by as
much as 10%.

The accuracy in the initial modulus chosen is thus
seen to be important.

Iterative analysis using a tangent modulus relationship
yiélded entirely incorrect displacements (Fig. 4,20), for
a correct solution total stress-strain behaviour (i.e.
secant values) must be used.

The suggestion‘that the moduli be calculated from

(1.47)

gravity stress levels was tested. Gravity stresses

were calculated for a materialef'density 120 1b/cu.ft.
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having linear elastic properties (E = 1.x 10* 1bf/in?)
and these were used to estimate the initial material
properties. The poor agreement in Fig. 4.20 is not
surprising - gravity stresses bear no relation to those
due to the loading to be imposed on the structureé.
Indeed, the initial moduli predicted, using a stress
stiffening material, are lower at the surface and higher
at greater depth where gravity stresses are higher, but
this is opposite to the situation in the fully analysed
structure. It can be seen that:initial moduli based on
gravity stresses do not offer a good starting solution
since the stress levels for each of the two systems are
completely dissimilar and each covers a large range in
magnitude.

The method which achieved a sound solution in
10 increments used secant (alternatively named "initial
chord") modulus and 5 iterations within the first increment
to improve the éhoice of the initial material chord
properties. In subsequent increments the tangent modulus
at each accumulated level of stress was used to estimate
stresses for next increment of load. It was not found
necessary to perform iterations within increments after
the first time, and a satisfactory agreement with a full
iterative analysis was found (Fig. %4.20) between a 10
increment loading and a full iterative analysis.

Although the incremental analysis above required 5
iterative steps within the first increment, as well as
the 10 incremental steps,it correctly identified the

stiffening material behaviour with increased stress level.
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In this work a simple non-linear relationship between
stress and strain was assumed to be valid over the full

range of stresses experienced in the halfspace.

4.8 Conclusions

The behaviour of the finite element method in both
kinds of non-linear analysis haS’ been examined. It has
been established that most monotonic stress-modulus
relationships lead to a sound solution in iterative
analysis, with relatively minor continuing oscillations
existing in computations using strongly stress dependent
relationships. In a layered system the convergence of
the iterative procedure to a steady state can be inferred
only from observance of the vertical displacements at all
layer-interfaces. The iterative procedures are unaffected
by the initial choice of a constant modulus since in:a linear
elastic halfspace problem the stress distribution which
governs the first modification to the element moduli is
independent of modulus.

For an incremental analysis to be successful it is
essential that a preliminary iterative analysis be carried
out to establish starting values of moduli which are
relevant to the totai loading to be imposed. The
incremental procedure can proceed without iteration for
all increments except the first. Incremental analyses
on this basis require more computer time (about 1.5 times
that of a similar iterative computation) but are capable
of giving the step by step loading behaviour of a non-
linear structure as extra>information.

The use of a single functional relationship for the
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moduli poses problems which are discussed in Chapter 5,
together with an assessment of the importance of non-

linear behaviour.
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Fig. 4.3 Incremental non-linear elastic analysis
(Modification to Fig. 2.1)
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CHAPTER 5

COMPARISON OF FINITE ELEMENT ANALYSIS

WITH IN-SITU MEASUREMENTS

5.1 Introduction

(1.6)

As already mentioned, Brown has made imsitu
measurements of stresses and strains under pulse loading
on a scaled down pavement section contained in a rigid pit
having dimensions 8 ft x 8 ft x 5 ft depth. Bush(1'9)
repeated the two layer work and added a 3 in. surface layer
of asphalt and made further measurements, From the measure-
ments of the stresses and strains at a point it has been

possible to calculate the first and second stress and strain

invariants (o, T and €, V).

5.1.1 For the single layer system of Keuper Marl (silty
clay), Brown calculated the Young's Modulus (E) at a point
from the stresses and strains using linear elastic thebry.
A relationship between E and o the mean normal stress was
found, E = f(0), based on a best fit line to a very wide
scatter of points. Poisson's ratio (V) was found to vary
erratically about the value 0.4,

An alternative formulation was found from the stress
and strain invariants by fitting a curve by eye, thus giving
values of the bulk and shear moduli, K and G, for varying
stress level. The scatter of experimental results was great

but nevertheless the bulk modulus was considered to be constant
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and the shear modulus was found to fall with increase in

the level of the octahedral shear stress, i.e. G = f(T).
(This emphasises a point made in Chapter 3, that the implied
dependence of E on 0 only, reflects the effect of shear
stress on the material properties, and thus the E = f(0)
relationship could not be applied to stress systems where
shear stresses do not rise with mean normal stress in the way
they do with this loading.)

Theoretical analysis of the system was carried out using
the equations of Boussinesq since no method of analysis,
which could incorporate the above non-lineér properties, was
available at the time. For each point the stresses and
strains were calculated using an appropriate E value, constant
over a semi-infinite halfspace. Better agreement was obtained
between the measured and calculated stresses than similar
comparison showed for strains. This was thought to occur
since the calculation of strains required the absolute wvalue
of E, whereas the stresses rely only on the variability of E
at the point.

The curves of modulus v stress level were based on many
tests at two different rates of loading and two different
contact pressures and thus would seem to represent an average
behaviour of the material. Analysis incorporating these
material properties should then have produced a solution which
fell within the range of experimental measurements at each
point.

The finite element method is here used to analyse the

system, apparently having the following advantages:
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i) allows continuous variation of material properties

ii) can model the rigid pit boundary

5.1.2 Bush extended the work of Brown, at first to a
2-layer system, and then finally added an asphalt surface
layer. The maximum contact pressure applied to the final
layered system (80 psi) was five times the maximum used by
Brown (16 psi), that being the level of loading estimated as
necessary to give stresses and strains which the instruments
could measure accurately.

Bush attempted to predict the in-situ measurements in
the 3-layer system using the Shell Company's (BISTRO) n-layer
elastic theory program. The system was subdivided into 6
elastic layers given properties as follows:-

3 in. Asphalt layer: different mean E for each of two
rates of loading (E = 137,000 1bf/in”
for fast loading rate)

9 in. Meldon Dust base: divided into three 3 in. layers
each assigned a mean modulus
(E = 10,400 1bf/in®)

© Keuper Marl subgrade: one 3 in. layer underlain by
marl of infinite extent; each of
these two 'layers' were assigned a
mean modulus (E = 1300/5250 1bf/in®)

Bush found that the measured strains and stresses could
only be predicted to a reasonable degree of accuracy if it
was assumed that the top of the subgrade was weak, probably
due to the effects of moisture collecting there,

Re-analysis of Bush's 2-layer measurements of stress and
strain invariants, using regression analysis and computer
graph plotting, was undertaken to find Bulk and Shear moduli

for use as characteristics for the prediction of stresses and

strains in Bush's 3-layer system using the finite element



143
method. Analysis of the stresses and strains measured in
the 3-layer system had led to an unacceptable exPerimehtal

scatter of points.

5.2 Single Layer System

In comparing the results from non-linear finite element
analyses with measured quantities it was considered important
to establish:

(1) whether there was an improvement in the comﬁarison with
a linear elastic solution,

(2) whether it was necessary or even justified to use the
modulus v stress level relationships over the whole mesh
region, or could some part be considered as linear elastic,

(3) whether there was an improvement in the results if Bulk
and Shear modulus relationships were used instead of a

varying Young's Modulus.

The finite element mesh in Fig., 5.1 was chosen to represent
the single layer system. In order that exact comparison could
be made with Brown's results, element centroids were madé to
coincide with measuring points.

The non-linear elastic material properties for the marl

were given by Brown as alternatively:

E = 28000 (30)‘°°61 vV = 0.4 (5.1)
or K - 6536, G - —20° (5.2)
= ’ T 50+176T *

where stresses were measured in the ranges:
o : 1 - 12 1bf/in®

T : 1 -5 1bf/in®
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Program 6 was used to calculate the stresses and strains
occuring in the‘Keuper Marl, under a flexible loaded area
of 6 in. radius, when separately characterised by E, V or
K, G, as above, A linear elastic analysis, using the
properties suggested by the bulk and shear modulus relation-
ship at low stress levels, (over most of the region), was
carfied out to investigate the error if the material was
considered simply as linear elastic.

Bearing in mind that the non-linear elastic analysis
used here assumes linear elasticity to hold within each element,

the Bulk and Shear moduli imply a Poisson's ratio given by:

3K - 2G
Vv :m (5.3)

Since the minimum measured level of octahedral shear
stress was approximately 1.0 1bf/in2, it was considered
unreasonable to extrapolate the G = f(T) relationship to
lower stress levels. This implied a maximum value for G of
4Lhkl 1bf/in° and thus a minimum Poisson's Ratio of 0.22.

The region calculated from the analysis as having these linear

properties is shown in Fig. 5.1.

5.2.1 Comparison with insitu measurements

Plots, for various depth/radius of loaded area, of
stresses as a percentage of the applied normal pressure, and
strains per unit of mnormal pressure were compared with similar

ones after Brown (Fig. 5.2) for various (depth (z)/radius of

load area (here a = 6 in.)) ratios.
Stresses: Improvement in the prediction of radial stresses

was observed using the non-linear elastic material properties
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as compared with the elastic analysis after Brown. The
discrepancy between the measured and calculated quantities
was, however, still great. There was no perceptible
improvement or deterioration in the prediction of wvertical
stresses, which in any case did mnot vary greatly from those
given by an elastic analysis if examined at points greater
than 6 in. from the loaded area.

It was noted that the apparently more fundamental
description of the material (K and G) gave worse results than
the E, V characterisation. This also occurred in the strain
comparisons and no reasonable explanation can be found, except
that in this case K = constant and both characterisations
effectively offer only a one parameter description.

Strains: The non-linear analyses gave a better prediction
of strains at radii of less than 6 in. and depths less than
1.5 in. At greater distances from the loaded area (most of
the pit) the non-linear solutions produced, and apparently
inexplicably, worse predictions than Brown's approximate
linear solution. Again the K, G characterisation increased
the discrepancy (to as much as over 100%).

Although the instrumentation errors involved were
suspected to be great by Brown, it is unlikely that they would
completely explain these large discrepancies. The character-
istics were based on all meaéurements, i.e. all speeds of
loading,contact pressures and radii of loaded area; it could
be argued that the average characteristic obtained could not
be expected to predict the middle of the range of the

measured quantities. It would, however, seem reasonable to
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suppose that such large errors would not occur because of

these factors alone,

5.2.2 Importance of non-linearity

The stresses (Fig. 5.3), and displacements (Fig. 5.4)
nominally on the axis of the loaded area were examined in
separate analyses to establish the absolute importance of
the non-linearity. Where T < 1 1bf/in® then the material
characteristics were considered linear and K and G assigned
values appropriate to this stress level (Fig. 5.1).

Two kinds of analysis were carried out:

(1) Non-linear elastic over the shown region retaining
the rest of the mesh as linear.
(2) The mesh completely linear and having the stiffer

properties of the low stressed region (from (1)).

Stresses

Vertical stresses did not differ greatly over the non-
linear region for the different characterisations, but a
considerable difference (having its maximum effect as a 30%
predicted drop in vertical stress at about 12-15 in. depth)
was noted between the elastic and the non-linear analyses.

The non-linear analyses were also found to bring about
a significant drop in the zone of radial tension below the
loaded area.

Since a single layer system was being considered it is
important to note that the stress distribution can not be
affected by the absolute value of the constant modulus in

the linear elastic analysis (Boussinesq). The stress plots

i
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thus truly reveal the effect of the non-linear elastic
material properties and the comparison is in no wayraffected
by the choice of cut-off stress level which defined the
geometrical limits of the non-linear region.

In a multilayer system comparisons to establish the
effect of considering the non-linear properties are made
difficult since the stress distribution relies on the ratio

of moduli in layers, which thus must take realistic values.

Displacements

The difference between displacements calculated from a
non-linear, the (K, G) characterisation and the equivalent
linear analysis was only marked above the boundary between
linear and non-linear regions.

The E = f(0) relationship led to much stiffer material

and thus smaller displacements at depth.

5.3 Three-layer System

(1.9)

The 3-~layer system of Bush was also considered using

the finite element method (Program 6).

5.3.1 Material characteristics

Measurement s made by Bush in a 2-layered system were used
to establish the Meldon Dust base and Keuper Marl subgrade
properties in the absence of reliable findings from the 3-layer
system, It was found that the experimental measurement of
stress and strain resulted in a very wide scatter and no
definite trend, if it was attempted to characterise the

material by a curve of the form E = f(o, 7). Fig. 5.5 shows



148

separate plots of E against 0 and T for the Keuper Marl
subgrade. A trend exists, in that modulus decreases with
increasing stress level, but this cannot be put into
mathematical form. In neither of the plots was it possible
to detect contours of the 3rd variable,

An alternative method of presenting the results does not
involve the calculation of a modulus of elasticity at a point.
In Fig. 5.6 i) the normal or bulk stress-strain relationship
is shown and in Fig, 5.6 ii) the shear stress-strain relation-
ship. The scatter on these plots is much less than in the
log-log plots of Fig. 5.5 and no assumptions have been made
about the material behaviour. This indicates that the use of
bulk and shear moduli may be a better means of characterising
the material than Young's Modulus and Poisson's Ratio. In
using the results to obtain a mathematical function for use
in finite element analysis it was only necessary to fit curves
to the experimentally measured points shown in Figs. 5.6.

For this purpose a standard regression analysis was used and
the information automatically graph plotted for clarity. The
fitted curves were constrained to pass through, or very close
to, the origin. Visual inspection of increasing orders of
curve enabled the simplest suitable relationships to be chosen.

In the case of the Keuper Marl (Fig. 5.6), the chosen

curves were:

0.40 + 0.030°

™
1l

(5.4)
0.5T - 0.27° + 0.,087%2

<
1l

(where € and Y are in microstrain)
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giving Secant Moduli:

K = 10° 1bf/in?
1.2 + 0.090

. (5.5)
10 ..2
G = 55 T~ o.ar - 0.0872 lbf/in

For soils in general, the shear and normal stress
effects cannot be entirely separated since shearing can cause
volume change. Hence the shear and normal stress-strain
relationships are not entirely independent. However, for
the experimental points in Fig. 5.6 i) it was not possible to
recognise a trend for differing shear stress nor in Fig. 5.6 ii)
for differing bulk stress. This was though to be the result
of the limited range of bulk/shear stress ratios resulting
from insitu tests using only a load normal to the surface;
e.g. in Meldon Dust o/T, 1 to 3, in Keuper Marl 0.25 to 1.
The curves derived can thus only be justified when describing
the material under vertical loading. If the action of
surface shear forces had to be considered, then more definitive
curves showing some inter-relationship between the bulk and
shear behaviour would be required.

Using the same regression amnalysis technique, relation-
ships were found for the Meldon Dust (granular) layer:

10°

<2
107 - 2.80 Ibf/in

(5.6)

10° -
G = E’%_-—S—T— 1bf/in

The asphalt layer was given the linear elastic properties



150

chosen by Bush as appropriate to a '"fast" loading time of
0.05 sec: i.e. E = 1.37 x 10° 1bf/in®, v = 0.4.

The finite element mesh in Fig. 5.7 was used to represent
the 3-layer system which was constructed by Bush to obtain

insitu measured stresses and strains.

5.3.2 Range of applicability of material characteristics

The curves derived above from insitu measurements in a
layered system, strictly can only be justified when used to
represent the material behaviour at stress levels within the
range they were measured. Some extrapolation could be argued
for, however, if the particular modulus being considered did
not vary greatly at the limiting stress level. In the material

being considered here the measured ranges were:

Keuper Marl c: 0.2 - 11.0
T : 0.3 - 4.5
Meldon Dust o: 0 - 16.0
T ¢ 0.5 - 17.0

(all stresses in 1bf/in®)

The value of Poisson's Ratio implied by the magnitudes of
K and G for an element were considered. For the materials
to be sensible in their behaviour it would be expected that

0.5 > v > 0.

5.3.2.1 Meldon Dust

The relationships for the Meldon Dust in equations 5.6
imply that for V to be greater than zero, then 0 > 2,67 - 98.9,
This is so for all 0 and T unless T >> 0, (which is never the

case in this loading system). At low stress levels this
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granular material is at its softest (i.e. for ¢ = O and T = O,
V = 0.33), at higher stress levels K and G would become
negative, which is an unacceptable situation. The limits
imposed by this condition are: if K > 0 then 0 < o < 38,2
if G > 0 then 0 < T < 55,2

Calculations were, however, influenced by the former
condition in only one or two highly stressed elements, In
this case, when 0 was greater than 38.2 the bulk modulus was
set to the value appropriate to this cut-off stress level,
which defined the upper limit of the applicability of equation
5.6.

The Meldon Dust relationships thus resulted in sensible
material properties over the measured range, and could be
extrapolated to higher stress levels, the limits being those

above,

5.3.2.2 Keuper Marl

The values of V implied by equations 5.5 were found to
be very low or negative at low stress levels, and thus the
fitted curves appeared not to be valid over the lower end of
the measured range. For V > 0 then from the equation of K

and G, approximately:
T > 3.5 + 0.1280

This is clearly not so unless T is greater than 3.5. It
seemed appropriate to retain V as positive and thus at low
stress levels a cut-off was chosen where 0 = 0.1 and T = 3.6.
Below these stress levels the material was given the very

stiff properties suggested by these values substituted in



152

equations 5.5. At higher stress levels the relationships
behave satisfactorily.

The region where the Keuper Marl could be considered
asnon-linear thus became limited (Fig. 5.7), whereas the
Meldon Dust relationships had been able to apply to virtually

every element in the layer.

5.3.3 Iterative behaviour

The loading in Fig. 5.7 was imposed and iterative analyses
carried out. These eventﬁally incorporated the above
restrictions when it became apparent that the stress levels in
the system were outside the range over which the relationships
could reasonably be extrapolated.

The_behaviour of each of the layer interface vertical
displacements was monitored (Fig. 5.8). The behaviour was
found to be more erratic than that found in a single layer
system (Chapter 4). This is thought to have been caused by
the onset in particular elements of the above restrictions to
the applicability of the relationships, during various stages
of the iteration procedure, Nevertheless, the change in all
the monitored displacements was found to be less than 1%
beyond the 7th iteration. Bearing in mind that the basic
innaccuraqies involved in the Finite Element Method can lead
to errors at least as large as this,this number of iterations
would seem adequate for mqst purposes. The computing time
taken for 7 iterations_on the Chilton Atlas computer was
approximately 20 minutes but the total execution time (time
the ‘job spent in the machine) sometimes found to be as much

as 70 minutes because the machine optimised the efficiency of
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its operation by running several jobs at the same time.
The demand on real computing time therefore does not seem

excessive,

5.3.4 Comparison with in-situ stresses and strains

The iterative finite element analysis using material
properties, as described above, was used to calculate stresses
and strains in the 3-layer system., These calculated values
are shown in Fig. 5.9 together with measured gquantities
relevant to the "fast" loading test being modelled. The
n-layer elastic theory solution by Bush, containing a soft
layer in the marl, is shown, and also a linear elastic finite
element.analysis based on material properties suggested by
the best fit stress-strain relationships.

Bush found that by assuming the Keuper Marl to have a
soft layer (above z/a = 2.5), with E arbitrarily chosen as
one quarter of the general marl stiffness, he was able to
obtain reasonable agreement with the measured quantities.,

The on-axis plots in Fig. 5.9 show that for the Keuper Marl
stresses and strains this is so, but that the stresses in the
upper part of the Meldon Dust layer were predicted very
innaccurately.

Non-linear elastic finite element analysis, although
accurately predicting the vertical stresses in the upper part
of the Meldon Dust layer, failed to identify lower measured
vertical stresses and higher radial and vertical strains in
the region of the Meldon Dust-Keuper Marl interface.

Bush's attempt to explain the large discrepancies by the

existance of a soft layer of Keuper Marl was followed in a
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finite element analysis. An iterative analysis, carried out
using a Keuper Marl having the same material functional form,
but 1/10th the strength, brought about only a small increase
in the vertical strains in the marl. A slight increase in
the radial strain and a decrease in the vertical strain was
observed, but otherwise the effect seemed negligible.

It can only. be inferred that in practice the layer was
very weak indeed for a considerable depth into the marl, and
that it is not enough to assume that the material had the same
functional properties but was weaker,

The linear finite element analysis carried out used

constant moduli for the non-linear layer chosen as follows:

Meldon Dust: mid-range values found from non-linear
analysis by inspection of element moduli:

K = 10000 G = 4000

Keuper Marl: cut-off values relevant to low stress
level in Fig. 5.7:

K = 830000 G = 1200000

(all 1bf/in%)

These quantities were thus chosen from the functional
relationships derived from the material, and the change in
stress distribution they bring about demonstrates the absolute
effect of considering the material as non-linear.

Bush used very different constant moduli. These gave
subjective solutions more nearly agreeing with the majority of
measured values, their choice being influenced by the degree
of similarity between calculated and measured quantities.
Although valuable in showing that some well chosen constant

values of moduli could be made to give agreement (hence not
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excluding layered elastic theory for design), the curves in
Fig. 5.9 show clearly that the materials were sufficiently
non-linear to influence the stress and strain distributions
significantly. The vertical stress and vertical strain in
the asphalt and Meldon Dust were the most changed as compared
with the non-linear analysis.

Comparison of measured quantities with the linear
analysis (which was based on each material's behaviour at low
stress level) shows agreement, worse in the Meldon Dust layer
and better in the Keuper Marl layer than non-linear elastic
analysis.

Contours of the mean normal and octahedral shear stresses
were plotted based on both the linear and non-linear finite
eiement analyses (Fig. 5.10). These stresses were chosen
since they are thought to be fundamental in governing material
behaviour. The line printer plotting technique is incorporated
in Program 6 (Appendix) and prints element stresses with
spacings proportional to element size. The contours were then
drawn by eye. It is apparent from the plots that there is a
significant difference between solutions from linear and non-
linear finite element analyses. This would have significance
if the ratio 0/T was being used to identify regions where
failure was likely and changes were to be made to the material
relationships accordingly. Non-linear analysis predicts low
c/7T at the middle of the Meldon Dusf layer and the top of the
Keuper Marl layer. Linear analysis, however, predicts
higher values at these points and therefore stresses less

likely to lead to significant permanent deformations,
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In general it appears that the measured stresses and
strains cannot be accurately predicted using either linear
or non-linear finite element analyses based on the above
material properties. It has been established that the non-
linear properties are important and lead to significantly
changed stress distributions. Further insitu measurement
and supporting material characterisations from the triaxial
test are required before better agreement between theory and

practice can be expected.

5.3.5 Overburden stresses

In all layered systems, stresses caused by the weight of
overburden are ever present. In a single layer system they
add an all round compression which increases linearily with
depth. It is of interest to know the magnitude of these
stresses in the critical regions at the base of the bituminous
layers in order to provide information to researchers
examining healing effects in repeated loading tests with rest
periods.

The program was re-run with the computed loads, due to
the overburden densities given by Bush, added to the external
loading (i.e. Asphalt 140 1bf/ft®, Meldon Dust 116 1bf/ft?3,
Keuper Marl 120 1bf/ft®).

Predictably the general effect in the surface layers was
to increase the vertical and radial compressive stresses and
reduce the radial tensile stresses experienced at the base of
the asphalt. The strains were found to be little affected.
The all round state of compression due to overburden alone

2

increased to a maximum of approximately 2.0 1bf/in*° (vertical
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stress, 0, = 6.2 1bf/in®) at the base of the system (depth

Z
60 in.).
At the base of the 3 in. asphalt layer, for the loading
and properties shown in Fig. 5.7, the horizontal tensile
stress was reduced by the overburden compressive radial

(1.16)

stress by 0.17 1bf/in®. Bazin and Saunier showed
significantly different amounts of healing for rectangular
bars of asphalt when left to rest either on end or flat.
It seems reasonable to suppose that this healing involved very
low self weight stresses possibly of the same order as those
found in the above analysis. However, the bitumen used was
very soft and may have given unreasonably high estimates of
the healing capabilities of road making bituminous materials.
Nevertheless the program's capability to calculate the over-
burden stresses in any layered system does offer researchers
an easy method of obtaining the order of the stresses which
may cause healing and would enable laboratory experiments to
be designed to operate at realistic stress levels,

Since the order of the overburden stresses was such that
healing could occur at the base of a 3 in. asphalt layer, it

seems likely that the effect may be a significant factor in

thicker, full scale road pavements.
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CHAPTER 6

THE EFFECT OF TEMPERATURE DISTRIBUTION AND VARTATION

ON THE ELASTIC BEHAVIOUR OF THE LAYERED ROAD PAVEMENT

6.1 Introduction

It is well known that the bituminous layers in a
pavement have température sensitive stiffness properties.
Higher temperatures reduce the bituminous material stiff-
ness and thus the load carrying capabilities of the road.

Improved design methods(6'1) for flexible pavement
design involve an examination of the critical stresses,
strains and displacements. It is shown here that these
parameters vary considerably as a result of temperature
variations which occur in a pavement section in the United
Kingdom,

Data for obtaining the variation of temperature with
depth in a pavement was made available to the Author by the
Road Research Laboratory, Crowthorne (RRL), and was in the
form of continuous temperature measurements at various depths.
Stresses, strains and displacements under a representative
wheel loading were calculated using both the finite element

(1°38). In this way, it

method and n-layer elastic analysis
was possible to demonstrate the inaccuracy involved if a mean
stiffness value for the bituminous material was chosen instead

of employing a more rigorous analysis taking account of the

temperature (or stiffness) gradient in the layer. More
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important, it was possible to determine the change in the
elastic stresses, strains and displacements which were
implied by measured temperature variations.

The effect of measured temperatures on the surface
deflection of pavements has been investigated before by

(6.2)

Southgate and Deen Benkelman beam deflection measure-
ments have highlighted the importance of the effect of
temperature on pavement behaviour and a means of adjusting
deflection measurements for temperature has been presented,
This work relied on the prediction of temperature at depth

as a function of air temperature history and the surface
value, substantiated by field measurements. AASHO Road Test
Data was analysed using layered elastic theory and a
temperature-deflection-modulus correlation between field data
and theory found to exist. Extrapolation of the temperature
with depth estimation to other locations would seem suspect
since factors other than air temperature influence the
variation within the pavement.

Knowledge of this variation was sought at the RRL(6'3)
and temperature duration measured at a limited number of
depths in a test section of pavement.

Using climafic data and material thermal properties
temperature has been predicted recently(6'4). The work
emphasised wind speed and air temperature as climatic factors
and thermal conductivity and heat absorption as pavement
factors. All vary widely, even in the same pavement, thus

much more field data is required before temperature variation

can be estimated in this way.



170

For the purposes of the analyses the author carried out,
access was allowed to continuous records of temperature at

various depths now (1971) being made by the rar(6-3)

6.2 Variation of Temperature with Depth

The RRL continuous temperature recording stations have
been set up in locations with as widely different environmental
conditions as the Highlands of Scotland, Southern England
and tropical Africa. At various depths in untrafficked
pavement sections, thermocouples have been placed and produce
a continuous pen record of temperatures throughout the year.
The objective of the author was to investigate the effect: of
changes in bituminous layer stiffness as a result of
temperature changes on the resilient pavement behaviour.

The effect on design parameters of considering a temperature
(and thus stiffness) gradient in the analysis and not only a
mean value in the layer was also considered.

For design purposes the critical stresses, strains and
displacements occur in a pavement at high temperature.
Vertical subgrade stress and vertical subgrade strain, the
radial strain at the base of the bituminous layers and the
surface deflection are all likely to have their maximum values
when the pavement is in its hottest and thus weakest state.
By inspection of the RRL temperature records it was seen that
the most extreme gradients of temperature also arose during
very hot days. Analysis was thus carried out using
temperature variations from the hottest day at the pavement

location, RRL Crowthormne, namely 7th July, 1970.
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Data was most complete for a 10 ft., x 10 ft. x 12 in,
thick layer of asphalt overlying Bagshot Sand, thus records
for this section were used, The subgrade temperature
(Fig. 6.1) beneath each of the test sections at the location
were approximately equal and varied throughout the chosen
year. It is apparent from the figure that there was a
change in winter temperature from 1969-1970, which emphasises
the importance of making continuous records over many years.
The daily variation of subgrade temperature was found by
inspection of the records to be negligible; the important
variation was in the 12 in. asphalt layer (Fig. 6.2).

FEach curve represents the variation of temperature at a
particular time of the day. These times were chosen by

inspection as being of most interest for the following reasons:

05.00 - coolest throughout -~ coolest surface temperature
14.30 - hottest at surface
17.30 - intermediate case - becoming hotter deeper in asphalt

22,30 ~ hottest at base of asphalt - surface temperature
lower

Air temperatures were added to Fig. 6.2 showing the vast
difference between those and the pavement surface temperature.
This emphasised that many factors influence the quantity of
heat transferred to the pavement, the most important, it is
known, being surface texture and colour.

The finite element program required definition of
temperature with depth in the bituminous layer in order to
assign stiffness values to elements. Linear approximations

(Fig. 6.3) were made to the curves of temperature with depth
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but care was taken to ensure that the essential differences
between the distributions for each chosen time were retained.
Curves of the form t°C = f(z) (where z = depth) were

incorporated in the program (Appendix, Program 4).

6.3 Material Properties

In an elastic isotropic material, behaviour can be
defined completely using the two parameters, Young's Modulus
(E) and Poisson's Ratio (V). Bituminous materials are,
however, viscoelastic and require more parameters to describe
them. Heukelom and Klomp(6'6) have described a procedure to
establish an elastic modulus for the bituminous material
given the time of loading, the temperature and the mix and
bitumen specifications. The term, stiffness (S), was given
to the property of the material, which for a particular time
of loading can be considered as an elastic modulus representing

resilient dynamic behaviour of the material.

The following expression was given:

Smix 2.5 CV o
Cmix (), 25 %) 6.1
S, . n *1-C
bitumen v

where S _. stiffness of bituminous mix (kgf/cm”°) or E

1X

Sb't = bitumen stiffness determined from the nomograph
t after Van der Poel or as modified by Heukelom
and Klomp (kgf/cm®)

C. = volume concentration of aggregate

55
n - 0.83 log10<-g;x—10—>
bit
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The bitumen properties are defined by the ring and ball test
temperature and the penetration index, These values together
with a representative loading time enable the nomograph to

).

be used to find bitumen stiffness (Sbit
The 12 in. layer of asphalt at RRL, Crowthorne was
constructed to the specification given in Chapter Appendix 6. 2.
Necessary measured bitumen properties are given in Chapter
Appendix 6. 3.
A loading time of 1/100th sec was considered represent-

. . 1
ative of normal road traffic and Sbitumen<?100

was found
from the Heukelom and Klomp nomograph for temperatures in a
range which could be expected in the United Kingdom, SmiX
was calculated from Eq. 6.1, and a quadratic function fitted
to the values when plotted on a log-linear scale was found

adequate to produce a best fit line:

E

Smix = asphalt mix stiffness = E%Bth sec
_ o (14.648-0.0435t-0.00066t7) 1bf/in® 6. 2)
(See Fig. 6.4)
where t = temperature in degree centigrade.

The equations of temperature with depth together with
this equation define the asphalt stiffness with depth at the
given times of the day.

In the finite element analysis, modulus values were
assigned to elements in the asphalt layer according to the

temperature at the element centroid. The model thus could
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only approximate the change in elastic modulus to a step

function.

Asphalt Poisson's Ratio (V) has been found to vary with

temperature and rate of loading(6'7) (for 40°F to 140°F the
value changed from 0.37 to 0.498 for a Eéath sec loading time).

Since no means exists to quantify the value accurately over
the intermediate range a constant value of 0.4 was chosen.
The subgrade was given properties representative of a

dense sand:

E = 10,000 1bf/in® V = 0.4

6.4 Method of Analysis

The 4-node axisymmetric finite element was used in the
analysis to find sfresses, strains and displacements under
the different asphalt stiffness conditions which were
dictated by temperature variation.

The effect of a single uniformly distributed load of
100 1bf/in® acting over a 6 in. radius surface area was
considered. The pavement configuration analysed was as that
at RRL, a 12 in. asphalt layer with stiffness properties
varying with temperature, overlying a dense sand. Fig. 6.5
shows a typical finite element model of this. Finite
boundaries must exist thus leading to inaccuracy in displace-
ments, stresses and strains when the finite element solutions
were compared with those from the n-layer elastic program.

To combat this and investigate whether inaccuracy could be
reduced, the area covered by the mesh idealisation was

extended. This was at the expense of making each element
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bigger since computer storage restrictions did not allow a
more refined mesh. Comparison with n-layer elastic theory
is shown in Chapter Appendix 6.4 where improving agreement

with n-layer theory using an extended mesh area is apparent.

6.5 Results

The investigations of the effect of the different
pavement stiffneSs conditions at different times of the day
and the effect of considering temperature gradient as opposed
to a mean value (see Fig. 6.3) in the layer were possible
using results from the finite element model only. Automated
graph plotting was used to examine stresses and displacements
to establish the significant trends.

Vertical displacements on the axis below the centre of
the loaded area (Fig. 6.6) changed by a maximum of 100% at
the surface as a result of asphalt stiffness changes between
05.00 and 17.30. This clearly demonstrated the very
significant effect of change of temperature on asphalt
pavement behaviour.

The radial and vertical stresses (Fig. 6.7) changed
significantly and in a predictable manner, As the asphalt
layer became hotter at the surface, the radial compressive
stresses at the surface were reduced and the tensile stresses
at the base of the layer increased. Vertical stresses
increased throughout the upper layer and subgrade as the
asphalt layer became weaker.

The difference between solutions computed using an

accurate temperature gradient and the simple assumption of a
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mean temperature within the asphalt layer was of interest.
At 14.30 the maximum gradient existed and, as might be
expected, the maximum difference in solutions was found.
This applied both to vertical displacements (Fig. 6.8) and
stresses (Fig. 6.9). The error involved in making the
simpler assumption;that one value of stiffness could be used
for the layer,was very small at 05.00 but at 14.30 became
significant. The radial stresses (Fig. 6.9 i)) demonstrate
this with an estimate 20% low at the base of the layer using
a mean value,

From the above selected plots it can be seen that both
absolute temperature changes and the simplifying assumption
of a single layer stiffness value are significant. A
structural design approach to pavement design involves the
limiting certain stress and strains, Tables 6.1-4 show the
variation of these values, with the time of day and the
assumption made in the analysis. All values are the maxima
experienced in the analysis, being directly under the loaded
area. The strain values were calculated at the centroids
of finite elements and are thus not exactly the maximum values
which would be experienced in the system, They are, however,
satisfactory for the purpose of the comparisons being made in
Tables 6.1-4,

The temperature has a less steep gradient at 05.00 and
22,30 which reflects itself in there being little difference
in values whether the gradient is taken into consideration or
simply the mean value taken. Radial strains (Table 6.1) are

most changed by considering gradient,
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a) Variation in design parameters throughout

b) Comparison of results by considering a
gradient of stiffmess through asphalt layer
with mean stiffness solution

(A1l analyses by Finite Element Method)

Table 6.1 Radial strain at base of layer (er)
Temperature . Mean temperature,
Time gradient, % inc.|constant stiffness
varying stiffness in the layer
05.00 6.715x107° -6.0 6.313x107°
% inc. +114 +185
14.30 1.440x10™% +18.0 1.797x107*
% inc. -9.0 +3.7
17.30 1.311x107% +29.0 1.863x10™*%
% inc. -12 -35
22, 30 1.158x10~% +h b 1.211x10™*
% inc.
to 05.00 -k2 -8

Table 6.2 Subgrade vertical stress (GZ) 1bf/in®

Temperature Mean temperature,
Time gradient, % inc.| constant stiffness
varying stiffness in the layer
05.00 -2.73 0 -2.73
% inc. +116 +120
14, 30 -5.89 +2.0 -6.01
% inc. +3.7 +2.8
17.30 -6.11 +1.1 -6.18
% inc. -28 -28
22. 30 ~4.40 +0.5 -4, b2
% inc. 38 —38

to 05.00
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Table 6.3 Vertical strain in subgrade (€Z)

Temperature Mean temperature,
Time gradient, % inc.| constant stiffness
varying stiffness in the layer

05.00 -2.306x10"*% ~1.7 ~2.266x107*

% inc. +112 +1h4k
14,30 ~-4.898x107* +13 -5.538x107*

% inc. +6.1 +3.1
17.30 -5.198x10™* +9.8 -5.708x10™*

% inc. -25 -35
22,30 -3.888x1074 -4.0 -3.732x10"*

o s

f013;:oo -1 -39

Table 6.4 Surface

displacement (6Z) ins

Temperature Mean temperature,
Time gradient, % inc.| constant stiffness
varying stiffness in the layer
05.00 8.300x107° -0.1 8.295x107°
% inc. +108 +97
14. 30 1.725x10°% -h.9 1.641x107%
% inc. +1.4 +2.7
17. 30 1.750x10~% -3.7 1.685x1072
% inc. -29 -26
22.30 1.238x1073 -0.6 1.245%1073
o =
f018;:oo -33 -33
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After the hottest time of the day (14.30) the assumption
that a single value of stiffness can be used for the whole
layer becomes unreasonable, Radial strain would be
predicted 18% high and surface displacement 5% low.
These large discrepancies are carried over to
17.30. The importance of taking the temperature gradient

into account is thus clearly demonstrated.

6.6 Implication on Design

The implication on design of the variation of pavement
stiffness throughout the day is marked. The effect on all
of the design parameters is virtually the same. From 05.00
to 14.30 an increase of over 100% was found to occur. If a
mean value of stiffness was considered, then the effect was
more erratic. The change in radial strain at the base of the
layer, the vertical strain in the subgrade and the subgrade
vertical stress were all predicted as higher,

Except for the radial strain, all values increase further
to the time 17.30, thereafter decreasing’to 05.00. The
total changes are thus predicted as follows:

Table 6.5 Maximum changes in design parameters derived from
Tables 6.1-4

% change for

Design Parameter Time change loading considered

(i) Radial strain at base

of layer 05.00-14, 30 +114

(ii) Subgrade vertical 05.00-17. 30 120
stress

(iii) Vertical strain in 05.00-17. 30 118

subgrade
(iv) Surface displacement 05.00-17.30 +109
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The implications on pavement design methods based on

a structural design approach are important. If the radial

tensile strain at the base of the layer is considered as the

(6.1)

criterion for design

, then pavement life as predicted

is reduced by the temperature rise in the asphalt. In

detail, for a bituminous material close to that used in the

RRL test sections (curve 2 given by Brown and Pell, Fig. 4,

Ref. 6.1), a relationship between fatigue life and the

maximum applied strain was given as:

N(cycles) o C%>3.4

Using the maximum variation in the radial strain given in

Table 6.1 this results in

N 3.4 3.4
05.00 _ <f14.3o (kb )
- Grs) -1

N14.30

Life, expressed as load

*05.00

cycles to failure, was thus predicted

as 15 times longer with the stiffer pavement given by the

temperature distribution at 05.00 than that at the hottest

time of the day. This
more important than the

properties (Chapter 5).

An approach to the

is obviously very significant and possibly

effect of material non-linear elastic

prediction of pavement life based on

(6.8)

the vertical compressive strain in the subgrade yields

a 56 times change in number of axle load applications to

failure,

N05.00 1.8x10° 6
X = = =5
17.30 3. 2x10
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However, in absolute terms life was predicted as much
longer by the latter approach. At 05.00 a vertical subgrade
strain of 2.31x10”% predicts a 1life of 1.8x10° applications.
This is approximately 500 times the life of 3.5x10° cycles
predicted by consideration of the maximum tensile strain in

the asphalt layer (ref. 6.1).

6.7 Conclusions

The mix used at the RRL in a 12 in. thick layer thus
yielded a situation where asphalt tensile strain would have
been the critical factor in design. The comparison of the
two design criteria showed, however, that vertical subgrade
strain was more sensitive to the temperature changes
experienced than radial temnsile strain at the base of the
layer. The predicted change in road pavement 1ife was high
showing temperature to be a very important factor.

There is a need for more widespread measurement of
temperatures occuring within road pavements and the environ-
mental factors associated with them. In many parts of the
world pavement temperatures and their gradients are likely
to be much higher than in the United Kingdom, and the
implications on design would appear more important. However,
in hotter countries it is usual for bituminous layers to be
thinner and thus for the non-linear properties of sub-base
and subgrade materials to be more important in design.

In this exercise no account has been taken of a likely
traffic spectrum,. This either could reduce or increase the

effect depending on whether maximum loading occurred at the
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hottest or coldest time of the day. Kasianchuk(1'19) has
quantified the effect of traffic density using his "traffic

weighted mean stiffness" concept.

The Author has simply calculated the likely order of
magnitude of the effect on design of temperature changes
experienced in the United Kingdom and found it to be

significantly high and meriting further investigation.



Appendix 6.1: Equations of curves for temperature with depth

in asphalt: 7th July, 1970
12 in. asphalt layer RRL Crowthorne
Curves in Fig. 6.3

Notation t temperature (°C)

z = depth below surface (inches)
Time 1 Equation Range of z values valid
05.00 t=20+5/122 0 - 12
14.00 t=50-25/1 52 0 - 12
17.30 t=47-2 0 - 3
t=50~2z2 3-9
t=41-2 9 - 12
22,30 t=30+%2 ' 0 -6
t=38-%z 6 - 12




Appendix 6.2: Asphalt specification

12 in. layer

1% in. Rolled Asphalt wearing course
30% stone (2" max. size)
40/60 pen. binder
Table 7(a) BS 594 1961

TLA Blend (Table 1 Col 3)

1 in. Rolled Asphalt base course
65% stone (1 in. or 2 in. max. size)

40/60 pen. binder

Table 7(b) BS 594 1961
8 in. Rolled Asphalt base
1 in. max. size

other data as base course

Appendix 6.3: Measured properties

Ring and Ball test temperature  65°C-
} bitumen

Penetration index 0.5 -
0.84 } asphalt

C_ =
v
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Appendix 6.4: Effect of extended finite element mesh area

The mesh size within 12 in. of the loaded area was
retained, the boundaries were extended by increasing the size

of subgrade elements.

Mesh Extent of Mesh

"1 110 x 70 in. (Fig. 5)
2 220 x 140 in.

3 440 x 280 in.

Time 05.00 Surface displacement (8,) ins

Me sh Mean stiffness used % Mean stiffness used
es Fin. E1, &, (in.) increase | N-layer elastic, 6, (in.)
1 8.30x10™° +42 1.18x10"%
2 9.92x10" 2 +19 1"
3 1.07x107"2 +10 "

Time 05.00 Radial strain at base of layer (er)

Mesh Mean stiffness used % Mean stiffness used
S Fin., E1, €, increase | N-layer elastic, €,
1 6.31x107° +13 7.13x10"°
2 6.80x10"°% +4.8 "
3 6.54x10"° +9.1 "
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CHAPTER 7

THE TRIAXTAL TEST

7.1 Introduction

The triaxial test is extensively used to establish the
characteristics of a soil or bituminous material in either
static or dynamic loading tests. It was explained in
Chapter 3 that in order to obtain suitable characteristics
for a soil some measurement of the volumetric strain is
required. End frictional restraint is known to cause a
barrelling of the cylindrical specimen and thus complicates
any correction being made for change in cross-sectional area.
The barrelled shape is itself caused by a change in the
distribution of stress within the specimen away from the values
which would nominally be applied, as if by a rigid end platen.

Theoretical stress distributions were produced by the
finite element method which was modified to take account of
frictional forces between the end platen and specimen and
base. Mean normal stress and octahedral shear stress,
explained to be fundamental in influencing failure in Chapter 3,
were paid particular attention, The mode of failure of
cylindrical bituminous material specimens tested in unconfined

(7.1)

repeated load tests were compared with the theoretical
stress and strain distributions. Any conclusions about

failure, however, could only be expected to be qualitative

since the finite element analysis used considered only the
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elastic properties of the materials. The errors likely in
the measured material characteristics as a result of end
frictional restraint and specimen geometry are presented as

being of most interest.

7.2 Previous Findings

Work has already been done on the calculation of stress

(7.2)

distributions in the triaxial specimen. Balla produced
equations for the stresses, strains and displacements in a
cylindrical specimen based on Elasticity Theory. He
tabulated stress as characterised by the octahedral shear
stress for £4/d = 2 and total end fixity. The integrals involved
in célculation were complex and required a computer program
for their solution and boundary conditions were difficult to
change. Balla did not attempt to model an end platen but
assumed the nominal distributed load acted directly on the
specimen, Triaxial testing to investigate the effect of end
restraint(7'3) concluded that the use of well lubricated end
caps was only necessary if volumetric strain measurements were
required for large values of axial strain. éhother useful

(7.4)

contribution was made earlier when experimental evidence
was given showing failure in cone shaped zones where end
restraint existed. It was assumed that this occurred because
of the concentration of dilation into local zones thus

causing the premature development of a failure surface,
Multiple failuwre surfaces were considered desirable and the

means of achieving this found to be lubricated end platens.

Although experimentally it was shown that failure was
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different and less desirable when end restraint existed,
no theoretical analysis was readily available to establish
which stresses were governing failure and were changing when

end fixity changed.

(7.5)

A Coulomb failure criterion had already been shown
to be inadequate to define failure as rigid-plastic. It
was found mnecessary to incorporate some non-linear stress-
strain relationship to define behaviour more precisely.

Recently work in progress, and allied to this, has been
reported(7'6) (1971) where the soil behaviour in the triaxial
cell has been modelled using incremental finite element
loading techniques. This work is aimed at "once-loaded"
tests on soils, whereas the main interest in layered road.
pavements is for modelling of the materials under dynamic
conditions.

Non-linearity of the deformation characteristics would
seem to be of most importance in a heavily stressed sub-base
or subgrade material. The bituminous layer structural
properties are more influenced by temperature, than stress
level (Chapter 6 and ref. 1.19).

Linear elastic analysis of the test, given the advance
of being able to model end frictiomnal restraint was thus
considered of interest. The versatility of the finite
element method, particularly the ease with which geometry
and boundary conditions can be changed, made it a useful tool
to theoretically analyse test specimens and help decide on
the magnitude of factors such as the 4/d ratio and the thick-

ness of the end platen for laboratory testing.
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7.3 Finite Element Representation

7.3.1 The finite element idealisation (Fig. 7.1) represents,
in shape and properties, bitumen-macadam specimens being
tested under dynamic loading at Nottingham. A 1 in, thick
steel end platen, acted on by a point load at its centre,
distributes the load to the 4 in. diameter cylindrical
specimen, The A4-node axisymmetric rectangular finite
element was used in the analysis with certain modifications
in order to mobilise interface frictional forces at the top
and bottom of the specimen (Appendix, Program 5).

Values of the friction constant (K) derived from tests

(7.1)

at Nottingham were used in the analyses as given in
Table 7.1. In addition the extreme values, M = 0 and full

fixity were considered,

End platen M

mild steel 0.25
hardened steel 0.1

lubricated 0.005

Table 7.1 End platen -~ bitumen macadam friction

7.3.2 End frictional forces

The basic finite element method relies on the composition
by superimposition of a structural stiffness matrix and on
the solution of this set of equations for nodal displacements
given a vector of loads. In order fo incorpofate forces

mobilised by friction at an interface, it was necessary to
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provide two sets of nodal points at each interface (Fig. 7.1)
and in addition join the two separate parts of the structure
using dummy (linkage) stiffnesses. This was identically
the technique used in finite element analysis of bond in
reinforced concrete beams by Ngo and Scordelis(7'7). A
connection stiffness was derived from this work for the

particular case where the interface is parallel to the

co-ordinate axes:

kh 0 -kh o
o k 0 -k
v v
-kh 0 kh o
o -k 0 k
v v
e -
kh = horizontal dummy stiffness
kv = vertical dummy stiffmness

Each pair of nodes was thus joined, both in the radial and
vertical direction by an 'element' of no dimension but
having stiffmness. For a pair of nodes this can be
visualised as Fig. 7.2 i). By giving the stiffness a high
enough value in comparison with the adjoining material,
the deformation between the mnodes was found to be mnegligible.
(A value of 10*° 1bf/in® was found satisfactory for this
purpose.)

Freedom of horizontal movement between nodes on the

interface (equivalent to W = 0, Fig. 7.2 iii)) was achieved
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by setting kh = 0. The intermediate cases, 0 < u < 1,
required mobilisation of horizontal frictional forces,

Fig. 7.2 ii). However, these could not be calculated unless
the nodal displacements were known (Eq. 2.12), and therefore
an iterative procedure was required.

Starting from the situation in Fig. 7.2 iii), with
k, = 0 and k= 10'° 1bf/in®, the set of vertical nodal
forces (Fi) along the interface, as a result of the point
load alone, were calculated. The frictiomnal forces, uFi,
were then placed in the load vector, along with the external
load, and the equations resolved. New forces were calculated
and the process repeated until successive sets of forces
were found to agree to the 3rd significant figure.

The iterative behaviour of the computation of the inter-
face friction forces for the two extreme values of coefficient
of friction, 0.25 and 0.005, was as presented in Table 7.2.
Nodes and elements referred to in the tables are shown in
Fig. 7.1.

It is apparent that 5 iterations were necessary for the
case, HK=0.25, and 3 for MK = 0.005. Although the vertical
displacement under the load was changed little in the final
iterations, the radial stresses near the interface were
changed markedly during the computation and their rate of
change closely followed that of the frictional forces.

This technique for incorporating frictional forces in
the finite element method was thus proven feasible.

7.3.3 BSpecial features in finite element program (Appendix,
Program 5)

i) automatic data generation modified (GEN4NM) to
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provide double row of nodes at interfaces.

ii) post dummy stiffnesses to structure stiffness
matrix (LINK)

iii) modified loading procedure (LOADM, LOADFR) to place
structure loads and last calculated frictiomal

forces into load vector

iv) calculation of frictional forces on interfaces
(FORCES)

One further procedure (FXTEST) was incorporated which
ensured that no loads were applied at mnodes in a direction
already specified by procedure (FXBDIT) to have zero
displacement. This applied in the case of radial friction
forces at the centre line (where only vertical movement was

allowed).

7.4 Theoretical Investigations

7.4.1 End platen imposed stresses

A point load applied vertically on the centre of the
end platen was chosen in order to give a nominal vertical
stress on the specimen of 100 1bf/in®. Computations
incorporating the various degrees of end frictiomal restraint
were carried out and revealed a deviation from the mean value
due to both distortion of the end platen and changes in the
frictional restraint. Plots of the vertical stress
immediately beneath the end platen (Fig. 7.3) for 4, 6 and 8 in.
long specimens showed this, It can be seen that there was
no significant change in the distributions as a result of
change in specimen length, Figs. 7.3 i), ii) and iii) have

substantially identical appearance.
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The frictionless case (u=0) showed an increase in stress
at the centre of the end platen of 10%. This must isolate
the effect of end platen flexibility, since no frictional
forces are acting. At the edge of the end platen a 4%
reduction of vertical stress took place.

Increasing frictional restraint reduced the discrepancy
in stress level below the centre of the end platen so that
the fully fixed case showed a reversed trend. The wvertical
stress was less than the nominal value, reaching a maximum
discrepancy of -8% at about £ of the radius from the centre-
line. Very near to the outer edge of the specimen a sharp
increase in stress took place predicting values 20% higher
than nominal. The varying degrees of frictional restraint
caused stress distributions lying between the above extremes
with U=0.1 giving a distribution approximately nearest the
nominal value, The sense of the increases or decreases in
the nominal value of vertical stress are perhaps predictable,
the magnitude is not. Here it has been demonstrated that
using a standard end platen the specimen has imposed on it,
stress levels considerably different from those expected.
Frictional restraint has been shown to reduce the vertical
stress acting over most of the surface of the specimen but
increase that at the edge considerably. The above gives
an indication of the order of magnitude of the changes in
nominally applied stress at the point of application; some
mention of the likely effect on material characteristics is

warranted before further detailing stress and strain changes.
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7.4.2 Displacements

The calculation of an axial modulus (e.g. in repeated
load tests on bituminous materials) or bulk and shear
moduli (as described in Chpt.3)relies on the stress
distribution in the specimen under test being that nominally
applied. If it was assumed that the end platen was
infinitely stiff, perfectly lubricated and no Poisson's
ratio effect existed, an axial modulus could be calculated

as:

0 - imposed vertical stress
4 - length

§ - axial di splacement

These are the assumptions used in calculating the final

column in Table 7.3.

8 ® stiff end
size (in.) fixed 0.1 0.005 0] platen p=0
Lxh 1.911] 1.990| 2.046| 2.048 2.001
% inc. from
o gtiff solution]-4.5 ~-0.5 +2.3 +2. 4
6k 2.909| 3.004} 3.046|( 3.049 3.001
'% inc. -3.1 -1.0 +1.5 +1.6
8xk _ 3.906 4.004| 4.047| 4.049 4,001
% dinc. -2.4 +0.7 +1.1 +1.2

Table 7.3 Vertical axial displacement for varying size of
specimen and end frictional restraint (x1072 in.)
+% deviation from simple elastic calculation

Table 7.3 shows axial displacement for varying length

of specimen and frictional restraint and demonstrates that
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the above assumption could lead to discrepancies in "modulus!
based simply on axial displacement. The percentage increase
in displacement compared with the simple calculation is
given, The solutions gave axial displacements both higher
and lower than that using this "simple elastic calculation',
since the assumptions themselves were not being adhered to.

A value of u=0 (4xk" specimen) led to a vertical displace-
ment 2.4% higher than that using the simple calculation,
confusing the effects of end platen flexibility and Poisson's
Ratio. However, the "fully fixed" calculation led to
displacements 4.5% lower than the simple calculation, or
about 7% lower than the finite element computation for u=0.

The implication was that end platen flexibility effects
would have lowered the apparent axial modulus of the specimen
and increase in end friction have raised it.

Increased specimen size had the effect of decreasing
both the discrepancy with a simple elastic calculation and
the difference between the solution from a fully fixed and
"perfectly 1ubricated? finite element model. This occurred
since a greater length of the specimen away from the ends
was at nearer nominal stress conditions; as will be shown.

The radial displacements at the edge of the specimen,
(Fig. 7.4), show the deformed shape becoming increasingly
non-cylindrical with increasing end restraint. Any measure-
ment of radial deformation would of necessity require care.
If the volume change in a triaxial cell was measured to obtain
radial strain measurements (as would be required if bulk and

shear modulus were being measured (Chapter 3)), then, either
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corrections would be required or, more desirably, friction
should be reduced to a minimum.

If tests were required to establish the tensile
characteristics of bituminous materials, and ends were of
necessity fixed, then it is suggested by Fig. 7.4 that
measurements of both axial and radial deformations would
be better made in the region further than 1.5 in. from the
ends of the modelled specimen, Uniform radial displacement
does exist over the remaining length of the specimen. This
length varied for different size of specimen since the
region influenced by the end restraint was roughly constant
for a particular size of end platen.

Finite element analyses of this kind have thus influenced
the positioning of instrumentation in tests on bituminous

(7.1);

specimens at Nottingham

7.4.3 Stress distribution within specimen

The verfical compressive stress on the centreline and
at the edge df a 6 in. long specimen was affected by the
end platen flexibility and end constraint. Stresses on
the vertical axis (Fig. 7.5i) were consistently higher than
the nominal 100 lbf/in2 except at the ends where radial
frictional restraint caused a lowering.

At the base the effect of end restraint was more marked
with 10% reduction in vertical stress. This was countered
by an increase at the edges (Fig. 7.5ii). At the base of
the specimen the effect of frictional forces was isolated
(since the base was considered as virtually rigid). The top

end platen flexibility caused a 10% increase in the vertical
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stress under the load with no friction present, but it is
notable that within 2 in. of the end the nominal value had
been reached and maintained down through the specimen to
the rigid base.

Complete end restraint led to a 5% increase in vertical
stress at the middle of the specimen and at 5% decrease at
the edge, nearer the ends the situation was worse.

The radial stress on the centreline - - (Fig. 7.5iii)
bécame compressive in the region of the ends, indicating that
here existed a state of all round compression which was acting
as an extended end platen. Low values of tensile stress were
experienced near the surface at the middle of the specimen,
which in the case when the end restraint was high, became
greater. This would indicate that the load required to cause
a tensile or hoop stress failure at the specimen edge would

be lower than if there was no end restraint.

7.4.4 Stress invariant distributions

Since it was considered that the first two stress
invariants influenced failure of a specimen (Chapter 3), their
distributions for varying degrees of end friction and specimen
length were examined. Figs. 7.6 and 7.7 show o (mean normal
stress) and T (octahedral shear stress). The hatched regions
had imposed on them levels of stress more than approximately

5% above or below the nominal value,

i.e. O nominal = 4(100+0+0) = 33.3 1bf/in®

T nominal

1

3/(100-0)2+(0-0)2+(0-100)3

= 47,1 1bf/in®
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o/T nominal = 0,705

Both plots showed that aylubricated end platen (U=0.005)
would lead to a greater length of the specimen being near
the nominal stress value. The 4 x 4 in. specimen with
fixed ends, for example, was predicted’as having only a

very small region where either 0 or T was near nominally
stressed. The importance of lubricated end platens or

more important the considerable deviation from the norm in
fixed-end tests were thus clearly demonstrated. The small
deviation in the "free" case could only be due to end platen

flexibility and would be removed by strengthening it.

7.4.5 Failure

Plots of o/T (Fig. 7.8) clearly would suggest different
types of failure for varying end restraint. (Lower values
indicate regions more likely to be critical.)

In the case of full end fixity, a conical zone of higher
values existed near the end platens and failure would be
predicted to occur outside this zone. The testing of
bituminous material specimens by Snaith at Nottingham(7'1)
has verified that this occurs (Fig. 7.9). With lubricated
end platens barrelling of the specimen did not occur (Fig.
7.10) and failure was observed to be preceeded by the appear-
ance of vertical cracks which started about 1.5 in. from the

(7.8)

ends of the specimen. Heukelom observed the same type
of failure in such specimens and concluded the cracks to be

due to excessive hoop strain.

Fig. 7.5 iv shows that if some end restraint exists then
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hoop straimsat the specimen edge are greatly reduced and
thus explains why cracks did not extend to the ends. The
radial strains at the outer edge of the specimen (Fig. 7.5Vv)
were found to be lower than the hoop values and thus,
accepting a strain criterion of failure for bituminous
materials, are of mno significance. The horizontal strains
at the centre of specimens with full end restrain£ (Fig.
7.5vi) were predicted as higher than the hoop values at the
specimen edge. It is thus likely that the actual failure
of a bituminous material would be on the centreline under the
point load due to excessive tensile strain.

Soils which have little tensile strength are known to
behave differently. The failure of clays in compression,
for example, is thought to be primarily due to excessive
shear stresses. If shear stresses were the only factor
involved, then failure predicted by the distributions in Fig.
7.7 certainly would not predict the typically found conical
failure in the case of full end restraint. The highest
shear stresses in this case existed on the centreline of the
specimen at slightly greater than half the length from the
base, and not along a sloping line. Acceptance of failure
being govermned by both normal and shear stresses, however,
(Fig. 7.8) in the '"fixed end'" case, would lead to the more
realistic prediction of a conical region near the ends where

failure was less likely (similar to Fig. 7.9).

7.5 General Observations

The finite element:method has been used to calculate
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stresses, strains and displacements and assist in the design
of satisfactory testing methods for the triaxial testing of
bituminous materials. The importance of the end platen
flexibility and end platen/specimen interface frictional
forces on the stress and strain distributions have been
established. The effective length of the specimen where
gauges to measure radial deformation could be placed has been
established.

The 1likely effect of the end effects on "elastic modulus"
values for different £4/d ratio specimens has been established
to be no greater than 7% at the most.

The mode of failure in compression has been accurately
predicted for a bituminous material specimen giving confidence
in the common failure criterion supported by Domaschuk and

(3.1) 1nd Schofield and Wroth 3°®) namely that failure in

Wade
compression is dependent on 0 (mean normal stress) as well as
T (octahedral shear stress).

Failure in tension in bituminous materials has been
found to lead to a plane fracture at 90° to the axis of
applied principal tension. This demonstrates the point made
in 3.6.5 that failure in tension and compression is
fundamentally different. In tensile tests, fixed end platené
are obviously essential and stress conditions would be as in
Figs. 7.6/7/8 ("fixed"<case), but with opposite signs. The
applied tensile stress would lead to a simple tensile failure
when the limiting value for the material was exceeded.

The "dead" conical area of all round compression in

fixed ended specimens under axial compression could have
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important significance in repeated load tests. If failure
could be considered as the result of deformations accumulated
at each load cycle,or as the gradual absorption of energy,
then failure would occur prematurely in "fixed end" tests.
A1l work would have been done (or all shear deformation
occurred) away from the conical regions of all round
compression and have led to a local failure in the specimen

rather than an overall breakdown.

7.6 Extension to Pavement Analysis

Accepting 0/T in compression and limiting tensile stress
in states of all round tension (see section 3.6.5) as criteria
for failure,the possibility of being able to identify the
likely critical regions in a layered pavement exists. The
comparison of 0/T values found to be critical from lubricated
end triaxial tests of the materials,could be compared with
the values obtained from the finite element analysis of a
pavement system,and lead to the prediction of likely zones of

failure.

7.7 Reservations

No attempt has been made to model the test beyond the
(7.1)

elastic range since tests on bituminous materials have
shown elastic behaviour close to failure.

In soils, large deformations occur as the result of
dilation under shear stresses, which in a pavement would result

in the accumulation of permanent deformation at well below a

failure load. Attention is being paid to this problem by
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but is limited to the simulation of once-loaded tests.

The resilient part of the deformation of road pavement
materials under repeated loading is known to behave in a
non-linear elastic manner, Bituminous materials are known
to have properties so temperature sensitive as to make
investigation of any non-linear elastic properties of minor
importance(1'19). Thus lack of necessity and the high cost
of the computer time to carry out an iterative analysis (within
the iteration required for mobilisation of frictional forces)
have negated such investigation.

Whereas one can have confidence that frictional forces
are mobilised between a steel end platen and the triaxial
specimen there appears to be no justification for assuming
that anything but total continuity exists between layers in a
road pavement. If such an analysis was ever thought justified
then it would have to be borne in mind that the passage of a
wheel load would cause reversal of the frictional forces at
a layer interface. It is thus apparent that experimental
determination of the magnitude of the mobilised interfacial

friction in layered pavements is required.

7.8 Conclusions

The triaxial specimen has clearly been shown to
experience the nominally applied stresses if end friction is
low and the end platen thick. The implication of friction
and £/d ratio on failure mode has been shown to be as important

as the errors in the measured material characteristics if
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specimen deformation was assumed perfectly cylindrical where
high frictional forces were mobilised. These errors in

the case of an axial modulus have been shown to be no

greater than 7%.
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FULL END FIXITY (full scale)

Fig. 7.9 Full end fixity on nominally 6xk4in.
asphalt specimen
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CHAPTER 8

CONCLUDING DISCUSSION

8.1 The Finite Element Method

It is suggested that continuous variation in material
properties is best represented by many simple finite elements,
each of which has different material properties which depend
on a representative stress or strain level and environmental
conditions. The simple 8-node rectangular cuboid element
makes excessively great demands on computer storage and time,
using present day machines. In representing the physically
layered system encountered in road pavements the 4-node
axisymmetric element, with side parallel to horizontal and
vertical co-ordinate axes, was found more suitable than a
more general 3-node element. For the same number of mesh
points, the 4-node element required less stiffness computations
and did not involve the theoretically doubtful practice of
averaging the stresses or strains from surround elements,
which has often been found expedient by other workers.

The program based on the truly 3-dimensional element
awaits the development of a system with long life which is
supported by software which can carry out rapid transfer of
information from fast to backing store in a way relevant to
the Choleski decomposition method of solution.

Preliminary investigations into the behaviour of the

finite element method can be carried out using a coarse
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mesh, but the analysis of a real system to provide comparison
with in-situ values demands as refined a mesh as is possible.
The axisymmetric formulations used here offered this accurate
approach as a starting point to understanding layered system
behaviour. The more jideal 3-dimensional elements are,
however, restricted by the size of fast store available and

a highly refined mesh in all directions, accepting high cost,
is not possible. The imposition of displacement boundary
conditions, calculated from a preliminary analysis, may,
however, allow these more realistic computations to be carried
out.

The displacement method of finite element analysis was
chosen for development in the absence of detailed descriptions
of other formulations. Tt seems likely that such formulations
will have advantages which may be exploited when detailed
programming is reported.

Examination of the behaviour of the axisymmetric
formulations using simple non-linear material properties
showed that all manner of monotonic modulus-stress level
relationships lead to a stable solution. Any secondary
instability as a result of a strongly stress dependent modulus
was acceptably small. In a single layer system some pattern
of convergence was established which potentially would lead
to an acceleration of the iterative procedure, Investment
in developing such a method was not considered worthwhile sincg
it was found that a multilayered system led to a less regular
process. In a layered system the convergence of the jiteration

procedure could be established by monitoring all interfacial
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surface displacements. After as little as six iterations,
it was found that the change of vertical displacement between
successive iterations at any interface was less than 1%,
which seemed adequate,

The iterative procedure in a single layer system was
unaffected by the initial choice of a constant modulus for
all elements since the stress distribution which governs the
first modification to element moduli is independent of modulus,

For a successful incremental analysis, a preliminary
iterative analysis, during the first increment, seems essential
to establish the initial tangent moduli. These moduli were
thus relevant to the stress distribution in the structure
under the impo;ed external loads. The procedure demanded a
knowledge of both the resilient secant and tangent properties
of a material but had the advantage that it could proceed
without iteration within increments beyond the first.

The finite element meéthod suffered the disadvantage that
vertical displacements were féund to be greatly affected by
the proximity of the lower boundary of the mesh at a finite
depth. Stresses were little affected however, Certain
non-linear relationships may predict Poisson's Ratios near to
0.5. At this value the finite element formulation breaks
down., There can be little confidence in the accuracy of
solutions with V greater than 0.45 but improvement could
probably be obtained at greater expense using double length

arithmetic,
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8.2 Non-linear material properties

Reference to literature has established that the stress
invariants are fundamental in governing material behaviour
both up to and at failure,. Both the resilient and incremental
material properties have dependence on these stress levels,

A third factor, that of dilation or compaction with
shear stress, has not been incorporated, due to lack of
experimental data, but seems likely to become more significant
at stress levels near to failure (or when permanent deform-
ations become excessively large). A means is suggested
whereby this phenomenon could be isolated in material tests .
and incorporated as a change in resilient moduli which
depended on the number of load repetitions already applied to
the structure. These changes in material properties may not
have been significant after the limited number of load
repetitions applied by Brown or Bush., In a full scale road
pavement the change in properties could become significant.

It is possible that the resilient material behaviour may
contain an element of elastic dilation over a limited history
of the total loaded life of the material. It is shown how
this can be modelled in a pavement using five anisotropic
parameters.

The two stress invariants, 0 and T, also influence
material failure and thus can be used in theoretical analysis
to predict zones of weakness in any given structural system.
Given a relationship between 0 and T at which failure occurs
for each material, attempts at identifying the load for

failure could be made.
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It is shown how the triaxial test could be used to
reveal the variation of a bulk and shear modulus with a wide
variety of mean and shear stresses. This can be extended
to the dynamic testing of soils provided the axial load and
cell pressure can be cycled in a specified way and the
resilient radial strains can be measured.

The program developed to analyse the triaxial specimen,
and which models end frictional effects, greatly improves
understanding of the mechanism of failure and offers a tool
which can assist in the design of experiments. Failure is
simple to observe in the test, thus a reliable failure
criterion for materials can be established. Its applicability
to the layered pavement should strictly be limited to the
axis of load where a triaxial stress system exists.
Confidence can be expressed in considering the ratio 0/T as
one of the parameters fundamental in leading to permanent
changes in the resilient properties of materials under dynamic
loading.

Even though a specimen with £4/d ratio = 1 was found to
have a very limited region at near nominal stress conditions,
the error in a measured axial modulus was limited to 7%.

The program offers the possibility of providing more accurate
material properties by taking into account variations caused

by end platen flexibility and end frictiomal restraint.

8.3 1Insitu measurements

It has been shown in Chapter 5 that even more fundamental

approaches to the problem of material characterisation did
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not lead to a significantly more accurate prediction of the
stresses and strains measured in a scaled down layered system,
Comparisons were made using measurements made in a scaled-
down pavement in the laboratory. This system was subject to
many experimental errors and thus any conclusions drawn are
not necessarily directly applicable to the practical layered
system.

The consideration of non-linearity was clearly shown to
be important, however, but the choice of linear properties
which afforded the comparison was in some degree, subjective.
The choice made by the author was based on the properties
suggested by the characterising functions used in non-linear
analysis., For the Keuper Marl, high values relevant to low
stress levels, which themselves were not adequately supported
by measured stresses and strains, were used. This extra-
polation was necessary because of the lack of measured low
level stresses and strains. This deficiency is all important
since most of the material in the finite element idealisation
was at a low stress level,

The accuracy of the measured quantities is in serious
doubt since embedded instruments could not be inspected through-
out a whole series of tests. During the life of a pavement
the material properties would gradually change and lead to
significantly different stress distributions being imposed
throughout its life, This factor may have had some influence
on the accuracy of the results obtained from the scaled-down
pavement tests with their only limited number of load

repetitions.
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The change in structural properties brought about by
temperature changes has been found to be very significant
indeed. The high gradients of temperature experienced in
a test section have been shown to require the finite element
method of analysis since linear elastic theory led to
unacceptable innaccuracy. The absolute change in the design
parameters which was brought about by temperature change was
found to be far more significant than the errors introduced
by mon-linearity. However, any weakness brought about by
increased temperature in the bituminous layers would increase
the stresses in the lower layers rendering a non-linear
analysis, which could incorporate permanent change in a near
critical material, more important.

Increased temperatures in the bituminous layers would
also enhance their healing properties. Opposed to this is
the problem that before any healing could take place permanent
changes would have occurred in the lower layers and contributed
to unwanted permanent surface displacements.

The temperature measurements now being made on a variety
of pavement types and thicknesses by the Road Research Laboratory
can be used in analysis together with information from healing

tests to assess the likely importance of these problems.

The importance of the weakening effect increased
temperature in the bituminous layers of a pavement have cannot
be over-emphasised. Temperature distributions, recently
measured in realistic layered systems, have brought about

highly significant changes in the quantities thought of as
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critical in a structural design approach to the pavement
problem.

The short term implication would seem to be that more
effort should be made to measure practical temperature
distributions. At the same time engineers can establish
the more detailed implications on current pavement design
by making use of the widely available n-~layer elastic theory

analyses.

8.4 Suggestions for further research

There is a need for in-situ measurements of the stresses
and strains in a layered system to be carried out in such a
way that the change in resilient material properties with
number of load repetitions can be established. A series of
bulk and shear stress v normal and shear strain relationships
could be obtained. It would be desirable that there are
enough instrument points to detect a wide enough range of
stresses and strains to identify the effect of the 3rd variable
on each plot. After a particular number of load repetitions
it would be hoped that a characteristic could be -obtained
which would recognisably differ from that from another series
of tests further on in the life of the pavement. The
repeatability of such tests could only be established by
digging up the tested pavement and repeating the sefies of
tests in a layered system having a similar initial compaction.
It would also be hoped to identify whether elastic dilation
(or compaction) took place as well as the dilation causing

permanent changes in the resilient properties of the materials.
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Since a heavily instrumented system would be required,
a preliminary theoretical investigation into the effect of
the gauges as rigid inclusions should be undertaken using
the finite element method.

The cost of this suggested test would be greater than
that undertaken by Brown or Bush, but would afford a better
understanding of the change in material properties with
repeated loading, and allow measurement of the all important
permanent deformations in a layered system. This type of
pulse load testing is objected to on the grounds that it
does not set up a transient stress system similar to that
under a moving wheel. It can be argued, however, that the
cost of moving wheel apparatus is much greater and that
theoretical analyses to simulate moving loads on multilayered
systems are not yet available, Since reliable fundamental
material properties have not yet been established for soils
in general, it also seems unjustified to carry out tests on
very complex systems which undergo complicated changes in
stress distribution.

The triaxial cell is the most readily available means
of characterising soil materials. In the long term the
test should give comprehensive material properties, which when
used in theoretical analysis, can be verified to predict in-situ
measurements of stresses and strains. To assist this develop-
ment, there is required an accurate means of measuring sample
volume change or radial strains under dynamic loading
conditions.

Investigation is also required to establish whether stress
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induced anisotropy is significant in a layered pavement.

If this were the case then computer programs would have to
be modified to account for the extra parameters, and testing
methods would of mnecessity become more complex. This step
may be necessary since moving or stationary loads normal to

the surface lead to unequal vertical and horizontal stresses.

It can be seen that the pavement problem is by no means
solved, nor can be without human intervention offering
judgement based on experience and intuition. The three main

areas of interest are:-

(1) Simple material test to find properties.

(2) Structural analysis to calculate critical parameters
and evolve designs and an accurate specification of
"fajlure".in the structure.

(3) Verification by in-situ measurement.

It is hoped that light has been thrown on each of these
problems and that the flexible finite element programs
contained in this thesis will assist future experimental work.
It has been demonstrated that these programs offer a powerful
analytical tool, whose exploitation is currently limited only
by the knowledge of material properties and size of computer

core store for efficient computations.
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A.0 INTRODUCTION

The programs developed by the author are listed along
with information on the input requirements and the output.
Programs 1, 2.1 and 3 are the basic finite element programs
for 3 and 4 node (axisymmetric) and 8 node solid elements.
Their form, as listed, would enable an iterative analysis of
a single layer, using non-linear elastic properties, to be
carried out on the automatically generated meshes shown
(Figs. A.1/2/3).
Program 2.2 shows the modifications necessary for an

incremental analysis as described in Chapter 4.

Programs 4, 5 and 6 are based on the 4 node axisymmetric
rectangle (Program 2.1) but involve modifications extensive
enough to warrant separate listings. All three programs were
develbped so that layered systems could be modelled. Program
6 is the most general; allowing non-linear elastic analysis
of a multilayer system, incorporating material characteristics
in the form of the Bulk and Shear modulus or Young's Modulus
and Poisson's Ratio. The efficient Cholesky solution procedure

is listed (Section A.7).
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Element number ordering and datageneration

Fig. A.1 3 node axisymmetric triangle (AUTO)

ordering - _ generation
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Fig. A.2 3 node axisymmetric rectangle (AUTOL:prog 2)
' (GEN4N:prog 4).
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PROGRAM 1 3 Node Axisymmetric Triangle

A1.,1 General description

The program is written in modules which are separately
compilable (EGDON System, KDF9).

Data to describe an element mesh (Fig. A.1) is generated
automatically (procedure AUTO) in matrixes 'ELNOD' and
'NCOORD', given input of the mesh dimensions.

ELNOD(1:EL,1:3) is a matrix with 'EL' (number of elements)
rows, each row containing the node numbers for an element,

NCOORD(1:NOD,1:2) contains r and z co-ordinates for each
node in turn,

Each module of the program has certain variables and
arrays which are common to other modules and must cross
intermodular boundaries. This is achieved using a predata
device and public variabies. The public variables are
declared in each module, in this case, by substituting the
block (DEC3NBIT) of public variables at the head of the text.
All public arrays must have their bounds defined in the
predata section thus rendering it impossible to declare arrays
dynamically after their bounds have been computed. -The
calling of procedures 'SUPDV' as the first executable
statements in the Main Program is a meané whereby the machine
address of public arrays is stored within the machine and

relates only to the Egdon System on KDF9,

Description of procedures:

NODSTR - stresses at selected element nodes (for checking
continuity)

BWCHEK - prints exact bandwidth to check input in PREDATA



Atl,

Atl.

AGLOB

INTEG

TYPE1-5

"BPOST3

EXBDIT

LOAD

UD3G00

SETD

SETB

2 Input

P1.2

(A) matrix in global co-ordinate system (r,z)

computation of terms in ZHI B"DBrd area in
area

a general axisymmetric triangular element

integrals called by INTEG

posts element stiffness to upper band structure
stiffness :

boundary conditions, sets relevant rows and
columns to zero, 1 on leading diagonal

puts radial and vertical loads into load
vector (VI)

calculates nodal loads for a uniformly distributed
load on any arbitrary element boundary

(D) matrix for an element

(B) matrix for given r and z co-ordinates

Sample input for a thick ring (Fig. A.1) is described.

2.1 *Predata

*PREDATA

PUBLIC N,NpsEL2sNODs MM, SS) NCOORD({NQoD,2)+s ELNOD(EL,3),INT(6,6),BD,
1 CSsDD#sAREAY

2 A(3),B(3),RR(3)
3K1(2),K2,2),K3(2),K4
4kllc2)y,kt2¢2y,

5 VI2(N,CS),Fx(NFX,3),

Z22(3)
(1

~
"7<

(6,6), SKIN,»BD)
1),Ke 1),k ¢ )

s
1))

YMCEL ), NULELY» SIGM(EL),

6 NFX, ITER, ITERN,SIGHMN,YMI,NUI,»MEANGT,
7 K13(2)sxla(2)ysk1BCLYaRIO¢L),KI7(Yy
MM,SS,NCOORD, INT,A,B,RR,ZZ,Lp,AAsEK,SK,V],DD,AREA,
YHMaNU, STGHMN, YMT, NUT, MEANST, SIGH
INTEGER N2 NOsELsNODsELNODsBD»CS»
1 FX»NFX2 1TER, ITERN

REAL
1 V12,

NOD = 8
EL = 6
N 16.
BD = 14
CS = 1

n§. of mnodes

no. of elehents

no. of unknowns (2xNOD)
bandwidth

load cases (=1)
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NFX = 8 no. of fixed or partly fixed boundary points
PREOUT = 1 (device to leave predata section)
A1.2.2
Data Description
1 Total number of iterations to full
load (ITERN) (only other than 1 if
an incremental analysis)
30 x 10° 0.3 Young's modulus (YMI), Poisson's
Ratio (NUT) ~
4 "2 No. of mnodes in radial and z directions
2.0 2.0 2.0 Width of each element in radial
2.0 direction and vertical direction
110 210 310 Input to fixity matrix FX(1:NFX,1:3)
for each node where some displacement
4 10 510 610 is made zero, 1 row of matrix
i.e. (node, r fix, z fix).
710 810 If v+ fix = O then deletes row and column
etc.
1 75400 O Loading;
5 75400 O 99 node no., r load, z load
terminator 99 after last nodal loading
Al1.2.3
Input information in program test,

If a non-linear elastic relationship is known for the

material,

(1)

of main program,

(2)

i.e.

E = £(0) then:

the precise relationship is written in mear the end

where marked,

the number in the equality test (3 lines from end of

main program) is changed to equal the desired number

of iterations,
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A1.3 Output

A1l input numbers are printed together with descriptive
text.

The generated mesh data is printed out.

matrixes ELNOD : element numbering
NCOORD : co-ordinates for each node
All nodal displacements are printed.
If procedure NODSTR is called nodal stresses for any
selected element can be printed.
Stresses at all element centroids, in the r, z co-ordinate
system, and the first stress invariant are printed together

with the new values of E according to equation E = f(0,.¢).
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PROGRAM 1: LISTING (main program, 3 mnode)

*SUBSTITUTEDEC3NBIT -<$———— block of public declarations
'*BEGIN' : _ '
'REAL" o PREAL,LR,LZS
* INTEGER' 1,J,SM>SN,PINT,LS
"ARRAY' BB(1'¢'6,1'4"6),CCC1"'."6,51"'+'6)8

SUPDV2 (NCOORD,>K1,NOD,2)3%

SUPDV2 (ELNOD,K2,EL,31%

SUPDUV2(INT,K3,6,6)%

SUPDV1 (A,K4,53) %

SUPDV1(B,»K5,3) $

SUPDVI (RR,K6,3) $

SUPDVI(ZZ,K753) %

SUPDV1(LP,K8,3)8 - - o

SUPDV2(AAsKS:6,6) & . dope vectors - for m/c

SUPDV2(EK,K10,6.6)5 <?—————*addressing purposes
SUPDV2(SK,»K11,NsBD)>S% Egdon on KDF9_only ’

SUPDV2(VI,KIZ5,N>CS52% : :

.SUPDV2(VI2,K13,NsC5)¢%

SUPDV2(FX,K14,NFX,3)%

SUPDV1(YM,KI5,EL)S

SUPDV1 (NU,K16,EL)S

SUPDVI(SIGM,K17,EL)S

'*COMMENT' TOTAL NO OF ITERATIONS OF LOADS
ININT CITERN)S ‘ . ' :
LINES(1)$ TEXTC'(' ITERN'*' ')>')>$ PRINTCITERN,3)§

'COMMENT* INITIALISE YM(NO) AND NU

INREAL(YMI,NUIDS : . ‘ :

LINESC1)% TEXTC' (' YMI'*'AND'*'NUI'*' ')')% EPRINT(YMI»3)% SPACES(3)%
PRINT(NUI;1,2)% _ : _
" 'FOR' NO=1 'STEP' 1 'UNTIL®' EL *DOBEGIN®

YM(NO)Y=YMI$ NU(NO)>=NUI$ 'END'S

*COMMENT' AUTO 1S A PROCEDURE TO FORM ELEMENTS IN A HALFSFACE GIVEN-
NUMBER OF NODES ACR(0OSS TOP OF HALFSPACE
NUMBER OF NODES DOWN HALFSPACE
SPACING IN LENGTH UNITS ACROSS
SPACING IN LENGTH UNITS DO?N %

AUTOS

*FOR' I=1 *STEP' 1 'UNTIL' NOD 'DO BEGIN'
NCOORD(I,2)>=NCOORD(I»2)+10% ‘END'S
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*COMMENT' OUTPUT OF ELEMENT NODE MATRIX §
LINES(2)>$ TEXTC '('ELNOD')>' )% LINES(1)%
'SM=0% SN=0% . : .
*FOR* I = 1 'STEP' 1 'UNTIL' EL 'DO' 'BEGIN' :
"IF' SM 'EQ' 6 'THEN' 'BEGIN' LINES(1)$ Sk= 0% 'END'S
SM=5M+1% N .
. 'IF' SN 'EQ' 24 'THEN' 'BEGIN' LINES(2)% SN= 0$ 'END'S
SN=SN+1% . . '
'FOR' J =1 'STEP* 1 ‘UNTIL* 3 *'DO*' 'BEGIN®
IPRINTC(ELNOD(I>J)>3)% SPACES(1)% o
'END'S$ SPACES(4)S% 'END'S
PAGES ' '
'*COMMENT' OUTPUT OF NODE CO-ORDINATE MATRIX & .
LINES(2)% TEXTC '(' NCOORD ')' % LINES(1)>%
SM=0% E : : _
' 'FOR' I = 1 'STEP' 1 'UNTIL' NOD 'DO' ‘BEGIN' SPACES(2)%
"IF' SM 'EQ' S5 'THEN' 'BEGIN' LINES(1)$ SM=0$ 'END'S SM=SM+1$
'*FOR' J =1 'STEP' 1 'UNTIL' 2 'DO' 'BEGIN*" _
EPRINT(NCOORD(I»>J)»2)% SPACES(1)% . . -
'END'S ‘END'S - - . ' -

BUCHEKS

*COMMENT' READ IN FIXITY MATRIX %

*FOR' 'I=1 *STEP' 1 ‘UNTIL' NFX 'DOBEGIN' 'FOR' J=1,2,3.'DO' ININT
(FX(CI>J))% 'END'S : . - ' '

LINES(1)% TEXT('(' XXX'"%'FIXITY'*'MATRIX"*'XXX ")')% -

© - IMATPR(FX,NFX53,3)% : : :

- ITER=1%

LAB1'.' PAGES © LINES(1>$ TEXT('('ITER=')')>$S PRINTCITER,3)$
NULL (SK>N,BD)$ : ! o ,

'FOR' NO = 1 'STEP' 1 ‘UNTIL' EL 'DO' 'BEGIN'
DD= (YM(NO)*NU(NO))/((1+NU(NO))*(1 2%NU(NO)Y)I)DS
MM= (1-NUCNO)Y)>/NU(CNO)>S -
SS=(1-2%NU(NO)Y )/ (2%*NU(NO)Y)IS$

AGLOBS

INTEGS .

MATCOP (CC,AA,6;6)$ . ‘
- MATINV(PINT,PREAL,BB,CC,6)% relement stiffness
TRANS C(EK>BBs6,6)% _ S
MATMULCCC,EK> INT»656,6)% . » *
MATMULCEKSCC,BB»6,6:6)5% ) . ) : )
BPOST3% : . - y
'END'$% ' ’

LINES(3)% TEXTC *(' SK'x'IS'*'DONE')>' )%

SPACES (4)$% IPRINT(NO-1,4)%

TEXTC(* (* *xx! FLEMENT'*‘STIFFNESSES'*'ADDED Y%
SPACES(8)STEXT(' (' TOTAL'*"HALFSPACE'*'AREA ')')3% SPACES(2)%
PRINT(AREA,4,1)%

AREA=0%




- LZ= LZ+NCOORD(ELNOD(NO,L),2)$

FXBDITS
. "COMMENT" INCREMENTAL LOADING SEQUENCE INCLUDING 1ST &
"IF' ITER 'EQ@" 1 ‘'THEN' 'BEGIN'
NULL(VILN,-CS)S$ ) }
LOADS : .
' 'FOR' I=1 'STEP' 1 'UNTIL' N 'DO' VI2(I,1)=VI(I,1)%
"END'S - o '
NULL(VI,NsCS)S ,
'FOR' I=1 'STEP' 1 'UNTIL' N 'DO' ‘BEGIN® :
*IF' ITER “LT' ITERN ‘THEN' VI(I,I)—(ITER/ITERN)*VI2(I,1)
'ELSE' VIC(Is1)=VI2(I,1)% . *END'S

R51200(N,BD»CSsSK,VI)$ <—Choleski solution of equations, (upper band),
LINES(1)% TEXT('('DEFLECTIONS*)')% superceeded by PLAGMK3

'FOR' I=1 °'STEP' 2 'UNTIL® (N-1) 'DOBEGIN' :

SM=(I+1)/2% ) ' : :

LINES(1)% IPRINT(SM»>1)% SPACES(3)% ’ )

EPRINTC(VICIS1),4)S SPACES(?)S EPRINT(VICI+1s1),4)8

"END'$
NODSTRS

PAGES TEXT((' (! ELEMENT'****'CENTROID'***'R'******}Zi**'STRESSES'***'R
b skeskeskook stk sk kel kokoskokok Y TH ® stokok skotokskoksiok okokoksk ok T Z Y seokokokoloRskokokskok ook %k ' TRZ ') ') S
*FOR' NO=1 'STEP' 1 *UNTIL* EL 'DOBEGIN'

LR=0% LZ=0$% ' . N
'FOR' L=1,2,3 'DOBEGIN' - -
Ll'.l ) .

LR=LR+NCOORD (ELNOD(NOsL)>1)$ -

L2' L) .

‘END'$ LR=LR/3% LZ=LZ/3%

LINES(1)% SPACES(4)>% IPRINT(NO,2)$% SPACES(5)$%
PRINT(LR,3,1)% SPACES(2)% PRINT(LZ,3,1)% :
NULL(AA»65,6)% NULL(BB,»656)% NULL(CC,6,56)% o o
DD=(YM(NO )*NU(NO))/((1+NU(NO))*(1 2*NU(NO)))$ '

MM= (1-NUCNO)Y)>/NUCNO)S ) : K
S§S5=(1-2%xNUCNOY)Y/ (2%NU(NO)>)S |
SETD(BBs>MM»SS)S ’ . _S_tre_sses at element centroids
SETB(AA,LR,LZ)S ~ : -
MATMUL(CCsBB,AA»65656)% 'COMMENT' C=D.B %

AGLOBS '

MATINV(PINT,PREAL,BB,AAs6)$ 'COMMENT' BB=A-1 &
MATMULCAASCC»BB»6,656)5 'COMMENT' AA=D.B.A-1 §
NULL(BB:6,6)% o

L=1% 'FOR' I=1 'STEP' 2 'UNTIL' S 'DOBEGIN'
L3'.l

SM=ELNOD(NO,L)>S%

L4|.l
BB(I,1)=VI(2%SM~1,1)28BB(I+1,1)=VI(2%SM,>1)8%
L=L+1% °'END'S$

MATMUL(CC>AA5BB»6,656)% 'COMMENT' CC=D«.B.A-1.VI $
*COMMENT' STRESSES IN CC 1,1 TO C3 451 S ,J
'FOR' I=1,2,3,4 'DOBEGIN' -

_SPACES( 4)% PRINT(CC(I,1),4,2)SCLEARS 'END'S
MEANST=0% - '

*FOR' I=1,2,3 'DO' MEANST=MEANST + CC(I,1)$%
MEANST=MEANST/35%

. SPACES(2)% TEXT('(" MN'*'NOR'*'STRSS'*x*' *)')>% PRINT(MEANST»3,3)5%

'COMMENT' MODIFY MODULUSS

SIGM(NO)Y=MEANSTS : : A{//{modlfy Young's modulus accordlng
MEANST=ABS (MEANST)S to E = £(o) :

YM(NO)>= 7000*MEANST**0.+55%

SPACES(1)% TEXT('('NEW'*'YM ")>')% EPRINTC(YM(NOY»3)%

END'S$ °'COMMENT' NO=1 TO EL FOR STRESSESS



P1.8

LINES(1)3% TEXT('(' MODIFIED'*'MODULUS')>")%

LINES(1)>% *'FOR' I=1 'STEP' 1| 'UNTIL®* EL 'DO' 'BEGIN'

EPRINT(YM(I 353>% SPACES(1)$ 'END'S )

LINES(1)% TEXT('('_ALL'*}MEAN'*'STRESSES 'S

LINES(1)>% 'FOR' I=1 *'STEP' 1 'UNTIL' EL 'DOBEGIN' PRINT(SIGMC(I )»32%
SPACES(1)% 'END'S$ ’ :
'IF' ITER 'EQ° ' THEN' STOPS o _
ITER=ITER+1% 'GOTO' LAB!S change to define no. of iterations
STOPS ; B :

'END' MAIN 3NBITERATIVE
*PUNCH

*IDENT IF IERNODS TR
*ALGOL

*SUBSTITUTEDEC3NBIT . nodal stresses for selected

'*PROCEDURE' NODSTRS _ - “elements
'*‘BEGIN'

'‘REAL' LR,LZ,PREALS :

'*INTEGER' 1,JsSM>SN,PINT,LS ,

'ARRAY' BB(1'.'6,51'4'6)5CCC1"'"6,1"'4"6)5

PAGE$ TEXT(' (*NODAL'=*'STRESSES'*'FOR'*'SOME'*'ELEMENTS ')'")%
*COMMENT' 1ST 6 ELEMENTS, NODSTR USES OLD MODULUSS

'FOR' NO=1 ,2,3,4,5,6 'DOBEGIN'

'FOR' L=1,2,3 'DOBEGIN' o

LINES(1)S% : -

" LR=NCOORD(ELNOD(NO-L)>s1>% LZ= NCOORD(hLNOD(NO:L),2)$

LINES(1)>$% SPACES(4)$ IPRINT(NO,2)% SPACES(S)$
PRINT(LR,3,13% SPACES(2)>% PRINT(LZs3,1)%

- NULL(AA,6,6)>% NULL(BB»656)% NULL(CC,6,6)%

DD=C(YM(NO)*NU(NO )/ ((1+NUCNO))*(1-2%NU(NO) S
MM= (1-NU(NO))>/NUCNO)S

S$S=(1-2%NUCNO)Y)>/ (2%NU(NO))$

SETD(BB,MM,S5)% :
SETB(AA,LR,LZ)S . \
MATMUL (CC,BB,AA,6,6,6)5 'COMMENT' C=D.B $ '
AGLOBS

MAT INV (P INT » PREAL BB AA» 6% "COMMENT* BB=A-1 $

..MATNUL(AA:CC;BB,6,6,6)S ‘COMMENT®' AA=D.B.A=-1 %

NULL(BB»6,6)% ' . -
L=1% 'FOR' I=1 'STEP®* 2 'UNTIL' 5 'DOBEGIN®

L3I L]
SM= ELNOD(NO:L)$
L4t

BB(I,1)=VI(2%SM~1,1)$BB(I+1,1)= VI(2*SN,1)$

L=L+1% 'END'$

MATMUL(CC,AAL5BB»656,56)% 'COMMENT' CC=D<«Be«A-1.VI &
'COMMENT' STRESSES IN CC 1,1 TO CC 4,1 %

- 'FOR' I=1,2,3,4 'DOBEGIN'

SPACES(C 4)$ PRINT(CC(I,1),4,2)8" *END'S

MEANST=0$% : : ‘

*FOR' I=1,2,3 'DO' MEANST=MEANST + CC(I,1)%

MEANST=MEANST/3$% .
SPACES(2)$% TEXT('(' MN'*'NOR'*'STRSS'#' *)>')>$ PRINT(MEANST,3,3)%
"END'S 'COMMENT' L=1 2 3 FOR ELEMENT NOS '

LINES(1)%
'END'S 'COMMENT' NO=1 TO 6%
'END'  NODSTR:
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¥PUNCH a S : -
«IDENT I F IERBICHEK o
*ALGOL '

*SUBSTITUTEDEC3NBIT
'*PROCEDURE' BWCHEKS
‘*BEGIN' _

" INTEGER' NOsI,R»S,T,BANDS

*INTEGER ARRAY' P(1'.'3)%
T=0% : o :
*FOR' NO = ! *STEP' | ‘UNTIL' EL 'DO' °*BEGIN'

'FOR" I = 1,2,3 'DO' PC(I) = ELNODC(NO,I)>S

R=0% S$=1000% o

‘FOR' I ='1,2,3 'DO' 'BEGIN'

*IF* P(I) 'GT' R 'THEN' R=P(I)$

'IF' P(I) 'LT' S *'THEN' S=P(I)$ : N
*END'S o

BAND = 2%(R-S+1)$%

*IF' BAND 'GT' T 'THEN' T = BANDS

'"END'S$ ' -

- .check and output bandwidth

LINES(1)% TEXT( ' ('XXX'*'CORRECTED'*'BANDWIDTH'*'XXX')"' )%
SPACES(2)$ TEXT ( '('IS')>' )% SPACES(2)$ IPRINT(T,2)%
'END' BWCHEK - S .

[FPONCH : -

*IDENTIF IERAUTO ' : :

*ALGOL : T o~

' %«SUBSTITUTEDEC3NBIT
*PROCEDURE' AUTOS%
'"BEGIN'

*‘REAL' M$~
_ *INTEGER' ACROSS,DOWNS
ININT CACROSS > DOWN)S
‘ '*BEGIN' : :
*INTEGER' I,J,ACI,DUI,ELEM,P §
*ARRAY' ACVEC(1'.'ACROSS-1),DUNVECC1"'.'DOWN-1)%
*REAL' RSUM,ZSUNMS : o :

'FOR' I=1 'STEP' 1. *UNTIL' (ACROSS-1) 'DO" INREAL(ACUEC(I)5$
*FOR' I=1 'STEP'! 1 'UNTIL' (DOWN-1) 'DO' INREAL(DUNVEC(I))3

ELEM=1% J=1% S
PLO' « 'ELNOD(ELEM> 1) = J+ACROSSS
' ELNOD(ELEM,2) = J% : ©- _
ELNOD(ELEM,3) = J+ACROSS+1% &-element node numbering
ELNODCELEM+1,1) =J$% '
ELNOD(ELEM+1,2) =J+1%
FLNOD(ELEM+1,3) = J+1+ACR0OSS$

J

M= ((J+1)/ACROSS) +10%
P=ENTIER(M)S _ : ,

“IF' ABS(M) - ABSCENTIER(M)) 'LT' ('E'=7) 'THEN' J=J+1§.
*IF' ELEM+1 'EQ' EL 'THEN' 'GOTO' PLI1S
ELEM=ELEM+2% J=J+1$ 'GOTO' PLOS

-
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reverts to zero, if for halfspace
PL1'.' ELEM=1% RSUM ZSUM=0% 'ACI=0% DUI=0% problem
'*COMMENT' RMIN IE RSUM 6 INCHES & :
PL2¢.' NCOORDCELEM,1) = RSUMS$

ACI=ACI+1$
RSUM=RSUM+ACVEC (ACI)$
NCOORD(ELEM,2) = ZSUMS$
ELEM=ELEM+1$% ' ~
*IF* ACI *EQ' (ACROSS-1) 'THEN' 'BEGIN'
NCOORD(ELEM,1)=RSUM$ NCOORD(ELEM,2)=Z5UM$
*IF' DUI 'EQ' (DOWN-1) 'THEN' 'GOTO' PL3%
ELEM=ELEM+1%

ACI=0%

DUI=DUI+18% ,

- ZSUM=ZSUM+DUNVEC (DUI)$ -
RSUM=6% 'COMMENT' RSUM SET TO 6 IE R MINIMUMS-
'GOTO' PL2% 'END'S '

'GOTO' PL2% .

PL3'.' 'END'S$

| 'END* _AUTO

FPUNC H

‘|*IDENTIFIERAGLOB

*ALGOL

*SUBSTITUTEDEC3NBIT .

'*PROCEDURE' AGLOBS ~
*BEGIN' .
*INTEGER' I1,Jd»S,L,5D$% '*REAL' R, ZS%

NULL(AA,656)%

S=1% ' ‘ ‘ :

'*FOR' L=1 'STEP' 1 'UNTIL' 3 'DO' 'BEGIN'

R=NCOORD(ELNOD(NO,L)Y>1)%
Z=NCOORD(ELNOD(NG,L)>»2)%

node co-ordinates

"FOR' J=1 'STEP' 3 'UNTIL' 4 'DO' 'BEGIN'
*IF' J 'EQ' 1 'THEN' D=S 'ELSE' D=5+1%
AAD» JI=1% AA(D,J+1)>=RS AA(D,J+2)1=Z5%
‘END'S E -

S5=5+2%"

'END'%

*END'

AGLOB
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*PUNCH
*IDENTIFIERINTEG

*ALGOL .
*SUBSTITUTEDEC3NBIT
'PROCEDURE*' INTEGS
*BEGIN' = : : : S
* INTEGER' L,I,J$ °'REAL' TP1,TP2,TP3,TP4,TP5,AREAQS

NULLCINT»6,6)% o
*FOR' L=1 'STEP' 1 'UNTIL' 3 'DO' 'BEGIN'

- RR(L) = NCOORDCELNOD(NO>L)>>1)%
ZZ(L) = NCOORD(ELNOD(NO,>L)>52)% .
'END'$

AREAO= ABS( (RR(1)X*(ZZ(2)-ZZ(3))+RR(3)X*%(ZZ(1)~ZZC2)) : .
: CH+RR(2)I)%(ZZ(3)-ZZC1))>/72 3% :
*IF' ABS(RR(1)>-RR(2)) 'LT' ('E'-10) 'THEN' 'BEGIN'

AC15>=0% B(1)=0% *'GOTO' LABSS% 'END'S$

AClY = (RR(2)IY%ZZ(1)-RR(1)IY*ZZ(2))/(RR(2)~RR(1))>%

B(1) (ZZ(2)5-2Z(1))3/(RR(2)~RR(1))% '

LABS'+' 'IF' ABS(RR(2)-RR(3)) 'LT' ('E'~-10) 'THEN' ‘'BEGIN'
A2)>=0% B(2)=0% 'GOTO"' LAB6$% 'END'S ‘

A(2) (RR(3)X*%ZZ(2)-RR(2)Y*%ZZ(3))/(RR(3)-RR(2))>%
B(2) (ZZ(3)>-722C23>/(RR(3)-RR(2I)%

il

i

LAB6'.' 'IF' ABS(RR(3)-RR(1)) 'LT' ('E'-10) 'THEN' *'BEGIN®
A(3)=0% B(3)>=0% 'GOTO' LAB7% 'END'S$ .

AC3) (RR(1I*ZZ(3I-RRCIIXZZ(L1II/(RR(1)HY-RR(3)3)%

B(3) (ZZ(1)>-Z2Z2(33)/(RR(1)-RR(3))% '

LAB7'+'I=1%

. TLABL1'+' "IF' ABSC(RRCI)) 'LT' C 'E'-10 ) *'THEN' 'BEGIN'

LP(1)=0% |
'IF' I 'EQ' 3 'THEN' 'GOTO' TLAB2§  >if radius zero, del'HGpital's
I=1+1% : [ rule used in integration

'GOTO' TLABLI$S 'END'S
LPC(I)=LN(RR(I))S

'IF* I 'EQ' 3 *'THEN' 'GOTO' TLAB2%
I=I+1% *'GOTO' TLABIS

TLAB2'.' INT(1,1) = MM*TYPEl(A,B>RR,LP)$%

1

INT(1,2) = (1+MM)*AREAOS
INT(1,6) = AREAOS
INT(1,3) = MM*TYPE2(A,B,RR,LP)%
"INT(2,2) = 2*%x(1+MM)I*TYPE4(A>B>RR>LP)S
INT(2,3) = (1+MM)*TYPES(A,B>RR,LP)>$%
INT(2,6) = 2%TYPE4(AsB,RR>LP)S
INT(3,3) = MM*TYPE3(A»B>RR,LP) + SS*TYPE4(A>B>RR,LP)$
INT(3,5) = SS*TYPE4(A>B>RR,LP)$
INT(3,6) = TYPES5(AsBs>RR>LP)S%
INT(5,5) = INT(3,5)%

= MM*TYPE4(A>B,RR,LP)$%

INT(656)

TP1=TYPE1 (A>B,RR,LP)>% TP2=TYPE2(A,B,RR,LP)S TP3=TYPE3(A,B:RR:LP)$
TP4=TYPE4(A>BsRRsLP>% TPS5=TYPES5(A>B>RR,LP)>%

1 'STEP' 1 'UNTIL' 6 'DO' ‘'BEGIN'

1 *STEP®* 1 *UNTIL®' 6 *DO' 'BEGIN® ,
INTCJs>I) = INTCI»J)S. o

'*END'$ 'END'S

'*FOR' I=1 '"STEP' 1 'UNTIL® 6 'DO BEGIN'

'FOR' I

"

'FOR' J=1 'STEP' 1 'UNTIL' 6 'DO' INTC(I»J)=6.2832%DD*INT(I,J)S ‘END'S

AREA=AREA+AREAQOS
'END' INTEG
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*PUNCH
*IDhNTIFIERTYPEl

*ALGOL

*SUBSTITUTEDEC3NBIT

-*‘REAL PROCEDURE' TYPEIl (AsBs>RRsLP)% 'ARRAY' A,B,RR,LPS

"BEGIN' _
'"REAL' TYPES ;
TYPE = AC1)*(LP(2)-LP(1)) + B(1)*(RR(2)~RR(1))

+ AC2)*%(LP(3)~LP(2)) + B(2)*(RR(3)-RR(2))
+ AC3X*%(LPC1)Y=-LP(3)3) + B(3)>*(RR(1)>-RR(3))>%
TYPEl = ABS(TYPE)S
'END
[*PUNCH
*IDENTIFIERTYPE2:
#ALGOL
*SUBSTITUJEDEC3NBIT . :
- 'REAL PROCEDURE' TYPE2(A,B,RR,LP)S 'ARRAY' A,B,RR,LPS

"BEGIN' o
'REAL' TYPES - .
TYPE = AC1)##2%(LP(2)-LP(1))/2 + ACI)#BC1)*(RR(2)-RR(1))

: + BC1)%*2% (RR(2)**2-RR(1)%%2)/4

+ A(2)**2%(LP(3)-LP(2))/2 + A(2)*B(2)%(RR(3)-RR(2))
+ B(2)%%2%(RR(3)%%*2~-RR(2)%%2)/4
+ A(3)I%*2%(LP(1)-LP(3))/2 + A(3)*B(3)%*(RR(1)~- RR(3))
+ B(3)#*2%(RR(1)%%2- PR(3)V*2)/AS

TYPE2 = ABS(TYPE)S
[¥PUNCH
| *IDENTIFIERTYPE3
¥ALGOL

.*SUBSTIIUTEDEC3NBIT _
'REAL PROCEDURE' TYPE3(A,BsRR, LP)S 'ARRAY' A,B,RR,LPS$

"BEGIN'
“'REAL' TYPES o '
TYPE = (AC1)**3%(LP(2)~LP(1)) + 3%AC1)%*2*B (1 )% (RR(2)-RR(1))

+ 3 *A(1I%B(1I*%2*%x(RR(2)**2 - RR(I)**2)/2

+ B(1)**x3*%(RR(2)%*x3-RR(1)%*3)/3

+ A(2)**3%(LP(3)~-LP(2)) + 3*A(2)**2*B(2)*(RR(3) -RR((2)).
+ 3xA(2)X*B(2)*%*%2*x(RR(3I*%x2-RR(2)**2)/2

+ B(2)**x3%*(RR(3)*%3-RR(2)*%%*3)/3

+A(3)*x%3*%(LP(1)-LP(3)) + 3*%A(3)**x2*B(3)*(RR(1)-RR(3))
+ 3% A(3)*B(3)**%2%(RR(1)**%2-RR(3)%*2)/2 '

4+ B(3)**3%x(RRC1)X**%3-RR(3)%%3)/33/3%

TYPE3 = ABS(TYPE)S

'END® '
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*IDENT IF IERTYPE4 S -
*ALGOL
*SUBSTITUTEDEC3NBIT .

. '"REAL PROCEDURE" TYPEQ(A,B;RR;LP)$ "ARRAY' A,B,RR,LPS
'BEGIN' -
"REAL' TYPES
TYPE = (AC1)%CRR(2)*#2-RR(1)%%2)+A(2)*(RR(3)#%*2-RR(2)%%2)

B + AC3)%(RR(1)*%2-RR(3)%%2))/2
CH(BC1)*(RR(2)%*3-RR(1)%x3)+B(2)*(RR(3)**3~RR(2)*%3)

+B(3)#(RR(1)*#3-RR(3)%%3))/35

TYPE4 = ABS(TYPE)S

| _'EnD’

[#PUNCH

*IDENT IF IERTYPES .

*ALGOL S SR :

*SUBSTITUTEDEC3NBIT R _ L
'REAL PROCEDURE' TYPES5(A,B,RR,LP)>$ 'ARRAY' A,B,RR,LPS
*BEGIN® - : :
'REAL' TYPES

TYPE = (A(l)**E*(RR(E) RR(1))5+ A(l)*B(l)*(RR(2)¥*2 RR(I)*XQ)

+B(1)*%2%(RR(2)%*3~-RR(1)*%3)/3
+A(2)%%2%k (RR(3I-RR(2))1+A(2)I1xB(2)3%(RR(3I*%2-RR(2I*%2)
' +B(2)*%*%2%(RR(3)*%3~-RR(2)%%x3)/3
+ A(S)**Q*(RR(I) RR(33) +A(3)X*B(3J)*(RR(1)J)*%x%x2 RR(S)**2)
+ B(3)**2*(RR(1)**3 RR(S)**S)/B)/?S
TYPES = ABS(TYPE)S :
'END* TYPES

[XPUNC H
#IDENTIFIERBPOST3
*ALGOL

*SUBSTITUTEDEC3NBIT
.*PROCEDURE"* BPOST3%
'BEGIN"'. o
*INTEGER"' S,>L,1I5J5SM>SNS%
‘FOR' S=1,2,3 'DOBEGIN'
'FOR' L=1,2,3 'DOBEGIN®

I= ELNOD(NOsS)$
J= ELNOD(NOsL)$ band
"FOR' SM=0,1 'DO BEGIN'
"FOR' SN=0,1 'DO BEGIN'
"IF' 2%J-SN 'GE' 2%I-SM 'THEN' SK(2%I-SM,2%J-SN-2%I+SM+1)
SK(2*I-SM,2%J-SN-2#I+SM+1)> + EK(2%S-SM,2%L-SN)$

"END'$ 'END'S
*END'S 'END'S | , -
'|_'END' BPOST3 | '

posting element stiffness to upper
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*PUNCH
*IDENTIFIERFXBDIT
*ALGOL

*SUBSTITUTEDEC3NBIT
*PROCEDURE' FXBDITS

*‘BEGIN'

' INTEGER' NODE,RSIGN,ZSIGN,I,P$% 3

*FOR' P=1 'STEP' 1 'UNTIL' NFX 'DOBEGIN'

NODE = FX(P,1)S RSIGN = FX(P,2)$ ZSIGN = FX(P,3)%
'IF' RSIGN 'EQ' ! 'THEN' 'GOTO' A3$ '
"FOR' I=2 'STEP' 1 'UNTIL' BD 'DO BEGIN'
SK(2%NODE-1,1)=0% 'END'S$ SK(2*NODE-1,1)=1$%

"FOR' I=1 'STEP' 1 'UNTIL' (2%NODE-2) 'DO BEGIN'
"IF' (2%NODE-1) 'GT' (I-1+BD) 'THEN' 'GOTO' A2%
SK(I,2%NODE-1~1+1)=0% :

A2'.' 'END'S o

A3'.' 'IF' ZSIGN 'EQ' 1 'THEN' '60TO' ASS

'"FOR' I=2 ‘STEP' 1 'UNTIL' BD 'DO BEGIN'
SK(24NODE,1)=0% 'END'$ SK(2%NODE,1)=1%

'FOR' I=1 *STEP' 1 'UNTIL' (2%NODE-1) 'DO BEGIN'
YIF' (2%NODE) 'GT' (I-1+BD) *THEN' 'GOTO' A4S
SK(I,2%NODE~1+1)=0% . '

A4t .' TEND'S :

AS'.' 'END'S

"END' FXBDIT

*PUNC H .

*IDENT IF IERLOAD

*ALGOL

*SUBSTITUTEDEC3NBIT

'"PROCEDURE' LOADS

"BEGIN' .

*INTEGER' NO,I$ 'REAL' LR,LZ$ _ ~
'FOR' I = 1 *STEP' 1 'UNTIL' N 'DO' 'BEGIN' VI(I,1)>=0% 'END'S
LAB3'.' ININT(NOYS o :

*IF' NO 'EQ' 99 'THEN' 'GOTO' LAB4S

INREAL(LR)S INREAL(LZ)S :

LINES(2)>$% TEXTC '(' LOADING '>' )% SPACES(S)STEXT( '('NODE')' )%
SPACES(1)S IPRINT(NO,2)S SPACES(4)$ EPRINT(LR,4)$ SPACES(2)S
. EPRINT(LZ:4)$% :
VI(2%NO~-1,1)=LRS . ‘

VI(2#NO,1)=LZ$
"GOTO' LAB3S :
LAB4'.' 'END' LOAD DOUBLE VI

i
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*¥PUNCH
*IDENTIFIERUD3GOCO

*SUBSTITUTEDEC3NBIT
'PROCEDURE' UD3G § -
"BEGIN' : :
"ARKAY' RECL' «'651'"1),BB(1"+'6,1"."6),DUMRE(]1'."6,1"',.'1)% .
'REAL' RONELRT#0,ZONEsZTW0,SHEAR,NORMAL,Al2,B12 &
*INTEGER' 'NODE1 ,NODE2,ELNO»I,J5L% R
'COMMENT ' LOADS ON ANY SURFACE EXCEFT A VERTICAL ONE,
IN THAT CASE USE XX LOAD XX PROCEDURE $
LINES(1)S ' . '
TEXT (' (' XXXXXXXXKXXKXXXXAXXX XXX XEAXXXAXXEXXEXXRXKKX XXX XXX RXXXEXKKK OIS
. LINES(1)>% TEXT('(' UNIFORMALLY'%' DISTRIBUTED.*'LOAD'#*%%x'UD3G ')>')%
Li'.' ININT(NOD>S _
*IF' NO 'EQ' &88& 'THEN' 'GOTO' L2% o
_ LINES(1)$ TEXTC'(' FOR'*'ELEMENT ')')$ IPRINT(NO,>2)$
ININT (NODE! s NODE2)$% . . :
SPACES(1)>% TEXT(' (*BETWEEN'*'NODES ')>')% ' :
IPRINT(NODE1,2)% SPACES(1)$ TEXT('(' AND-')>')>% IPRINT(NODE2,2)%
RONE = NCOORD(NODE!l,1)S RTWO = NCOORD(NODE2,1)%
ZONE = NCOORD(NODE!,2)% ZTWO =. NCOORD(NODE2,2)$%
*IF' ABS(RONE-RTW0) 'LT' ¢ 'E'-6 ) 'THEN' 'BEGIN'
LINES(1)% TEXT('(' HAVE'#'TRIED'*'TO'%'SPECIFY'*'AN'%'R*'%'CONSTAN
' %*'SURFACE'*', '"*'USE'%'THE' *'PROCEDURE"' *'L0OAD ')>')$ :
_ 'STOPS. 'END'S :
Al2 = (RTWO*ZONE-RONE*ZTWO)/(RTWO~-RONE)$
Bl2 =- (ZTWO-ZONE)/(RTWO-RONE)S
INREAL (SHEAR, NORMAL)YS o
SPACES(6)$ TEXT('(' SHEAR ')')>% PRINT(SHEAR:S5,1)% »
SPACES(3)% TEXT('(' NORMAL ')>')>% PRINT(NORMAL,5,1)%

AGLOB$ MATINV(BB,AA,6)% TRANS(AA,BB,6:56)%
“*COMMENT' AA CONTAINS A-1 TRANSPOSEDS
'FOR' I1=1,253,4,5,6 'DO' RE(I,1)=0%
“REC15,1)=RE(4,1)=(RTYO**2-RONE**2)/25%
RE(2,1)=RE(5,1)=(RTWO**3-RONE**3)/3%
RE(3,1)=RE(6,51)=A12%(RTWO**2-RONE**2)/2+B12%(RTW0**3-RONE**3)/3%
'FOR' I=1,2,3 'DO' RE(I,1)=(-6+.2832%SHEARXRE(I,1))%
*FOR' I=4,5,6 *'DO' REC(I,1)=(-6.2832%xNORMAL*RE(I,1))$%

MATMUL (DUMRELAALRE»6,651)8% MATCOP(RE,DUMRE»6,1)%
LINES(1)% TEXT('(" RE'"*'MATRIX ')')% EMATPR(RE,651,2)%
1=1% - -

"FOR' L=1,2,3 'DOBEGIN'

EENO = ELNOD(NO,L)$

VI(2*ELNO-1,1) = VI(2XELNO-1,1) + RE(CI,1)%
VIC24ELNOs1) = UI(2*ELNO,1) + .RE(I+1,1)%

I=1+2% 'END'S

'GOTO' L1% _ '
L2'+' SPACES(2)STEXT(' ('VI'%'TO'*'R51200'%'SOLVE ")' )%
"END' UD3




*PUNCH
*IDENTIFIERSETD
*ALGOL _
*SUBSTITUTEDEC3NBIT .
'*PROCEDURE' SETD(BB,MM,>S55)0% 'ARRAX' BBS% 'REAL' MM,SS$

- 'BEGIN’ '

'INTEGER' 1,J%

BB(1,1)3)=MM$ BB(1,2)=1% BB(1,3)>=1%

BB(2,1)=1% BB(2,2)=MM$ BB(2,3)=1%

BB(3,1)=1% BB(3,2)=1% BB(3,3)=MMS$

BB(4,4)=55% '

'"FOR' 1=1,2,3,455,6 'DO BEGIN' a

' '"FOR' J=1,253,4,5,6 'DO' BB(I,J)=DD*BB(I,J)>$ 'END'S$
'END' SETD : :

~ [#P0NCH o :

| *IDENTIFIERSETB
*ALGOL

*SUBSTITUTEDEC3NBIT. - ;
. '"PROCEDURE' SETB(AAsLR,LZ)>$ 'ARRAY' AA$ 'REAL' LR,LZS
'"BEGIN® : :
AAC1,2)=1% , '
AA(2,1)=1/LR$ .AA(2,2)=1% AA(2,3)=LZ/LRS
AA(3,6)=1% :
[AAA(4;3)=1$ AAC4,5)=1%
'"END' SETB
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PROGRAM 2 4 Node Axisymmetric Rectangle

A2.1 TIterative

A2.1.1 General description

The program is written in 1 module using ICL 1900
input/output procedures.

Element data is gemnerated automatically for a cylindrical
continuum given the number of mesh nodes in the radial and
vertical directions and their spacing (procedure AUTO 4).

Element data calculated in 'AUTOL4':

matrix ELNOD(1:EL,1:4), element numbering
n NCOORD(1:NOD,1:2), nodal co-ordinates

Nodes in the structure are numbered as in Fig. A. 2.
Co-ordinates are calculated using an origin on the mesh axis
at element 1. The z-coordinates are feversed, to be increasing
upwards from an origin at 10 in. below the base of the
structure, in order that integral calculations are performed
satisfactorily. The maximum bandwidth of the stiffness matrix
is computed (procedure BCHEK.4). Storage for the upper band of
the stiffness matrix is reserved using bandwidth (BD) and the
total number of unknowns (N), calculated from the element

numbering data in 'ELNOD'.

Other procedures:

STORE - stores mean normal stress and octahedral shear
stress in part of the structural stiffness matrix
(when it is redundant after solution of equations
has been carried out) for later printout in:

LAYSTR - prints out mean normal and octahedral shear stresses
on lineprinter, with spacing proportiomnal to the
element mesh to facilitate easy contour sketching.



Procedures

A2,

AGLOBL

ITINTA

BPOSTA4

FXBDIT

LOAD

UDOADL

SETDL4

SETBL

1.2 Input

pP2.2

in finite element calculations:

form (A) matrix for element 'NO' in system
co-ordinates

forms ZHI BTDB r.d (area) using explicit terms
area

calculated from nodal co-ordinates

posts the relevant part of the element stiffness
into the upper band structural stiffness matrix

boundary conditions; sets the relevant rows and
columns of the stiffness matrix to zero: 1 on
leading diagonal

puts nodal point loads in radial and vertical
directions into the load vector

calculates the equivalent nodal point loads for
a uniformally distributed load (vertical and/or
radially symmétric shear loads). The procedure
is restricted to the loading of z=constant,
element edges

(D) matrix for element 'NO!'

(B) matrix for given values of r and z (system
co-ordinates)

Sample input for a thick ring (Fig. A.2) is described:

Data Description

30 x 10°

0.3 Young's Modulus (YMI), Poisson's
Ratio (NUI)

8 lLoads cases (CS), Number of
are imposed (NFX)

2 No. of nodes in radial (ACROSS)
and vertical (DOWN) direction

Spacing in radial direction
ACVEC (ACROSS-1)

Spacing in vertical direction
DUNVEC (DOWN-1)

Total number of iterations or
increments to full load (see
prog. A.2.2)

nodes at which boundary conditions
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Data Description
110 210 310 410 Input to boundary fixity matrix
FX(1:NFX,1:3); for each node
510 610 710 810 where some displacement is made

zero,one row of matrix, i.e.
(node, r sign, z sign). If r sign
and/or z sign = O, then deletes
relevant row and column, etc.

1 75400 O Loading:
5 75400 O 99 (node no., r load, z load) and

terminator 99 after the last
nodal loading

A2,1.3 TInput information in program text

If a non-linear elastic relationship is known for the

material i.e. E = f(o ), then:
oct

(1) the relationship is defined after label Mi18
(2) the number in the equality test (6 lines from the end)

is changed to equal the desired number of iterations

If a half space problem is being modelled it is important
that the minimum radius is set to zero (i.e. in 'AUTO4',
RMIN=0).

(NOTE: the saﬁple input was for a thick ring internal

radius 6 in.)

A2. 1. 46566t put

A1l input numbers are printed out on the lineprinter
together with descriptive text. ' -
The generated mesh data is printed out:
matrixes ELNOD: element numbering
NCOORD: co-~ordinates for each node
The total number of unknowns and bandwidth are printed.

All nodal displacements are printed.
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Stresses at all the element centroids are printed out.
The new values of modulus are printed, according to

E - f(o ).

oct
The mean normal and octahedral shear stresses are

outputted on the lineprinter (at iterations 1 and 15) in a

form which can be used to sketch contours of equal stress.



- - P2.5
PRQGRAM.Z.l:"!LiSTING (4-node axisymmetric rectangle) (ITERATIVE)

*ALGOL
'‘BEGIN'
' INTEGER' NOD>ELsN,CS>NFX. ACROSS,DO¥NS
'*REAL' YMI,NUIS
LTSTAC (20000)%
YMI=READS$
NUI=READS ) R ' - .
CS=READ$ . . B input data . A N
NFX=READ$ '
ACROSS=READS
 DOWN=READS :
*COMMENT' ACROSS 1S NODES ACROSS _ . : ‘
» DOWYN IS NODES DOWNS . . )
EL = (ACROSS-1)%(DOWN-1)% : T '
NOD = ACROSS#*DOWNS
N=2%NOD$
NEWLINE(2)S URITETEXT('(' XXXed NODE » PHOGRAM XXX 'S
'COMMENT' OUTPUT MOST OF THE INPUT CONSTANTS AND IMPORTANT PARAMETERSS
NEWLINEC(1)$% WRITETEXTC' (' . INITIAL *('SS*)>' MODULUS '('21S')>' ")")s
PRINTC(YMI,0,4)% - _ _
NEWLINEC1)$ WRITETEXT('(' INITIAL *'('SS*')>' NU TC'275')' ') ")S
PRINT(NUI,1,4)% . ' :
NEWLINEC1)$% WRITETEXT(' (' LOAD *(*SS')' CASES '('265')>' ')')%
PRINT(CS,2,0)% _ I : ;
NEVLINEC(1)>$ WRITETEXTC('(* NO-'C(*S*)>'OF*(*S*)'FIXITIES '('20S5')>' ')")O§
PRINT(NFX5350)% - ‘ S -
NEWLINE(1)% WRITETEXT('(* NUMBER.OF.NODESese++R5Z++DIRECTIONS *')>* )5
PRINT (ACR0SS,250)% SPACE(2)S '
- PRINT(DOWN-2,0)% ‘ :
NEWLINE(2)>% WRITETEXT('(' ELEMENTS..EL ')>')% SPACE(23)%
PRINT(EL,550)% - ' : s
NEWLINEC1)$ WRITETEXT('(' NODES..NOD *)')$ SPACE(25)%
PRINT(NOD»5,0)3% .
NEWLINECIDS$ URITETEXT('(' NO « OF « UNKNOWNS s« «N ')')% SPACEC1I7)%
PRINT(N,5,0)8% . . S ' ;
'"BEGIN® ' , , : :
*ARRAY' NCOORD(/1'.*NOD,1'.'2/), INT,AA>BB>CC,>EK(/1'+'851'.'8/),
NU, YM(/1'e'EL/)s FX(/1'«'NFX51'+'3/)5 VI,VI2C/1'.'Ns1'4'CS/)8
*INTEGER' 'ARRAY' ELNOD(/1'<'EL,1'.'4/)%
*REAL' LR,LZ,EQU,INC>MM»SS,DD,MEANST»TOCT> CR,CT,CZ,CTRZ$
" INTEGER' 1, J>SM,SN,L,NO,ITER,ITERN,BDS
*INTEGER' I11,JJS
'PROCEDURE' AUTO04$%
'BEGIN'
'*REAL' M$
*INTEGER' I,J5ACI»DUI,NODD,P,ELEMS
*ARRAY' ACVEC(/1'.'ACROSS=-1/)>DUNVEC(/1"'.'DOUN-1/)%
_*REAL' RSUM,ZSUMS ; : :
*FOR' I=1 'STEP' 1 'UNTIL' (ACROSS-1) 'DO' ACVEC(/I/)=READS
'FOR'  I=1 *STEP' 1 *UNTIL' (DOWN-1) 'DO' DUNVEC(/I/)=READS
ELEM=15 J=1% - :
"PLO' .'ELNOD(/ELEM>1/) = J+ACROSSS
ELNODC(/ELEM,2/) = J$
ELNOD(/ELEMs3/) = J+15%
ELNOD(/ELEM,4/) = J+ACROSS+1%
M= ((J+1)>/ACROSS) +10%
P=ENTIER(M)$ :
'*IF' ABS(M) - ABS(P) " 'LT' ('E'-7) 'THEN' J=J+1%
*COMMENT' NOTE IS ELEM NOT ELEM+1 EQ EL &
*IF* ELEM *EQ* EL °‘THEN' 'GOTO' PL1S
ELEM=ELEM+1S$ .J=J+1% 'GOTO' PLOS

element node numbering




PL1'+' PAPERTHROWS P2.6

'*COMMENT' OUTPUT OF ELEMENT NODE MATRIX %
NEWLINE(2)S% WRIYETEXT('(' ELENMENT « NODE «MATRIXe « «ELNOD ')')%
NEWLINEC1)S : : : o
SM=0% SN=0% ' :

'FOR' I = 1 'STEP' 1 ‘UNTIL' EL 'DO' 'BEGIN"
'IF' SM 'EQ' 6 'THEN' *'BEGIN' NEWLINE(1)>% SM=0$% ‘*END'S
SM=SM+15% .

"IF' SN 'EQ' 24 'THEN® 'BEGIN' NEWLINE(2)$ SN=0S$ 'END'S

SN=SN+15%
- YFOR' J=1,2,3,4 'DO’ PRINT(ELNOD(/I;J/);3,0)% SPACE(?)$ *END'S

. NODD=1% RSUM=6% ZSUM=0% "ACiI=0% DUI=0% '
*COMMENT' NOTE RMIN IE RSUM IS 6 INCHES %

PL2' . NCOORD(/NODD;I/) = RSUMS

ACI=ACI+1S

RSUM=RSUM+ACVEC(/ACI/)S

NCOORD(/NODD,2/) = ZSUMS$

NODD=NODD+1$ S

'IF' ACI 'EQ' (ACROSS-1) 'THEN' 'BEGIN'

NCOORD(/NODD»1!/)=RSUM$% NCOORD(/NODD,2/)>=ZSUMS node co-ordinates
*IF' DUI 'EO' (DOWN-1) *THEN' *'GOTO' PL3S
NODD=NODD+1%

ACI=0%

DUI=DUI+1$

ZSUM=ZSUM+DUNVEC (/DUI/)$ .
RSUM=6% 'COMMENT' RSUM SET TO 6 MIN RADIUSS
'GOTO' PL2S 'END'S ' o -
_'GOTO' PL2S ' ' . ' -
. PL3'.' PAPERTHROVS% '

*COMMENT' REARRANGEMENT OF NODE CO-ORDINATES TO BE IN ASCENDING
ORDER OF 2 FROM BOTTOM OF HALFSPACES$
"*FOR' I=1 'STEP' 1 'UNTIL' NOD 'DO’

’ NCOORD(/1,2/)=NCOORD(/1,2/)-NCOORD(/NOD,2/)%

*FOR' I=1 'STEP' ! 'UNTIL' NOD *'DO° :

: ' NCOORD(/1,2/)=ABS(NCOORD(/1,24))% -
'FOR' I=1 'STEP' 1 'UNTIL' NOD 'DO* NCOORD(/1,2/)=NCOORD(/1,2/)+10%
NEWVLINE(2)$ WRITETEXT('(' NODE.COORDINATE«MATRIX«««NCOORD ')') %
NEWLINE(1)$ SM=0% ' _

'FOR' I = 1 *STEP' 1 ‘UNTIL' NOD 'DO' 'BEGIN' SPACE (2)%

*IF' SM 'EQ' 5 'THEN® 'BEGIN® NEWLINE(1)$% SM=0% *END'S

SM=SM+1% : o

'FOR' J=1,2 'DO' PRINT(NCOORD(/I,J/),452)% 'END'S

*END' AUTO4S :

"PROCEDURE" BCHEK4%
"I'BEGIN' - : : _
' INTEGER®' NO»I,R»S5,T,BANDS R -
" *INTEGER' 'ARRAY' P(/1'.'4/)%
T=0% _ _ . -
'FOR'"NO = 1 *STEP' 1 ‘UNTIL® EL *DO' 'BEGIN®
*FOR®* I = 1,25354 'DO* P(/1/)> = ELNOD(/NO,I/)%
R=0% 5$=1000%
'FOR' I = 1,2,354 'DO''BEGIN'
*IF* P(/1/) '*GT' R ‘'THEN' R=P(/1/.,%
VIF' P(/I/) 'LT' S 'THEN' S=P(/1/)%
'END'S$ .
BAND = 2%(R-S+1)%
*IF' BAND 'GT' T ‘THEN' T = BANDS$
'*END'S :
BD=T$
'END*' BCHEK4% : _ _ . -
AUT04% *COMMENT' FORMS ELNOD AND NCOORD (AS SPACE 4 CHOL 3106)
AND OUTPUTS THEMS$
BCHEK4% ‘COMMENT' FORMS BD..BANDWIDTH OF STRUCTURE STIFFNESS MATRIXS$
" NEVLINE(2)% WRITETEXT(' (' BANDWIDTH. «OF «STIFFNESS «MATRIX+ +BD+OF.SK')')S

SPACE(2)% PRINT(BD>3,0)%

’

maximum bandwidth
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*BEGIN' :
'ARRAY' SK(/1'.'Ns1'.'BD/)S$
'PROCEDURE' STORES
'BEGIN' o :
SK(/11,JJ/)=LRS SK(/I1 + DO¥WN -1,JJ/)= ABS(LZ-120)%

SK(/I1I+ 2%(C DOYIN ~1),JJ/)=MEANSTS

.SK(/ II+3%(DOWN-1),JJ/)=TOCTS

SKC(/I1I1+4%(DOWN-1),5JJ/)= MEANST/TOCTS N

'IF* JJ "EQ' (ACROSS-1) 'THEN' 'BEGIN®' II=II+1% JJ=1% 'END' ‘'ELSE®

‘ - ' ' . : . S JJ=JJ+H1s
*END' STORES - : _

[‘SﬁBCEDURE' LAYSTRS

'"BEGIN®
PAPERTHRO¥$ , _ ~
- RMATPR(SK,5%(DOWN-1),ACR055-1,3,2)5%
PAPERTHROWS :
"COMMENT' PRINTS OUT MEANSTS
WRITETEXT(* (' MEAN.NORMAL.STRESS ')')>%
NEWLINE(2)S - '
'FOR' I=1 *STEP' 1 °*UNTIL' (DOWN-1) *'DOBEGIN'
*IF' I 'NE' 1 °'THEN® .
NEWLINEC ENTIERC(SK(/I+DOWN-1,1/)- SK(/I-1+DOWN-151/)3/2) +2)%
*FOR' J=1 'STEP' 1 'UNTIL' (ACROSS=-1) 'DOBEGIN'
'*IF' J 'NE' 1 *THEN' SPACECENTIERC(SK(/1,J /)=-SK(/1,J =1/))/2))%
- PRINTC SK(/I1+2#%(DOWN-1),J/)52,2)%"
'END*'$ 'END'S
PAPERTHRO¥S _
"WRITETEXT(' (' OCT.SHEAR.STRESS ')')$%
NEWLINE(2)% : : o
*FOR* I=1 *'STEP' 1 ‘*UNTIL' (DOWN-1) *DOBEGIN'
*IF' I 'NE' 1 °'THEN® , _
NEWLINEC ENTIERC(SK(/I+DOWN-1,1/)-SK(/I1-1+DOWUN-1,1/))/2) +2)%
*FOR' J=1 'STEP' 1 'UNTIL' (ACR0SS-1) ‘'DOBEGIN!
“*IF*' J 'NE' 1 *THEN' SPACECENTIERC(SK(/1,J /)=SK(/1,J =1/)3)/2))5%
PRINT( SK(/I+3%(DOWN=-1),J/7,2,2)%
*END'S$ 'END'S
PAPERTHROWS o
WRITETEXT (' (' RATIO..MEANST.TO.TOCT *)')%
NEWLINE(2)% : S - : .
“YFOR' I=1 'STEP' 1 'UNTIL' (DOWN-1) 'DOBEGIN' : :
'*IF' I 'NE' 1 'THEN'
NEWLINEC ENTIERC(SK(/I+DOWN-151/)-SK(/I-1+DOWN-1,1/3)/2) +2)%
'*FOR' J=1 'STEP*' 1 'UNTIL' (ACR0OSS-1) 'DOBEGIN'
*IF' J 'NE' 1 'THEN' SPACE(ENTIERC(SK(/1,J /)=SK(/1,J -1/3)/2))8%
PRINT( SK(/I+4%(DOWN-~- 13,J73,2,2)78
|'END $ 'END'S
'‘END' LAYSTRS
l'ﬁﬁbbEDURE' AGLOB4S
*BEGIN® _
*INTEGER' 1,J,S,L,D$ 'REAL* R,Z%
NULL(AA,8,8)%

S=1%
YFOR' L= 1,2,3,4 'DO" '"BEGIN'
"R = NCOORD(/ELNOD(/NO,L/)51/)% (A) matrix

Z = NCOORD(/ELNODC(/NO>L/)Y52/)% -

'FOR' J = 1,5 'DO' 'BEGIN®

'IF* J 'E@' 1| 'THEN' D=S 'ELSE' D=S+1%

AA(/D>J/)=1% AA(/D,J+1/)=R$ AA(/D,J+2/)=2% AA(/D:J+3/) =R*%Z%
'END"'$

S$=5+2%

'END'S$
'END' AGLOB4S



"PROCEDURE' ITINT4%
*BEGIN®
v INTEGER"

'‘REAL"

Ls1,J%

R1,R2,Z1,22,R21,R221,R231,221,2221,2231%

*COMMENT*

THEN R1 R2 Z1
NULLCINT,8,8)%

Z2 GIVEN ASS

R1 = NCOORD(/ELNOD(/NO»1/351/)8% : :
RS = NCOORDC/ELNODC(/NO,>4/351/)3% :

Z1 = NCOORD(/ELNOD(/NQO5>1/)52/)3%

zo = NCOORD(/ELNOD(/NQO,2/)52/)5%
R21=R2-R1% R221=R2**2-R1%*2% R231=R2*%*3-R1*%3%

221=22-721%"

JINTC/Z1517)

INT(/1,27)

INT(/153/)
INTC/1547)
INTC/1577)
"INT(/1587)
INT(/2,2/)
CINT(/2537)
INTC/254/7)
INTC/2577)
INT(/2,87)
INT(/353/)
INTC(/354/7)
INT(/3,6/)
“INTC/3,7/)
INT(/3,8/)
INTC/4547)
*COMMENT"*
INTC/4,67)
INTC/4577)
INT(/4587)
INT(/6567)
INTC/6,8/)
TINTC/T577)
" INTC(/7587)
INT(/8,8/)

7221=72%%2~Z1%%2% 2231=22%%3-Z1%*3%

YIF' ABS(R1)> 'LT' 'E'-6 'OR' ABS(R2) 'LT* 'E'-=6 'THEN®
P=0 'ELSE' P= LN(R2/B1)>% : .
FONE = R21%Z21% :
~FIOR = ABS( Z21%P )$
FZOR = ABS( Z2221%0.5%P )%
FZ = ABS( Z221%R21%0.5 )% :
FR = ABS( Z21x%R221%0.5 )% ' -
FRZ = ABS(Z221%R221 %025 )%
FRS@ = ABS( Z21%R231/3 )%
FZ5Q = ABS( Z231%R21/3 1% .
FRCU = ABS( Z21%R221*(R2x*2+R1**%2)*0 . 25 )$
FRSQZ = ABS(.Z221%R231/6 )%
FRZSQ = ABS(Z231%R221/6)%
FZSQOR = ABS(Z231x%P/3 )%

MM*F10RS
(MM+1)*FONES
MM*F ZOR$

(MM+1)%FZ$ * explicit integral terms,

P2.8

F10R,FONE,FZOR,FZ,FR,FRZ,FRSO,FZSQ, FRJOZ,FHCU;FRZSQ;FZSOOR P

PROVIDED ELEMENT NUMBERED CLOCKWISE STARTING AT BOTTON LHS

system

FONES$
FRS
2% (MM+1)J)*%FR$%
(MM+1)D%FZ%

2% (MM+1)*FRZ$%
2%FRS%

2*FRSQS

MM*FZSQOR + SS*FRS$
= (MM+1)*FZSQ + SS*FRSQ$
SS*FRS%

FZ%

(SS+1)%*FRZ%

2% (MM+1)x*FRZSQ + SS*FRCU$
INT 4,4 CHANGEDO3/11/1969
SS*FRSQ%

2%FRZS%

(2+5S)H)*xFRSQZ%

SS*FR$
SS*FRZS%
MM*FR$
= MM*FRSQS%
= MM*FRCU

‘co=oOrdinates

monounnn

wounn

SS*FQCU ADDEDS

woionotonou

+ SS*FRZSQ$%

'‘FOR' I = 1 *STEP' 1 'UNTIL' 8 ‘DO :

*FOR' J = 1 '"STEP' 1 ‘'UNTIL®' 8 'DO' INT(/J>I/)=INTC/I,J/)%

‘FOR' I=1 *STEP' 1 ‘'UNTIL® 8 'DO° -

'FOR'. J=1 'STEP' 1 'UNTIL' & 'DO' INT(/I,J/)=6.2832%DD*INT(/1,J/)S
*END' INTEG4 %
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"PROCEDURE' BPOST4%

'‘BEGIN'

'INTEGER' S,L,1I,J5S5M5SN$

'FOR' $=1,2,3,4 *DO''BEGIN'

I = ELNOD(/NO,S/)% : _ :

'FOR' L=1,2,3,4 'DO''BEGIN' post to upper band

J = ELNOD(/NO,L/)S%. : ’

'FOR' SM=0,1. *DO' ‘'FOR' SN=0,1 ‘DO’ -

*IF' 2%J-SN ‘GE' 2%I-SM *THEN' SK(/2%1~SM,2%J~5N- 2*1+5N41/> =
SK(/2%]-SM,2%J~SN-2*%]+5M+1/)+

 EK(/2%S-SM,2%L-SN/)$ )
*END'S 'END'S . . o .
I'END' BPOST4 & . . B . : :

- "PROCEDURE' FXBDITS R o
I'BEGIN' -
boundary conditions

*INTEGER' NODE,RSIGN,ZSIGNsI,PS
*FOR® P=1 'STEP' ! 'UNTIL®' NFX 'DO''BEGIN'
NODE = FX(/P,1/)% RSIGN = FX(/P,2/)% ZSIGN = FX(/P,3/)%
*IF' RSIGN 'EQ' O 'THEN' 'BEGIN®
‘FOR' I=2 'STEP' 1 'UNTIL' BD 'DO'SK(/2%*NODE- 1,1/> os
SK(/2%NODE-1,1/)5=1%
'*FOR' I=1 'STEP' 1 'UNTIL' (2%NODE-2) 'DO’
*IF' (2%NODE-1) 'LE' (I-14BD) 'THEN'SK(/I,2%NODE-1-I+1/)=0%
'END'S$ - _ o ‘ -
*IF' ZSIGN 'EQ' Q 'THEN' 'BEGIN'
'FOR' I=2 'STEP' 1 ‘UNTIL' BD 'DO‘ SK(/2*NODE,I/) 0%
SK(/2%NODE,1/)=1% : '
'FOR' I=1 °*STEP' 1 ‘UNTIL®' (2%NODE-1) 'DO' ,
‘*IF' (2%NODE) 'LE' (I-1+BD) 'THEN' SK(/I,2%NODE-I1+1/)=0%
'‘END'S . - '
‘END' PS%
'END' FXBITS
["PROCEDURE' LOADS
'‘BEGIN' . :
*INTEGER® NO,I$ *REAL®' LR,LZS%
 NULL(VI>NsCS)S , , . _
NEWLINE(2)% YPRITETEXT(' (' XXX.LOADING.OF.SYSTEM.XXX ')'")$%
LAB3'.' NO=READS$ ' ' :
'*IF' NO 'EQ' 99 'THEN' 'GOTO' LAB4%
LR=READS LZ=READS% - . : -
NEWLINEC1)% WRITETEXT(*(' NODE ')>')% PRINT(NO,3,0)% SPACE(10)%
WRITETEXT('('R.LOAD')>*)>% SPACE(2)% PRINT(LR,054)>% SPACE(10)%
WRITETEXT('('Z.LOAD')>')>% SPACE(2)>% PRINT(LZ,0,4)% SPACE(IO)S
VI(/2%N0-151/)=LRS% . VI(/2%N0,1/)=LZ$% -
'GOTO' LAB3% :
'COMMENT' END LOAD VI ARRAYS load structure
!LABQ'-' 'END'S '
CEDURE' UDOAD4S
'‘BEGIN® .
"ARRAY' EX(/1'+'851''2/) 5Q(/1'e'251'e'1/), REC/1'.'8,1'.'1/)5BB"
(/1" 8517418 ) ' '
/)sDUMX(/1' ' 851%.'2/)%
'REAL' RONE,RT¥0,Z0TWY0,RLOAD,ZLOAD,R221, R231$
'INTEGER' NODE!l,NODE2,ELNO,1,L$
NEWLINEC1)$
WRITETEXT ( * ( "XXXXXXXXKXXKXXXXX X XXX XXX XXX XXX KX K XX KX K KX X KA KK KKK KKX D 'IS
NEWLINEC1)%
WRITETEXT( ' (*XXXXX'*'UNIFORMALLY'*'DISTRIBUTED'*'LOAD')>"' )$%
WRITETEXT( ' ('XXXXX')' )% '

-
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ULAB1'.' NO=READS$ _
*IF' NO 'EQ' 888 'THEN' 'GOTO' ULAB2S
NEWLINE(1)$ WRITETEXT (' (' FOR'('S')'ELEMENT ')')$
_ PRINT(NO,2,0)8% ‘ -
NODE1=READ$  NODE2=READ$ _
SPACE(1)>$ WRITETEXT('(' BETWEEN'('S')>'NODES ')')%
PRINT(NODE1,2,0)% SPACE(1)$ WRITETEXT('(' AND ')')§
PRINT (NODE2:2,0)% '
RONE=NCOORD(/NODE151/)8%
RTWO=NCOORD (/NODE251/)$%
ZOTHO=NCOORD(/NODE1+2/)% - ,
*IF* NCOORD(/NODE!s2/)~NCOORD(/NODE2,2/) 'GT' ('E'-6) 'THEN' 'GOTO' ULA
B3$ | - . |
"GOTO' ULAB4S . | . - -
ULAB3'." NEVWLINE(1)$ WRITETEXT('(' Z.NOT.CONSTANT.FOR.LOADED.EDGE *)>')$
STOPS, | - : :
ULAB4 "
RLOAD=READS ZLOAD=READS
SPACE(6)$ WRITETEXT('('RLOAD')')>$ PRINT(RLOAD,0,3)§
SPACE(3)$ WRITETEXT('('ZLOAD')')S PRINT(ZLOAD,0,3)$
Q(/1,1/)>=RLOADS$ Q(/2,1/)=ZLOADS
LINES(1)$ EPRINT(Q(/1,1/),3)$ SPACES(1)$ EPRIVT(Q(/Q:I/);S)s
AGLOB4S | o :
MATINV(BB,AA,8)S .
TRANS (AA>BB» 8, 83%
*COMMENT' AA NOW CONTAINS INVERT OF A TRANSPOSEDS
NULL (EX,8,2)%
*COMMENT' BELOW SETS TERMS OF INTEGRAL» Z CONSTANTS

R221= (RTWO*%*2 RONE**2)$ R231= (RTWO**3-RONE**3)%
EX(/1,1/7) = R2215%

EX(/2,1/> = 2%R231/3%

EX(/351/) = R221%Z0TW0S

EX(/4,1/) = 2%R231%Z0TW0/3% o _ :
EX(/5,2/)=EX(/151/3%  EX(/6,2/)=EX(/2,1/)% o
EX(/7,2/)=EX(/3,1/)0%  EX(/8,2/)=EX(/4,1/)% '

MATMUL (DUMX,AA>EX,8,8,2)%

. MATMUL(RE,DUMX,Q,8,2,1)% ’ '
NEVLINE(2)$% WRITETEXT(' ('RE=DUMX.Q ')>')>$ EMATPR(RE,8,1,3)S

" "COMMENT' RE CONTAINS IN ITS 8 BY 1 THE LOAD VECTOR FOR NOS

*FOR®* I = 1 'STEP' 1 'UNTIL' 8 'DO' RE(/I1,1/)=3.14159%RE(/1,1/)%
I=1% '

*FOR' L=1,2,3,4 'DOBEGIN'

ELNO=ELNOD(/NOsL/)$ _

VIC/2%ELNO-1,1/) = VI(/2%ELNO-151/) + RE(/I,1/)5

VIC/2%ELNO,1/) = VI(/2%ELNO,1/) + JE(/I+1,1/)%

I=1+2% 'END'S . : '
'*GOTO®' ULABILS : S add uniformally distributed loads
ULAB2'.' NEWLINE(1)$ to load vector

"*COMMENT' VI ARRAY UDOADS '

! "END'S

i
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"PROCEDURE' SETB4 (AA,LR,LZ)>$ 'VALUE'LR,LZ$ 'REAL'.LR,LZ$ ‘ARRAY' AAS

*BEGIN®
AAC/1,2/)=18 BAC/1,47)=LZ$
ABC/251/)=1/LRS AA(/2,2/)=1S AA(/253/)= LZ/LR% AAC/254/)=L14S

AAC/357/73=1% AA(C/358/)=LRS

AAC/453/)=1% AA(/4:4/)=LRS$ QA(/4,6/)—1 BAC/4,87)=LTS (B) matrix
L 'END'S S . . .
[[PROCEDURE'SETD4(BB)$ 'ARRAY' BBS

"BEGIN' '

"INTEGER' 1,J% ' . :

BB(/1,1/)=MM$ BB(/1,2/)=1% BB(/1,3/)=1S% - _

BB(/2,1/)=1% BB(/2,2/)=MMS$ BB(/25,3/)=1% (D) matrix

BB(/3,1/)3=1% BB(/3,2/)=1% BB(/3,3/)=MM$

BB(/4,4/)=55% '

'FOR' 1=1,2,3,4 *'DO" . -
'FOR' J=152,3,4 'DO" BB(/I,J/)>=DD*BB(/I,J/)% - ' T ,
'END' SETD4S - : : ' )

,'COMMENT"TOTAL NO OF ITERATIONS OF LOADS$’

Ml'e. . : : .

'ITERN= RVADS 'COMMENT' INPUT TOTAL ITERATIONS TO FULL LOADS .
. NEVLINEC(1)>% WRITETEXT('(' “‘ITERN«+.TO.FULL.LOAD"'>"')>% PRINTCITERN»3,0)%
- 'COMMENT' INITIALISE YM(NO) AND NUCNO) % - :
«M2t'.! . ) ’
o 'FOR" I=1 *STEP' 1 'UNTIL' EL 'DO' YM(/I/)=YMIS
"'FOR' I =1 *STEP' 1 'UNTIL' EL 'DO' NU(/I/)=NUIS
"*COMMENT' READ IN FIXITY MATRIX FX(NFX>3)$ :
'FOR' I=1 *STEP®' 1 ‘UNTIL' NFX 'DO' 'FOR' J=1,2,3 'DO' FX(/1,J/)=READ:
NEVLINE(1)$ WRITETEXT('" ("XXXFIXITYMATRIXXXX')*)&
'FOR' I=1 'STEP' 1 'UNTIL' NFX 'DOBEGIN' NEWLINEC(1)S%
'FOR' J=1,2,3 'DO' PRINT(FX(/1,J/)5350)% 'END'S

M4t ! - : o -
ITER=1%

LAB1'.' PAPERTHROVS

WRITETEXT('(' ITER'('SS*')>' = ')3'>% PRINT(ITER,3,0)%

NULL(SK>N>BD)$ - -
M5 .t !

'FOR* NO =1 'STEP! 1 'UNTIL' EL 'DO' ‘'BEGIN®
AGLOB4S% o

- MM=(1-~- NU(/NO/))/NU(/NO/)$
S5S=(1-2%NUC/NO/)>)/(2*NUC/NO/)JX>% N
DD= (YM(/NO/)*NU(/NO/))/((1+NU(/NO/))*(1 2*NU(/NO/)))$
M6| 1 .
ITINTAS
MATCOP(CC,AA»858)5
MATINV(BB,CC,8)>% .
TRANS(EK,BB,8,8)% element stiffness

MATMUL (CC »EK»> INT > 8585838
MATMUL (EK»>CC»BB»8,858)% —
BPOST4% -

‘END'S
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FXBDITS
M8 o ? : . . -
'IFT ITER *'EQ' 1 'THEN BEGIN'
NULL(VI,N,CS)$
YA
LOADS .
NEWLINE(1I)S% N ' :
WRITETEXT ( ' (" XXAXXXXKRARXK KX X XXX R X R KR XX KK X LKA RX XXX X ZX AN KR XXAXKXKXX' )OS
NEVWLINE(2)% WRITETEXT('(' LOAD.VECTORS«+«VI(N,CS) )')s%
NEWLINE(1)$ ' _
SM=1% 'FOR' I=1 °'STEP' 1 'UNTIL®' N 'DOBEGIN' PRINT(VI(/1,1/)50,3)5
'IF' SM 'EQ' 8 'THEN BEGIN'- NEWLINE(1)>% SM=13 'END' 'ELSE' SM=SM+1§
S 'END'S
*FOR' I=1 'STEP' 1 'UNTIL' N 'DO' VI2(/1,1/)=VIC/1,1/)%
'END'S : '
NULL(VI,N>CS)$
'FOR' I=1 'STEP' 1 'UNTIL' N *'DO'°'BEGIN'
*IF* ITER 'LT® ITERN *THEN' UI(/I;1/)—(IFER/ITE?N)*VI2(/I:1/)
'ELSE" UI(/I:I/)=UI2(/I:1/)$
. "END'S | : | -
PLAGNK3(N,BD:CS,SK,VI)S : Choleski solution of equations
CPOUTS
IPRINT(ITE?:Q)S SPACES(2)$ EPRINT( VIi/251/7356)%
LPOUTS
MI1O"* . . )
NEVLINE(2)S WRITETEXT('(' DISPLACEMENTSnAT.NODES 1'% .
NEVLINE(1)$ . ) -
'FOR' I = 1 'STEP' 2 'UNTIL' (N—l) ‘DO* ."BEGIN' - '
SM = (I1+1)/2%
NEWLINEC1)$ PRINT(SM:3;O)$ SPACE(3)$
*FOR' J=0»,1 'DOBEGIN' PRINT(VIC(/I+Jds1/3,0,4)0% SPACE(4)$ 'END'S
‘END' 1% :
MIl'e' : :
- PAPERTHROWS - :
WRITETEXT(' (' ELEM.CENTROID<ReeeZeseesSTR. R
2 6 9 6 0 0 9 8 000 TH ..........Z QQQQQOOOV.‘.TRZ
......G...'MN STR ...‘......GTOCT. MOD.MODULUS ')'_)$
Mi2°*. '
NULL(SK, 5% (DOWUN- 1):ACROSS 1% -
I1I=1% JJ=18% )
'FOR' NO=1 'STEP' 1 ‘*UNTIL' EL 'DO' 'BEGIN®'
LR=0% LZ=0% ’ . :
JFOR' L=1,2,3,4 "DO' 'BEGIN® : ' ' -
LR=LR+NCOORD(/ELNOD(/NO,L/)>51/)% LZ LZ+NCOORD(/ELNOD(/NO;L/),2/)5
'END'$ LR=LR/4% LZ=LZ/4%
NEWLINE(C1)>% PRINT(NO,3,0)% SPACE(2)$
PRINT(LR:3:1)$ PRINT(LZ53,1)%
MI13'.?
NULL(AA>8583% NULL(BB,&,8>% NULL(CC,8,8>%
MM=C1 -NUC/NO/))/NUC/NO/)>$
S55=(1=-2*%NUC/NO/))/ (2%NUC/NO/)>)>%
DD= (YM(/NO/)kNU(/NO/))/((1+NU(/NO/))*(1 -2%¥NUC(/NO0/))>)%
M14® .
SETD4(BB)$%
MIS5'.'
SETB4(AA,LR,LZ)OS
MATMUL(CC,BB,AA, 88,818 stresses at element centroid
AGLOB4S -
Mi6* "
MAT INV(BB,AA,8)S _
MATMULC(AA,CC,BB,8,8,8)>%
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NULL (BB, 8,8)%

L=1% 'FOR' I=1 'STEP*® 2 'UNTIL' 7 'DO' 'BEGIN'
SM=ELNOD(/NO,L/)S :
BB(/1,1/)=VI(/2%5M- 1,1/>s BB(/I+1,1/)=VI(/2%5Ms1/)%
L=L+1% ‘'END'S$ : '
MATMUL(CC,AA,BB;8,8,8)$

"COMMENT' STRESSES ARE IN CCl,1 TO CC 1,48

'FOR' 1=1,2,354 'DO" PRINT(CC(/I,I/),4;2)$
MEANST=0% ' '
MIF®."

'*FOR' I=1,2,3 'DO' MEANST=MEANST + CC(/I,1/)%
MEANST=MEANST/3$
SPACE(4)$% PRINT(MEANST,3,3)% _
CR=CC(/1,1/)% CT=CC(/251/)% CZ=CC(/351/)2% CTRZ=CC(/4,1/)%
TOCT= SORTC ((CR-CT)>**2 + (CT- cz>¥»2 + (CZ-CR)*%2 + 6%CTRZ*%2))/3%
PRINT(TOCT»4,2)%"
*IF' NO 'EQ' 1 'THEN' 'BEGIN'
CPOUTS
IPRINTC(ITER,3)% SPACES (278
EPRINT(CC(/351/),6)% SPACES(2)5%
PRINT(MEANST,2,5)% SPACES(2)%
PRINT(TOCT»2,5)% SPACES(2)%
LPOUTS =~ ‘'END'S : o
*IF' ITER 'EQ' 1 'OR' ITER 'EQ' 15 *THEN'’
STORES$ 'COMMENT' PUTS MEANST IN SK, LR, LZ$
M18*.® : _ _
MEANST=ABS (MEANST ) - wodify Young's Modulus
'COMMENT' X X X X X X %X X X X X X X X X X X X X X X X X X -8
EQU=. TOOO*MEANST**0 «55%
'COMMENT' X X X X X X X X X X X X X X X X X X X X X X X X X s
*COMMENT* DAMP THE MODIFICATION TO MODULUS® SO THAT ONLY CHANGE
: BY HALF THE AMOUNT EXPECTED $
*IF* ITER 'GE' ITERN 'THEN BEGIN'
" INC = EQU -YM(/NO/)>$%
INC = INC/2%
YMC/NO/) = YMC(/NO/) + INCS
_ *END' 'ELSE' YM(/NO/)=EQUS
SPACE(2)% PRINT(YM(/NO/)»053)%
*END' NO=1 TO EL FOR STRESSESS
*IF* ITER 'EQ' 1 ‘OR' ITER 'EQ' 15 'THEN'
LAYSTRS 'COMMENT' LAYS MEANST ON L/PS :
NEWLINE(1)$ WRITETEXT('(' MODIFIED '('SS')>* MODULI ')')$
NEWLINE(1)$ : :
_'FOR' I=1 'STEP' 1 ‘*UNTIL' EL 'DO''BEGIN' :
PRINT(YM(/1/)50,3)% SPACE(1)% 'IF' ABSC I/10-ENTIER(I/10)) 'LT' ‘'E'-6
*THEN' NEWLINE(1)$ 'END'S ' : ;
"IF' ITER 'EQ" (D)« 'THEN' STOPS
ITER=ITER+18% 'GOTO' LAB1$.____ change to define total number of
STOPS iterations
*END' MAIN 4NVE 200 MODULARISED(2 IN BLOCK)S :
*END' NON MODULARISED HARWELL COMPAT. FROIM 4AUTBIG 3313(¢! IN BLOCK)>$
'END' MAIN PROGRAM 4 NODE ELEMENT AND OUTER BLOCK, 8 NODE COMPATIBLE
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A2.2 Incremental

A2.,2.1 General description

The program is formed similarly to Program A2.1.
Modifications in order that displacements and stresses for a
1/(total increments) part of the load are calculated and

summed are shown thus:

Procedures, mentioned where they occur in the text, but

not listed, are identical to those in Program A2,1.

A2.2.2 Input

The sample input is that for the mesh in Fig. 4.4 and uses
initial moduli calculated (as in Chapter 4) from an initial
iterative calculation. The load displacement behaviour is

shown in Fig. 4.20.

Data Description
0.5E4 0.4 Dummy variable (YMI), Poisson's
Ratio (NUI).
1 43 load cases (CS), no. of fixities
(NFX)
11 17 no. of nodes in r direction/z
direction
3333366 20 20 spacing in r direction
3333333368666 spacing in z direction

10 10 20 22

10 total no. of increments (ITERN)

/contd.



L
78
121

155

- 9.0471FE

1.4077E
4.3356E

40474

9.9197E
4.1780E
2.0473E
5.5320E
2.8709E
1.3114E

2.6731E.

1.9275E
7+3219E
2.1844E
1.3802E

"2.0286E

1 .6923E
B+4989E
1+7805E
1.3319E
1.6090E
} «4557E

 9.28B96E

1.3819E
1.2073E
1.2601E
1.2098E
9.7400E
1 ¢1644E
1.0907E
1.0900E
1.0686E
Q«7T24E
1.0276E

"1.0027E

9.8738E
9.8202E
9.6297E
9.8418E
9.7645E

1

1

1

,t\)t\)t\)t\)muwmwww’wm@wwwmwwww:\awwwwmwwwwwwwmwmww

7.9147E
1.0202E
5.5364E
2.7472E

" 6.9402E

3.9859E

1 .5854E -

4.2078E

-2 «4435E

9.9679E
2.6576E
1.6620E
4.7414E
2.0101E
1.1204E
2.0278E
1.5408E
6.0647E
1.6947E
1.1388E
1.609SE
1.3750E
7.2411E
1.3534E
1.0953E
1.2608E
1.1791E
8.3747E
1.1526E
1.0326E
1.0899E
1.0558E
8.9752E
1.0235E
9.8247E
9.8733E
9.7877E
9.3033E
9.8294E
9.7174E

55 0 1
89 0 1
132 0 1 1

166 0 1 1

22
56
99

33
76

E\Dmmmr\)mwmwwuwmwwwwm'w'wwwmwwwwmwwmwmww:\:ooc\)wo_o'
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initial tangent moduli:

4 .5599E
74582E
S.8484E
1.8131F
4.,2090K
3.3791E
1.1936E
3.2436E
2.0240E
6.5085E
2 .4808E
1 .3696E
2 2954E

1.8089E

7.9804E
1.9571E

1.3635E.

1 .8304E
1.5870E
8.8944EF
1.5799E
1.2794E

1.3953E

1.3137E
9.5992F
1.2518&E
1.1423E
1.1707E
"1.1360E

9.7T826E.

1.0860E
1.0414E
1.0299E
1.0179E
9:7148E
9.8635E
9.7548E
9.8525E

. 9.8129E

9.5724E

WO DWWWWNWWWWNWHWWWNWLLWLWWNWWWWNWWWWMN WL W

v

2.0310E
4.4869E

| 5.2584E

1.3970E
4.9102E
2.6643E

T 8.T7174E

3.1849E
1.6750E

- 3.6868E

2.2144E
1 «0758&E
2.2921E
1.6095E
5.4567E

1.8374E

1.1384E
1.8297E
1.4694E
6+5943E
1.5262E
1.1250E

1.3967E

1.2657E
7+.9041E
1.2344E
1.0625E
1.1707E
1+1153E
B+.7016E

1.0788E

1.0046E

1.02G8E

1.0108E
9.1700E
9.8456E
9.6493E
9.8497E

9+7934E

9.2792E

fixity FX(NFX, 3)

23 0
66 0
100 o
143 0
177 O

1

1

1

1

o

3301 3
67 01 7
110 0 1 11
144 0 1 15
178 0 0 17

r\)mmr\):\)mwwwwmwwwwmwww@@wwwwmw'wwwmwwmwmwwmw

4 o0 1
7 0 1
101
4 0 1

900
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180 00 181 00 182 00 183 0 0 184 0 0 185 0 0 186 0 0O

187 0 O
1 2 1 0 -~100 uniformally distributed loading;
for each element loaded:
2 3 2 0 =100 (element no./node 2/node 1/r load/
7z load)
888 terminator 888




PROGRAM 2: LISTING (4 node axisymmetric rectangle), -
. ‘changes for an INCREMENTAL analysis P2, 17

~ *ALGOL
'‘BEGIN' : _
*INTEGER' NODsEL>N,CS,NFX, ACR0SS.,DOWNS
'REAL' YMI,NUIS o _ .
LTSTAC (20000)% i :
YM1=READS
NUI=READS
CS=READS
NFX=READS
ACROSS=READS
DO¥N=READS ,
'"COMMENT' ACROSS 1S NODES ACROSS
DOWN IS NODES DOWNS
EL = (ACROSS~1)%(DO¥WN-1)S
NOD = ACROSS*DOVNS
N=2 %NOD$% , o ) '
NEWLINE(2)3% WRITETEXT('(' XXX.4.NODE.PROGRAM:.XXX++..INCREMENTAL.LOADING
e« sTOTAL «NO+OF «STEPS+IS e+« ITERN ')')% :

_'COMNENT' OUTPUT MOST OF THE INPUT CONSTANTS AND.IMPORTAﬁT PARAMETERS

NEWLINE(1)$% WRITETEXT('(' INITIAL '('SS*>' MODULUS *'('21S')>' ")>')%
PRINTC(YMI,0,4)% ° . : : T
NEWLINE(C1)S WRITETEXTC('(' INITIAL '('SS')>' NU *(T27S')' 'H g
PRINT(NUI»1,4)% : :
NEWLINE(1)S WRITETEXT('(' LOAD '('SS')' CASES '('265')>' ')")$
PRINT(CS,2,0)% S
NEWLINE(C1)$ WRITETEXT(' (" NO-'( STYOF' (" S')'FIXITIES '('20S')' ')
PRINT(NFX,3,0)% , ,
NEWLINE(1)% WRITETEXTC('(' NUMBER.OF. NODES;...R,Z..DIRECTIONS 'y' oy

" PRINT(ACR0SS,2,0)% SPQCE(Q)S : :
PRINT(DOWN,2,0)% . : -

NEWLINE(2)% WRITETEXT('(' ELEMENTS..EL ')>')% SPACE(23)%
PRINT(EL,5,0)% S ‘ _

NEYLINEC1)S WRITETEXTC'(' NODES..NOD *)')$ SPACE(25)%
NEVWLINE(1)$ WRITETEXTC'(' NO.OF.UNKNO@NS..eN ')>*)$ SPACEC17)%
PRINT(N»5,0)% B ' )
PRINT(NODs5,0)%

‘BEGIN® . - . :

'ARRAY' NCOORD(/1'.'NOD>1'+'2/), INT,AABBLCCrEK(/1'. 8,1 '8/),
NULYM(/1®* «'EL/)s FXC(/1'o'NFXs1'4*3/), VILVIZ2(/1'e'Ns1'.'CS/)8
*INTEGER' ‘'ARRAY' ELNOD(/1'.'EL,1'+'4/)% .

*REAL' LRLLZ,L,EQU,INCs»MM»SSs>DD MEANSTJTOCT:CRJCT:CZJCTRZJGUESSM$
' INTFGER' I1,J>5SM,SN,L,NO,>ITERS ITERNJBDS

lI'arRrAY® STRSUM(/1* «"ELs1" "4/, DSPSUM(/I' 'Ns1'.TCS/OS

"INTEGER' 11,JJ$ -\arra{(ys to sum stresses: and displacements
XXXXXXXX PROCEDURES AUT04 <——Wwith RSUM=0 in program text
. BWCHEK4

AUTO04% 'COMMENT®' FORMS ELNOD AND NCOORD (AS SPACE 4 CHOL 3106)
AND OUTPUTS THEMS _ '
BCHEK4S 'COMMENT® FORMS BD..BANDWIDTE OF STRUCTURE STIFFNESS MATRIXS$
NEWLINE(2)% Y¥RITETEXT('(*' BANDYIDTH..OF «STIFFNESS.MATRIX.:BD.0F«SK'2')%
SPACE(2)5 FRINT(BD;S;O)S :
*BEGIN®
*ARRAY' SK(/1*.'Ns1'.'BD/)3
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XXXX¥XXX .PROCEDURES STORE
' LAYSTR
AGLOB4
ITINT4
BPOST4
FXBDIT
LOAD
UDOAD4
SETD4
SETR4

e ] -

Mll.l

ITERN=READS 'COMMENT' INPUT TOTAL INCREMENTS TO FULL LOADS
NEWLINEC1)$ WRITETEXTC'(' INCREMENTS.TO.FULL.LOAD..ITERN ')')%
PRINTC(ITERN,350)% ' ' - .
*COMMENT' INITIALISE YM(NO) AND NU(NO) $

M2I.| .

"FOR' I=1 'STEP" 1 'UNTIL' EL 'DOBEGIN' : ) -
YMI=READS YM(/1/)=YMI $ 'END'S '
NEWLINEC1)S WRITETEXT(' (" INITIAL.LANGENT MODULI .. INPUT . *)')%
NEYLINE(C1)S -

*FOR' 1I=1 *STEP' 1 'UNTIL' EL 'DOBEGIN'

PRINT(YM(/1/)5053)% SPACEC1)S S : g :

*IF*' ABSC I/10-ENTIERCI/Z10) ) 'LT' 'E'-6 'THEN' NEWLINEC1)>S 'END'S

: - _YFOR' I = 1 'STEP' 1 'UNTIL' EL 'DO' NU(/I/)=NUIS

"COMMENT' READ IN FIXITY MATRIX FX(NFX,3)$ _ .

. 'FOR' I=1 'STEP' 1 'UNTIL' NFX 'DO' 'FOR' J=1,2,3 'DO' FX(/I,J/)=READS
NEWLINE(1)$ WRITETEXTC'('XXX.FIXITY.MATRIX.XXX'Y')$ -

Mql T .

'"FOR' I=1 'STEP' 1 'UNTIL' NFX 'DOBEGIN' NEWLINE (155

'FOR' J=1,2,3 'DO’ PRINT(FX(/I1,J/)>3,0)S 'END'S

'COMMENT' NULL STRSUM BEFORE TOTPLLING STRESSES 1IN l/ITEQN PARTS

NULL DSPSUM BEFORE SUMMING DISPLACEMENTS . . s
NULL(STRSUMLEL,4)% S : : ' :
NULL(DSPSUM,N-CSHS

ITER=1%
LAB1'«.' PAPERTHROWS : : .
WRITETEXT('(' ITER'('SS')' = ')')S PRINTCITER,3,0)¢%
NULL(SK,N,BD)>S :

MS'.'. ' : _ '
"'FOR' NO =1 'STEP' 1"UNTIL' EL. 'DO' 'BEGIN’
AGLOB4S

MM= (1 VU(/NO/))/NU(/NO/)S
5S5=(1 =2*%NUC/NO/)>)/7(2%xNUC/NO/))S%
DD= (YM(/NO/)*NU(/NO/))/((I+NU(/NO/))*(1 E*NU(/NO/)))S
M6' L]
ITINT4S%
MATCOP(CC,AA-EB,8)0%
MATINV(BB,CC,8)>%
TRANS(EK,BB,&,8)%
MATMUL(CC,EK,INT,-8,8,8)%
MATMUL(EK,CCsBB»8,8,8)%
BPOSTQS_
'END'S
A
FXBDITS ™
M8 o'
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*IF' ITER- "EQ' 1 ‘'THEN BEGIN'

NULL(VI>N-CS)S$ '

Mg! L]
UD0AD4S
NEWLINEC1)S ) S ,
VRITETEXT( ¥ (' XXXXXAXRXXXXAAXXAXKX XXX KA XK K EX XX KRR XXX XK XA XL X AXXXEKXK IS
NEWLINE(2)S% WRIFFTEXT('(' LOAD-VECTORS « ¢ s VIC(N,CS) ")')§
NEWLINEC1)S . : _ o R
SM=1% 'FOR' I=1 'STEP' 1 'UNTIL' N 'DOBEGIN' PRINT(VI(/1,1/),0,3)%
'IF' SM 'EQ' 8 'THEN BEGIN' NEWLINE(C1)$ SM=1% 'END' ‘'ELSE' SM=SM+15

' , '*END'S
*FOR' I=1 *STEP' 1 ‘'UNTIL' N 'DO' VI2(/I1,1/)=VI(/I,1/)%

'COMMENT' VI2 HOLDS THE TOTAL LOADS ' ' '

*END'S$ _ : T

NULL(VI,N>CS)S . . ; . : ) N

'FOR' I=1 'STEP' 1 'UNTIL' N 'DO''BEGIN' , o

*IF' ITER ‘'LE' ITERN 'THEN' VI(/I,1/)5=C 1 /ITERN)*®VI2(/1,1/)
'ELSE' VI(/1,1/)=VI2C/1,1/)%

'END'$ _ :

'‘COMMENT' ITER/ITERN IN TOTAL LOAD NON INCREMENTAL, IE IN ORDER ONLY

TO DAMP DOWN -THE MATHEMATICAL PROCESS% - e :

PLAGMK3<N,BD,CS SK>VIDNSE

'FOR" I=1 'STEP' 1 'UNTIL' N 'DO°
DSPSUM(/I;I/) = DSPSUMC/Is1/) + VIC(/I51/)%

summed displacements

CPOUTS . : ' . -

IPRINTCITER>4)% SPACES(2)% EPRINT( DSPSUM(/2,1/),6)%

*COMMENT' ACCUMULATED Z DISPLACEMENT AT SURFACES
LPOUTS ' - ' '

MIO*® . : - _
NEWLINE(2)S WRITETEXTC'(' DISPLACEMENTS.AT.NGDES %)')$
"NEWLINE(1)$% ) )

'FOR' I = 1 'STEP' 2 'UNTIL' (N-1) 'DO' 'BEGIN'

SM = (I+1l)/2% . '
NEVLINE(1)% PRINT(SM,3,0)% SPACE(3)% : ; :

'FOR®* J=0,1 *'DOBEGIN' PRINT(VIC/I+J,1/3,0,4)% SPACE(4)% 'END'S
'END' I$% ' ' ’

MI1'."
PAPERTHROWS : S .
WRITETEXT (' (' MN«STReee++4++TOCT«ARE.FOR.ACCUMULATED.TOTAL.STRESS.LEVEL
~ «SO0.FAR ')')% S ' -

NEWLINE(2)§ L
WRITETEXT('(' ELEM«CENTROID«RseeZsseesSTR.R
.....Q...... TH Q.l.OOIOOQZ ..QO.QO_IQ.TRZ

v

evecsvecseceelMNe STR eesosesvee s GUESS «MNST eeeeeTOCT
e+« MODIFIED .M ODULUS *I)')% -
Mi2'.?

NULL(SK,ACR0SS-1,4% (ACROSS-I))S
I1=1% JJ=1%

"FOR' NO=1 'STEP' 1 'UNTIL' EL 'DO' 'BEGIN'

LR=0% LZ=0%

"FOR' L=1,2,3,4 'DO' 'BEGIN'

LR=LR+NCOORD ¢ /ELNOD(/NO»L/)»1/)8 LZ=LZ+NCOORD(/ELNOD(/NOsL/)+2/)5
_'END'S LR=LR/4% LZ=LZ/45%

NEWLINE(C1)>S PRINT(NO»3,0)% SPACE(2)$%

PRINT(LR,3,1>$ PRINT(LZ;3,1)%



NULLCAASB,B)% NULL(BB,E,8)% NULL(CC,8,8)>% ¢ SRR : -

MM=C1 ~-NUC(/NO/)Y)/NUC/NO/)S

SS=(1-=2%NUC(/NO/)Y/(2%NUC/NO/))5

DD= (YN(/NO/)*NU(/NO/))/((1+NU(/NO/))¥(1 2YNU(/NO/)))S

Mi4at.®

SETD4(BB)>YS%

—Mlsl.l N . .
SETB4(AA>LR,LZ)S - o .

MATMUL(CC)RB)AAJS:B)B)S ; -

AGLOB4%

P2,20

v

“M16' .

MATINV(BB,AA, 8

MATMUL (AA,CC»BB»8,8,8)8

NULL(BB, 8, 8)5 .

L=1% *FOR' I=1 'STEP' 2 'UNTIL' 7 'DO' 'BEGIN'

" SM=ELNOD(/NO>L/)% -

BB(/1,51/3=VIC/2%SM-1,1/7% BB(/I+1,1/)=VUIC/2%5M,1/)&

L=L+1% ‘END' S '

MATMUL(CC,»LA>BB-8,8,8)%

. ‘COMMENT' STRESSES ARE IN CCls»1 TO CC 1,4%

" *COMMENT' THESE ARE THE STRESSES FOR 1/ITERN OF. THE TOTAL LOAD
AT. THE ITFR STRESS LEVELS IN STRSUMS

‘FOR' I=1,2,3,4 *'DO' . PRINT(CC(/I:l/);Q)B)S

' 'FOP' I= 1:2,3:4 ‘Do’ :
STPSUM(/NO)I/) STRSUI\/(/NOJ I/)‘*CC(/I:I/)S; summed stresses

MEANST=0$% _ :

'"FOR' I=1,2,3 'DO' MEANST=MEANST + STRSUM(/NO,I/)$%
 MEANST=MEANST/3% ' :

SPACE(4)% PRINT(MEANST,3,3)%

CR=STRSUM(/NO,1/)>$ CT= STRSUM(/NO:2/)$ Cz= STRSUV(/NO:S/)S,
CTRZ=STRSUM(/NO,4/)% _

TOCT= SORTC ((CR-CT)*#2 + (CT-CZ)**2 + (CZ CRY**2 + 6*CTRZ*%2))/3%
‘PRINTC(TOCT>452)%

'IF' NO 'EQ' 1 iTHEN' *BEGIN'
CPOUTS .

. IPRINT(ITER53)% SPACES(?)S

EPRINT(CC(/3,1/35,6)% SPACES(2)5%

PRINT(MEANST-»2,5)% SPACES(2)%

PRINT(TOCT,»2,5)% SPACES(2)%

LPOUTS 'END'S .

*IF' ITER 'EQ' 10 'THEN'

STORE$ 'COMMENT' PUTS MEANST IN SK» LR» LZ% .

modified according to tangent.
modulus at new accumulated level

’ of stress -
XAXXKXAXXXKXRXXXKXXXKX X X $

MIB'.*

L MEANST=ABS (MEANST)$
'*COMMENT' X X X X X_X
EQU=7000*MEANST*%0 «55%

'COMMENT' ¥ X X X X X X X X X X X X X X X X X X XX X X X X $
"~ YM(/NO/)Y=EQUS . : : ;
SPACE(2)% PRINT(YM(/NO/)»0,3)% -

'END' NO=1 TO EL FOR STRESSESS

*IF' ITER 'EQ' 10 *THEN' : : iprints octahedral sfresses
LAYSTRS 'COMMENT' LAaYS MEANST ON L/PS$ after final increment

NEVLINEC1)$ WRITETEXT('(' MODIFIED '('SS'>' MODULI ')>')S
NEWLINE(1)S . )

'FOR' I=1 'STEP' 1 'UNTIL' EL 'DO’'BEGIN'
PRINT(YM(/1/),0,3)% SPACEC1)$ *'IF' ABSC I/10-ENTIERCI/10)) 'LT' 'E'-6
*THEN' NEVLINEC1)S "END'S
"IF' ITER 'EQ' ITERN 'THEN' STOPS
ITER=1TER+1S 'GOTO' LABI1S
STOPS S | - :

'END' MAIN 4NVE 200 MODULARISED(2 IN BLOCK)S '
. 'END' NON MODULARISED HARWELL COMPAT. FROM 4AUTBIG 3313(1 IN BLOCK)S
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PROGRAM 3: 8-node Rectangular Prism

A3.1 General description

The program is written in 1 module using ICL 1900
input/output.
| A solid rectangular mass of elements, each having any
mutually compatible dimensions, has element data generated
automatically (procedure, DATGN2).

Element daté:

‘matrix ELNOD(1:EL,1:8), element numbering
" NCOORD(1:NOD,1:3), nodal co-ordinate ,

The element numbering is always defined as x, y, Z
increasing, in that order (Fig. A.3). The maximum bandwidth
of the stiffness matrix is computed (procedure, BCHEK8).

Storage for upper band of the stiffness matrix is then
reserved using bandwidth (BD) and the element mesh data,

i.e. array SK(1:N,1:BD).

Other procedures:

ACENT8 -~ forms (A) matrix for element 'NO', co-ordinates
about element centroid
INTEG8 - forms j BDB d.vol for element 'NO', about
vol

the centroid using explicit terms based on the
element dimensions

BPOST8 - posts relevant part of element stiffness into
upper band structure stiffness matrix

FXBIT8 - boundary conditions; sets relevant rows and
columns of stiffness matrix to zero: 1 on leading
diagonal

LOAD3D - puts nodal point loads in load vector

SETD8 - (D) matrix for an element, 'NO'’

SETB8 - (B) matrix for given values of x, y and z;

(X, Y and Z in centroid co-ordinate system).
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Input

P3.2

Sample input for steel cantilever (1" x 1" x 4'") made

up of 16 elements each 1" x 1" x 1" (Fig. A.3).

A3.2.1

Description

30 x

1000
3000

5000

49 0 -100

50 0 -100

w =
L]
|V N o]

o
[ ] [ ]
o\l

2000
b 000

6 000

0 99

2.5

Young's Modulus (YMI), Poisson's

Ratio (NU)

Load cases (CS), Number of
fixities (NFX)

No. of nodes in x, y and z
directions (XND, YND, ZND)

Co-ordinates of nodes in x
direction X(1:XND)

Co-ordinates of nodes in y
direction Y(1:YND)

Co~ordinates of nodes in =z
direction Z(1:ZND)

Total no. of iterations required
to full load (ITERN) (only other
than 1 if incremental analysis)

Input to fixity matrix FX(1:NFX,
1:4)3 for each node where some
displacement is made zero, 1 row
of matrix, i.e. (node, x fix,
y fix, z fix). If x fix = O
then deletes row and column, etc.
Loading;

node no., x load,
terminator, 99 -~
nodal loading

y load, =z load
after last

A3.2.2 Input information in program text:

If a non-linear elastic relationship is known for the

material i.e. E = f(boct), then:
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(1) the precise relationship is defined after label M18
(2) the number in the equality test (6 lines from end) is

changed to equal the desired number of iteratiomns.

A3.3 Output

All input numbers are printed on lineprinter together
with descriptive text.
The generated mesh data is printed out:
matrixes ELNOD: element numbering
and NCOORD: co-ordinates for each node .
All nodal displacements are printed.
Stresses at all element centroids, in the x, y, z
co~ordinate system, and the first stress invariant are
printed together with the new value of E according to the

equation E = f(Ooct).



Program 3: LISTING (8 node rectangular prism)

*ALGOL ** . . , I : -
"BEGIN' ._ : o o P3. 4
" INTEGER' NODsEL>N,NFXsCSsXNDs YND»ZNDS
'REAL' YMI,>NUIS%

YMI=READS

NUI=READS%

CS=READS .
NFX=READS$ model data input
XND=READS -

YND=READS .

ZND=READS

EL= (XND-1)%(YND-1)%(ZND~- 1)%

NOD= XND#*YND#*ZND$

N=3*NODS% ‘

NEVLINE(2)$ WRITETEXT('(' XXX.8.NODE.PROGRAM.XXX ')')$%

"COMMENT' OUTPUT MOST OF THE INPUT CONSTANTS AND IMPORTANT PARAMETERS &
NE#LINEC1)S WRITETEXTC('C(' INITIAL '('SS')>' MODULUS '('215')° '>'>§
PRINTC(YMI-0,4)% _

NEWLINE(C1)$S WRITETEXT('(' INITIAL '('SS')' NU ° Y275 TY"'S
PRINT(NUI»1,4)% _ o

NEWLINEC1)S URILETTXT('(' LOAD '('SS")' CASES '('265')' ")')$%
PRINT(CS,2,00% - . . _ :

NEWLINEC1)S% NRITETEXT('(' NO-'C'S*)'OF'('S")'FIXITIES *('20S')>' ')')%.
PRINT(NFX53,0)8% - : _
NEWLINEC1)S WRITFTTXT('(' NUMBER «OF «NODES « +X5Y>Z« «DIRECTIONS ')' )S
PRINT(XND,2,0)% SPACE (2)% ‘ : ' -
PRINT(YND,»2,0)% SPACE (2)%
- PRINT(ZND»2,0)% SPACE (2)%

NEWLINE(2)% WRITETEXT('(' ELEMENTS..EL ')')$ SPACE(23)% -
PRINT(EL,5,0)% T

"NEWLINE(1)S WURITETEXT('(' NODES..NOD ')')s SPACE(25)%
PRINT(NODs5,0)2% . s

NEWLINE(C1)S WRITETEXT('(' NO.OF.UNKNOWNS«««N ')>'3% SPACE(17)>%
PRINT(N,5,0)% . . i . )

N '"BEGIN' . . :
*ARRAY' NCOORD(/1'+.'NOD»1'+'3/), INT>AA>BB-CCLEK(/L''24,1'.'24/),
NULYM(/1'«"EL/Y5 FX(/1'«'NFX>1'e'4/), VILVI2(/1'«'Ns1'+"'CS/)8
*INTEGER ARRAY' ELNOD(/1'.'EL,1'.'8/)S
'REAL' LX,LY,LZ,EQU,INC ,MM,SS,DD,MEANSTS
* INTEGER' I,J,SMsSN»L» NO,ITER,ITERN,BDS

"PROCEDURE' DATGN2S"
‘BEGIN®

*ARRAY' ' XC(/1' et XND/)5YC(/1" « *YND/D,Z(/1" «*ZND/)S
YINTEGER' IX,IY>IZ,XYND»IXYZ>P,Q,R,1,J,PP,Q0,RR,sSM,SNS
'FOR' I=1 'STEP' 1 'UNTIL' XND 'DO' X(/I1/)=READS

'FOR' I=1 'STEP' 1 'UNTIL" YND 'DO' Y(/I1/)>=READS

*FOR' I=1,'STEP' 1 ‘'UNTIL' ZND 'DO' Z(/1/)>=READS%

I=1% R=0% P=0% Q=0%

XYND= XND*YNDS$ :

'FOR' IZ=P 'STEP' 1 "UNTIL' ZND-2+P 'DOREGIN'

'FOR'" 1Y=Q 'STEP' 1 'UNTIL' YND-2+Q 'DOBEGIN'

'FOR' IX= R 'STEP' 1 'UNTIL' .XND-2+R 'DOBEGIN'

IXYZ = 1+IX+IY+1Z% .

ELNOD(/1,1/) = IXYZ%
ELNOD(/1,2/) = IXYZ +1% o _
ELNOD(/1537) 1XYZ +XNDS element node numbering

o

ELNOD(/1:47/)
ELNOD(/1.57)
ELNOD(/1,6/)
ELNOD(/1,77)
ELNOD(/1,8/)

IXYZ +XND+1%

IXYZ +XYNDS

IXYZ +XYND+1%
IXYZ +XYND+XNDS
IXYZ +XYND+XND+1$
7

]

Mt n
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*IF' I 'EQ' EL 'THEN GOTO' L1%
I=I1+1% : :
RR=RS

‘END' IXS$

R=RR$ R=R+XND-1%

QR=0% _

"END' IYS _

Q=00% Q=0+YND-1$% R=R+XND-1%

*END' I1Z$S .

Ll1'.' NEYLINEC1)S s o . -
WRITETEXT(' (' ELNOD.ELEMENT «NODE.NUMBERING ')>')>$ -
NEWLINEC1)S

SM=0% SN=0% _

'FOR' I=1 'STEP' 1 ‘UNTIL' EL 'DOBEGIN®

*IF' SM *EQ' 3 *'THEN BEGIN' NEWLINEC1)$ SM=0% 'END'S$

SM=SM+1%

'IF' SN 'EQ@*® 12 'THEN BEGIN' NEWLINE(2)$ SN=0S$ 'END'S
SN=SN+1% ' . o

*FOR' J=152,3,455,6-7-8 *'DO" _ PRINT(ELNOD(/I:J/):3;O)$

SPACE (2)$ ‘END'S _ , _ _ P

P=1§ Q=1% R=1§% , : o
*FOR' I=1 'STEP' 1 'UNTIL' NOD 'DOBEGIN'

NCOORD(/1,1/) = X(/P/)% ‘ _
NCOORD(/1.,2/)> = Y(/0/)% node co-ordinates.
NCOORD(/1,3/)> = Z(/R/)% : o

P=P+18% : ,
*IF' ABS( I/XND - ENTIERCI/XND) ) 'LE' 'E'-6 'THEN BEGIN'

P=1% 0=0+1% 'END'S : o

*IF' ABS( I/(XND*YND) - ENTIERCI/(XND*YND)) ) 'LE' 'E'-6 'THEN BEGIN'
Q=1% R=R+1% 'END'S : -
'END' I 1 TO NOD$

NEWLINE(3)S ; - -

WRITETEXT(' (' NCOORD..COORDINATE.VALUES *)')%

NEWLINE(1)>% SM=0% :

*FOR' I=1 ‘'STEP' 1 'UNTIL' NOD 'DOBEGIN® :

*IF* SM 'EQ' 4 °'THEN BEGIN' NEWLINE(1)$ SM=0$ 'END'S

"PRINT(1,4,0)%

SM=SM+1% o : )

YFOR' J=1,2,3 'DO" PRINT(NCOORD(/15J/353:2)%

SPACE(1)F§ *END'S o '

*END"' | PROCEDURE NATA ARFNFRATINAN Q@ monce o
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'PROCEDURE"' BCHEKS8% _ # : ¥
'BEGIN' 'INTEGER' NOsIsR5S,T,BAND$ 'INTEGERARRAY' P(/1'.'8/)%
T=0% ‘
'FOR' NO=1 'STEP' 1| ‘*UNTIL®' EL 'DOBEGIN'
'FOR' 1=1,2,3,4,5,6,7,8 'DO" p(/I/)=ELNOD(_/NO:I/)$V
R=0% S=1000%
'‘FOR"' I=1:2:3:4:5:6:7:8 'DOBEQIN'
*IF' P(/1/) 'GT' R 'THEN' R=P(/1/)%
*IF' P(/1/) 'LT' S *THEN' S=P(/1/)%
*END'$ o ‘ o
BAND=3%(R-S5+1)% maximum bandwidth
*IF' BAND 'GT' T 'THEN' T=BANDS :
*END'S
BD=T$
'END' BCHEK8&$
PAPERTHROWS
DATGN2S% 'COMMENT®' FORMS ELNOD AND NCOORDS
BCHEK8% 'COMMENT' PRODUCES BD (BANDWIDTH)S :
NEWLINE(2)% WRITETEXT(' (' BANDWIDTH..BD ')>')>% PRINT(BD,5,0)%

'BEGIN' ’ . - Co
'ARRAY' SK(/1'.'N>1'+'BD/)S% '
*PROCEDURE' ACENTS8S% _ : .
'BEGIN' 'REAL' X,Y,Z,C¥X>CY5CZ$% * INTEGER' 1,J,S5L,P,D$
*FOR®' I=1 *STEP' 1 'UNTIL®' 24 'DO' 'FOR' J=1 *STEP' 1 'UNTIL' 24 'DO’

- AAC/1,0/7)=0%

:

" CX=0% CY=0% CZ=0% :
'FOR' L=1,2,3,4,5,6,7,8 'DOBEGIN®
P=ELNOD(/NO,L/)>$% ‘ :
CX=CX+NCOORD(/P>1/)% CY=CY+NCOORD(/P,2/)% CZ=CZ+NCOORD(/P,3/)% -
*END'$
CX=CX/8% CY=CY/8% CZ=CZ/8%
*COMMENT' CENTROID CX,CY.CZ$
S=1% o
‘FOR' L=1,2,3,4,5,6,7,8 'DOBEGIN'
P=ELNOD(/NO,L/)>S% : -
X=NCOORD(/P,1/) - CX3% (A) matrix
Y=NCOORD(/P,2/) - CY$
Z=NCOORD(/P,3/) - CZ$%
'FOR' J=1,9,17 'DOBEGIN' .
*IF' J 'EQ' 1 'THEN' D=S ‘ELSE'
'IF' J 'EQ' 9 'THEN' D=S+1 'ELSE' D=S5+2%
AAC/D>J/)=1% AAC(/D,J+1/)3=X% AA(/D,J+2/)=Y% AA(/D,J+3/)=Z%
AAC/D,5 J+4/7)=X%YS AA(/D,5 J+5/7)=Y*Z% AA(/D, J+6/)=X*Z$
AAC/D, I+ /)=X%Y%Z$ ' '
*END'$ S=S+3% 'END'S$
'END' ACENTE&S$
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*PROCEDURE' INTEGSHS R L . i

'BEGIN' : : o '
I *INTEGER® F,G,1,J%

'REAL' A>B,C,X2,Y2,22,X2Y2,Y2722,X222%

F=ELNOD(/N0O»1/>% G=ELNOD(/N0,8/)%

A=ABS( NCOORD(/F,1/)-NCOORD(/G>1/) >/2%
B=ABS( NCOORD(/F»2/)>-NCOORD(/G,2/) >/2%
C=ABS (. NCOORD(/F,3/)>-NCOORD(/G,3/) )/25%

X2 = A%%2/3% Y2 = B*%2/3% Z2 = C%*2/3%
X2Y2=A%*k2*xB**2 /9% Y2Z2=B**2*xC**2/9% K2Z2=A**x2*xC*x*2/9%
'FOR' I=1 'STEP' 1 'UNTIL' 24 ‘DO’

'FOR' J=1 'STEP' 1 'UNTIL' 24 'DQ' INT(/I1,J/)>=0%

INT(/2,2/) =MMS$ !
INT(/3,3/) =55%
INTC/4,4/7) =55%
INT(/555/) =MM*Y2 +SS%X2%
INT(C/656/) =SS*x(Y2+Z2)%
INTC/7577) =MM*xZ2 +SS*X2$
CINTC(/&58/) =MM*Y2Z2 +SS*x(X2Z2+X2Y2)$.
INTC(/10,3/) =SS$% :
INTC(/10510/) =SS%
INTC/11,2/) = 1%
INTC/11,11/) =MM$
INT(/12,12/) =5S% -
INT(/13,13/) =MM*xX2 +SSx%xY2%
INTC/14,147) =MM*Z2 +SS*Y2%
" INTC/15,6/) =SS%Z28%
INTC/15,15/) =SS*(X2+7Z2)%
INTC/16,16/) =MM%X2Z2 +SS*(Y2Z2+X2Y2)%
INTC/18,4/) =5S%
INT(/18,18/) =SS%
INT(/19,12/) =SS$%
INT(/19,19/) =S5S%
INT(/20,2/) =1%
CINT(/20,11/7) =1%
INT(/20,20/) =MM$
INTC/21,6/) =55%Y2S
INT(/21,15/) =SS*X2§%
INT(/21,21/) =SS*(X2+Y2)$%
INT(/22,5/) =Y2%
INT(/22,22/) =MM*Y2 +5S%72%
INT(/23513/) =%X2%
INT(/23,23/) =MM*X2 +SS%7Z2%
INTC/24,247) = MM*X2Y2 + SS*(X2Z2+Y272)%

.integral about centroid

‘COMMENT* MULT LOWER TRIANGLE BY DD AND VOLUME= 8xAxB*C §

'FOR' I=1 'STEP' 1 'UNTIL' 24 'DO’

'FOR' J=1 'STEP' 1 'UNTIL' I 'DO' INT(/I,J/) = 8&*A*B*C*DD*INT(/1,J/)3%
'COMMENT' PUT UPPER TRIANGLE EQUAL TO LOVWERS -

'FOR' I=1 'STEP' 1 'UNTIL®' 24 'DO° -

‘FOR' J=1 'STEP' 1 'UNTIL' 24 'DO" INT(/I1,J/)=INT(/J>1/)%

'END' INTEGSE §% :
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"PROCEDURE' BPOSTS&$ ' ' o
'BEGIN' 'INTEGER' S,Ls»1,J55MsSN$ '
'FOR' S5=1,25354,556,758 'DOBEGIN'

I=ELNOD(/NO0>S/)>%

*FOR' L=1,2,3,4,5,6,7,8 'DOBEGIN'
: J=ELNOD(/NOsL/)>% "
'FOR' SM=0s,1,2 'DO°’

'FOR' SN=0,1,2 'DO°’

YIF' 3%xJ-SN 'GE' 3%I-SM 'THEN'
SK(/3*%I-SMs3%J-SN-3%I+SM+1/) =
SK(/3%I1~-5Ms3*%J-SN-3%I+SM+1/) + EK(/3%5-SM,3*%L~-5N/)§

I'END'$ "END'$

'END' BFOST8S

[T§ROCEDURE' FXBIT8S | ,
"BEGIN' 'INTEGER' NODE,XSIGN,YSIGN,ZSIGN,I,P$

"FOR' P=1 'STEP' 1 'UNTIL' NFX 'DOBEGIN'
NODE=FX(/P,1/)§%, : .
XSIGN=FX(/P,2/)$ YSIGN=FX(/P,3/)% ZSIGN=FX(/P,4/)%

post to uppef band

boundary
conditions

"IF' XSIGN 'EQ' O 'THEN BEGIN®
"FOR' I=2 'STEP' 1 'UNTIL' BD 'DO' SK(/3%NODE-2,1/)=0%
SK(/3*NODE-2,1/)=1% _
"FOR' I=1 'STEP' 1 'UNTIL' (3%NODE-3) 'DO’ .
~ VIF' (3%NODE-2) 'LE' (I-1+BD) 'THEN' SK(/I,3%NODE-2-1+1/)=0%
" 'END'S ' o -

*IF' YSIGN 'EQ' O  'THEN BEGIN'
'*FOR' I=2 'STEP' 1 'UNTIL®' BD 'DO' SK(/3%NODE-1,1/)=0%
SK(/3*NODE-1,1/5=1% :

"FOR' I=1 'STEP' 1 'UNTIL®' (3%NODE-2) 'DO" '

*“IF' (3%NODE-1) 'LE' (I-1+4BD) 'THEN' SK(/I,3%NODE-1-I+1/)=0%

‘END'S ' : - .

*IF' ZSIGN 'EQ' O 'THEN BEGIN'
fFOR' I=2 'STEP' 1 'UNTIL' BD 'DO' SK(/3%NODE,I/)=0%

' SK(/3%NODE»1/)=1%
*FOR' I=1 'STEP' 1 ‘UNTIL®' (3*NODE-1) 'DO’
*IF' (3%NODE) 'LE' (I-1+BD) 'THEN' SK(/I,3*NODE-I1+1/)=0%
"END'$ -
'"END' PS$
'END'. FXBIT8S
"PROCEDURE' LOAD3D$
'BEGIN' 'INTEGER' NO,I$ 'REAL' XLOAD,YLOAD,ZLOADS
NULL(VI,N,CS)>$% .
NEWLINE(2)>% WRITETEXTC(' (' LOADING'C(*S')>'0OF'('S*>' SYSTEM ')>')%
LAB3'.' NO=READ$
*IF' MO 'EQ' 99 'THEN' 'GOTO' LAB4S
XLOAD=READS YLOAD=READS$ ZLOAD=READS$ .
NEWLINE(C1)% WRITETEXTC'('NODE')>')>$ PRINT(NO,3,0)% SPACE (10)%

- WRITETEXT(' (' XLOAD ')>')%$ SPACE (2)% PRINT(XLOAD,0,4)% SPACE (10)%
WRITETEXTC' (' YLOAD ')')>$ SPACE (2)% PRINT(YLOAD,O0,4)% SPACE (10)%
WRITETEXT(' (' ZLOAD ')')>$ SPACE (2)% PRINT(ZLOAD,0,4)% SPACE (10)%
VIC(/3%N0-2,1/)=XLOADS
VIC(/3%N0-1,1/)=YLOADS
VI(/3%N0>1/)=ZL0ADS load structure

'GOTO' LAB3$
ILABa-.' "END' LOAD3D, VI -ARRAY$
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"PROCEDURE' SETDS(D)$ 'ARRAY' DS
'BEGIN' ' INTEGER' I,J$

DC/1,1/7)=MMSD(/1,2/)=1% D(/1,3/)>=1%
D(/2,1/)=1% D(/2,2/)=MMSD(/2,3/)=1%
D(/3,1/)=1% D(/3:2/)~1$ D(/3,37)=MMS
D(/4,47)=D(/5,5/)= D(/6 6/)= SS$
'FOR' 1=1,2,3,4,5,6 ‘DO’ N ‘ :

YFOR' J=152,3,435,6 'DO' D(/I1,Jd/)=DD*D(/1,J/)%

'END' SETDS8$ _ _ : ' : _
'‘PROCEDURE" SETBS(B:X:Y:Z)$.'VALUE' X:Y:Z$ 'REAL' X,Y, 4% *ARRAY' BS$
'BEGIN' ’ '
B(/1,2/)=1% B(/1,5/)=Y% B(/1;7/) 7$ B(/I;S/) Y*Z3%
B(/2,5,11/3=1% B(/2,13/)=X% B(/2,14/)=2% B(/2,16/)=X*%75%
B(/3,20/)5=1% B(/3,22/)=Y% B(/3,23/)=X% B(/3,24/)=X%Y$

(D)‘matrix

(B) for

B(/453/)=1% B(/4,5/)=X$S B(/4,6/)=2% B(/4,8/)=X*1% : given xX,y,2
B(/4,10/3=1% B(/4,13/)=Y$ B(/4,15/)=2% B(/4,16/)=Y%2%

B(/5,12/)=1% B(/5514/)=Y% B(/5,15/)=X% B(/5,16/)=X%Y$
B(/5,19/)=1% B(/5,21/)=X$% B(/5,22/)=2% B(/5,24/)=Y*Z%

B(/6,4/)=1% B(/6,6/)=Y% B(/6,7/)=X% B(/6,8/)=X%Y$

B(/6,18/)=1% B(/6,21/)=Y% B(/6,23/)=2% B(/6,24/)=Y*2%

I'FND' SETBE&S : B ' S
ITERN=READS 'COMMENT' INPUT TOTAL NO. OF ITERATIONS TO FULL LOADS
M2I 1 ] - - o .

© NEWLINEC1)$ WRITETEXT(' (' TOTAL.ITERATIONS.TO+FULL.LOAD.'C'SS*)' t)')s
" PRINTCITERN,4,0)% : - : . . .

'COMMENT' INITIAL YM(NO)> AND NUCNO)S
' 'FOR' I=1 'STEP' 1 *UNTIL' EL 'DO' YM(/I/)=YMIS
'FOR' I=1 'STEP' 1 -'UNTIL' EL 'DO° NU(/I/) NUIS

"COMMENT' READ IN FIXITY MATRIX FX(NFX,4)>%

'FOR' I=1 'STEP' 1 'UNTIL' NFX 'DO' '"FOR' J=1,2,3,4 'DO"
FX(/1,J/)=READS : o
M4t ' ' :

NEWLINE(2)% WRITFTEXT('( XX (! S') FIXITY'('S")'MATRIX' ("' S') XXX'™O)')s%
'FOR' I=1 'STEP' 1 'UNTIL' NFX 'DOBEGIN' NEWLINEC(1)S$

‘FOR' J=1,2,3,4 *'DO' PRINT(FX(/15J/)3,3,03% 'END'S$

ITER=1% '

LAB1'.' PAPERTHROV$

NEWLINE(1)%

WRITETEXTC(' (' ITER'('SS'")'= ')')$ PRINTC(ITER,3,0)S%
NULL(SKsNsBD)$% ' ' : ‘
M51.|

'FOR' NO=1 'STEP' 1 *'UNTIL' EL ‘'DOBEGIN'

ACENTS&S

MM= C1-NUC/NOZ))/NUC/NO/ S

SS= (1-2%NUC/NO/)Y)/(2%NUC/NO/))S

DD = (YM(/NO/)*NUC/NO/))>/CCL+NUC/NO/) )% C(1-2%NUC/NO/)))S
M6' L] . .

INTEGSS

MATCOP (CC»AA»24,24)8

MATINV (BB»CC»24)8%

TRANS (EK,BB»24,24)% )
MATVUL(CC,EV,INT,pa,ea,za>§é//////’elqment stiffness
MATMUL (EK,CC.BB,24,24,24)5

BPOSTES

"END'S

M7|.'
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FXBITES
-MS"'
*IF' ITER 'EQ@' 1 'THENBEGIN' N
NULLCVILN-CS)$
Mg'-' o
LOAD3D% R
NEWLINE(1)S$ - ‘ : ]
WRITETEXT(* (' X X X X X A X ¥ X X X X X XX XAXKXXXXKXXXXX "I
NEWLINE(2)$ URITFTFXT('(' VIiI.TO.EQN.SOLVE ')')%
SM=1% .
'FOR' I=1 'STEP' 1 'UNTIL' N 'DOBEGIN' PRINTC(VIC(/Is1/) 5053)0%
*IF' SM ‘'EQ' 8 'THEN BEGIN' NEWLINE(1)$ SM=1% *END' ‘'ELSE"
SM=SM+1% 'END'S
'FOR* I=1 'STEP' 1| ‘*UNTIL' N 'DO' VI2(/1,1/)=VI(/1,51/)3%
'END'S$ ' ’
NULL(VILN-CS)>$
'FOR' I=1 'STEP' 1 'UNTIL®' N 'DO°
'IF' ITER 'LT*' ITERN °'THEN' VI(/1,1/)=CITER/ITERNY*VI2(/I1,1/)
'ELSE' VI(/151/)3=VI2(/1,1/)% ] . . ,
‘§%8§M¥3(N’BD’CS’SK’VI)$ Choleski solution of equations
NEWLINE(2)3% VYRITETEXT('(' DISPLACEMENTS '('S*")' AT '(*'S')' NODES')>')%
NEWLINE(1)% . _ ’
'FOR' I=1 *STEP' 3 ‘*UNTIL' (N-2) 'DOBEGIN'
SM=ABS( (I+2)/3 1% ‘ ‘
NEWLINE(1)>% PRINT(SM»3,0)% SPACE(3)%
*FOR' J=0,1,2 'DOBEGIN' PRINT(VI(/I+J,1/);O,4)$ SPACE(4)% 'END'S
'END' I%
MIL'."
PAPERTHROWS
WRITETEXT . :

(*(' ELEM *('4S5')' CENTROID *'('6S")' X '('6S*')>' Y '('65'>' Z
'('2S')' STRESSES *(¢'14S')' X "(*6S')' Y "('6S')>' Z '('6S')>' TXY
TLT6STY TYZ *('6S')' TXZ *('45')* MN.NORSTRS *('25*)>' NEW.YM *)>*>%
Ml12'." . ' ’
*FOR' NO=1 'STEP' 1 'UNTIL' EL 'DOBEGIN'

LX=0% LY=0% LZ=0% 'COMMENT' THE CENTROIDS
'FOR' L=1,253,4,556,7>8 *'DOBEGIN'

LX=LX+NCOORD(/ELNOD(/NO>L/)51/)%

LY=LY+NCOORD(/ELNOD(/NO,>L/)52/)%

LZ=LZ+NCOORD(/ELNOD(/NO,>L/)53/)%

'END'$ LX=LX/8% LY=LY/8S LZ=LZ/8%

NEWLINEC(C1)>$S SPACE (1)3%

PRINT(NO»>3,0)% SPACE (2)>%

PRINT(LX,0,4)% PRINT(LY>0,4)% PRINT(LZ,0:4)$

L¥X=0% LY=0% LZ 0% 'COMMENT' THE CENTROID IN CENTROID COORDSS$
MI3'."

NULLC(AA,24,24)% NULL(BB,P4,24)$ NULL(CC;24:24)$

MM= (1-NUC/NO/)Y)/NUC/NO/)>%

SS= (1-2%xNJ(/NO/I)>/(2*NUC/NO/))>$%

DD = (YM(/NO/)*NU(/NO/))/((1+NU(/NO/))*(1 2*%NUC(/NO/)3))2%
Ml4t .

SETDEB(BB)Y$%

M15'."

SETB&(AA,LX>LY>LZ)>% '
MATMUL(CC)BB)AA:QQ:QQ;ZQ)$ stresses at element centroid
ACENTS&S '

MATINV(BB,AA,24)% _

MATMUL(AA,CC,»BB,24,24,24)%

_NULL(BB,24,24)>% .
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L=1$ 'FOR' I=1 'STEP' 3 ‘'UNTIL' 22 *DOBEGIN'
SM=ELNOD(/NO>L/)$ : ‘ .
BB(/1,1/)=VI(/3%SM~2,1/)%
BB(/I+1,1/)=VI(/3%SM-1,1/)8%
BB(/I142,1/)=VI(/3%5M>1/)5

L=L+1% 'END'S$ )

MATMUL (CC »AA>BB-24,24,24)% _

'"COMMENT ' STRESSES ARE IN CCl,1 TO CC6,1%
"FOR' 1=1,2,3,4,5,6 'DO' PRINT(CC(/I,51/355,2)%
MEANST=0$% :

MI7' " _ -
'"FOR' I=1,2,3 'DO' MEANST=MEANST + CC(/I1,1/)%
MEANST=MEANST/3% ‘

SPACE (2)$% PRINT(MEANST,3,3)%

MIB® . R

: : _modify Young's modulus
MEANST=ABS (MEANST)S .
‘COMMENT® X X X X X X X X XXX XAXAXXXEXXXXXXEXXXS

EQU= 7000 *MEANST**0.55% :
'COMMENT' X X ¥ X X X X X X X X X X X X X X X X X X X X XXX X XS
'*COMMENT'® DAMP THE MODIFICATION TO MODULUS SO THAT IS ONLY
CHANGED BY HALF THE AMOUNT CALCULATEDS

*IF' ITER *GE' ITERN 'THENBEGIN'

INC=EQU-YM(/NO/)S%

INC=INC/2%
- YM(/NO/)=YM(/NO/)> + INCS

*END' 'ELSE' YM(/NO/) = EQUS%
SPACE (2)% PRINT(YM(/NO/),0,3)%

*END' NO=1 TO EL FOR STRESSES §, -
NEVLINE(2)% YRITETEXTC(' (' MODIFIED .'('S*')>' MODULI *)>')%
NEWLINE(1)S : o :
_ "FOR' I=1 ‘'STEP'.1 ‘UNTIL' EL 'DOBEGIN'

PRINT(YM(/1/35053)% SPACE (1)% ' ' ) T -

*IF' ABSC I/10 - ENTIERCI/10) > 'LT' 'E'-6 'THEN' NEWLINE(1)>$ 'END'S
*IF* ITER 'EQ' 1 THEN' STOPS
ITER=ITER+1$ 'GOTO' LABTS——
STOPS _ :
'END' 2 IN BLOCKS '

*END' 1 IN BLOCKS ' _
'END' MAIN PROGRAM 8 NODE ELEMENT AND OUTER BLOCK

change to define no, of iterations
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PROGRAM 4: 4 node axisymmetric rectangle (TEMPERATURE)

Effect of temperature on the stiffness of the
top layer

AL,1 General Description

The program is modified from Program 2.1 to incorporate
layers of different materials. Procedures which are common
to program 2.1 are not listed but simply named at the position
in the program where they must be declared.
A layer description is read into a matrix RELAT(1:NLAYS,1:2).
One row of this matrix refers to each of the (NLAYS) layers.
Into the first location of a row is read the lowest element
number in the layer and the second, the highest. By reference
to this matrix the program can establish which layer contains
a particular element.
The program as presented carries out two computations:
(i) an analysis using constant moduli for each layer in a
2-layer system
(ii) an analysis using modulus values modified in the top
layer according to the stiffness-with-depth relation-

ship given in the procedure 'LAYMOD'

Procedures not described in Section A2.1.1:

GEN4N - generates the element mesh data using input of
mesh-line co-ordinates instead of mesh
spacing (AUTO4)

LAYMOD -~ given the layer number (LAYER) as input, the
procedure recalculates the Young's modulus
YM(NO) for an element (NO) according to some
criteria:

In this case:
Temp® F £y (z) z = depth
Temp°C = fp (°F)
E = f3(Temp®C)
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Depth must be defined from the surface. The
co-ordinates were generated as increasing upward from
10 in., below the bottom boundary (440 in. below surface
in the text) and thus 'depth' = (450-LZ) in the text of
'LAYMOD'.
ALk,2 TInput
Sample input for a 12 in. layer overlying a halfspace
(similar to Fig. 6.5) is given - the total mesh dimensions

have, however, been changed to 280 in. radial x 440 in.

depth:-

Data Description

1 43 Load cases (CS), no. of nodes
at which boundary fixities are
imposed (NFX)

11 17 No. of mnodes in radial (r)
direction (XND). No. of mnodes
in vertical (z) direction (YND)

2 Number of layers (NLAYS)

0 3 6 9 12 20 45

Co-ordinates of mesh points in

75 130 200 280 the radial direction X(1:XND)

0 3 6 9 12 15 25

Co-~ordinates of mesh points in

40 60 95 130 170 220 270 the vertical direction Y(1:YND)

325 380 440

1 (ITERN) - total iterations to
full load - redundant in this
program; keep as 1

1 4o RELAT(1:NLAYS,1:2)

i.e. elements 1 to 40 are in row 1
41 160 elements 41 to 160 are in row 2
& 1.0 x 10* Young's modulus of each layer,
i.e. E1, Eﬁ

6.1828 x 10

0.4 0.4 | Poisson's Ratio of each layer,
i.e. V1, Vg

/contd.
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101 11 01 12 0 1

2201 3301 3401 Fixity matrix FX(1:NFX,1:3)
44 0 1 45 0 1 etc as described in A2.1.1

exactly as input in Section
A2.,2.2 up to .... 187 0 O

1 2 1 0 =100 uniformally distributed loading,
for each element loaded:-
2 3 2 0 =100 (element no./node 2/node 1/

r load/z load)

888 terminator

A4,3 Input Information in the Program Text

The procedure LAYMOD is the device by which the change
in modulus is defined after each calculation of the element
centroid stresses. The eqﬁations, defining the change in
modulus with temperature and depth (here) or stress level
(Prog. 6) within each layer, are included in the procedure

text.

AL,k OQutput

Card output was produced of some of the critical stresses
and strains on the load axis. This provided data for the
automatic plotting of certain of the graphsin Chapter 6.

These instructions may be removed.
Otherwise the lineprinter output is substantially the

same as that described in section A2.1.4 for Program 2.1.
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PROGRAM 4 LISTING (4 node axisymmetric rectangle) (TEMPERATURE)

The effect of temperature on the stiffness of the top
layer

*ALGOL

'‘BEGIN' o -

' INTEGER' NODLELLN>CS,NFX, XND,YND, NLAYSS
'REAL' YMILNUIS%

LTSTAC (20000)>%

CS=READS )

NFX=READS%

XND=READS%

YND=READS

NLAYS=READS .

'*COMMENT' XND IS NODES ACROSS YND IS NODES DOWN

EL= (XND-1J2*(YND-1)%

NOD= XND*YND$

N=2*%NOD% _

NEWLINE(2)S WRITETEXT('(' 4.NODE. PROG?AM-aLAYERED TENPEPQTURE NON . LIﬂrﬂ

R.ELASTIC '('SS')>"'" NO. FRICjION OPTION ')')S

number of layers

'COMMENT® OUTPUT MOST OF THE. INPUT CONSTANTS AND IMPORTANT PARAMETERSS

NEWLINE(1)% WRITETEXT('(' LOAD "('SS5*')' CASES *(*'265')>' ')')%
PRINT(CS,2,0)3% -
CNEWLINEC(1)S WRITETEXTC' (' NO'('S")'OF'"('S')'FIXITIES *('20S')' ')")S$
PRINT(NFX,3,0)%
NEWLINE(1)S WRITETEXT('(' NUMBER.OF.NODES+«+sR»Z++DIRECTIONS *')' )8
PRINT(XND,2,0)% SPACE(2)% ' '
PRINT(YND»2,0)% :
NEWLINE(2)% WRITETEXTC('(' NO.OF.LAYERS...NLAYS ')>')$ PRINT(NLAYS,5,0)%
NEVLINE(2)% WRITETEXTC(' (' ELEMENTS..EL ')>')O% SPACE(23)$
PRINT(EL55,50)% :
NEVLINE(1)>% WRITETEXTC(' (' NODES..NOD ')')% SPACE(25)%
PRINT(NOD»5,0)% '
NEWLINE(1)$ WRITETEXT(' (' NO+OFUNKNOWNSse¢.N "J')>% SPACE(17)%
PRINT(N,5,0)% ' '

'BEGIN® : : :

'ARRAY' NCOORDC/1'«'NOD>1'+'2/)> INT>AA>BBLCCL>EK(/1'.'8,1'.°8/),
NULYMC(/1'«*EL/)s FX(/1'e'NFX51'"e"'3/)5 VILVI2(/1'«'Ns»1''CS/05%
*INTEGER' 'ARRAY' ELNOD(/1'.'EL,1'+'4/) , RELAT(/1'.'NLAYS,1'.'2/)3%
'REAL" LR)LZJEQUJINCJMMJSSJDDJMEANST}TOCTJCbeTJCZJCTRZ}TEMPFJTEMPC$
'INTEGER' IJJJSMJSN{LJNOJITER)ITERNJBDJLAYERS

* INTEGER' I1,JJ% L matrix to assign elements to layers
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'PROCEDURE' GEN4N $
'BEGIN'

'ARRAY' X(/1'.'"XND/J)»> Y(/1'+'YND/DS

"INTEGER® I,IX,IY,P,Q,R,IXY,RR,Q0,NULFACNF%

'*FOR' I=1 'STEP' 1 'UNTIL' XND 'DO' INREAL( X(/I/) )%
"FOR' I=1 'STEP' 1 *UNTIL' YND *'DO* INREAL( Y(/I/) )8

'"COMMENT' GENANM IS A MODIFICATION OF GEN4N
TO NUMBER INTERFACE ROWS OF ELEMENTS TWICE, INPUT IS
ROWZ(1 TO ROWS) ROWS IS NO OF ROWS WITH FRICTION

ROWZ CONTAINS ROW NO AFTER WHICH FRICTION
INTERFACE OCCURS § : ' ‘
*COMMENT ' GEN4NM MOD LEFT IN 4TRIAX PROGRAMS

I=1$ Q=0% R=0%

NF=1% -
'FOR' 1Y=Q 'STEP' 1 'UNTIL' YND-2+Q 'DOBEGIN'
'FOR* IX=R 'STEP' 1 'UNTIL' XND-2+R 'DOBEGIN'
IXY=1+IX+IY$ “ :
ELNODC(/1,1/)=I1KY+XND% .
ELNODC(/I,2/)=1XY$ . ° " element numbering
ELNOD(/1,3/)=IXY+1$-
ELNOD(/I,4/)=1XY+XND+1$% :
*IF* I 'EQ' EL 'THEN GOTO' LS
I=1+1% :
RR=RS
'END' IX$%

R=RR% R=R+XND~-1%
. QR=0S% '
" *END' IYS .
Li'.' LINESC1)%

P=1% Q=1% , _ :
*FOR' I=1 'STEP' 1 'UNTIL' NOD 'DOBEGIN'

NCOORD(/I1,1/)= X(/P/)S :

NCOORD(/1,2/)= Y(/Q/)% node co-ordinates

P=P+15% -

"IF' ABS( I/XND-ENTIER(I/XND) ) 'LE' 'E'-6 'THEN BEGIN'
P=1% Q=0+1% *END'S

*END'S 'COMMENT' I IS 1 TO NODS%

NEYLINE(3)% |
L'END' GEN4N S
'PROCEDURE' BCHEK4S%
'BEGIN'

" INTEGER' NO,I»R,S,T,BANDS
* INTEGER' 'ARRAY' P(/1'.'4/)%
T=0% : :
*FOR' NO = 1 'STEP' 1 'UNTIL' EL 'DO' 'BEGIN'
'"FOR' I = 1,2,3,4 'DO' P(/1/) = ELNOD(/NO>I1/)>$%
R=0% S=1000% : :
*FOR' I = 1,2,3,4 'DO''BEGIN'
"IF' PC/I1/) *GT' R 'THEN' R=P(/I/)$
*IF* P(/I/) 'LT' S *THEN' S=P(/I/)%
'END'$
BAND = 2%(R-S+1)%
‘IF' BAND 'GT' T 'THEN' T = BANDS
*END'$ ' :

BD=T%
I'END' BCHEK48%
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GENANS *COMMENT' FOBMS ELNOD AND NCOOED (AS SPACE 4 CHOL 3106)
- AND QUTPUTS THENMS '
PAGES TEXT(F (' NCOOED"x'FROM'**QENAN ")*3% LINESC1DS
*COMMENT' REARRANGEMENT OF NODE CO-ORDINATES TO BE IN ASCENDING
ORDER OF Z FROM BOTTOM OF HALFSPACES + 10 din.
'FOR' I=1 *'STEP' 1 'UNTIL® NOD "DOC o )
: NCOORD(I,23=NCOORD(I,2)~-NCOORD(NOD,2)35%
*FOR' I=1 'STEFr' 1 'UNTIL®' NOD *DO’ -
NCOORD(Is2)=ABS(NCOOED(I-2))% :
*FOR® I=1 “STEP' 1 'UNTIL' NOD *'DO' NCOOED(I,2)=NCOORD(I,2)+103%

PAGES

‘COMMENT® OUTPUT OF ELEMENT NODE MATRIX $

LINES(2)3% TEXTC *(' ELNOD ')' )&

LINES(1)S$

SM=0% SN=0%

*FOR'-I = 1 'STEP' 1 'UNTIL' EL 'DO' ‘*BEGIN’

'IF' SM 'EQ' © 'THEN' 'BEGIN' LINES(1)% SM=0% 'END'S
SM=S5M+1% - '

'IF' SN 'EQT 24 *THEN' 'BEGIN' LINES(2)>% SN=0% 'END'S
SN=SN+1% : ’
'FOR' J=1,253s54 'DOBEGIN' : :
IPRINT(ELNOD(I»dJ>»32% SPACES(13% 'END'S

SPACES(4)>% 'END'S

PAGES

'COMMENT' OUTPUT OF NODE CO-ORDINATE MATRIXS

LINES(2)% TEXTC('(' NCOORD '")>')>$ LINES(1)>$ SM=0%

'FOR' I = 1 'STEP' 1| ‘UNTIL' NOD 'DO' 'BEGIN' SPACES(2)%
. 'IF' SM 'EQ' 5 'THEN' 'BEGIN' LINES(1)% SM=0% 'END'$
SM=SM+15% : ' _

*FOR' J=1,2 *'DOBEGIN'

PRINT(NCOORD(I»J)»3,2)% SPACES(1)%

'END'S 'END'S : :

BCHEK4% ‘COMMENT' FORMS BDe..BANDWIDTH OF STRUCTURE STIFFNESS MATRIXS
NEVWLINE(2)% JRITETEXT(' (' BANDWIDTHe+.OF «STIFFNESS .MATRIX:«BD«0OF.SK')>')S
SPACE(2)>% PRINT(BD»3,0)S ’

'BEGIN'
*ARRAY' SK(/1'.'N,1'.'BD/)S

AKXXXXKXKXX PROCEDURES
STORE, LAYSTR> ,
AGLOB4, ITINT4, BPOSTAS

modified Young'i ?;dulus FXBDIT» LOAD, UDOADA4,
for each elemen ayer SETD4,SETB4 .

number already

established)-

"PROCEDURE®' LAYMOD(LAYER,EQU)S 'INTEGER' LAYERS 'REAL' EQUS
'‘BEGIN' :

*IF' LAYER 'EQ' 1 'THEN BEGIN'

'COMMENT' S AM SUMMER 4507BS

TEMPF= 68 + 0.75%(450-LZ)3$SPACE(2)% PRINT(TEMPF,3,1)%
TEMPC=(5/9)%(TEMPF-32)% SPACE(2)% PRINT(TEWMPC,3,1)%

EQU=EXP (14 .64802-0.04352%TEMPC-0.00066*TEMPC*%2)%
YM(/NO/)>=EQUS 'END'S

l'END' LAYMODS

:
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'COMMENT* TOTAL NO OF ITERATIONS OF LOAD$V

MI' ! ’ * ’

ITERN=READ$ 'COMMENT' INPUT TOTAL ITERATIONS TO FULL LO0ADS.

MY .! ’

NEWLINECI)S WRITETEXTC('(' ITERN..TO.FULL.LOAD')>')>% PRINTCITERN:3,0)%

‘COMMENT' READ IN LAYER DESCRIPTION RELATS

'FOR' I=1 'STEP' 1 *UNTIL®' NLAYS 'DOBEGIN'

*FOR' J=1,2 'DO' RELAT(/1,J/)=READ$% 'END'S

NEWLINE(2)$% :

WRITETEXT(' (' LAYER.DESCRIPTION. .RELAT(NLAYS»2) ')')%
NEWVLINE(2)% _

'FOR' I=1 'STEP' 1 'UNTIL' NLAYS 'DOBEGIN'

'FOR' J=1,2 'DOBEGIN' PRINT(RELAT(/I1,J/3,450)% SPACE(2)%
'END'$ NEVWLINEC1)S 'END'S ' :

- "COMMENT' READ IN AND SET INITIAL LAYER NMODULIS

NEWLINE(2)% WRITETEXT(' (' LAYER.YOUNGS .MODULI ')')>$ NEWLINEC(1I)S
*FOR' I=1 'STEP' 1 .'UNTIL'" NLAYS 'DOBEGIN' YMI=READS$
PRINT(YMI,05,3)% SPACE(2)S . ' : :

*FOR' SM=RELAT(/I,1/) 'STEP' 1 'UNTIL' RELAT(/1,2/) *DO"
YM(/SM/)Y=YMIS 'END'S ' :

*COMMENT' READ IN AND SET LAYER POISSONS RATIOS a
NEWLINE(2)$ WRITETEXT('(' LAYER.POISSONS.RATIO ')>')>$ NEWLINEC1)S
*FOR'I=1 'STEP' 1 ‘UNTIL' NLAYS 'DOBEGIN' NUI=REZADS$

PRINT (NUI»1,3)% SPACE(2)% ' _

"FOR' SM= RELAT(/I,1/) 'STEP' 1 'UNTIL' RELAT(/1,2/) 'DO°
NUC/SM/)>=NUIS 'END'S , . -

'COMMENT' READ IN FIXITY MATRIX FX(NFX,3)% _ :

‘FOR' I=1 'STEP' 1 'UNTIL' NFX 'DO' ‘FOR' J=1,2,3 'DO' F¥%(/I,J/)=READ’
NEVLINE(]1)$ WRITETEXT (' (" XXX .FIXITY.MATRIX«XXK')")$

'FOR' I=1 *'STEP' 1 'UNTIL' NFX °'DOBEGIN' NEWLINE(C1)S

'FOR' J=1,2,3 *DO' PRINT(FX(/15J/3,3,0)>% *END'S%S

M4t .t

ITER=1%

LAB1'.' PAPERTHROWS : _

WRITETEXTC'(' ITER'('SS')>' = *')>*)$ PRINTCITER,3,0)%

NULL(SK,NsBD)>$ . ' :
M5, _ :

*FOR' NO = 1 'STEP' 1 'UNTIL' EL fDO' *'BEGIN®

AGLOB4S ’ :

MM=(1-NUC/NO/))Y/NU(/NO/)>%
S5=(1-2*&NUC/NO/ )X/ (2%*NUC/NO/)>)>% .
DD=(YM(/NO/)*NUC/NO/Y)/ CCI1+NUC/NO/ ) )% (1 -2xNUC/NO/)>))>%

M6' ° A
ITINT4S
MATCOP(CC,AA>8,8)0S%
MATINV(BB-CC,>8)%
TRANS(EK,BB,8,8)%
MATMUL(CC,>EK, INT,8,8,8)% .
MATMUL (EK,CC,BB,8,8,8)% element stiffnesses using latest
BPOST45% o known Young's Modulus and Poisson's
'END'S . Ratio . a '
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M7 . S o ' - , ,
FXBDITS o - S
M8l ?l

'*IF'.ITER 'EQ' 1 'THEN BEGIN'
NULL(VI>NsCS)$ .

Mg! .l
UDOAD4S
NEWLINEC1)S - _
WRITETEXTC * (' XKXXXEXAXRKRAXXXERAKXREKX K KA R KKK KKK A X XEE XXX XA XA KK KXIKE I G
NEWLINE(2)% WRITETEXT('(' LOAD.VECTORS «..VI(N,CS) ')>')&
NEWLINEC1)$ : .
SM=1% *FOR' I=1 'STEP' 1 'UNTIL' N 'DOBEGIN' PRINT(VI(/I51/)5053)%
"IF' SM 'EQ' § 'THEN BEGIN' NEWLINE<1>¢ SM=1% 'END' 'ELSE' SM=SM+1$

. ' _ 'END'S
'FOR' I=1 'STEP' 1 ‘'UNTIL' N 'DO' v12</1,1/> VIC/1,1/7)%

*END' )
NULL(VI,N cs>$ i

"FOR' I=1 'STEP' 1 'UNTIL' N 'DO''BEGIN'

'*IF' ITER 'LT*' ITERN 'THEN' UI(/I;1/)—<IThR/ITFRN)¥U12(/I,1/)
'ELSE' VIC(/I,1/)=VI2C/1,51/)5%

*END'S ) - '
PLAGMK3 (NsBDsCS5SKsVIDNS Choleski solution of equations
-M10'. - . '
NEWLINE(2)S WRITETEXTC('('. DISPLACENMENTS .AT«NODES ')')%
NEWLINEC1)S : : : : -

'FOR' I = 1 'STEP' 2 'UNTIL' (N-1) *'DO' 'BEGIN'
SM = C(I+1)/2% '
NEWLINE(C1)>S PRINT(SM,3,0)% SPACE(3)S

'FOR' J=0,1 ‘'DOBEGIN' PRINT(VI(/I+J,1/),0,4)% SPACE(4)>% 'END'S
*END'. IS '

*IF' ITER 'EQ' 2 'THEN BEGIN' .

TCOMMENT' CARD OUTPUT OF AXIS NODE NOs ZCOORDs VERT DISPLS%
CPOUTS .

'*FOR' I=1 'STEP' XND 'UNTIL' XND*(YND-1)+1 *'DOBEGIN'
NEYCRDS : ' :

PRINT(I1,4,0)% SPACE(2)S

PRINT(NCOORD(/1s2/),4,3)% SPACF(2)$'
PRINT(VI(/2%1,1/)50,7)% SPACE(2)$

*END' IS

LPOUTS 'END' ITER2S



PAPERTHROWS .
YRITETEXT(' (* ELEM.CENTROID«ReeeZessssSTR..R
® ¢ @ 80000 oo TI‘{ ooeoo.o-e.Z oocooo‘lo'ooTRZ

Mil®." . : _ Phk.9

a e & & ¢ ."OO'MN STR o @ & ¢ ¢ ¢ 0 O “TOCT ) . MOD.MODULUS ' )' )$
MI2t . . _ .
NULL(SK,5%(XND -1),YND =-1)%

II=1% dJJ=18%

"FOR' NO=1 *'STEP' 1 'UNTIL' EL 'DO' ‘BEGIN’
LR=0% LZ=0%
"FOR' L=1,2,3,4 *DO' 'BEGIN'
LR=LR+NCOORD(/ELNOD(/NOsL/>51/)% LZ= LZ+NCOORD(/ELNODC/NOsL/ )52/
"END'S$ LR=LR/4S% LZ=LZ/4%
NEWLINE(1)% PRINT(NO,3,0)% SPACE(2)$
PRINT(LR»3,1)>% PRINT(LZ,3,1)%
MI3'.'
NULL (AA, 85855 NULL(BB»8,8)5 NULLCCC8s8)%
MM=(1-NUC/NO/)>/NUC/NO/)S o
SS=(1-2%NUC/NO/)>)/ (2%NUC/NO/))S '
DD=(YM(/NO/)*NUC/NO/) )/ CCL+NUC/NO/I)*(1-2%NUC/NO/))I)S
M1t .
SETD4(BB)$
M15'.!
SETB4(AA,LR,LZ)S ,
MATMUL (CCsBBsAAs 858,85
AGLOB4S
MI6' ot
MAT INV (BB,AA,8)S
MATMUL (AL ,CCsBB»8,8,8)%
NULL (BB, 8,8)% -
L=1% 'FOR' I=1 'STEP' 2 fUNTIL' 7 'DO' 'BEGIN'
SM=ELNOD(/NO,L/)S : :
BB(/I,1/)=UI(/2%SM=-1,1/7% BB(/I+1,1/)=VI(/2%SMs1/)% -

_stresses at element centroids

- L=L+1% ‘'END'$%

MATMUL(CC,84,BB,8,8,8)% ’ ' .
'COMMENT' STRESSES ARE IN CCl1,1 TO CC 1.,4%

'FOR' 1I=1,2,3,4 ‘DO’ - PRINT(CC(/I,1/),4,2)%
MEANST=0% . )
MIT'."

'FOR' I=1,253 'DO' MEANST=MEANST + CC(/1I51/)%

MEANST=MEANST/3%

SPACE(4)% PRINT(MEANST,3,3)% : -

CR=CC(/1,1/5% CT=CC(/2,1/)3% CZ=CC(/3,1/7)3% CTRZ=CC(/4,1/)%

TOCT= SQ@RTC( ((CR-CT)Y>*%2 + (CT-CZ)Y%*%2 + (CZ-CR)Y**2 + 6%CTRZ*%2))/3%
PRINT(TOCT 4,2)%

*IF' ITER 'EQ' 2 'THEN BEGIN'
'COMMENT' STRESSES CENTRELINES
*IF' NO 'EQ' 1 'OR’ : :
ABS( (NO-1)/(XND-1) = ENTIER( (NO-1)>/(XND-1> > ) 'LT' 'E'~6 'THENBEGIN'
CPOUTS :

NEWCRDS

PRINT(NO»4,0)% SPACE(2)%

PRINT(LZ,4,3)% SPACE(2)S .

PRINT(CC(/151/)55,57% SPACE(2)S card output of stresses near
PRINT(CC(/351/)55,5)% SPACE(2)% centreline
NEWCRDS

PRINT(NOs4,0)% SPACE(2)%
PRINT(LZ,4,3)% SPACE(2)%
PRINT (MEANST»555)% SPACE(2)S
PRINT(TOCT»5,5)% SPACE(2)S%
LPOUTS 'END'S ‘ENN' ITFR2S
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*IF* ITER "EQ' 1 'OR' ITER 'EQ' 2 'THEN'
STORE(XND,>YNDYS fCOMMENT' PUTS MEANST IN SKs LR, LZ & -

MLBY .+ ' establish which layer element is in

MEANST=ARBS (MEANST)S$ : . _

'COMMENT' X ¥ X X X X X X XXX XXAXAKXKXKXXXKXXKXXX 3

'COMMENT' MODIFY MODULUS IN CORRECT LAYERS '

'FOR' I=1 *STEP' 1 'UNTIL' NLAYS 'DOBEGIN' .

'IF' NO 'EQ' RELAT(/I,1/) 'AND' NO 'LE' RELAT(/I,2/) *THEN BEGIN'

LAYER=1I% *GO0 TO' LAYES ‘'END'3 'END'S

LAYE'+' LAYMOD(LAYER,EQU)S . ' . '

'COMMENT* X ¥ XXXXEXAXKXXXXXXXXXXXXX % .
2 ealculate element modulus for next analysis

SPACE(2)% PRINT(YM(/NO/)Y>0,3)%
_'END*® NO=1 TO EL FOR STRESSESS .

_'YIF' ITER 'EQ' 1 'OR' ITER 'EQ' 2 'THEN®
LAYSTR(XNDsYND)$S 'COMMENT' LAYS MEANST ON L/P$

NEWLINE(1)$ WRITETEXT(' (' MODIFIED '('SS')' MODULI ')>')S
NEVLINE(1)S ' '

' 'FOR' I=1 'STEP' 1 'UNTIL' EL ‘DO''BEGIN' _
PRINT(YM(/1/):053)5 SPACE(1)$ *IF' ABSC I/10-ENTIERCI/Z10)) ‘LT' ‘E‘'-6
'THEN' NEVLINE(1)$ 'END'S ' :

'IF' ITER 'EQ' 2 'THEN' STOPS
ITER=ITER+1% 'GOTO' LAB1%
STOPS : ' :
*END' MAIN 4NVE 200 MODULARISED(2 IN BLOCK)>S$

*END' NON MODULARISED HARVELL COMPAT. FROM 4AUTBIG 3313(¢1 IN BLOCK)S
'END' MAIN PROGRAM 4 NODE ELEMENT AND OUTER BLOCK, & NODE COMPATIBLE

terminat es after 2 analyses
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PROGRAM 5: 4 node axisymmetric rectangle (FRICTION/TRIAXIAL)

Friction and linkage forces and modelling the
triaxial specimen

A5.1 General Description

The program is written in separately compilable modules
(see Prog. 1) so that well established procedures could be
retained in binary form and not waste extra compiling time
during the development of this lengthy program. The form is
basically that of Program 2.1, modified to consider a layer
system in the way described in Program 4, The theoretical
approach to the linkage stiffnesses between nodes, the release
of certain of these, and mobilisation of frictional forces
at layer interfaces, is described in Chapter 7.

If frictional forces are to be mobilised, then an
jterative procedure involving more than 1 solution of the
structural equations is mnecessary. For this purpose the
iteration counter (ITER) was conveniently used, the process
being terminated after 5 iteratiomns.

Card output is produced both at the centreline of loading
and at the structure edge, with depth to facilitate the
automatic plotting of some of the graphs in Chapter 7.

At iteration 1 and 5 (zero friction forces,and stable
mobilised friction forces) the mean and shear stress
invariants are outputted to the lineprinter to enable countour
sketching (Figs. 7.6/7/8").

Certain procedures which are common with those in
Program 2.1 are named in the position in the program where

they should be declared.
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Important comments within the program text have been

underlined and others added.

A5.1.1 Extra storage requirements (these are declared in the
'predata' section)
Matrix Name Purpose
ROWZ (ROWS) to store the no. of rows vertically down
from upper surface of structure,to the
upper row of elements at each interface
where frictional forces are to be mobilised
LINEK(4,4) a matrix of linkage stiffnesses to be
added to the structural stiffness matrix,
computed for each pair of nodes so joimned
at each interface

FORCE (XND ,ROWS) matrix which stores the mobilised friction

forces —~ one row of the matrix for each
interface

LDAR(NOLOAD, 3) storage for the (node no./r load/z load)

for each extermal load - used in the
modified external load procedure 'LOADM'

A5.1.2 Additional procedures

LOADM places the extermnal structural load(s), stored
in LDAR, into the load vector (VI)

LOADFR adds the latest frictional forces (stored in
FORCE), to the load vector

FORCES calculates the frittional forces mobilised at the
layer interfaces using latest known displacements
(as described in Chapter 7)

LINK calculates the linkage stiffnesses, LINEK(4,4),
at the layer interfaces and adds them to the upper
band of the overall structural stiffness matrix

FXTEST deletes any load in (VI) which has been applied
in a restrained direction (e.g. frictional forces
on the axis of load)

GEN4NM as GENAN (Prog. 4) but increments the element

numbering in order to provide a double row of
elements at the layer interfaces, as defined by
ROWZ(ROWS, 2)



P5.3

A5.2 Input

Sample input is given for the problem in-Fig. 7.1 (with
a 6 in. long specimen). Frictional forces are mobilised

at the two layer interfaces as shown.

*PREDATA _— IR
PUBLIC NsHKO»EL»NOD»M/Y»SS,NCOORD(NOD»2)»ELNOD(ELs£)» INTCE, 8,

1 ACR2)sB2IA0E:8),ERCEB:8)SKINSBDILVINL,CS)HI>VI2IN,CS) >
2 FYX(NFX:3)sBDsCSs NLAYS,RELAT(NLAYS,2)>ROWZ(BOUWS)-ROWS.,
3 KI(2),KE2(2I),K3(2):K4(1)HE(1 ), K2(2),KI0(2),K11(2),K12(2),
4 YMC(EL)Y . NUCEL) DD, NFXs XND,YNDs LINEK{4,4),KH, KV,
5 KI3(2),H14(2)sKIS5C1)YKIG(1D)KI7(2),KI8C1)Y,KIG(2),K20(2),
6 ITER,ITEREN., YMI,NUI,NME ANST}FU;FOHCF(XND;ROWS);
7 LDAR (NOLOAD->3 ), NOLOAD, K21(2) .
REEAL MM, Sb_l\COQFD) lNI)A:B AQLERsSK:VILVI2., :
1 YM,LINEKs KHs KU DD, NU. LTACEMJV!H\ST;YMI)NUT:I’L':}“O??.CI‘Z
INTEGER N>NO,EL-NOD> LLI\’OJ:“X: NFX, ITER, ITEERN:BD,CS,NLA YS)RLJL!%T.)-
1 . ROWZ,R0V S:XND)YVD:NOLOA :

NOp=288 mno. of nodes
EL=232 - no. of elenments -

N=576 no. of unknowns {(2xNOD)
BD=22 bandwidth
- CS=1 load cases
- NFX=41 no. of boundary fixities
_ROWS=2 . mno. of rows vhere 2 rows of nodes are necessaxy
'NLAYS=3 no. of layers :
XND=9 no. of nodes in radial direction

NOLOAD=1 no. of externally loaded mnodes
PREOUT=1 device to leave predata section

Data Description
1 (ITERN) redundant, keep as 1
1 32

RELAT(NLAY,2) -~ 1st and last
33 224 element numbers in each of the
'NLAYS' layers (here, 3)

225 232
30x10°  2x10°  30x10° Young's Modulus of each of the
'NLAYS' layers
0.3 0.35 0.3 Poisson's Ratio of each of the
layers
0.25 Coefficient of friction (M) -
the same for each interface
9 32 No. of nodes in the radial

direction (XND), total no. of
nodes in the vertical direction,
includihg the two nodes at each
interface (YND)
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Data

Description

0O 0.25 0.5 0.75 1.0 1.0
1.25 1.5 1.75 2.0 2.25 2.5
2.75 3.0 3.25 3.5 3.75 4.0
b.25 4.5 4.75 5.0 5.25 5.5.
5.75 6.0 6.25 6.5 6.75

719 _qu_-7.5

101 10 0 1 19 0 1 28

ROWZ(ROWS) - the number of nodes
vertically downward to the top
node of each of the 'ROWS'
interfaces

Radial co-ordinates of nodes
X(1:XND)

Vertical co-ordinates of each
node, including two at interfaces
Y(1:YND)

Fixity matrix FX(1:NFX,1:3)
as described in Program 2.1

01 37 0 1 46 0 1 55 0 1

64 0 1 73 0 1 82 0 1 91 01 100 01 109 0 1 118 0 1

127 01 136 01 145 0 1 154 01 163 01 172 0 1 181 0 1

190 0 1 199 0 1 208 0 1 217

253 01 26201 271 0 1 280

01 226 01 235 24l 0 1

@)
Y

00 281 00 28200 283 00

284 00 285 00 286 00 287 00 288 00O 279 0 O

0 10* °
0 10*°
1 0 -1257

K, and K_ for each row: (note:
=0 if "radial frictional forces
are to be mobilised or no. degree
of radial restraint is required
at the interface)
LDAR(NOLOAD, 3): in this case only
1 load, i.e. at node no. 1.—r
load = 0, z load = -1257 1bf

A5.3 Output

The frictional forces calculated at each jiteration are

printed out, as are displacements and stresses. This enabled

the iterative procedure to be

monitored as well as the effect
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on stresses of further iterations, Output is thus
essentially the same as for program 2,1, except that the
extra procedures associated with the calculation of linkage
stiffnesses and frictional forces output the important

quantities Kh, KV and the linkage stiffness matrix.



*ALGOL** PROGRAM 5: LISTING 4N (FRICTION/TRIAXIAL) . P5,6
PUBLIC NsNOsEL,NOD,MM»5SsNCOORD(NODs2)sELNOD(EL,4)>INT(858),
AC2)B(2)5AA(8,8),EK(8,8),SK(N,sBD)sVI(N,CS)>VI2(N,CS)>»
FX(NFX53)sBDsCS» NLAYS,RELAT(NLAYS,2),RO¥Z(ROWS)>>ROWS,
KI(2)5,K2(2),K3(2),K4C1),K5C1), K9(2):K10(2):K11(Z)JKIQ(Z)J
YMC(EL)Y, NUCEL)Y»DDs>NFXs» XNDs>YND,LINEK(4,4),KHsKV, .
KI13(2),K14(2),K15C1),KIA6C1)KIT(2),KI8C1),K19(¢(2),K20(2),»
ITER, ITERN, YMI:NUI:MEAN%T:MU:FORCE(XND:ROWS):
LDAR(NOLOAD>3),NOLOAD, K21(2)
REAL MM,SS,sNCOORDs INT»A»BsAASEK,SK,VILVIS,

~ DLW -

1 YM>LINEK>KH,KV, . DD NU, LDAR:MEANST:YNI:NUI:MU:FORCE
INTEGER.N:NO:EL:NOD:ELNOD:FX:NFX:ITER:ITERN:BD:CS:NLAYS;RELAT:
1 ROWZ,ROWS ,XND> YND>NOLOAD
'BEGIN' '

*REAL' LR,LZ,PREAL, CR,CT>CZ,CTRZ,TOCTS o
'"REAL* EXPM,INC,EQU$
"INTEGER' I.,J» SM,SN,L,PINT,LAYERs
*INTEGER' I1,dJJ%
"ARRAY' BB(1'«'8,1'."8),CCC1"."851'.'8)%
*PROCEDURE' STORE(ACROSS,DOWN)$ 'INTEGER' ACROSS,DOWNS
'BEGIN' , .
SK(/11,JJ/)=LR$  SK(/I1 + DOWN =-1,JJ/)= ABS(LZ-120)% . .
SK(/11+ 2%( DOWN -1),JJ/)=MEANSTS
SK(/ 1I+3%(DOWN-1),JJ/>=TOCTS
SK(/11+4%(DOWN-1),JJ/)= MEANST/TOCTS Co
*IF' JJ 'EQ' (ACROSS=-1) 'THEN' °'BEGIN' II=II1+1% JJ=1% 'END' 'ELSE’

: - ' Ju=JJ+1%
'END' STORES :

*PROCEDURE' LAYSTR(ACROSS,DOWN)$ 'INTEGER' ACROSS,DOWNS
'BEGIN' ' '
PAPERTHROWS

RMATPR(SK,5%(DOWN- 1>,ACR055 1,3,278

PAPERTHROUS
. "COMMENT®' PRINTS OUT MEANSTS e

WRITETEXT(' (' MEAN.NORMAL.STRESS ')')$ >

NEWLINE(2)% :

'FOR' I=1 'STEP' 1 'UNTIL' (DOWN-1) 'DOBEGIN'
*IF* I *NE' 1 'THEN' ’ :
NEWVLINEC ENTIERC(SK(/I+DOWN-151/)-SK(/1-14DOWN-1,1/))/2) +2)%
'FOR* J=1 'STEP' 1| 'UNTIL®' (ACR0OSS-1)> °'DOBEGIN'
*IF' J 'NE' 1| *'THEN' SPACEC(ENTIERC((SK(/1,J /)=SK(/1,J -1/))/2>>$
PRINT( SK(/I+2%(DOWN-1),J/),2,2)%
'END'S 'END'S$

PAPERTHROWS :

WRITETEXT(' (' OCT.SHEAR.STRESS ')')%

NEWLINE(2)% , o

'FOR' I=1 'STEP' 1 'UNTIL' (DOWN-1) 'DOBEGIN'

*IF' I 'NE' 1 *THEN'

NEWLINE( ENTIER((SK(/I+DOWN=-1,1/)=SK(/I-1+DOWN- 1,1/73/2) +23%
*FOR' J=1 'STEP' 1 'UNTIL' (ACROSS-1) *'DOBEGIN'

'IF' J 'NE' 1 'THEN' SPACE(ENTIERC(SK(/1,J /)=SK(/1,J =1/3)/2))7%
PRINTC SA(/I1+3%(DOWN-1),J/),2,2)%

'*END'S$ 'END'S$

PAPERTHROWS ° :
WRITETEXT(' (' RATIO«+MEANST.TO-TOCT ')')%

NEWLINE(2)$%

'*FOR' I=1 'STEP' 1 'UNTIL®' (DOWN-1) 'DOBEGIN'

*IF' I *NE' 1 *'THEN' ,

NEWLINEC ENTIERC(SK(/I+DOWN-1,1/)-SK(/I-1+DOWN=-1,1/3)/2) +2)%
'*FOR' J=1 'STEP' 1 'UNTIL' (ACROSS~1) 'DOBEGIN'

*IF' J 'NE' | *THEN' SPACECENTIERC(SK(/1,J /)~ SK(/I,J ~1/3)/23)%
PRINTC SK(/I+4%(DOWN-1),J/),2,2)%

"END'S$ 'END'S
["END' LAYSTRS
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SUPDV2(SK,KI11,N,BD)>S _
SUFPDV2 (NCOORD, K1 ,NOD,2)$ _ !
- SUPDV2 (ELNODsK2,EL,4)% '
SUPDV2 (INTsK3,8,8)% - N
SUPDV1 (A,K4,3)% _
SUPDV1(B,K5,3)% _ ' o : -
SUPDV2 (AA,K9,8,8)% :
SUPDV2 (EK,K10,8,8)%
SUPDV2(VI,KI12,N,CS)$

SUPDV2 (VI2,KI13,NsCS)HYS procedures called for maching '
SUPDV2 (FXsK14,NFX>3)% . . addressing purposes (includes all
SUPDV1 (YM,K15,EL)S arrays)

SUPDV1 (NU»K16,EL)$ _
SUPDU2(RELAT,K17sNLAYS,2)% :

SUPDV1 (ROWZ,K18,R0WS)$ t =
SUPDV2(LINEK,K19,4,4)% ,
SUPDV2 (FORCE» K20, XND,ROWS) S

SUPDV2 (LDAR, K21 ,NOLOAD,3)% _
. '"COMMENT® TOTAL NO OF ITERATIONS OF LOADS

ININTCITERND)S :
LINESCLI)S TEXT(' (' ITERN ')')% IPRINTCITERN,3)%
'COMMENT® READ IN RELAT,  THE LAYER DESCRIPTIONS

*FOR' 1I=1 'STEP' 1 'UNTIL' NLAYS °'DOBEGIN'
JFOR' J=1,2 'DO' ININTC(RELATC(I»J))$ 'END'S
LINES(1)STEXT(* (*RELAT*)')SLINESC1)$ IMATPR(RELAT,NLAYS,2,3)% .
'COMMENT' READ IN AND SET THE NLAYS MODULIS '
LINES(1)% TEXT('('LAYER'*'MODULI®"*®%¥x%x%%x'+s')")% LINESC1)S
M2ttt . L : ' -
" 'FOR' 'I=! °'STEP' 1 'UNTIL' NLAYS 'DOBEGIN'
INREALCYMIDS ' - ; '

EPRINT(YMIs3)% SPACES(2)% , : B
*FOR' SM= RELATC I 1) 'STEP' ! 'UNTIL' RELATC I ,2) 'DO
YM(SM)= YMIS '

*‘END'S ' : '
YCOMMENT' READ IN AND SET THE NLAYS NUS :

LINESC1)$ TEXT('(* LAYER'*'POISSONS'*'RATIO ')>')% LINES(1)S
M22t .t . ' :
'*FOR' I=1 °'STEP' 1 'UNTIL' NLAYS ‘'DOBEGIN®
INREALC(NUIYS ' )

PRINT(NUI>1,3)% SPACES(2)%

'FOR' SM=RELATC I -1) *STEP' 1 'UNTIL®* RELATC I ,2) 'DO’
NU(SM)>=NUIS . ' ;
- *END'S

M23' .

LINES(1)$%
-J=1% , _ ' : _

*FOR' I=1! ‘STEP' 1 ‘UNTIL' EL °‘DOBEGIN®'

EPRINT(YM(CI)>,3)% SPACES(2)% S

*IF' J 'EQ"' 10 'THEN' 'BEGIN' J=0% LINES(1)>$% 'END'$ J=J+1%
*END'S$ : :
LINES(1)$%
J=15

'FOR' I=1 'STEP' 1 'UNTIL'. EL 'DOBEGIN'
EPRINT(NUCI)Y>»3)% SPACES(2)% i

'IF J *EQ' 10 'THEN' 'BEGIN' J=0%.LINES(1)% 'END'$ J=J+1%
- '"END'S$ X :

_ INREAL(NMUYE 'COMMENT®' LAYER FRICTION FACTORS
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"LINES(1)% TEXT('(' FRICTION.MU ')")% PRINT(MU,1,3)%
"COMMENT' AUTOMATIC GENERATION OF THE HALFSPACE USED IN 4CHOL3106%
M3'.'+(000430)

ININTC(XND)S ININTCYND)3

LINES(1)% TEXT('(' XND..YND *)')$ IPRINT(XND,»3)>S IPRINTCYND»3)S

LINES(1)% TEXT('(' NO.OF.FRICTION.INTERFACES..ROUS= ')')%

IPRINT (ROWS,3)8% - '

‘FOR' I=1 'STEP' 1 'UNTIL®' ROWS 'DO' ININT( ROWZ(/I/) )S

LINES(1)% TEXTC'(' ROWZ(ROWS) ')>')>% IVECPR(ROWZ,ROWS,2)S

GENANMS o o

PAGES TEXT(*(' NCOORD'*'FROM'*'GEN4N ")')$ LINES(1)$

'"COMMENT' REARRANGEMENT OF NODE CO-ORDINATES TO BE IN ASCENDING

ORDER OF Z FROM BOTTOM OF HALFSPACES$

"FOR* I=1 'STEP' 1 'UNTIL' NOD 'DO! :
NCOORD(I,2)=NCOORD(I»2)-NCOORD(NOD,2)%

'*FOR' I=1.'STEP' 1 'UNTIL' NOD 'DO’
NCOORD(I,2)=ABS(NCOORD(I,2))%

'FOR' I=1 'STEP' 1 'UNTIL' NOD 'DO' NCOORD(I,2)>=NCOORD(I,2)+10%

N

PAGES$ _ R

*COMMENT* QUTPUT OF ELEMENT NODE MATRIX $

LINES(2)3% TEXTC '(¢(' ELNOD ')' )>3»(000290) .

LINES(C1)% S

- SM=0% SN=0% . _ o

'FOR' I = 1 'STEP' 1 'UNTIL' EL 'DO' ‘BEGIN'

*IF' SM 'EQ' 6 'THEN' 'BEGIN' LINES(1)% SM=0S% 'END'S
-SM=SM+15% . , '
*IF' SN 'EQ' 24 'THEN' 'BEGIN' LINES(2)% SN=0$% 'END'S$
SN=SN+1% ' : ' ‘

'FOR' J=1,2,3,4 °*DORBREGIN'

IPRINT(ELNOD(I,J)53)% SPACES(1)% 'END'S

SPACES(4)% 'END'S$

PAGES S :

*COMMENT*® OUTPUT OF NODE CO-ORDINATE MATRIXS$

LINES(2)% TEXTC(*(' NCOORD ')>'>% LINES(1)% SM=05%. :
*FOR®* I = 1 *STEP' 1 'UNTIL' NOD 'DO' 'BEGIN' SPACES(2)%
*IF' SM 'EQ' 5 'THEN' 'BEGIN' LINES(1)>$ SM=0% ‘'END'S$
SM=SM+1%

*FOR' J=1,2 'DOBEGIN'

PRINT(NCOORD(I,J)»3,2)% SPACES(1)$

'END'S$ ‘END'S :

BCHEK4$%

*COMMENT' RBREAD IN FIXITY MATRIXS

*FOR' I=1 'STEP' 1 ‘UNTIL' NFX 'DOBEGIN®' 'FOR' J=1,2,3 'DO‘
ININTC(FX(I>J))% 'END'S ' : '
LINES(1)% TEXT('(*'XYX'"%'FIXITY'*'MATRIX'*'XXX ")')%
IMATPR(FX>NFX5353)% '
M4t L'+ (000460)
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LaBl'.' PAGES LINFS(1)$ TEXTC' (! ITER= 'I"I)SIPRINTCITER>3)%
NULL(SKsN>BD)S% -
M5 L'+ (000480) .
'*FOR' NO=1 *'STEP' 1 'UNTIL®' EL 'DOBEGIN' -
AGLOB4S o -
MM= (1-NU(NO))/NU(NO)$ S -
'SS—(]~2*NU(NO))/(2%VU(NO))$ _ ’
DD=(YM(NO)*NU(NO))/((1+NU(NO))*(1—2*NU(NO)))S
MG ' . '+ (000500)
ITINT4S%
MATCOP(CC,»AA5858)%
MATINV(PINTPREALSBB,CC,»8)%
TRANS(EK,BR,» 8,825+ (001850
MATMULC(CCLEK, INT> &, 8, 8)5*(001860)
MATMULCERLCC» BB)8)8)8)$ __post element stlffnesses
BPOST4S < - :
'END'$ : - post 11nkaqe stiffnesses
LINKS 'COMMENT® INPUT KH AND KV FOR EACHS
M7'.'+=(000520)
'IF' ITER 'EQ' 1 *'THEN' 'BEGIN'
LINES(1)% TEXT('(' LEADING'*'DIAGONAL ')>')%
LINES(1)>$ 'FOR' I=1 'STEP' 1 'UNTIL' - N 'DOBEGIN®
SPACES(1)>% EPRINT(SK(I»,1)52)>% 'END'S

'"END'S$
MB"' '« (000540)
.FXBDITS _ :
*IF' ITER ‘'EQ' 1 *'THEN' ‘BEGIN'
NULL(VI,>N>CS)%
M3'.'+(000590) .
- LOADMS 'COMMENT' : STORES LOADS -IN LDAR -
LINES(1)S - o
NS EGLE G 000000900 ¢ 0000000000 0000.0.0:09099.99000.99:0.0.0 0999090 0¢ 00 AIBRIDE
LINES(2)$ TEXTC '('VI'*'TO'*'EQN'*'SOLVE')' )$EVECPR(VI,N,3)8% '
'FOR' I=1 *STEP' 1| 'UNTIL' N 'DO' VI2(1,1)=VICI,1)%
*END' 'ELSE" :
*BEGIN'
NULL(CVI>N>CS)YS
LOADMS ‘'COMMENT' 1ST IT STORES LOADS IN LDAR, LOADS VI EACH ITERS -
LOADFRS 'COMMENT' RADIAL FORCESS ' '
LINES(2)$ TEXTC('(' VI.TO.SOLUTION. ROUTIN *3)*')$ EVECPR(VI,N,3)%
“END'S ' ,
FXTESTS
PLAGMK3(N,BDs>CS,»SK,VI)S
MIO* .+ (000610) '
LINES(2)% TEXTC '(' DEFLECTIONS *)>' )% LINES(1)>$-(000700)
*FOR' I =1 'STEP' 2 'UNTIL' (N-1) 'DO' 'BEGIN'»(000720)
SM = (I+1)/2%«(000730)
LINESC1)>% IPRINT(SM,1)% SPACES(3)$*(OOO7AO)
EPRINT(VI(I,1),4)% SPACES(2)$ EPRINT(VICI+1,1),4)5
'*END'$+(000770)
*COMMENT' RADIAL AND VERTICAL DISPLACEMENTS ON C LINE AND EDGE
OUTPUT ON CARDS WITH VERTICAL COORDINATES
*IF' ITER 'EQ' 1 'OR' ITER 'EQ'S'THENBEGIN'
CPOUTS ‘ :
TCOMMENT' CENTRE LINES$ . o
*FOR' I=1 °*STEP' XND 'UNTIL' XND*(YND-1)+1 'DOBEGIN'
NEVCRDS$S
IPRINT(CI,4)% SPACES(2)S%
PRINT(NCOORD(/1,2/),4,3)% SPACES(2)%
EPRINT(VI(/2%1I-1,1/),7)% SPACES(2)%
EPRINTC(VIC/2%1 51/),7)% SPACES(2)%
*END' 1% :

\




- 'COMMENT' EDGES _ '

*FOR' I=XND 'STEP' XND *UNTIL' XND*YND 'DOBEGIN'
NEYCRDS :

IPRINT(I,4)% SPACES(2)5%

PRINT(NCOORD(/1,2/),4,30% SPACES(2)$ S
EPRINT(VIC(/2%I-1,1/),7)% SPACES(2)% ’
EPRINT(VIC(/2%] 21735,7)% SPACES(2)%

‘END' IS%

. LPOUTS

‘END'S$ :

FORCESS$S *‘COMMENT' CALCULATES FORCES ON ROWYS INTERFACESS
LINES(2)% TEXTC('(® FORCES ')')S LINES(1)5% ENATPR(FORCF,XND,ROWS,A)$
MI1'.'+(000630)

PAGES TEXT( *(*ELEMENT **%*%*CENTROID" ks sckxxk'R* *kxx*XX*y** A S
STRESSES ® skskokskokosk sk okosksiokkokok 'R

oseskskskokokok P TH Y skokokskokoksk Y 7Y ofekskkkkx*TRZ ")')%

SPACES (3% TEXTC('(*' MEANST *'(*'3S')>' TOCT *)>')$%
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NULLC SK, S%(XND-1), YND-1)S
I1=1%  JJ=1$%

'FOR!? NO=1 'STEP' 1 'UNTIL' EL 'DO BEGIN'
LR=0% LZ=0% '
'FOR' L=1,2,3,4 'DO BEGIN'
LR=LR+NCOORDCELNOD(NO-L)>»1)% LZ= LZ+NCOORD(ELNOD(VO:L))2)$
'END'$S LR=LR/4% LZ=LZ/74%
LINES(1)$ TEXTC(*('EL *)')$S SPACES(1)%
" IPRINT(NO>2)% SPACES(2)%. ) _
TEXT(' ('CEN- ')')% SPACES(1)%
EPRINT(LRs»4)% SPACESC(C 1)% EPRINT(LZ:4)$
MI3'.!
_NULL(AA:8:8)$ NULL(BB,8,8)% NULL(CC,8,8)%
=(1-NUCNO)Y>/NUCNOD$ ' .
SS“(I ~2%NU(NO)Y )/ (24NUCNO)I IS .
DD= (YM(NO)*NU(NO))/((1+NU(NO))*(1 ?*NU(NO)))$\
Mlgt.®

AGLOBQ;
MATINV(BBsAA»8B)S

NULLCAA>858)%

SETB4(AALRLLZ)YS

MATMUL(CC,08A>BB»8,8,8)%

NULL(BB»8,8)% ) .

L=1% ‘'FOR* I=1 'STEP' 2 'UNTIL' 7 'DO BEGIN'

- SM=ELNOD(NO,L) % S
- BB(I»1)=VI(2%5M-1,13% BB(I+l,1)=VI(2%5M,1)%
L=L+1$ 'END'S$ )
NULL(AA>E,8)%
MATMUL(AASCC»BBs8,8,8)% :
~'FOR! I=1 'STEP' 1 'UNTIL' 4 'DOBEGIN'
EPRINTCAA(/I51/352)0% ‘*END*'S
NULL(BB,&8,8)>S%
SETD4(BB,MM,SS)O$ _
MATMUL(CC,BB,AA>8,8,8)% -
*COMMENT' STRESSES ARE IN CCl,1 TO CC 1.,4%.

'FOR' 1=1,2,3,4 'DOBEGIN' SPACES(1)>% PRINT(CC(CI»1),4,2)% 'END'S$
" MEANST=0% ’
- MLIT' ' (000810

'*FOR' I=1,2,3 'DO' MEANST=MEANST + CC(I,1)%

MEANST=MEANST/3%

SPACES(2)% PRINT(MEANST,»3,3)%

CR=CC(/1,1/)% CT=CC(r2,1/)% CZ=CC(/3,1/)5 CTRZ= CC(/Q:I/)$

TOCT= SQRT(( (CR-CT)Y>**2 + (CT-CZ)*%2 + (CZ-CR)Y*%%2 +6*CTRZx*x*2 ))/3%
PRINT(TOCT»252)%

element centroid stresses
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*IF' ITER 'EQ' 1! ‘*OR' ITER 'EQ'S 'THEN' STORE(XND,YND)>3 *COMMENT'
MEANST AND TOCT IN SK - %

/ . .
*IF' ITER 'EQ®' 1 'OR' ITER 'EQ'5'THENBEGIN'
'*COMMENT' OUTPUT OF STRESSES CENTRE LINE AND EDGESS
*IF' NO 'EQ' I 'OR® . ' .
ABS( (NO-1)/(XND-1) -ENTIERC (NO=1)/(¢(XND-1> > ) 'LT' 'E'-6 'THENBEGIN®'
CPOUTS . : : '
NEVWCRDS ‘ »
IPRINT(NO,4)% SPACES(2)% _
PRINT(LZ,4,3)% SPACES(2)$% -
PRINT(CC(/151/)5555>% SPACES(2)% o
PRINT(CC(/251/)5555)% SPACES(2)$% o N
PRINT(CC(/351/)5555)% SPACES(2)% T -
NEWCRD$% :
PRINT(NO,4,0)5 SPACES(2)%
PRINTC(LZ,45,3)% SPACES(2)% -
PRINT(MEANST»5,5)% SPACES(2)% S o
PRINTC(TOCT 55,5)% SPACES(2)% s o ’
LPOUTS ; ~
‘END'S$
‘COMMENT' EDGESS . : :
*IF' ABS(NO/(XND=-1) ~ENTIER(NO/(XND-1) > ) 'LT' ‘'E'~6 °'THEN BEGIN'
CPOUTS - - : :
NE¥CRDS
IPRINT(NO,4)$% SPACES(2)%
PRINTC(LZ,>453)% SPACES(2)%
PRINTC(CC(/151/)55553% SPACES(2)%
PRINT(CC(/2,1/555,5)% SPACES(2)%
PRINT(CC(/351/35555)% SPACES(2)
NEWCRD$ :
PRINT(NO,450)% SPACES(2)% '
PRINT(LZ,4,3)% SPACES(2)% ]
PRINT(MEANST>555%% SPACES(2)% o B
PRINT(TOCT 55,538 SPACES(2)%
LPOUTS .
*END'S
‘*END' ITERS5S$
MIB* .

cafd output of stresses
for plotting
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'COMMENT '
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MODIFY MODRDULUS IN THE LAYERS

'FOR' I=1 ‘'STEP' 1 'UNTIL' RNLAYS ‘*DOBEGIN' _

'IF' NO 'GE'" RELAT(Is1)> ‘'AND' NO 'LE®* RELAT(I.,2) ‘*THEN®
'"BEGIN' _ -
LAYER=1% dummy statements - moduli in layers are
'GOTO' LAYS unchanged; (they could be modified if
'END'S desired)

'END'S )

'"COMMENT® X X X XX XX XXX AXXXXXXAXAX KX XXX S

LAY'.' 'IF'" LAYER 'EG' 2 'THEN' EQU = 2%('E'+5) 'ELSE"

ECU= 30*%('E'+6)% : : :

TCOMMENT' X X X X X X X ¥ X X X A XX X XX XX XXX XAXXXS

'IF' ITER 'GE' ITERN 'THEN' 'BEGIN® -

INC = EQU - YM(NOOS

INC = INC/25s

YM(NQ) = YM(NO)Y + INCS

'END' 'ELSE' 'BEGIN®

YM(NO)Y = EQUS$ 'END'S

SPACES(1)% TEXTC(' (!

YM*)Y')S EPRINT(YM(NOY»3)S

'END'S 'COMMENT' NO=1 TO EL FOR STRESSESS

=

*IFY ITER'EQ' 1 ‘*OR' ITER ‘ED' 5

LINES(I)S TEXTC('(' MODIFIED'*'MODULUS
LINES(1)S *FOR' I=1 °*STEP' 1 'UNTIL'®
EPRINT(YM(CI)>3)% SPACES(1)% 'END'S -
*IF' ITER 'EO' 5 'THEN' STOPS
ITER=ITER+1% 'GOTO' LABI1S

STOPS

. 'END' MAIN 4NVE 200 ETC

XXXXXXXXX PROCEDURES

'PROCEDURE ' LOADMS
'BEGIN' '
'INTEGER"
LINES(1)% TEXT(' ("
'IF' ITER 'EQ@' 1 'THEN'
'FOR"-I=1 'STEP' 1 'UNTIL"
‘FOR' J=1,2,3 'DO' INREAL(LDARC(/I1,J/
LINES(153% RMATPR(LDAR,NOLOAD»3,45108%
'FOR® I=1 'STEP' 1 'UNTIL®
P=ENTIER( LDAR(/I,1/)3)3%
VI(/2%P-1,1/)>=LDAR(/1,2/)%
VI/2%P 1/73=LDAR(/1,3/)%

|'END'S

I1,J,P%

>

*END' LOADM .

'THEN®

NO.OF +LOADS « « NOLOAD

LAYSTR(XNDs>YND)YS

')')S%

ElL. 'DOBEGIN'

AGLOB4
BPOST4
FXBDIT
SETD4
SETB4

')')% IPRINT(NOLOAD,G6)OS

NOLOAD 'DO"

)35 -

NOLOAD ‘'DOBEGIN'



*PROCEDURE' FORCESS - ) .
l'BEGIN' ' _ \ . P5.13

' INTEGER' 1, J,REFND,REFEL,L,SM,P,0% , _ _

'"REAL® FA,FBS '

"ARRAY' BBsCC(/1"."8,1".'8/)%

"COMMENT' CALCULATES RADIAL FORCES ON UPPER BOUNDARY OF EACH
INTERFACE USING COEFFICIENT OF FRICTION WHICH IS READ IN AT BEG.
OF PROGRAM $ :
'NULL (FORCE, XND>ROWS)$%
‘*FOR' I=1 *STEP' 1 'UNTIL' ROWS 'DOBEGIN'

REFND=XND* (ROWZ(/1/)~1)+1%

LINES(1)>8 TEXTC'(*' REFND ')'>$ IPRINT(REFND,5)%
"REFEL=(XND-1)%(ROWZ(/1/)-1-1)+18%

SPACES (2)$% TEXT(' (', REFEL ')>')% IPRINT(REFEL:5)% ‘
*COMMENT' STIFFNESSY THEN. FORCES FOR EACH ELEMENT IN UPPER ROW_AT
INTERFACES e ' , -

"FOR' NO=REFEL 'STEP'" 1 'UNTIL' REFEL+XND-2 ‘'DOBEGIN'
- AGLOB4S

“MM=(1-~NUC/NO/)>)/NUC/NO/)%

SS=(1-2%NU(/ND/))/(2%NUC/NO/)>)>S

DD= (YM(/NO/)*NU(/NO/))/((1+NU(/NO/))*(1—2*NU(/NO/)))$

ITINT4$

MATCOP(CC,AA,8,8)%

MATINV(BB,CC,8)%

. TRANS (EK,BB,8,8)%

MATMULC(CC>EK, INT:8,8,8)>%
MATMUL(EK>CCsBB ,8,8,8)% :
'COMMENT' ELEMENT STIFFNESS IN +EK. $
L=1% 'FOR' J=1.'STEP' 2 'UNTIL' 7 °*DOBEGIN'

SM=ELNOD(/NOsL/)>%
"BB(/J 51/)=VI(/2%SM-1,1/)%

BB(/J+1,1/)=VI(/2%SM. ,1/)8%

L=L+1% 'END'S$ - oo :
MATMUL(CC,EK,BB»8,8,8)% 'COMMENT' FORCES IN CC $

"COMMENT' RADIAL FORCES ONLY ADDED IN, IE MU X VERTICAL FORCES
FA=CC(/2,1/)% '
FB=CC(/8,1/)%

‘P=NO~REFEL+1S .

FORCE(/P ,1/)=MU*FA+FORCE(/P ,1/)%
FORCE(/P+1,1/)=MU%FB+FORCE(/P+1,1/)%

"END' NOS .
- YIF' I 'EQ' 2 'THEN FOR' J=1 'STEP' 1 'UNTIL' XND 'DO°'

FORCE(/J>2/)=-FORCE(/J>27)% . .
_ '*END' I ROVSS
'END' FORCES : d

\

*PROCEDURE* LOADFRS$
'BEGIN®
*INTEGER® I.» J;P;O:REFNDS
*COMMENT' PUT RADIAL FORCES FROM FORCE(XND:ROWS) INTO LOAD VECTOR
Vi, &0 THAT EQUAL AND OPPOSITE RADIAL LOADS TOP AND BOTTOW LAYER
OF NODES IN EACH INTERFACE %
. 'FOR' I=1 'STEP' 1 'UNTIL' ROVS 'DOBEGIN'
" REFND=XND* (ROWZ(/I1/)-1)+1% - :

'FOR' J=REFND °'STEP' 1 *'UNTIL' REFND+XND-1 'DOBEGIN’

P=J-REFND+1%

Q=2x%J-1% :

VI/Q c21/7)=VI/Q 2170+ FORCE(/P,1/)%
"VI(/Q+2%XND,1/)=VI(/Q+2%XND»1/) - FORCE(/P,1/)%

*COMMENT"' RADIALS ONLYS
‘END* J% 'END' IS
'END* LOADFR '
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*PROCEDURE' LINKS$

'*BEGIN' . .

"INTEGER® 1,J5S5M>SNNDILND2,REFNDS,S,LS

*INTEGER ARRAY' LKEL(/1'.'2/)%S

PAGES ' : : :

*FOR' I=1 *STEP' 1 *‘UNTIL®' ROWS 'DOBEGIN!

REFND=%ND#*( ROWZ(/I/)-1 ) +1% :

LINES(1)>% TEXT('(' REFND ')')% IPRINT(REFNDs4)$%

'*IF' ITER 'EQ' | 'THEN BEGIN'

INREAL(KH)S INREAL(CKU)$ 'END'S

LINES(1)$ TEXTC('(* KHeeKVoee ')')% EPRINT(KH»3)S EPRINT(KV,3)%
LINES(1)% TEXTC'C' J *)')8% , . g

*FOR' J=REFND 'STEP' 1 'UNTIL' REFND+XND-1 'DOBEGIN’

LINES(1)% IPRINT(J»3)% SPACES(1)S - .
LKEL(/1/)=J% LKEL(/2/)=J+XND$

'COMMENT® GIVEN KH>KU AND LINEX(4,4) DECLAREDS
NULLCLINEK>4,4)%

LINEK(/1,1/)=LINEK(/3,3/)=KH$%
LINEK(/1,3/)=LINEK(/3,1/)=~-KH$
LINEK(/2,2/)=LINEK(/4,4/)=KV$
LINEK(/2,4/)=LINEK(/4,2/)=-KU$

'COMMENT' IF LEADING DIAGONAL TERM IS ZERO, CHANGE TO 1 & :
.'FOR' L=1,2,3,4 'D0*' 'IF' ABS(LINEK(/L>L/) ) *LT' *'E'-12 'THEN'
' LINEKC(/L,L/)=18% ' o s
*COMMENT* POST TO SKS

'FOR' S$=1,2 'DORBREGIN'

ND1=LKEL(/S$/)%

'*FOR' L=1,2 'DOBEGIN'

ND2=LKEL(/L/)% .

"FOR' SM=0,1 'DO' 'FOR' SN=0,1 °'DO'

*IF' 2%ND2-SN 'GE' 2%ND1-SM 'THEN'
SK(/2%ND1-5Ms2%ND2~-SN-2*ND1 +SM+1/)= . :
SK(/2%ND1 ~SMs2*ND2-SN-2%ND1 +SM+1/)+ LINEK(/2%S5-SM»2%L~SN/)$%
'END'S 'END'S : h :
LINES(C1)% TEXTC'(' LINEK ')>')% EMATPR(LINEKs45453)%

*END' JS 'END' I$% : .'

"END' LINK

"PROCEDURE' FXTESTS
"BEGIN'
" INTEGER' 11,FXDS |
LINES(2)>$ TEXT('(' SET.TO.ZERO..BECAUSE.LOADED.AT.BOUNDARY ')')$
'FOR' 11=} 'STEP' 1 'UNTIL' NFX 'DOBEGIN'
FXD=2#FX(11,1)8 . | : ,

"IF' ABSC VI(FXD-1,1) ) 'GT' ('E'-6) 'AND' FX(II.2) 'EQ' O
' THEN BEGIN' |

VI(FXD-1,1)=08%

LINES(1)S TEXT('('RADIAL '('55')' NODE«+se ')')S

PRINT ¢ (ABS(FXD/2)),3)$ 'END'S |
"IF' ABSC VICFXD 1) ) 'GT' ('E'-6) 'AND' FX(II,3) 'EQ' O
*THEN BEGIN' . .

VICFXD,1)>=0%

LINES (18 TEXT('(' Z *('105')' NODEs+ee ')

PRINT ((FXD/2),3)$ 'END'S

*END' TO NFX$
‘END"

-
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"PROCEDURE' GEN4NMS -
" {'BEGIN®

'ARRAY' X(/1'+'XND/)s Y(/1'."YND/)%
'INTEGER® I,IX5I1Y>P,>Q,R»IXYsRR,QQ,NULFAC,NFS
'FOR' I=1 'STEP®' 1 'UNTIL®' XND 'DO' INREALC X(/1/) )%
'FOR' I=1 'STEP®' 1 °UNTIL' YND 'DO* INREALC Y(/I/) )%
'COMMENT' GEN4NM IS A MODIFICATION OF GEN4N '
TO NUMBER INTERFACE ROWS OF ELEMENTS TWICE, INPUT IS5
ROWZ(1l TO ROWS) ROWS IS NO OF ROWS WITH-FRICTION
ROWZ CONTAINS ROW NO AFTER WHICH FRICTION

INTERFACE OCCURS %
I=1% @=0% R=0%
NULFAC=0% NF=1%
'FOR* 1Y=Q °*STEP' 1 'UNTIL' YND-2+Q 'DOBEGIN'
*FOR® I%X=R 'STEP' 1 'UNTIL' XND-2+R 'DOBEGIN®
IXY=1+1X+1Y+ NULFACS$ 'COMMENT' NULFAC IS INCREMENT FOR DOUBLE RO¥WS$
ELNOD(/1,1/)=1XY+XND5
ELNOD(/1,2/)=1XY$ . : :
ELNOD(A/I,3/)=1XY+1S element node numbering
ELNODC(C/1,4/)=IXY+XND+1$% .
'IF' I 'EQ' EL 'THEN GOTO' L1% -
I=I+1%
RR=RS%
"END' IXS$ ‘ :
"*IF' ELNOD(/I-1,4/) *EQ' XND*ROWZ(/NF/) *'THEN BEGIN'
NULFAC=NULFAC +XND%
'IF' NF '"NE' RO¥WS 'THEN' NF=NF+1% 'END'
'COMMENT' NULFAC IS A DEVICE TO INCREASE NODE NUMBERS BY XND WHERE TVG
_ RO¥S OF NODES NEEDED TO MODEL FRICTIONS
R=RR% R=R+XND-1%

Q0=Q%

YEND' IY$

Ll1'+' LINES(1)S
P=1% Q=1% '

'FOR' I=1 'STEP' 1 ‘'UNTIL' NOD 'DOBEGIN'
NCOORD(/151/)= X(/P/)%
‘NCOORD(/1,2/)= Y(/Q/)8
P=P+1%

*IF' ABSC I/XND- ENTIER(I/XND) > 'LE* ‘'E'-6 'THEN BEGIN®
P=1% Q=Q+1% 'END'S$

'END'$ 'COMMENT®' I IS 1 TO NODS
LINES(3)% : :
. |'"END' GEN4N '

,

*PROCEDURE' BCHEK4S%

'BEGIN' _ :

* INTEGER' NO»I»>R>S,T,BANDS

* INTEGER ARRAY' P(1'.'4)%

T=0% , _ _ _
'FOR* NO = 1 *STEP' 1 *‘UNTIL' EL °*DO' °'BEGIN®
'FOR' 1 = 1,2,3,4 'DO* P(I) = ELNOD(NO,I)S
R=0% S$=1000% -

'FOR' I = 1,2,3,4 'DOBEGIN'

*IF' PCIY *GT* R *THEN' R=P(I)$

node co-ordinate numbering

N

_'IF' PCI) 'LT* S *THEN' S=P(I)$ a check of calculated
"END'$ . bandwidth

BAND = 2%(R-S+1)%

*IF' BAND.- 'G6T' T 'THEN' T = BANDS

*END'S

LINES(1)% TEXTC ' ('XXX'*'CORRECTED'*'BANDWIDTH'**XXX')' )%
SPACES(2)% TEXT ¢ '('IS')' )% SPACES(2)$ IPRINT(T»2)%
'*END' BCHEK4 - )
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PROGRAM 6 Iterative Analysis of a Horizontally Layered System:
4 node axisymmetric rectangle

A6.1 General description

The program is intended to emnable the analysis of systems
consisting of horizontal layers of linear or non-linear elastic
materials. The materials in the system may be characterised
either by the Young's Modulus (E) and Poisson's Ratio (V) or
by the Bulk Modulus (K) and Shear Modulus (G) depending on the
choice of a control integer. The self weight of the materials
may be considered.

The program form is substantially that of Program 2
(Section A2.1.1) with certain procedures amended and others
added. The layers to which elements belong are defined in

the same way as described in Section Ak.1.

A6.1.1 Procedures amended:

ITINTA - the integral terms are calculated (for the ;th element )
using either E (YMKM(i)) and Vv (NU(i)) or K (YMKM(i))
and G (GM(i)) depending on whether the integer KGYC
is 1 or 2 respectively.

UDOADA4 - the procedure is amended to allow for the case
where the maximum radius of loaded area does not
coincide with a mesh point.

SETD4 - amended to calculate (D) matrix for E, Vv or K, G
functional approaches.

LAYMOD - the procedures calls on the appropriate functional
relationship between modulus and stress for each
element, given the layer (LAY) in which it is
situated, and calculates the modified modulus for
the element. ; For each different layered problem
this procedure must be rewritten and define modulus
either as E = f(0,T) or K, G = f(o,T).

i.e. if KGYC = 1 then EQU = f£(0,T)
if KGYC = 2 then EQUK = f(O',T)
EQUG = f(U,T)
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A6.1.2 Procedures added:

OVLD4 - given the overburden density for each layer, the
equivalent nodal loads for each element are
calculated by integration and added to the relevant
part of the load vector (VI).

FXTEST - as described in Section A5.1.2

A6.1.3 Special features and difficulties

The program text is presented as run on the Science
Research Council, Chilton Atlas Computer and incorporates
dumping of a copy of the program to tape NO313 after each 10
minutes of computing to guard against loss by machine breakdown.
The matrix procedures declared at the beginning of the program
call on the Atlas matrix library. ICL 1900 series input/
output procedures are used. Removal of the ATLAS JOB heading
cards and library calls and the substitution of a suitable set
of matrix procedures would enable the program's use with any
Algol 60 compiler.

The Chilton Atlas Computer was used in preference to the
Nottingham University KDF9 since it has a larger core store
and allowedvgreater refinement of finite element mesh.
Difficulties were encountered at Atlas in the use of integration
procedures to calculate the equivalent nodal forces for both
uniformly distributed loads (UDOAD4) and overburden loads
(ovLD4). As a result it was found necessary to calculate
these forces on KDF9 and input them to Atlas on cards. It is
suspected that the inversion of the (A) matrix is performed
in a less general way on Atlas and that provision of a routine
such as that available at Nottingham would eliminate the over-

flow in the matrix inversion routine.



A6.2 Input

Sample input is given for the 3 layer system in Fig.
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5.7.

Data Description
2 Control integer (KGYC); if 1 then E, Vv
if 2 then K, G
1 54 No. of load cases (CS), Number of nodes
at which boundary conditions are
imposed (NFX)
14 21 No. of nodes in radial (ACROSS) and
vertical (DOWN) directiaons
3 No. of layers (NLAYS)
111111135 Spacing in radial direction ACVEC
(ACROSS-1)
58 8 12
111111122 ‘
Spacing in vertical direction from
1222 2555 surface downward DUNVEC(DOWN-1)
10 13 14
1 Total no. of iterations to full load
(or increments, section A2.2)
1 39 Layer description RELAT(1:NLAYS, 1:2)
i.e. layer 1 contains elements 1 to 39
4o 130 inclusive
_ . layer 2 contains elements 40 to 130
131 260 inclusive
layer 3 contains elements 131 to 260
inclusive
228 200 48900 K;G; initial bulk and shear
10000 4000 K; G, moduli
825600 1195000 KaGz (if 'E,V' then read in as E;, E;,

Ez and Vi, Vs, Viz)

/contd.
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Data Description

Boundary fixity~-FX(1:NFX, 1:3)

10 1 14 0 O 15 0 1 28 0 O 29 0 1 42 0 0 43 0 1
56 0 O 57 0 1 70 0 O 71 0 1 84 0 O 85 01 98 00
99 01 112 00 113 0 1 126 0 0 127 0 1 140 0 O 141 0 1

154 0 0 155 01 168 00 169 0 1 182 0 0 183 0 1 196 0 ©O

197 01 210 00 211 0 1 224 0 0 225 0 1 2383 00 239 0 1

252 0 0 253 01 266 00 267 01 28000 281 0 1 294 00

282 00 283 00 284 00 285 00 286 00 287 00 288 00O

289 0 0 290 0 0 291 0 0 29200 293 00

6 80 Radius of loaded area (AAA) in.

Vertical distributed load (UDL) 1bf/in”

1 21 0 80

2 3 20 80 )
Uniformly distributed load of 80 1bf/in”

34 30 80 on 1st 6 elements from axis of symmetry
i.e. for each:

4 5 4 o 80 (element no./node 2/node 1/radial

load/vertical load)

56 5 0 80 terminator 888

6 7 6 0 80

0 0.08102 _
Overburden density for each layer

0] 0.06713 (radial "density", vertical density)
expressed in compatible units (1bf/in®)

0 0.06944

A6.3 Input in program text

The procedure LAYMOD, which defines the new modulus in
non-linear layers, must contain a statement of the elastic
modulus in linear layers. (e.g. in layer 1 of the following
program text K = 2.82x10%, G = 4.890x10%). This is essential
since the program modifies moduli by half the predicted amount

at each iteration and to remain general does not differentiate
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between linear and non-linear layers in performing this for a
particular element. The procedure hence .conveniently exists
as a concise reminder of all the layer properties.

The total number of iterations desired must be specified
in three places: at the calls of STORE and LAYSTR (to provide
output of the mean and octahedral shear stresses at the final
iteration) -~ these are underlined; for termination of the

program,8 lines from the end of the program text.

A6.4 Output

All input qﬁantities are output to the lineprinter together
with descriptive text. The gemerated element mesh and node
co-ordinates are printed together with the calculated bandwidth.
In the case KGYC = 2 (for K and G = f(0,T)) the initial moduli
and implied Poisson's ratio are output.

A1l nodal displacement are printed together with the
appropriate node number.

Strains and stresses are printed out at all element

centroids together with the mean stress and octahedral shear

stress. In order to compare results with insitu tests

‘(Chapter 5), "normalised" values of strain and stresses are
calculated. The new moduli based on the mean stresses are
printed for each element. Thus for each element the output

is as follows:
element no./radial co-ordinate/vertical co-ordinate (measured
from an origin 10 units below bottom boundary)/e,./€g/€,/Yyr/

Gr/oe/GZ/TrZ/Mean normal stress (0)/Octahedral shear stress (T)/

r/%/%/a (z is measured from surfaceb/er/g/@9/3/@Z/B/Wrz/%/
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Or/p%/be/p%/6Z/p%/&rZ/p%/kodified %/;odified G.
(in the case KGYC = 1, modified E is printed here not K,G)
At chosen iterations the mean normal and actahedral shear
stresses at centroids are printed with spacing proportional to
the element mesh dimensions to enable approximate contour
plotting.

After stress and stréin calculations the new Bulk and
Shear moduli (together with the new implied Poisson's Ratios)
are printed. Alternatively, if (E,V) relationships have been

used these are printed out.
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PROGRAM 6:° LISTING (4 node axisymmetric triangle) GENERAL
, "ITERATIVE program as run on Chilton Atlas

JOB . , . _
UVI15 KEN TAYLOR H4605 3 LAYER 80 PSI 6 IN RAD OVLD4 LAY H4600 PROG
COMPUTING 60 MINUTES : -
STORE 1207175 BLOCKS
INPUT 1 TAYLOR '
OUTPUT O LINEPRINTER 80000 LINES
gUTPUT 1 CARDS {OOO LINES Atlas Job heading
APE 99 ALGOLIB*INHIBIT
TAPE ! NO313 RENEVED EKOPE
COMPILER ALGOL :
INPUT KDF9 CARDS WITH ICT I/0 PROCEDURES.
LIST ON LINEPRINTERS$
'BEGIN'
'LIBRARY' ICTS5S
*LIBRARY' ICT6%
'LIBRARY' ICT7% . o _ E
'*LIBRARY' ICT8% ' , . matrix procedures made to call.
*LIBRARY' ICT9S ' " s Atlas procedures = - .
*LIBRARY' ICTIO0S% .
'*LIBRARY"' ICTIi1S%
*LIBRARY' ICTI13%
*LIBRARY' ICT40%
. 'LIBRARY' ICT48%
' 'INTEGER' NODsELsNsCS>NFX»
'REAL' YMILNUI,GMI,>KMIS% :
'PROCEDURE*NULL(A,M>N)S"ARRAY'AS' INTEGER ' M, NSNULLARRAY (A)S$
*PROCEDURE®' TRANS(A,B,-M>N)$ 'ARRAY' A,B$ 'INTEGER' M,N$%-
EQUTRANSMX(A-B)YS

ACROSS > DOWUN,NLAYS » KGYCS

'PROCEDURE"MATADD(A5B,C5MsNIS*ARRAY' A,B:CS INTEGER'N:N$ADDXQRRAY(A:B:1~

»CI5
~ 'PROCEDURE' MATINV(A,B:N)Q'QRPAY A,BS! INTEGER N 'BEGIN' *ARRAY"
CC/1'«'N>1""N/>% ADDXARRAY(A5Bs0,5C)% INVERT(A,0)>S 'END'S
*PROCEDURE'MATMUL(A,B,C5>MsNsP)$*ARRAY'AsB>CS ' INTEGER'MsNsPS
MULTMX(A5BsC)Y$%
*PROCEDURE'MATCOP(A>BsM>NYS'ARRAY! A,B$ INTEGER'MsNS'BEGIN®
- *ARRAY' C(/1"+'M>1'+"'N/)% ADDXARRAY(A»B,0,C)>% ‘'END'$ '
*PROCEDURE" STOP$ 'BEGIN' BREAK OUTPUT(0)%
. BREAK OUTPUT(1)% 'END'S$
'PROCEDURE" LPOUTS SELECTOUTPUT(0)$% :
'PROCEDURE' CPOUTS SELFCTOUTPUT(1)$
-SELECT INPUT(l1)$%
SELECT OUTPUT(0)S

Kgfg;READ$ Jinput of control integer and element mesh
CS=READS dlmen51ons
NFX=READS .

ACROSS=READS%
DOWN=READS
NLAYS=READS
*COMMENT®' ACROSS IS NODES ACROSS ]
DOWN IS NODES DOWNS _ ~
EL = (ACROSS-1!)*(DO¥N-1)5% '
NOD = ACROSS*DOWNS :
N=2*NODS : N '
NEWLINE(2)% VWVRITETEXT(' (' XXX.4.NODE.PROGRAM«XXX ')*)%
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_ "COMMENT' OUTPUT MOST OF THE INPUT CONSTANTS AND IMPORTANT PARAMETERSS

“NEWLINE(1)$ WRITETEXTC' (' KGYC.+.CONTROL«INTEGER.+IF.1.THEN
¢ YOUNGS « MODULUS ¢ « IF 2« THEN«BULK.AND. SHEAR ')')$

SPACE(5)% PRINT(KGYC>3,0)%

NEWVLINE(1)>% WRITETEXTC(' (' LOAD.'('SS')' CASES '('26S')' '")")%

_ PRINT(CS,2,0)2% .

NEVLINE(1)% WRITETEXTC('(' NO'('S*)'OF'('S*")'FIXITIES '('20S')' ')»"1»s
PRINT(NFX,3,0)%

NEWLINE(1)$ WYRITETEXT(' (' NUMBER. OF NODES ¢+ s «R > Z-.DIhECTIOVS ' D%
PRINTCACR0SS5:,2,0)S SPACE(2)%

PRINT(DO#WN,2,0)0% .
NEWVLINE(Z2)% VRITETEXT('(' NO.OF.LAYERS..:.NLAYS ')')%
PRINT(NLAYS5550)5% : _
NEWLINE(2)S YRITETEXT(' (' ELEMENTS..EL ')>')>$% SPACE(23)% -
PRINT(EL,>5,50)5% :
NEWLINE(C1)S WRITETEXT(' (' NODES..NOD ')')% SPACE(25)%
PRINT(NOD>5,02% - o
NEWLINE(19S WRITETEXTC'(' NO.OF.UNKNOWNS...N ')')>% SPACE(C17)%
PRINT(N:S:O)S

‘BEGIN'
' 'REAL' AAAUDLLTIME,TIMEZ2S -
'INTEGER' IDUMP, JDUMPS - .
'ARRAY' NCOORD(/1'.'NOD»1'+'2/)5 INTLAALBBICCsEK(/1'.'8,1'.'8/),
FX(/1'e'"NFX,1'e'3/), VILVIZ2W1I'"+"N»1''CS/)> -
. GM, YMKML,NUC(/1'."EL/)%
" YINTEGER*' 'ARRAY' ELNOD(/1'.'EL,1"'. '4/);RFLQT(/1' 'NLAYS,1'.'2/)5%
'REAL"Y LR )LZ}EQU)INC)MMJSS)DDJGG)yV)MFANST)TOCTJCQ)CT)CZJCTRZ)
INCG, INCK,EQUG, EQUKS
YINTEGER' 1,J5SM>SN>L>NO>ITEE,ITERN,BD,LAYERS

 CINTEGER' I1,dJdJS

 PROCEDURES  -|aAUTO4 - .
BCHEK4 : -

. AUTO04S% 'COMMENT' FORMS ELNOD AND NCOORD (AS SPACE 4 CHOL 3106)
« AND OUTPUTS THEMS
BCHEK43% °'COMMENT' FORMS BD..BANDWIDTH OF STRUCTURE STIFFNESS MATRIXS
NEWLINE(2)$S WRITETEXT(' (' BANDWIDTH«.0F «STIFFNESS .MATRIX+BD«0F«SK')")%
SPACE(2)% PRINT(BD»3,0)% : '
"'"BEGIN® >
*ARRAY' SK(/1'.'N,>1'.'BD/)S -

I'PROCEDURE' FXTESTS
'"BEGIN' '
'*INTEGER' I1,FXD$ o
NEWLINE(2)S WRITETEXT('(' SET.TO. ZERO..SIVCE LOADED.AT .BOUNDARY ')>"')S
'FOR' II=1 'STEP' 1 'UNTIL' NFX 'DOBEGIN®
FXD=2%FX(/11,1/)% . - :
*IF' ABSC VIC/FXD-1>1/) ) *GT' ('E'-6) °*AND®' FX(/II,2/) 'EQ' O
‘*THEN BEGIN® ' ' -
 VI(/FXD-1,1/>=0S ' .
NEWLINEC1)$ WRITETEXTC'(* RADIAL '('5S')' NODEeesoss ')')S
PRINTC (ABS(FXD/2)),3,0)% 'END'S ' :
'IF' ABSC VI(/FXD,1/) ) 'GT' ('E'-6) 'AND' FX(/11,3/) 'EQ' O
*THEN BEGIN' -
VIC(/FXD>1/)=05% .
NEWLINE(1)>$ WRITETEXT('(' VERTICAL'('4S')'NODE+sss ')I'IS
PRINTC(FXD/2),3,0)% 'END'S

*END' TO NFX$
|'END'$
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'"PROCEDURE® OVLDA4S : IR

'BEGIN' : ) . R
'ARRAY" EXLRE(/1'.'8,51".'1/), EQON(/1"+"4/), BB(/1'.'85,1'+'8/)>

OLD(/1*.'NLAYS,1'.'2/)% ~ Istorage of overburden loads
‘REAL' RONELRTWO0,ZONE,ZTW0O.REQU,RO% .

'INTEGER' NI1,N2, N4, I,L,ELNOS )

NEWLINE(1)S WRITETEXT('(®' OVERBURDEN '('2S')>' LOADINGS ')>)')$%
'FOR® I=1 'STEP' 1 'UNTIL' NLAYS 'DO’ -
'FOR' J=1,2 'DO' OLD(/I,J/)=READS$
NEWLINE(1)>% YWRITETEXT('(' OVERBURDEN..RADIAL..VERTICAL.. ')')S%
*FOR" I=1 *STEP' 1 'UNTIL' NLAYS 'DOBEGIN' '

*FOR' J=1,2 'DO' PRINT(OLD(/1,J/)505,3)% NEWLINE(1)>$ 'END'S
NEYLINEC(1)S _ _
*FOR* NO=1 'STEP' 1 ‘'UNTIL' EL 'DOBEGIN' |count through elements
N1=ELNOD(/NO>1/)% N2=ELNOD(/N0>2/)5% N4=ELNODC(/NOs4/)% .
RONE=NCOOBRD(/N1,1/)>% RTWO=NCOORD(/N4,1/)5%
' ZONE=NCOORD(/N1,2/)>% ZTWO=NCOORD(/N2,2/)%

EQNC(/1/)= (RTY0*x*2-RONE**2)*(ZTW0-ZONE)/2%

EQNC(/2/)= (RTYO**3~-RONE#%3)*%(ZTW0-ZONE)>/35%

EON(/37/)= (RTUO**2-RONE**2)*(ZTWO**2-ZONE**2)/4%

EQNC(/4/)= (RTWO**3-RONE#*3)*(ZTVO*%2~ZONE*%2)/6%

N

'COMMENT' WHICH LAYERS . : T
'FOR' I=1 'STEP' 1 'UNTIL' NLAYS 'DOBEGIN® -
'IF' NO 'EQ' RELAT(/I,1/)> '"AND' NO 'LE' RELAT(/I:Z/) 'THEN BEGIN“
LAYER=1% *'GOTO' ESCS%
. 'END'S 'END'S ' assign den51ty of appropriate layer

: : ‘ for this element -
ESC'.*' 'FOR' I=1,2,3,4 'DO"
EX(/151/)=0LDC(/LAYERF1/)*EQNC(/1/)%
*FOR* 1=5,6,7,8 'DO' '
EXC/151/)=0LD(/LAYER,2/)*EQNC/1-4/)%—
AGLOB4$S . MATINUV(BB,AA,8)$ < TRANS(AA,BB,8,8)%
*COMMENT' AA CONTAINS AA-1.TRANSPOSED $
MATMUL(RE,AA>EX,8,8,1)%
'FOR' I=1 °'STEP®* 1 *UNTIL®' 8 *DO* REC(/I,1/)=-6. 28318*RT(/I:1/)$
*FOR' "I=1 *'STEP' 1 'UNTIL' 4 °'DOBEGIN®
PRINT ¢ ELNOD(/NO»I1/)53,0)2% SPACE(1)% 'END'S _
-*FOR* I=1 *'STEP' 1 'UNTIL' 8 'DO" PRINT(RE(/I;I/);O;3)S
NEVWLINEC1)S . . :
I=1$ ‘ ' add equivalent nodal
*FOR' -L=1 *STEP' 1 'UNTIL' 4 *'DOBEGIN' loads to Joad vector
‘ELNO=ELNOD(/NO>L/)>%
VIC/2%ELNO-1,1/) = VI(/2%ELNO-1,1/) + RE(/1,1/)%
VIC/2*%ELNO »1/) = VIC/2%ELNO ,1/) + RE(/I+1,1/)%
I=1+2% 'END'$%
"END' NO=1 TO ELS _ - -
NEWLIME(C1)% WRITETEXTC' (' VI *('S*)>' AFTER *('2S')>' OULD4 ')*)>S
'FOR' I=1 *'STEP' 1 *UNTIL' N 'DOBEGIN®
*IF' ABS(C (I-1>/10 =~ ENTIERC(CCI-1)>710)> > °'LT* ('E'-4) 'THEN'
TNEWLINECLIDS . T i :
PRINT(VI(/151/)50,53)0%

"END' $
l'END' OVULD4 &
'PROCEDURES -] STORE ' | ,

LAYSTR
AGLOB4

matrix inversion |




~ INT(/3,3/)

"PROCEDURE' ITINT4S S P6.10
*BEGIN' : :
*INTEGER® L,I,J%
'REAL' F10R,FONE,FZOR,FZ,FR,FRZ,FRSQ,F25Q,FRSQZ,FRCU,FRZSQ, FZSQOR, P
- R1,R2,21,22,R21,R221,R231,221,2221,22315%
"COMMENT' PROVIDED ELEMENT NUMBERED CLOCKWISE STARTING AT BOTTOM LKS
_ THEN Rl R2 Z1 22 GIVEN AS BELOW $
NULLCINT,8,8)%
MM=(1-NUC/NO/)>)>/NUC/NO/)>$

'IF' KGYC 'EQ®' 1 'THEN BEGIN'
DD=(YMKEM(/NO/)*NUC(/NO/))>/CC1L+NUC/NO/)D)I* (1] 2*VU(/NO/)))$
SS5=(1- 2*NU(/NO/))/CEXNU(/NO/))$

'END ELSE BEGIN'

KK= SxYMhM(/NO/)*NU(/NO/)/(l+NU(/NO/))$

SS5=GM(/NQO/ )/ KKS

'END'S

R1 = NCOORD(/ELNOD(/NOs>1/)51/)5%
R2 = NCOORD(/ELNOD(/NOs4/5,1/)0%
Z1 = NCOORD(/ELNOD(/NO»1/3,2/)5%":
a2 = NCOORD(/ELNOD(/N0»2/)352/0%

. R21=R2-R1% R221=R2%*2-R1%%2$ R231=R2%%*3~-R1%%3%
221=722-21% 2221=Z2%%2-Z1%%2% Z231=Z22%%3-Z1%%3%
*IF' ABS(R1) 'LT' 'E'-6 'OR' ABS(R2) 'LT' 'E'-6 'THEN'
' P=0 'ELSE' P= LN(R2/R1)S - '
FONE = R21%Z21% o -
FI10R = ABS( Z21%P )% : - L -

"FZOR = ABS( 2221%0.5%P )%

FZ = ARS( Z221%R21%0.5 )%

FR = ABS( Z21%R221%0.5 )%

FRZ = ABS(Z221*R221%0.25 )$ : ‘ S
FRSQ-= ABS( Z21%R231/3 )% : S , e e
FZSQ = ABSC 2Z231%*R21/3 )% - l ‘

FRCU = ABS( Z21%R221%(R2**2+R1*%2)%0.25 )% : -

FRSQZ = ABS( Z221%R231/6 )%
FRZSQ = ABS(Z231%R221/6)%
FZSQOR = ABS(Z231%P/3 )$
INTC/1,1/) = MM*F10RS$
ANT(/152/) = (MM+1)%*FONES -

INTC(/1,3/) MM*xFZORS
INTC/1s47) (MM+1)*%FZS$
INTC/1577) FONES
INT(/158/) FRS

INT(/2,27)
INT(/2537)
* INT(/2,4/)
INT(/2,77)
INT(/2,87)

. 2% (MM+1)%FRS
(MM+1)%*FZS%

2% (MM+1)*FRZ$

2%FR$

2%FRSQS% .
MM*FZSQOR + SS*FRS
(MM+1)*FZSQ + SS*FRSQS$
SS*FR$

FZ$%

(S55+1)%*FRZ%
2*(MM+1)*FRZSQ + SS*FRCUS

nnwNRNR NN oo

INTC/3,4/)
INT(/356/)
INT(/3,7/)
INT(/3,8/)
INTC/4,47)

ooy oh non

INT(/456/)

= SS*FRSO$
INTC/4577) = 2%FRZ%
INT(/4,5,8/)_ = (2+5S)*FRSQZ%
INT(/656/) = SS*FRS
. INT(/6,5,8/)> = SS*FRZS%
INTC(/7577) = MM*FRS

INTC(/7,8/>= MM*FRSQS%
INT(/8,8/) = MM*FRCU + SS*FRZS50%



'*FOR' 1
'FOR' J
‘IF' KGYC
'‘BEGIN®

*FOR' 1I=1
*FOR* UJ=1
'END® \
'ELSE" . ) -
*BEGIN' :
IFORI I-_—_
YFOR*' U=
'END'S

*END" %

1 *'STEP' 1
1 'STEP' 1
'EQT 1

"UNTIL' &
"UNTIL' 8
"THEN'

lDol
IDO'

nn

'UNTIL' 8
‘UNTIL' 8

'STEP' 1
'STEP"' 1

lDO'
-lDOl

'UNTIL® &
‘UNTIL' 8

"STEP' 1
"STEP' 1

lDOl

1
1 'DO"

-{BPOST4
FXBDIT -
LOAD

PROCEDURES

'PROCEDURE"
'BEGIN' -
YARRAYY EX(/1'.'851%e%2/), QU/17.'251%471/)5
BB(/1'+'851"«"6/), DUMX(/1'."'8,1"'.'2/)5%
‘REAL' RONE,RTW#0,ZOTWO,>RLOAD,ZLOADS
* INTEGER' NODE!,NODE2,ELNO>I,LS%
NEWLINE(1)3S WRITETEXT(' (' XXXXXXXXXXXXXXXXXXXEXXXX

UDOAD4S

RE(/1"

UNIFORMALLY® ¢('2S*>' DISTRIBUTED '('2S')>' 1L.0AD '('2S
SO0 00000. 000003 0000000,9.0.00.5:99,:0:0,0.0.0.0.0.0 SID AR
ULABL1'.' NO=READS

. 'IF' NO 'EQ' 888 'THEN' 'GOTO' ULAB2S

NEWLINEC1)>$ WRITETEXT('(' FOR *('S')' ELEMENT *)>')$

PRINT(N0,2,0)5% ' :

NODE2=READS$ NODE!=READS . . .

SPACE(1)% WRITETEXT('(' BETWEEN '('S')' NODES ')>')s

PRINT(NODE2,2,0)% SPACE(1)S% AND ')")%

WRITETEXTC'(C®
- PRINT(NODE1,2,0)5% :
7 RONE=NCOORD(/NODE1,1/)3%
'COMMENT' INCLUDES THE CASE OF PART LOADED EDGES$
'IJF' NODE2 'EGQ' 300 'THEN' RTWO=READ 'ELSE!
ZOTWO=NCOORD(/NODE1,2/)3%

IR NEWLINE(2)S

INT(/Js I/)=INTC/ 1, J7)5S

«'8,51"

reras'ye
l)l
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INTC/15J/)=6+2832%DD*INT (/15 J7)

INTC(/15J/)=6.2832%xKK*INT(/1,J/)$%

0'1/)}

RTWO=NCOORD(/NODE2,1/)%

NODEZ2 'EQ' 300 ‘THEN BEGIN' :
WRITETEXT (' (' MAXIMUM'('S')' RADIUS *'('S*')' *)')% PRINT(RT#0,2,0)5
*END'S _ : o S
*IF' ABS( NCOORD(/NODEl,2/)-NCOORD(/NODE2,2/) ) 'GT' ('E'-6)

_'AND' NODE2 °'NE' 300 'THEN' 'GOTO' ULAB3%
*GOTO' ULAB4S ' ,
ULAB3*.* NEWLINE(1)$S . ‘ ‘ ~
WRITETEXTC' (' .Z *('S')>' NOT *('S*>' CONSTANT '('S*')>' FOR '('S')>' LOADED
'('S')' EDGE ')")S : ’
ULABA' .* RLOAD=READS ZLOAD=READS
SPACE(6)% WRITETEXTC '(' RLOAD ')')$ PRINT(RLOAD»0,3)%
SPACE(3)$ WRITETEXTC '(' ZLOAD ')'>$ PRINT(ZLOAD,0,3)%

QC/1,1/)=RLOADS Q(/2,1/)=Z2L0ADS
AGLOB4S%
MATCOP(CC,AA,858)5%
NULL(BB,8,8)% _
*FOR' I=1 'STEP' 1 'UNTIL' &
*FOR' L=1 *'STEP' 1 'UNTIL' 8
CC(/1,L/)=CC(/I5L/)/C'E*+15)8%
MATINV(BBsCC,»8)5S
*FOR' I=1 *STEP'" 1 *'UNTIL' 8 'DO°*
*FOR' L=1 'STEP' 1 'UNTIL®' 8 'DO°*
BB(/IsL/)= BB(/ILL/)/('E'+15)%
TRANS (AA>BB,8,8)%
'COMMENT"*

IDO-I
lDO'

AA NOW CONTAINS INVERT OF A TRANSPOSEDS



P6,12

NULL(EX,8,2)% , :
"COMMENT' BELOW SETS TERMS OF INTEGRAL> Z CONSTANTS

EX(/151/) = (RTWO**x2-RONE*%2)% .
EX(/2,1/) = 2*%x(RTWO*x*3~-RONE*%*3)>/3% '

EX(/351/) = (RTWO**2-RONE**2)*Z0TW0S -

EXC/45,1/7) = 2*%(RTWO**3-RONE**%3)*Z0TW0/3%

EX(/5:2/)=EX(/151/)5 EX(/652/)=EX(/251/)%
EX(/752/)=EX(/3,1/)% EX(/8,2/)=EX(/4,1/)5%
MAIMUL(DUMX:AA:PX: 8:,8,2)%
MATMUL(RE,DUMX»,0,8,2,1)%
'COMMENT Rh CONTAINS IN ITS 8 BY 1 THE LOAD VECTOR FOR NOS
" NEWLINEC(1)S .
"FOR' I=1 'STEP' 1 'UNTIL' 8 *DOBEGIN' RE(/I,1/)=-3.14159%RE(/1,1/)%
PRINT(RE(/I:l/):O:B)S "END'S : ’
T I=19%
"FOR' L= 1 'STEP' 1 'UNTIL' 4 *DO' 'BEGIN'
ELNO=ELNOD(/NO,L/)$% o
VIC(/2%ELNO-1,1/) = VIC(/2%ELNO-1,1/) + REC/I,1/)%
VIC/2*ELNO>1/) = VIC/2%ELNO»>1/) + RE(/I+1,1/)%
I=142% 'END'S$
: . 'GOTO' ULARLS
4 ULAB2'.' NEWLINE(C1)$
'COMMENT' VI ARRAY UDOADS
'END'S . . T ' , oo
'PROCEDURE' SETB4 (AA,LR,LZ>% 'VALUE'LR,LZ$ 'REAL' LR,LZS 'ARRAY' AAS
'BEGIN® - ' :
AAC/1,2/3=1% AAC/1,47)=LZS
AAC/251/7)=1/LRS AA(/2,2/)=1% AA(/2,3/)=LZ/LBS AAC/2,4/)= LzZs
cAAC/3,7/)=1% AAC/358/)=LRS
AAC/453/)=1% AA</4,4/> LRS AA(/456/)=15 AA(/a,8/> LZ$
| 'END'S$ ' : .
|'PROCEDURE SETD4(BB)>% 'ARRAY' BBS

'BEGIN'
*INTEGER" 1,J%

MM=(1~-NUC/NO/)>)>/NUC/NO/)S
"IF* KGYC 'EQ' 1 'THEN BEGIN'
SS=(1-2%NUC/NO/)>)>/(2%NUC/NO/)>)S
'DD=CYMKM(/NO/)*NUC/NO/ )/ CCL+NUC/NO/ 3 )% (L= —S*NUC/NO/)I)I)IS
"END ELSE BEGIN®
W KK=3%YMKM(/NO/)Y%*NUC/NO/)>/ (1 +NUC/NO/)>)S
$S=GM(/NO/)/KKS
"END'S$
'] . . .
.BB(/1,1/)=MM$ BB(/1,2/)=1% BB(/1,3/)=1%
BB(/2,1/)=1% BB(/2,2/)=MM$ BB(/2,3/)=1%
BB(/3,1/)=1% BB(/3,2/)=1% BB(/3,3/)=MM$
BB(/4,4/)=5S$ '
*IF' KGYC 'EQ' 1 °*THEN®
'BEGIN' T
*FOR* I=1 'STEP' 1 °*UNTIL' 4 'DO° _
'FOR' J=1 'STEP' 1 'UNTIL' 4 'DO*' BB(/I1,J/)=DD*BB(/I,J/) 'IND' 'ELSE’
'‘BEGIN' : : _
*FOR* I=1 'STEP' 1 °'UNTIL' 4 'DO°
'"FOR* J=1 'STEP' 1 'UNTIL' 4 'DO' BB(/1,J/)=KK*BB(/1,J/)%

|'EnD's _
'END' SETDA4$

 PROCEDURES - | PLAGMK3
| cropET
CHOSOL
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'BEGIN' _ .

LAY 'E@' 1 ‘*'THEN BEGIN'

EQUK=2 .282%('E*+5)%

EQUG=4.890%("E"+4)S ' 'END'S

*IF' LAY 'EQ' 2 *'THEN BEGIN' )

*IF' MEANST 'GE' 35.0 'THEN' MEANST=35.0% .

EQUK=('E'+6)/(107-2.8*MEANST)S o
EQUG=('E'+6)/(276-5%TOCT)S 'END'S .

*IF' LAY 'EQ' 3 'THEN BEGIN' :

EQUK= ('E'46)/(1.2+0.09*MEANST)S

EQUG= ('E'+6)/0.5-0.2%TOCT+0.08*%TOCT**2)S

VIF' 3%EQUK-2%ECUG 'LEY ('E'-6) 'THEN BEGIN'

"'PROCEDURET'LAYMOD(LAY:EOQNiS'fINTEGER' LAY, EQQNS
’ IF‘I

EQUK=8.27129%('E'+5)5 EQUG=1.19646%('E'+6)S 'END'S
"COMMENT' UVALUES FOR MEANST=0.1 TOCT=3.65% .o
*END'S L

'END' LAYMODS
'*COMMENT' TOTAL NO OF ITERATIONS OF LOADS
. ITERN=READ$ 'COMMENT' INPUT TOTAL ITERATIONS TO FULL LOQD%
" NEWLINEC1)S WRITETEXT('(" ITERN..TO.FULL.LOAD"')')5% PRINT(ITEBN:3;O)S

‘COMMENT' READ IN LAYER DESCRIPTION RELATS

*FOR' I=1 'STEP' 1 'UNTIL' NLAYS ‘DOBEGIN'

‘*FOR' J=1,2 'DO' RELAT(/1,J/)=READS ‘'END'S$

NEVLINE(2)S$ . o ' .
JMRITETEXTC(' (' LAYER.DESCRIPTION. .RELAT(NLAYS,2) ')')S
NEVWLINE(2)S - . _ S
'*FOR' I=1! 'STEP' 1 'UNTIL' NLAYS 'DOBEGIN®

'"FOR' J=1,2 'DOBEGIN' PRINT(RELAT(/I,J/>,4,0>$ SPACE(2)%
'END'$ NEVLINE(C1)$ 'END'S .

'IF' KGYC_ 'EQ' 1 'THPN BEGIN' . ’

" 'COMMENT' READ IN AND SET LAYER INITIAL YOUNGS MODULI &
NEWLINE(2)$ WRITETEXTC'(' LAYER.YOUNGS.MODULI ')>')>S NEVLINE(C1)S
'FOR' I=1 'STEP' 1 'UNTIL' NLAYS 'DOBEGIN® YMI=READS
PRINT(YMI>05,3>% SPACE(2)5% .

'FOR' SM= RELAT(/I.,1/) 'STEP' 1 *'UNTIL' RELAT(/I1,2/) 'DO’
YMEM(/SM/)=YMIS "END'S : 'END' 'ELSE®' 'BEGIN' -
'COMMENT®' READ IN AND SET INITIAL BULK AND SHEAR MODULIS$S '
NEWLINE(2)$ WRITETEXT('(' LAYER.BULK.:.+.SHEAR<MODULI..INITIAL ')')$%
 NEWLINE(1)% . : '
'FOR' I=1 °*STEP' 1 'UNTIL' NLAYS 'DOBEGIN' KMI=READS GMI READS
PRINT(KMI>0,3>% SPACE(1)% PRINT(GMI,0,3)% SPACE(5)$%

'FOR' SM= RELAT(/I1,1/) 'STEP' 1 'UNTIL' RELAT(/1,2/) 'DO BEGIN'
YMKM(/SM/)>=KMI$ GM(/SM/)=GMI3 'END'S*END'S$*END' IF KGYC BLOCKS

*IF' KGYC 'EQ' 1 °'THEN BEGIN® - ) .
'COMMENT' READ IN AND SET NLAYS POISSONS RATIOS =~ NUCEL) §&
NEWLINE(2)$ WRITETEXTC'(' LAYER.POISSONS.RATIO ')')S$ NEWLINEC1)S
'FOR' I=1 'STEP' 1 'UNTIL' NLAYS ‘DOBEGIN' NUI=READS
PRINT(NUI»1,3)% SPACE(2)% Lo . :

'FOR' SM= RELAT(/I>1/) 'STEP' 1 ‘UNTIL' RELAT(/1,2/) 'DO'
NUC/SM/)>=NUI$ “*END'S ‘ :

*END' NU KGYC IFS
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*COMMENT' OUTPUT TO LP YM OR KM AND GM .= ALSO NU
NOTE THAT KM IS STORED IN YMKM,AS IS YMS$

NEWLINE(2)$ _

*IF' KGYC 'EQ' 1 'THEN' WRITETEXT('(' INITIAL.YM.S ')>') ‘'ELSE"
WRITETEXTC' (' INITIAL. BULK.MODULUS *)>')$% - -

NEVLINE(1)S J=1%

‘FOR' I=1 'STEP' 1! 'UNTIL' EL 'DOBEGIN'

"PRINT(YMKM(/1/3,0,3)% SPACE(2)S .
*IF' J *EQ' 5 *THEN' 'BEGIN' J=0% NEVLINE(1)>$% 'END'S J=J+1% 'END'S$
*IF' KGYC 'EQ' 2 'THEN BEGIN' ’ :
NEWLINE(2)$ WRITETEXT('(' INITIAL.SHEAR.MODULUS ')')>&
NEWLINEC1)S J=1% . .

'FOR' I=1 'STEP' 1! 'UNTIL' EL 'DOBEGIN'

PRINT(GN(/I/),O:3)S SPACE(2)%

"IF' J 'EQ' 5 'THENBEGIN' J=0% NEVLINE(I)S 'END'$ J=J+18
*END'S 'END' KGYC EQ 25 ' :
*IF' KGYC 'EQ' 1 'THEN BEGIN' o

" NEWLINE(2)$ WRITETEXT(*(' INITIAL.POISSONS.RATIOS ')')>S

NEWLINEC1)S J=1%

'FOR' I=1 'STEP' 1 ‘'UNTIL' EL °*DOBEGIN'

PRINT(NUC/I1/),0,3)>% SPACE(2)S% :

"IF' J 'EQ' 5 'THEN BEGIN' J=0$ NEVLINE(1)$ 'END'S J=J+1$ 'END'S
*END ELSE BEGIN' :
NEVLINE(2)%

WRITETEXTC(' (" CALCULATED INITIAL.VALUES .OF. Pozssoms RATIOS')‘)S
‘FOR' I=1 *'STEP' 1 ‘'UNTIL' EL 'DO° .

NUC/I/)= (3%YMKNM(/1/) 2*GM(/I/))/(6*YWKM(/I/)+?*GN(/I/))S

.NEWLINECI)DS
J=1% - :

'FOR' I=1 'STEP' 1 'UNTIL' EL 'DOBEGIN'
PRINT(NUC/1/)5,0,3)>3% SPACE(2)%

'*IF' J 'EQ' 5 'THEN BEGIN' .

J=0% NEWLINE(1)$%

‘END'S$ -J=J+1$S 'END'S

*END' NU KGYC IF IF 1 OR 2 &

'COMMENT' READ IN FIXITY MATRIX FX(NFX,3)S%: . ’ : )

'FOR®* I=1 'STEP' 1 'UNTIL' NFX 'DO' *‘FOR' J=1,2,3 'DO' FX(/I,J/)=RI}
‘ADS% C - -

NEWLINEC1)S WRITETEXTC' ('XXX.FIXITY.MATRIX.XXX')')$%

'FOR' I=1 'STEP' 1 'UNTIL' NFX 'DOBEGIN' NEWLINE(1)>S

'FOR' J=1,2,3. 'DO' PRINT(FX(/1,J/32+3,03%% 'END'S

'COMMENT' INPUT NORMALISING CONSTANTSS

AAA=READS UDL=READS

NEWLINE(1I)S . o o B

WRITETEXT(' (' RADIUS .OF.LOADED.AREA ')>')% . SPACE(2)>5%

PRINT(AAA»2,5,2)% : ' )

NEWLINE(1)>S WRITETEXT('(' UD.LOAD..FOR.NORMALISING.PURPOSES ')')s

SPACE(2>% PRINT(UDL,352)%

ITER=1S _
FIDUMP=1000% JDUMP=4800% TIME2=600% each 10 minutes:dump

LAB1'.' PAPERTHROWS copy of program to
TIME=ELAPSED TIMES NEWLINE(1)% PRINT(TI“E;S:l)S tape to enable re-
" *IF* TIME °'GT' TIME2 'THEN BEGIN' ‘ start in the event of
- TIME2=TIME2+600% : * . m/c breakdown .
DUMP PROGRAMC1, IDUMP, JDUNMP) S
NEWLINEC1)S WRITETEXTC'C(' Teeoedeses 'I7)G"
SPACE(3)$% , ' : :
PRINT(IDUMP,3,0)% SFACE(2)% PRINT(JDUNP,3,0)%
1 IDUMP=JDUMP+1§
=JDUMP=qsoos
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BREAK OUTPUT(0)$
BREAK OUTPUT(1)5

'END'S$ : ,
WRITETEXTC' (' ITER'C'SS'>' = ')>')>$ PRINT(ITER,3,0)%
NULL(SK>N>BD)Y$ ' :

'FORT NO = 1 'STEP®* 1 'UNTIL® EL 'DO' 'BEGIN®
AGLOB4S ' ‘ '
ITINT4S

MATCOP(CC,AA,8,8)%
MATINV(BB,CC,8)S .
TRANS(EK,BB,8,8)% . element stiffness
MATMUL(CCLEK, INT,8,8,8>%
I\ATUUL(EV;CC:BB.-8;8;8)‘R
BPOSTAQ

*END
FXBDITS

YIF' ITER *EQ' 1 'THEN BEGIN'

© _ NULL(UILN5CS)S$ ' . , N
LOADS } : - ) ' S
OVLD4$ S ———— _loading
FXTESTS B
NEWLINEC1)% ' : : - -
WRITETEXT ( ' (" XYXAXKXXKXXK KKK XXAX XXX K XXX XX KK XX XX KKK AKX X KKK XK AKX KAKAK ') 'S
NEWLINE(C2)$ WRITETEXT(' (' LOAD.VECTORS ++.VI(N>CS) *)>')%
NE¥LINEC1)S . : :
SM=1%$ 'FOR' I=1 'STEP' 1 'UNTIL® N 'DOBEGIN' PRINT(VI(/I1,1/),0,3)%
'IF' SM "EQ@' 5 'THEN BEGIN' NEWLINE(1)$ SM=1$ 'END' ‘'ELSE! SM=SM+15%
3 . : : _ ) ‘END'S -
'FOR' I=1 *'STEP' 1 ‘'UNTIL' N 'DO°' VI2</1,1/> VIC/1,1/)%
~ 'END'S$ '
NULL(VIsN>CS)S
*FOR' I=1 'STEP' 1 'UNTIL®' N 'DO''BEGIN'-
*IF' ITER 'LT' ITERN ‘THEN' VI(/1,1/)= (ITER/ITERN)*UI2(/I,1/)
'ELSE* VIC(/1,1/)=VI2C/151/)%

L]
Pnggxi(N,BD,CS,SK’VI)S solutlon of equatlons by Choleski
CPOUTS decomposition
PRINT(ITER,A,O)S SPACE(2)$% PRINT(VIC(/2, 17350568 .
LPOUTS

"NEWLINE(2)$ WRITETEXT('(' DISPLACEMENTS.AT.NODES ')')$%
NEWLINE(C1)S K

‘FOR' I =1 'STEP' 2 'UNTIL' (N-1) 'DO' 'BEGIN'

SM = (1+1)/2%

NE¥LINEC1)$ PRINT(SMs3,0)% SPACE(3)S$

'FOR' J=0,1 'DOBEGIN' PRINT(VIC(/I+J>1/3,0,4)% SPACE(4)% 'END'S
. "END' 1I% ' : : ) »
PAPERTHROVS , Lo
VRITETEXT (' (' ELEMENT '('4S')' CENTROID '('8S')>' R.'('11S"')' Z
'*('3S5')' STRAINS++eR+TH.Z.TRZ '3')%

SPACEC10)% WRITETEXT('(' STRESSES s+ eReTHeZeTRZ ¢+ + «MEAN.STRESS *')')S
NEWLINE(C1)$ SPACEC100)% WRITETEXT('C(' OCT.SHEAR.STRESS ')")%

NULL(SK,5%(DOUN-1),ACR0SS-1>$ . |provide storage in redundant
I1=1% - JJ=1% stiffness matrix for mean and shear

stresses
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'*FOR' '‘NO=1 'STEP' .1 'UNTIL' EL 'DO' *'BEGIN®
LR=0% LZ=0% .

'*FOR' L=1 'STEP' 1 'UNTIL' 4 'DO BEGIN'
LR=LR+NCOORD(/ELNOD(/NO>L/)>51/)% LZ=LZ+NCOORD(/ELNOD(/NO>L/)52/)%

'END'S$ LR=LR/4S LZ=LZ/4%
NEWLINEC1)S PRINT(NO->3:0)5%
PRINT(LR,2,2)% PRINT(LZ,2,2)%
NULLCAA, 8,85 NULL(BB»858)% NULL(CC:8:8)$
AGLOB4S
MATINV(BB,AAs>8)S
NULLCAALB,8)0%
SETB4(AA,LRLLZ)S
MATMUL(CC,AAsBB,8,8,8)S%
NULL(BB,»&,8>%
L=1% *FOR' I=1 *'STEP' 2 'UNTIL' 7 'DO" ‘'BEGIN'
SM=ELNOD(/NO,L/)>% o -
BB(/1,1/)=VI(/2%SM=151/)% BB(/I+1,1/)=VI(/2%SM>1/)$%
L=L+1% ‘END'S :
NULLCAA>858)%
MATMULCAASCC>RB» 8,58, 8)5
*COMMENT' STRAINS OUTS
*FOR' 1I=1,2,3,4 'DOBEGIN'
PRINT(AAC/151/7,051)% 'END'S
NULL(BB,8,8>% -
SETD4(BB)Y%
NATI“UL(CCJBBJQA:8:8:8)$ .
‘COMMENT' STRESSES ARE IN CCls1 TO CC 1,4%

‘FOR* I=1 *STEP*' 1 ‘UNTIL' 4 *'DO° PRINT(CC(/151/)53:2)%
MEANST=0% N ' -
*FOR' I=1 'STEP' 1 'UNTIL' 3 'DO' MEANST=MEANST + CC(/I,1/)%
MEANST=MEANST/3% . - \ : ' :
CR=CC(/1,1/>% CT=CC(/2,1/)2% CZ=CC(/351/)% CTRZ=CC(/4,1/)%
TOCT= SORT( ((CR-CT)**%2 + (CT-~- cz>**g + <cz CR)Y*%2 + 6%CTRZ*%2))/3%
PRINT (MEANST,3,2)% _
PRINT(TOCT 5352)% , ‘

{

*IF' NO 'EQ' 1 'THEN' 'BEGIN®

CPOUTS ' '

PRINTC(ITER,3,0)% SPACE(2)% ,
PRINT(CC(/351/35355>% SPACE(2)% ~

PRINT(MEANST»2,55)% SPACE (2)%

PRINT(TOCT»2,5)% SPACE <2>5 :

LPOUTS  ‘'END'S _ ‘ .
*IF* ITER 'EQ' 1 'OR' ITER 'GE' 12  'THEN®

STORES$ 'COMMENT*' PUTS MEANST IN SK»> LR, LZ$

‘FOR" I=1,2,354 'DOBEGIN' AAC(/I,1/)=('E'+6)*AA(/151/)/UDLS
) _— CC(/1,1/)>=100% CC(/151/)/7UDLS%S 'END'S
LR=LR/AAAS LZ= <82 -LZ)/AAAS (82 is total mesh depth + 10)
NEWLINE(1)S SPACE(S5)% PRINT(LR,2,2)S
PRINT(LZs2,2)%
'*FOR' 1=1,2,3,4 'DOBEGIN'
PRINTC(AA(/151/)5353)0% ‘END'S
S *FOR' 1=1,2,3,4 'DO' PRINT(CC(/1,1/),2,2)%

MEANST=ABS (MEANST)% :
'COMMENT! X X X X X X X X X X X X XX XXX XKXXXXXXX 3
'COMMENT' MODIFY MODULI IN CORRECT LAYERS :
*FOR' I=1 *'STEP' 1 ‘'UNTIL®' NLAYS 'DOBEGIN® '
'IF' NO 'EQ@' RELAT(/I»1/) 'AND' NO 'LE' RELAT(/I1,2/) 'THEN' 'BEGIN'
LAYER=I$ *'GOTO' LAYES 'END'S ‘'END'S
LAYE' .' LAYMOD(LAYER,KGYC)%
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'COMMENT' ¥ X X X X X X X ¥ X X X X X X X X X X X X X X X X~
'COMMENT® DAMP THE MODIFICATION TO MODULUS SO THAT ONLY CHANGE
BY HALF THE AMOUNT EXPECTED %

‘IT' KGYC *EQ@' .1 'THEN BEGIN®

INC=EQU-YMKM(/NO/)>% INC=INC/2% YMKM(/NO/)= YMKM(/NO/)+INCS
PRINT(YMKM(/NO/)>>053)>% '"END ELSE BEGIN'

INCG=EQUG~GM(/NO/)>S$ INCG=INCG/2% GM(/NO/)>=GM(/NO/)>+INCGS

INCK=EQUK-YMKM(/NO/)>$ INCK=INCK/2% YMKM(/NO/)=YMKM(/NO/)+INCKS
"PRINT(YMEMC(/NO/Y,053)>% )

. PRINTA(GM(/NO/>505,3)%
NU(/NO/)> = (3*YMKM(/NO/)I-2%GM(/NO/))/ (2%GM(/ND/)+6%xYMKM(/NO/ ))&
'END'S$

*END' NO=1 TO EL FOR STRESSESS

¢
*IF' ITER 'EQ' 1 'OR' ITER 'GE' 12 'THEN'
LAYSTRS 'COMMENT' LAYS MEANST ON L/PS$

*COMMENT' OUTPUT TO LP YM OR KM AND GM- ALSO NU
NOTE THAT KM IS STORED IN YMKM AS IS YMS
NEHLINE(?)S S
*IF' KGYC "EQ' 1 'THEN' YRITETEXTC'(* _ YM.S ')') C'ELSE'
' WRITETEXTC' (" BULK.MODULI ')>')%
NEYWLINE(1)% J=1% ’ o E
'FOR' I=1 'STEP' 1 'UNTIL' EL 'DOREGIN'
PRINT(YMKM(/1/),0,3)% SPACE(2)% ' :
"IF' J 'EQ' 5 *THEN' 'BEGIN' J=0% NEVLINEC1)$ 'END'S J=J+1$ 'END'S
*IF' KGYC 'EQ' 2 ‘THEN BEGIN' '
NEWLINE(2)$ WRITETEXTC'("* SHEAR .MODULUS ')')%
NEWLINEC1)$ J=1§ ~ ' o
*FOR' I=1 'STEP? 1 'UNTIL' EL °*DOBEGIN'
PRINT(GM(/I/)50,3)% SPACE(2)%
*IF' J '"EQ' 5 'THENBEGIN' J=0% NEWLINE(C1)$ 'END'S$ J=J+1%
"END'S$ *END' KGYC EQ 2%
NEVLINE(2)$ WRITETEXTC('C* POISSONS+RATIOS -*)*)%
NEWLINEC1)$ J=1% o - : : :
'FOR' I=1 'STEP' 1 'UNTIL' EL °*DOBEGIN'
PRINT(NUC/I/),0,3)% SPACE(2)% : -
*IF' J 'EQ' 5 'THEN BEGIN' J=0% NEVLINE(1)>$ 'END'S J=J+1S ‘END'S
*IF' ITER 'EQ' 12 _*'THEN GOTO' L99% ,
ITER=ITER+1S 'GOTOY LARLIS chan(re ‘tO equ%l t;:1ax.tde51red
VEND' MAIN 4NVE 200 MODULARISED(2 IN BLOCK)s 1o+ of iterations
*END' NON MODULARISED HARWELL COMPAT. FROM 4AUTBIG 3313(1 IN BLOCK)S
L99".!* ' '
STOPS : _
YEND'S$ *END'S 'END'S 'END'S 'END'S X _
*END' MAIN PROGRAM 4 NODE ELEMENT AND OUTER BLOCK, 8 NODE COMPATIBLE
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A.7 CHOLESKY BANDED DECOMPOSITION

The procedure PLAGMK3 is a standard Cholesky decomposition

for a banded symmetric matrix modified and made to be efficient

and easy to use in structural problems. The procedure

requires storage

equal to the upper band of the structural

stiffness matrix and places the solution(s) into the 1load

vector(s).

Input parameters:

ID -

Iw -

ILO -

S -

Lo -

total no.

bandwidth

number of

stiffness

~.
of unknowns

load cases

matrix, S(1:ID, 1:IW)

load vector(s)/solution vector(s) LO(1:ID, 1:ILO)

If the stiffness matrix is non-positive definite a

failure message "FAILURE IN CHODET" is printed, usually

signifying faulty data.
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'PROCEDURE' PLAGMK3(ID,IW,ILO,S5L0)S 'VALUE® ID,IW,ILOS /
'ARRAY' S5,L0% 'INTEGER® ID,IY,ILOS
'BEGIN' *INTEGER' IMM,INNS ,

'FOR' IMM=ID *'STEP' -1 *UNTIL' 1 'DO°
'FOR' INN=IW 'STEP' -1 'UNTIL' 1. 'DO°
*IFY (IMM+INNY *GT' IW 'THEN'

S5C¢/IMM, INN/DY=S5(/IMM+INN-TIW, IV~ INN+1/)$
CHODET(ID,I¥,5,5)%

CHOSOLCID,I¥W,IL0>S5L0O>L0ODS
'END' PLAGMKS

*IDENTIFIERCHODET

*ALGOL

'PROCEDURE' CHODET (N,M>A,LY$ "UALUE® N,M$

.'ARRAY' ALL$ 'INTEGER' N,M§ ) : .
"BEGIN' : S -
*INTEGER' P,0,R,S,MA>I,J>K$  'REAL' Y$ g
MA=M~-18 ' '

*FOR' I=1 'STEP' 1 'UNTIL' N 'DOBEGIN'
"IF' I 'GT' MA 'THEN' P=1 'ELSE' P=M-I+1$%
R=1-M+PS . ' ) o
'FOR' J=P 'STEP' 1 'UNTIL' M 'DOBEGIN'
S=J-1% Q=M-~J+P§
Y=AC/153/)% , : g :
"IF* P 'LE' S 'THEN' : ' . -
'"FOR' X=P 'STEP' 1 *'UNTIL' S 'DOBEGIN' : ' '
Y=Y-L(/1,K/)*L(/R,Q/)8%
Q=Q+1% 'END'S
*IF' J 'EQ' M 'THEN BEGIN"
*IF' Y *LT' O *'THEN BEGIN' '
NEYLINE(2)$ WRITETEXT('(' FAILURE.IN.CHODET..Y.LT.0 ')')>$ STOPS 'END'S

CLC/1sJ/)=1/SQRTF(Y)$ 'END' 'ELSE' L(/1I,J/)=Y%L(/R>M/)$ R=R+1$
'END'"J$ ‘'END' 1% '

. 'END' CHODET
*IDENT IF IERCHOSOL - :

*ALGOL . , . :
'*PROCEDURE' CHOSOL(N>M>RsLs>B»X>% 'VALUE' Ns>Ms>R$

~"ARRAY' L,B,X$ 'INTEGER' N,M,R$ :
*BEGIN® ‘
*INTEGER' P,Q, S5MAsI,JsKsKAsIAS , : : : : :
‘REAL' Y$ : : ' , .
S=M=-1% MA=M-1% ' : - ’
'FOR' J=1 'STEP' 1 'UNTIL' R 'DOBEGIN"'

- *COMMENT' SOLUTION OF LY=B$%
*FOR' I=1 *STEP' 1 'UNTIL' N “DOBEGIN®
'IF' I 'GT' MA ‘THEN' P=1 _.'ELSE' P=M-I+1$% Q=1%
Y=B(/1,J/)3% ' )

~YIF' P 'LE' S 'THEN' :
'FOR' K=P 'STEP' 1 'UNTIL' S 'DOBEGIN'

~

BRN

KAa=5-K+P$

Q=Q-1% .

Y=Y~-L(/1,KA/I%*X(/0:J/)% -

'END' K% XC/15Jd7)=Y*xL(/1,M/)% g -
'END' 1% ) g :

'COMMENT* SOLUTION OF UX=Y § _
'FOR' I=1 'STEP®' 1 ‘UNTIL' N 'DOBEGIN'
IA=N+1~15% . »
*IF' (N-IA) ‘'GT*' MA 'TEEN' P=1 'ELSE' P=M-N+IA$
Y=X(/1A5J/)% - '
Q=1IA%

_"IF' P 'LE' S 'THEN'
'FOR' K=P . 'STEP' 1 ‘*UNTIL' S 'DOREGIN'
KA=S-K+P$S Q=Q+1% '
Y=Y-L(/Q>KA/)I)*X(/Q,3/)%
'END' K% X(/IA,J/)=Y*L(/IA,M/)%
'END' 1% ‘END* JS N
*END' CHOSOL AND PLAGMK3 MODULES






