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Abstract 
 
 
This thesis investigates the use of Discrete Element Modelling (DEM) to simulate the 

behaviour of a highly idealised bituminous mixture under uniaxial and triaxial 

compressive creep tests. The idealised mixture comprises single-sized spherical (sand-

sized) particles mixed with bitumen and was chosen so that the packing characteristics 

are known (dense random packing) and the behaviour of the mixture will be 

dominated by the bitumen and complex aggregate interlock effects will be minimised. 

In this type of approach the effect of the bitumen is represented as shear and normal 

contact stiffnesses. A numerical sample preparation procedure has been developed to 

ensure that the final specimen is isotropic and has the correct volumetrics. Elastic 

contact properties have been used to investigate the effect of the shear and normal 

contact stiffnesses on bulk material properties. The bulk modulus was found to be 

linearly dependent on the normal contact stiffness and independent of the shear 

contact stiffness. Poisson’s ratio was found to be dependent on only the ratio of the 

shear contact stiffness to the normal contact stiffness. An elastic contact has been 

assumed for the compressive normal contact stiffness and a viscoelastic contact for 

shear and tensile normal contact stiffness to represent the contact behaviour in 

idealised mixture. The idealised mixture is found to dilate when the ratio of 

compressive to tensile contact stiffness increases as a function of loading time. 

Uniaxial and triaxial viscoelastic simulations have been performed to investigate the 

effect of stress ratio on the rate of dilation with shear strain for the sand asphalt. The 

numerical results have been validated with experimental data. The geometric factors 

that influence asphalt dilation are investigated. The level of dilation was found to be 

dominated by the proportion of frictional contacts in the sample. Simulations have 

been performed to investigate the effect of particle shape on asphalt dilation. Greater 

dilation was found in the sample with clumps under loading.  

 



Acknowledgements 
 

This research project was suggested by Prof. Andrew Collop who also acted as my 

research supervisor. I am greatly indebted to him for his invaluable advice, 

encouragement and enthusiasm towards this project. I would also like to express my 

appreciation to him for reviewing my thesis a number of times during the write up 

notwithstanding his own heavy workload and offering valuable suggestions and 

comments. I am grateful to Dr Glenn McDowell who acted as my co-supervisor in 

this project for his valuable suggestions and many long fruitful discussions. I would 

also like to thank Dr. Nick Thom for extending his help during the course of this 

project. 

I am grateful to Dr Oahid Harireche who has helped me a lot during my learning of 

DEM program. I would also like to thank Dr Heinz Koniezky, Prof. Yoshi Shimizu 

and Dr David Potyondy for their valuable discussions on DEM modelling. I had lots 

of discussions from which I learnt a great deal. I would also like to mention all the 

researchers of the Nottingham Centre of Pavement Engineering (NCPE). Thanks to 

all those who have helped me in some way but not mentioned above by name.  

This research was mainly funded by the Nottingham Asphalt Research Consortium 

(NARC) and Overseas Research Students Awards Scheme (ORS) in the United 

Kingdom, and I am grateful for their generous and continuous support. 

Finally, I would like to thank my family for their constant encouragement. 

 

 

 

 

 

 



  

 
Table of Contents 

 
 
 
Chapter One 
1 Introduction ........................................................................................................1 

1.1 Problem Definition .......................................................................................1 

1.2 Thesis Structure ............................................................................................2

 

 

Chapter Two 
2 Reviewing the Deformation Behaviour of Bitumen and Asphalt...................5 

2.1 Introduction ..................................................................................................5 

2.2 Permanent Deformation of Asphalt Mixtures ..............................................5 

2.2.1 Permanent Deformation of Pure Bitumen ............................................6 

2.2.2 Permanent Deformation of Idealised Mixtures ....................................8 

2.2.3 Permanent Deformation of Realistic Mixtures...................................10 

2.3 Continuum Models for Asphalt Mixtures...................................................10 

2.3.1 Stiffness Representation .....................................................................11 

2.3.2 Elastic Model......................................................................................12 

2.3.3 Linear Viscoelastic Models ................................................................13 

2.3.4 Nonlinear Viscoelastic Models...........................................................16 

2.3.5 Elasto-visco-plastic Models................................................................17 

2.4 Micromechanical Models of Asphalt Mixtures..........................................18 

2.4.1 Thin Film Bitumen Creep Model .......................................................19 

2.4.2 Microstructural Model........................................................................19 

2.4.3 Discrete Element Model .....................................................................20 

2.5 Thin Film Behaviour of Bitumen ...............................................................22 

2.6 Summary.....................................................................................................24 

 

 

 

 



  

Chapter Three 
3 Introduction to Discrete Element Modelling .................................................38 

3.1 Introduction ................................................................................................38 

3.2 Development and Application of DEM......................................................39 

3.3 Particle Flow Code in Three Dimensions (PFC3D) ...................................42 

3.3.1 Basic Calculation Procedure...............................................................43 

3.3.2 Mechanical Timestep..........................................................................46 

3.3.3 Elastic Contact Model ........................................................................47 

3.3.4 Contact Bond ......................................................................................48 

3.3.5 Burger’s Viscoelastic Contact Model.................................................49 

3.3.6 Servo-Control Mechanism..................................................................52 

3.4 Summary.....................................................................................................53 

 

 

Chapter Four 
4 Numerical Sample Preparation.......................................................................60 

4.1 Introduction ................................................................................................60 

4.2 Review on Packing Characteristic of Spheres............................................61 

4.3 Numerical Sample Preparation Procedure..................................................61 

4.3.1 Boundary and Particle Generation......................................................62 

4.3.2 Isotropic Equilibrium State.................................................................63 

4.3.3 Preparation of a Bonded Sample ........................................................64 

4.3.4 Preparation for Uniaxial and Triaxial Simulations.............................65 

4.4 Method of Measurement.............................................................................66 

4.4.1 Measurement Sphere ..........................................................................66 

4.4.2 Measurement of Bulk Strains .............................................................68 

Bulk Radial Strain .......................................................................................68 

Axial Strain..................................................................................................69 

4.5 Conclusions ................................................................................................69 

 

 

 

 



  

Chapter Five 
5 Elastic Simulations ...........................................................................................78 

5.1 Introduction ................................................................................................78 

5.2 Material Properties .....................................................................................78 

5.3 Effects of Number of Particles ...................................................................79 

5.4 Effects of Loading Rate..............................................................................81 

5.5 Effects of Normal and Shear Contact Stiffness on Bulk Properties ...........82 

5.6 Modelling Dilation of an Asphalt Mixture.................................................87 

5.7 Effect of non-equal tensile and compressive normal contact stiffnesses ...88 

5.7.1 Effect of the ratio of compressive to tensile contact stiffness (KC / KT)    

where KS = KC.....................................................................................89 

5.7.2 Effect of the ratio of compressive to shear and tensile contact 

stiffnesses, (KC / KT) where KS = KT....................................................90 

5.7.3 Effect of the ratio of compressive to shear contact stiffness  (KC / KS) 

where KT = KC .....................................................................................91 

5.8 Conclusions ................................................................................................92 

 

 

Chapter Six 
6 Viscoelastic Simulations of Uniaxial Tests ...................................................101 

6.1 Introduction ..............................................................................................101 

6.2 Burger’s Contact Model ...........................................................................101 

6.3 Computation Time Optimisation..............................................................103 

6.4 Effect of Bond Breakage ..........................................................................105 

6.5 Simulation with Default Burger’s Contact Model....................................106 

6.6 Simulation with Modified Burger’s Contact Model.................................108 

6.7 Effect of Sample Density on Dilation ......................................................109 

6.8 Effect on Contact Stiffnesses on Dilation ................................................110 

6.9 Effect of Deviator Stress ..........................................................................112 

6.10  Effect of Bitumen Film Geometry Factor ........................................112 

6.11  Comparison with Experimental Results ...........................................114 

6.12  Conclusions ......................................................................................116 

 



  

Chapter Seven 
7 Viscoelastic Simulations of Triaxial Tests ....................................................135 

7.1 Introduction ..............................................................................................135 

7.2 Review of Triaxial Tests on Asphalt Mixtures.........................................135 

7.3 Numerical Sample Preparation and Modelling Procedure .......................137 

7.4 Effect of Stress Ratio................................................................................138 

7.5 Effect of Deviator Stress ..........................................................................140 

7.6 Conclusions ..............................................................................................141 

 

 

Chapter Eight 
8 Other Factors Influencing Asphalt Dilation ................................................150 

8.1 Introduction ..............................................................................................150 

8.2  Influence of Bonds Absence and Interparticle Friction on Asphalt Dilation. 

...................................................................................................................150 

8.3 Comparison with Experimental Results ...................................................153 

8.4 Influence of Particle Shape on Dilation....................................................154 

8.4.1 Modelling Procedure ........................................................................155 

8.4.2 Dilation with Bonds Removed .........................................................156 

8.5 Conclusions ..............................................................................................157 

 

 

Chapter Nine 
9 Conclusions and Recommendations for Further Work.............................165 

9.1 Conclusions ..............................................................................................165 

9.1.1 Literature Review (Chapter Two) .................................................165 

9.1.2 Introduction to Discrete Element Modelling (Chapter Three) ......166 

9.1.3 Numerical Sample Preparation (Chapter Four) .............................166 

9.1.4 Elastic Simulations (Chapter Five)................................................166 

9.1.5 Viscoelastic Simulations of Uniaxial Tests (Chapter Six) ............167 

9.1.6 Viscoelastic Simulations of Triaxial Tests (Chapter Seven).........167 

9.1.7 Geometric Factors Influencing Asphalt Dilation (Chapter Eight) 168 

9.2 Recommendations for Further Work........................................................168 



  

9.2.1 Limitations of the Numerical Simulations ....................................168 

9.2.2 Modelling of Asphalt Dilation.......................................................169 

9.2.3 Particle Shape ................................................................................169 

9.2.4 Modelling of Wheel Tracking Test ...............................................170 

 

References…………………………………………………………………………171 

 
 
 
 
 
 



Chapter 1: Introduction   1  

 
 

 1    Introduction 
 
 
 
 

1.1 Problem Definition 
 

Asphalt is a complex multi-phase material that comprises 3 phases: bitumen, 

aggregate and air. A range of asphalt mixtures can be produced depending on the 

proportions of these components and the grading of aggregate. A typical 

continuously graded mixture (e.g. bitumen macadam) relies on an interlocking 

aggregate skeleton for its strength with the binder primarily acting as a lubricant to 

aid compaction and “glue” the mixture together. At the other extreme, a typical gap-

graded mixture (e.g. stone mastic asphalt) will have a discontinuous aggregate 

grading (i.e. some stone sizes will not be present) and relies on a coarse aggregate 

skeleton bound by a bitumen/filler “mortar” for its strength. For both these mixture 

types the micromechanical behaviour, at the scale of an aggregate particle (e.g. 

particle size distribution, angularity), will be an important factor in terms of overall 

material performance. 

 

The traditional approach to modelling asphaltic materials is to treat them at the 

macro-scale using continuum-based models. This usually involves undertaking 

careful experiments over a range of conditions (e.g. stress levels, loading rates, 

temperatures etc), measuring the macroscopic response of the material and fitting 

continuum-based constitutive models to the measured behaviour. The continuum 

approach implemented into a Finite Element (FE) program can incorporate nonlinear 

constitutive equations that include anisotropic, dynamic, viscous and plastic effects. 

The micromechanical behaviour of the mixture is typically not explicitly included in 
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this approach, which means that it is not easy to relate observed behaviour to the 

micromechanics of the material.  

 

In reality, the deformation of asphalt takes place mainly in the bitumen. The contact 

properties between aggregates in the asphalt mixture depend strongly on the 

thickness of bitumen film separating aggregates. It should be emphasised that an 

understanding of the physical mechanism of deformation is crucial in understanding 

and modelling the deformation behaviour of asphalt mixtures. With the Discrete 

Element Method (DEM), it is possible to model materials that consist of individual 

particles where a particle may roll or slide relative to other particles.  

 

The DEM offers a means of gaining an insight into the micromechanics of the 

deformation process. The program used in this thesis models a particle as a ball or a 

number of balls bonded together. The balls are non-deformable, but can overlap at 

the contact points and a contact law is used to calculate contact forces from the 

relative displacements. The aim of this project is to use the DEM program PFC3D 

(Particle Flow Code in Three Dimensions) to model the deformation behaviour of 

idealised asphalt mixtures. Previously gathered experimental data will be used for 

comparison with the modelling. An idealised asphalt mixture comprising relatively 

single-sized sand and bitumen has been chosen because of the relatively simple 

internal geometry compared to a more realistic asphalt mixture. This can be 

considered as a necessary first step towards understanding the micromechanics of 

the deformation behaviour in a real asphalt.  

 

1.2 Thesis Structure 
 

Chapter 2 provides an introduction to typical asphalt mixtures that are used in UK 

road construction. The major causes and the mechanics of permanent deformation 

are described. This is then followed by the review of recent research into permanent 

deformation of bitumen, idealised mixtures and realistic mixtures. Several 

continuum models for asphalt are described in this chapter. This chapter concludes 

with the review of micromechanical models for asphalt.  
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Chapter 3 describes the DEM and the software package PFC3D (Particle Flow Code 

in Three Dimensions) used in the modelling. This is then followed by the review of 

the development and application of the DEM in soil and rock mechanics. This 

chapter also reviews the theory and background of modelling using PFC3D. The 

Burger’s time-dependent contact model is described.  

 

Chapter 4 introduces the numerical sample preparation procedure used to create a 

sample that replicates the packing characteristics of an idealised asphalt mixture. A 

measurement method is established to quantify the deformation quantities of the 

asphalt specimens used in numerical simulations. 

 

Chapter 5 presents simulations used to model the elastic response of the idealised 

mixtures. The effects of sample size, loading rate and normal and shear contact 

stiffness on bulk elastic properties are examined. A mean field approach is presented 

to theoretically investigate the dependence of bulk modulus on normal contact 

stiffness. The effect of non-equal tensile and compressive normal contact stiffnesses 

on dilation is investigated. 

 

Chapter 6 presents uniaxial viscoelastic simulations. The Burger’s contact model is 

used to simulate the time dependent shear and tensile normal contact behaviour of an 

idealised asphalt mixture and the normal compressive contact is taken to be elastic. 

The effects of the ratio of the various contact stiffnesses, sample density, deviator 

stress and bitumen film geometry factor on asphalt dilation are investigated.  

 

Chapter 7 presents triaxial viscoelastic simulations. The first part of this chapter 

reviews experimental work by previous researchers in describing the effect of stress 

ratio on asphalt dilation. A modelling procedure to simulate the triaxial test in the 

laboratory is developed. The effect of deviator stress on dilation is investigated.  

 

Chapter 8 describes the geometric factors that influence asphalt dilation. Two main 

effects are investigated. The effect of introducing a proportion of frictional contacts 

is investigated. Both the proportion of frictional contacts and the magnitude of the 

friction coefficient are investigated. The second part of this chapter simulates the 
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effect of particle shape on asphalt dilation. A sample preparation procedure is 

developed to prepare a numerical sample with non-spherical particles.  

 

Chapter 9 summarises conclusions from this research and presents recommendations 

for further work. 
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 2 Reviewing the Deformation 
Behaviour of Bitumen and Asphalt 

 

 

 

2.1 Introduction 
 

The first part of this chapter presents a brief review of the deformation behaviour of 

pure bitumen and asphalt mixtures. The second part presents a review of literature 

related to continuum and micromechanical modelling of asphalt mixtures.  

 

2.2 Permanent Deformation of Asphalt Mixtures 
 

Permanent deformation occurs when material from under the wheel path of a truck 

flows and compacts to form a groove or rut [112]. To describe pavement 

performance under various loading conditions, experiments in the field and under 

controlled conditions in the laboratory have been undertaken by many researchers 

[19, 56, 92]. However, the methodologies for rutting prediction and its elimination 

are far from perfect. 

 

Pure bitumen behaves as an elastic solid at low temperatures and/or high loading 

rates, and a viscous fluid at high temperatures and/or low loading rates. It exhibits 

viscoelastic behaviour in the intermediate range. When a load is applied to an 

asphalt mixture, it deforms with an instantaneous elastic response after which the 

strain gradually increases with time. Upon removal of load, the initial elastic strain is 

recovered as is a further delayed elastic strain component leaving an irrecoverable 

small residual strain. This residual strain will be accumulated under many load 
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applications and will lead to pavement rutting. The phenomenon of permanent strain 

accumulation is illustrated in Figures 2.1 and 2.2.  

 

The two major mechanisms in asphalt materials that contribute to rutting are 

densification and shear displacement. Densification occurs when the aggregate 

skeleton becomes more closely packed and tends to occur relatively early in the life 

of the pavement due to poor compaction during construction. Eisenmann and Hilmer 

[44] reported that if a pavement has been well compacted during construction, 

further densification is unlikely. Shear displacement is the process of lateral material 

flow, which can result in the development of shoulders on either side of a rut. 

Hofstra and Klomp [55] indicated that the shear displacement was the primary factor 

responsible for rutting. They emphasised that the material should be well compacted 

to a high density in order to minimise shear deformation. They concluded that 

rutting could be controlled by a good compaction in the field.  

 

2.2.1 Permanent Deformation of Pure Bitumen 
 

Early experiments indicated that the mechanical behaviour of asphalt mixtures is 

strongly dependent on the bituminous binder even though the mixture contains 

typically less than 10% by volume of bitumen. Research into the mechanical 

behaviour of pure bitumen started around 1960’s when van der Poel reported that the 

stiffness of bitumen at low strains could be correlated with the penetration1 and 

softening point 2  of the bitumen [118, 120]. He summarised the mechanical 

behaviour of bitumen as a function of temperature and loading time in the well 

known van der Poel Nomograph [119]. Following this, several researchers have 

attempted to characterise bitumen as a linear viscoelastic material using rheological 

models based on combinations of springs and dashpots [63, 118, 122]. However, 

these approaches are only applicable for small strains and stresses.  

 

                                                 
1 Penetration is the distance travelled into a bitumen sample by a standard needle under a standard 
load (100g) for a standard period of time (5s) measured in decimillimetres. 
2 The softening point is the temperature at which a bitumen sample contained in a brass ring under the 
loading of a steel ball will touch a base plate 25mm below the ring when the bath temperature is 
raised at 5 oC per minute. 
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Previous researchers have shown that pure bitumen exhibits very complex stress-

strain behaviour [22-25]. Cheung and Cebon [24] developed a deformation 

mechanism map (Figure 2.3) for bitumen over a wide range of temperatures, stresses 

and strain rates. They found that at temperatures above the glass transition3, the 

deformation behaviour of the 50 pen grade of bitumen tested was linear viscous at 

low stress levels and power law creep at high stress levels with a creep exponent of 

approximately 2.3. The transition stress at which there is a change from linear to 

power law behaviour was found to be approximately 115kPa [22]. Early research 

also demonstrated that the steady state behaviour of bitumen is linear viscous at low 

stresses [14, 69, 97]. At higher stresses (0.1MPa to 1MPa), several experimental 

studies [47, 76, 102, 123] demonstrated that the bitumen behaves as a nonlinear 

viscous solid. 

 

Cheung and Cebon [24] suggested that the transition from linear viscous behaviour 

at low stresses to nonlinear viscous behaviour at high stresses could be captured by 

the Modified Cross Model (MCM) [30]. They described the steady-state uniaxial 

behaviour of pure bitumen for temperatures well above the glass transition 

temperature by a MCM [22] which relates steady-state stress ( SSσ ), steady-state 

strain rate ( SSε& ), reference stress ( oσ ), reference strain rate ( pε& ) and material 

constant (m): 
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Figure 2.3 shows the steady state stress/strain rate relationship of the 50 pen grade of 

bitumen at temperatures ranging from –10oC to 30oC. 

  

Ossa et al. [82] performed an extensive experimental study of the monotonic, 

recovery and cyclic behaviour of 50 and 100 pen grades of bitumen over a wide 

range of strain rates, stresses and temperatures. Based on these experiments, they 
                                                 
3 The glass transition temperature, Tg, is defined as the temperature range at which bitumens change 
from a glassy to a fluid condition. The usual range of Tg for bitumens is between –40oC and 0 oC. 
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proposed a phenomenological model which could be calibrated by a minimum of 

four uniaxial tensile experiments. A comparison between results from a constant 

stress creep test and their model is shown in Figure 2.4. It can be concluded that the 

phenomenological model can be used to predict the behaviour of pure bitumen.  

 

2.2.2 Permanent Deformation of Idealised Mixtures 
 

Deshpande [40] performed uniaxial and triaxial compression tests on various types 

of idealised mixtures under various stresses, strain rates and temperatures. Five types 

of mixture with different volume fractions of rigid inclusions (ranging from 40% to 

85%) and a 50 pen grade of bitumen were used. Different sand sized particle were 

used in different mixtures to examine the effect of particle size. A series of tests 

(creep and constant strain rate at various temperatures and strain rates) were 

performed on the mixture with 64% by volume inclusions (denoted mixture A). 

Tests on the other mixes were performed only at a single temperature to study the 

effects of volume fraction of aggregate.  

 

The steady state axial creep behaviour observed from the tests on mixture A for 

temperatures ranging from 0oC to 40oC is shown in Figure 2.5. It can be seen from 

Figure 2.5 that the curve at 20oC has the same shape as the curve for pure bitumen at 

20oC obtained by Cheung [22] plotted using the Modified Cross Model (Equation 

2.1). Consequently, the model proposed by Cheung [22] was modified to describe 

the uniaxial steady state creep behaviour of the asphalt mixture by simply 

replacing oεε && /  in Equation 2.1 with oS εε && / : 
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where S is the stiffening factor due to the presence of aggregate. From Figure 2.5, it 

can be seen that the stiffening factor for the mixture at 20oC is approximately 1000. 
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This indicates that at the same stress level, the mixture at 20oC has a steady-state 

strain rate about 1000 times lower than that of the pure bitumen at 20oC. Deshpande 

[40] reported that the stiffening effect is only dependent on the volume fraction of 

aggregate and is independent of the size and shape of aggregate used. The stiffening 

factor was found to increase with the volume fraction of the aggregate in the mixture. 

He also found that the idealised mixtures with a high volume fraction of aggregate 

dilated under uniaxial compressive loading.  

 

Khanzada [65] also investigated the deformation behaviour of idealised mixtures 

using simple laboratory deformation tests. Two types of idealised mixtures were 

used: Mixture A comprising single sized sand and Mixture A/D comprising double 

sized sand. A 50 pen grade of bitumen was used as the binder. A typical plot of axial 

strain versus time for Mixture A from a creep test is shown in Figure 2.6. It can be 

seen from this figure that the creep curve can be divided into three regions: primary 

creep where the strain rate decreases, secondary creep where the strain rate is 

approximately constant and tertiary creep where the strain rate increases. The 

deformation in the secondary creep region is defined as ‘steady-state’ [65]. The 

relationship between radial strain and axial strain for mixture A is plotted in Figure 

2.7. It can be seen from this figure that the slope is approximately 1 in the region 

where steady state conditions are achieved. Consequently, Khanzada [65] concluded 

that the idealised mixtures dilate under uniaxial and triaxial compressive loading.  

 

Collop and Khanzada [26] performed wheel tracking tests on the idealised mixtures 

A and A/D at three temperatures (20, 30 and 40oC) and three stress levels (500, 750 

and 1000kPa). The experimental results are shown in Figure 2.8. It can be seen from 

this figure that after an initial period where the rutting rate decreases, the rut depth 

increases approximately in proportion to the number of cumulative passes. They 

explained that the initial behaviour was thought to be associated with densification 

where the density of the material increases. The second part of the curve was 

characterised by a steady state rutting rate (gradient) which they used to characterise 

the permanent deformation behaviour of the idealised mixtures. 
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2.2.3 Permanent Deformation of Realistic Mixtures 
 

Khanzada [65] performed uniaxial tests, triaxial tests, Repeated Load Axial (RLA) 

tests and wheel tracking tests on an HRA mortar, a 30/10 HRA and a 10mm DBM 

mixture over a range of temperatures (20 to 40oC) and applied stress levels (200 to 

2000kPa). They were all found to have the same form as the steady-state 

deformation behaviour of the pure bitumen and idealised mixtures. Figure 2.9 shows 

the plot of the steady state deformation behaviour of the HRA mixture, HRA mortar 

and pure bitumen. It can be seen from this figure that the stiffening factor (S) of the 

HRA mortar has a lower value compared to the HRA mixture. Figure 2.10 shows the 

stiffening factor of all the mixtures that contained 50 pen grade of bitumen tested by 

Khanzada [65]. The stiffening factor was found to increase with the volume fraction 

of aggregate. Consequently, he concluded that increasing the volume of aggregate in 

the mixture results in stiffening of the mixture. 

 

Khanzada [65] further investigated the dilation for different idealised and realistic 

asphalt mixtures. Figure 2.11 shows the dilation gradients (defined as ratio of 

volumetric strain to distortional strain) measured for the various mixtures plotted as 

a function of volume fraction of the aggregates in the mixtures. It can be seen from 

this figure that the dilation gradients increase with increasing volume fraction of 

aggregate (aggregate proportion in the mixture). A higher dilation gradient was 

found to result in a higher stiffening factor for a mixture with the same volume 

fraction of aggregates subjected to the same stress ratio.   

 

2.3 Continuum Models for Asphalt Mixtures 
 

Constitutive modelling of the deformation behaviour of asphalt materials using 

continuum mechanics has been accepted for over fifty years (see Cheung [22]). 

Because of the complexity of the problem and limited understanding of the 

behaviour of heterogeneous materials, most of the current approaches are of a 

qualitative or empirical nature. The following sub-sections review the main types of 

continuum models that have been used for asphalt mixtures.  
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2.3.1 Stiffness Representation 
 

The use of ‘stiffness’ for asphalt was first introduced by van der Poel [118] to 

describe the behaviour of pure bitumen as a function of loading time and 

temperature. This research resulted in the well known van der Poel Nomograph 

[118]. Van der Poel [120]  extended the stiffness concept to describe the dynamic 

behaviour of asphalt mixtures under small strains where linear behaviour dominates. 

Subsequently, the use of stiffness for describing both the dynamic and quasi-static 

behaviour of asphalt mixtures became widely accepted.  

 

Van der Poel [120] assumed that the stiffness of an asphalt mixture was a function 

only of the stiffness of the bitumen and the volume fraction of the aggregate. Similar 

findings were reported by Heukelom and Klomp [52]. They stated that for a 

particular mix, there is a relationship between the stiffness of mixture, Smix and the 

stiffness of the binder, Sbit irrespective of the combination of loading time and 

temperature. Consequently, Heukelom and Klomp [52] proposed the following 

relationship for predicting the stiffness of an asphalt mixture: 
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where Cv is the volume of concentration of the aggregate defined by: 
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The above equations were derived from empirical fits to test data obtained from 

static and dynamic tests on well-compacted mixes having about 3% of air voids and 

Cv values ranging from 0.7 to 0.9.  
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Brown et al. [18] modified this approach by defining the mix stiffness as a function 

of bitumen stiffness and the percentage of voids in mixed aggregate (VMA). They 

proposed that: 

                                           
n

bit
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S
S

⎥
⎦

⎤
⎢
⎣

⎡
−

−
+=

)3(
5.25.2751                        (2.6) 

 

where n is the same function of  Sbit as in Equation 2.5.  

 

Figure 2.12 shows a plot of mix stiffness versus bitumen stiffness for different 

values of VMA based on Equation 2.6. It should be noted that Equation 2.6 is valid 

for VMA values between 12% to 30% and Sbit ≥ 5MPa. This is because the 

transition to a well-ordered, predictable relationship occurs at a bitumen stiffness of 

5MPa [18] where the bitumen behaves as an elastic solid, whereas for lower values 

of Sbit, the stiffness ratio becomes a function of the elastic, viscoelastic and viscous 

response of the material [22].      

 

2.3.2 Elastic Model 
 

The simplest constitutive model for an asphalt mixture is based on the theory of 

linear elasticity. A material is described as elastic, where the loading curve is 

identical to the unloading curve, and all the strains are recovered upon the removal 

of the applied load. According o Hooke’s law, the stress and strain relationship for 

an elastic material in three-dimensions is expressed as: 

 

                                                    {σ }= [D] ×  {ε }                                     (2.7) 

 

where [D] is the stiffness matrix of elasticity including two material constants 

(Young’s modulus, E and Poisson’s ratio,ν ) expressed as:  
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For an asphaltic material, Young’s modulus is replaced by a “stiffness modulus” 

[118] since the stiffness varies with loading time and temperature. It is well known 

that at low temperatures and short loading times, the prediction of asphalt pavement 

behaviour by using linear elastic method is accurate enough for engineering 

purposes. At present, elastic models are extensively used in computer design 

program such as BISAR4 for pavement structural analysis. A few researchers, such 

as Eisenmann et al. [45], Ulliditz [114] and Peutz et al. [87] have applied linear 

elastic models in flexible pavement design and performance evaluation in the past. 

Non-linear elastic models are also employed to solve the problem of non-linear 

behaviour of asphalt mixtures [53, 108].  

 

2.3.3 Linear Viscoelastic Models 
 

Materials that exhibit time-dependant behaviour in the relationship between stress 

and strain can be described as viscoelastic. The behaviour of asphalt materials 

subjected to loading can be described as linear viscoelastic at low stress and strain 

levels [75]. The viscoelastic description of the behaviour of bitumen became popular 

in 1950’s when van der Poel modified Young’s modulus for an elastic solid to 

define the stiffness modulus of bitumen as a function of loading time and 

temperature [118].  Thereafter, linear viscoelastic models have been widely applied 

to describe the behaviour of asphalt. However, to fully describe the actual behaviour 

of the asphalt mixtures, research has been undertaken to develop more complicated 

models which consist of elastic, plastic, viscoelastic and viscoplastic components [5, 

86, 116]. Recent research has also focused on constitutive models that reflect the 

complex non-linear behaviour of asphalt materials [98, 106, 107, 115]. For 

                                                 
4 BISAR (Bitumen Stress Analysis in Roads): A computer program developed by Shell which 
calculates stresses, strains and displacements in an elastic multi-layer system.  
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simplicity, the viscoelastic relationship described in this section is assumed to be 

linear.  

 

Johnson [62] suggested that the relationship for an incompressible viscoelastic 

material could be written in terms of the deviatoric stress (σ) and the deviatoric 

strain (ε):  
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where Y(t) is the relaxation modulus which expresses the stress response to a step 

change in strain and J(t) is the creep compliance which expresses the strain response 

to a step change of stress.  

 

The deformation behaviour of asphaltic materials exhibits initial elastic, delayed 

elastic and steady creep behaviour under constant loading. Johnson [62] showed two 

examples to demonstrate separately the effects of delayed elasticity and steady creep 

by using two idealised viscoelastic materials. The first material is represented by two 

springs of modulus k1 and k2 together with a dashpot of viscosity C connected as 

shown in Figure 2.13(a). The creep response to a step change in stress σo is given by: 
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where τ1= C / k2.  

 

The second material, which is known as a Maxwell model is illustrated in Figure 

2.13(b) and is represented by a spring of modulus k in series with a dashpot of 

viscosity C. The creep response is given by:  
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The first material exhibits delayed elasticity but the ultimate strain is limited to a 

finite value whereas the second material exhibits steady-state creep under constant 

stress, hence the strains increase continuously with time. 

 

A Burger’s model exhibits both delayed elasticity and steady creep behaviour for an 

asphalt material. It is a combination of four elements with a spring and dashpot in 

parallel (Voigt model) connected in series to a spring and dashpot in series (Maxwell 

model) as shown in Figure 2.14. The uniaxial creep response to a step change in 

stress σo is given by: 
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where τ1= C2 / k2. 

 

The features of the viscoelastic behaviour represented by a Burger’s model subjected 

to a square pulse application of stress are illustrated in Figure 2.15. It can be seen 

that there is an instantaneous elastic response (strain OA) when the stress is applied. 

A further delayed elastic strain AB is acquired in time as is a steadily increasing 

creep strain component BC. When the stress is removed, there is an instantaneous 

elastic recovery (same in magnitude as OA) and a delayed elastic recovery DE 

leaving a permanent strain at E. 

 

Pagen [84] analysed the viscoelastic behaviour of asphalt mixtures using rheological 

concepts [7, 85]. A phenomenological treatment of linear viscoelastic behaviour of 

asphalt mixtures was performed and a creep compliance function Jc (t) was proposed 

to describe the creep behaviour of the asphalt (see Pagen [84] for details). Pagen [83] 

extended his work to perform testing on dense asphalt mixtures prepared in the 

laboratory by gyratory compaction and field core test specimens. He reported that 
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the data obtained from these specimens indicated that linear viscoelastic theory can 

be applied to studies of asphalt mixtures to evaluate their engineering properties on a 

fundamental level. Consequently, it was concluded that linear viscoelastic models 

were applicable to the asphalt mixtures for low levels of applied stress.  

 

Monismith et al. [77, 78] evaluated the suitability of a simple four-element linear 

viscoelastic model (see Figure 2.16) to describe the behaviour of an asphalt by 

performing four types of triaxial compression tests (creep, stress relaxation, constant 

strain rate, repeated axial load) on one asphalt mixture. Monismith and Secor [78] 

demonstrated the ability of the model to express the rheological characteristics of an 

asphalt mixture. They reported that the use of a four-element model could provide a 

general approximation of the properties of the material under study over a wide 

range of load types and ambient conditions. It was concluded that the asphalt 

mixtures could be considered as linear viscoelastic for small amounts of deformation 

(0.1% strain or less) [77]. However, the simple linear viscoelastic models have a 

limited applicability in predicting the real behaviour of asphalt mixtures.  

 

2.3.4 Nonlinear Viscoelastic Models 
 

It was noted in the last section that at high stress and strain levels, the response of 

asphalt mixtures cannot adequately be modelled by a linear viscoelastic 

approximation. Fitzgerald and Vakili [46] emphasised that linear viscoelasticity is 

not applicable for characterising asphalt materials under repeated loading. They 

performed experimental and theoretical investigations to demonstrate that extended 

nonlinear, homogeneous constitutive equations are readily applicable to defining the 

mechanical behaviour of a sand-asphalt mixture.   

 

Lai and Anderson [67] suggested that the nonlinear viscoelastic behaviour of asphalt 

mixtures can be represented by a non linear generalised Kelvin model that consists 

of a nonlinear dashpot connected in series with a nonlinear Kelvin chain, where the 

nonlinear dashpot accounts for the time dependent irrecoverable strain (viscous flow) 

and the nonlinear Kelvin chain accounts for the power law time dependent 

recoverable strain (see Lai and Anderson [67] for the constitutive equations). They 
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claimed that the accuracy in predicting the creep behaviour of an asphalt mixture 

under multiple-step loading and repeated loading using the proposed constitutive 

equation was very satisfactory.  

 

Judycki [64] applied nonlinear viscoelastic theories to model the nonlinear 

behaviour of asphalt mixtures under 3-point bending tests and he reported that the 

nonlinear effects increased with the stress level and loading time for test results at 

10oC.  

 

2.3.5 Elasto-visco-plastic Models 
 

Various research has been undertaken [5, 43, 86, 101, 124] to propose a model that 

accounts for elastic, plastic, viscoelastic and viscoplastic responses of the asphalt 

material.  

 

Perl et al [86] presented a constitutive model for an asphalt mixture subjected to 

repeated loading incorporating elastic, plastic, viscoelastic and viscoplastic strain 

components. They performed a series of repeated uniaxial creep and creep recovery 

tests under constant stresses of various magnitudes at a constant temperature of 25oC. 

From the tests results, they reported that the total strain has recoverable and 

irrecoverable elements, some of which are time-dependent and some are time-

independent. The total strain tε  was resolved in four components:  

 

                                                 vpvepet εεεεε +++=                      (2.14) 

 

where,  

            eε   = elastic strain (recoverable and time independent) 

pε  = plastic strain (irrecoverable and time independent) 

veε  = viscoelastic strain (recoverable and time dependent) 

vpε = viscoplastic strain (irrecoverable and time dependent) 
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A typical schematic cycle is shown in Figure 2.17. It can be seen from this figure 

that at t = to (when load is applied), the strain εo comprises elastic εe and plastic 

strain εp components instantaneously. As the specimen undergoes creep (to ≤ t ≤ t1), 

viscoelastic εve and viscoplastic εvp strains are built up. Once the load is removed (t 

= t1), the elastic strain εe is recovered. The viscoelastic strain is then recovered in the 

period (t1 ≤ t ≤ t2). At the end of the cycle, the residual strain consists of the 

irrecoverable plastic and viscoplastic strain components. The elastic and plastic 

strains are time independent and the viscoelastic and viscoplastic strains are time 

dependent.  

 

Drescher et al [43] stated that the strains due to viscosity depend on the load 

duration and the loading/unloading rate whilst the plastic strains are independent of 

the loading/unloading rate. They performed a series of uniaxial compressive 

creep/recovery tests on one asphalt mixture and concluded that the plastic strains are 

proportional to the applied stress level, the elastic strains are a linear function of 

stress and the viscoelastic strains are slightly nonlinear with respect to stress level. 

 

2.4 Micromechanical Models of Asphalt Mixtures 
 

The traditional approach to modelling asphalt materials is to treat them at the macro-

scale using continuum based approaches [29]. This usually involves the undertaking 

of careful experiments over a range of conditions (e.g. stress levels, loading rates, 

temperatures etc), measuring the macroscopic response of the material and fitting 

continuum-based constitutive models to the measured behaviour. However, it is not 

easy to relate the observed behaviour of asphalt mixtures to the micromechanics of 

the material. A micromechanical model can predict fundamental material properties 

of a composite based upon the properties of the individual constituents and it allows 

a thorough examination of micro structure material behaviour. This section reviews 

the applications of micromechanical models in modelling asphalt.  
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2.4.1 Thin Film Bitumen Creep Model 
 

Hills [54] developed a model for creep behaviour of asphalt mixtures. He assumed 

that any deformations in the mixture are the result of relative sliding displacements 

between adjacent mineral particles separated by a thin film of bitumen (see Figure 

2.18). Thus, this model takes account only of the shear strains in the bitumen. In this 

approach, the internal structure of asphalt mixtures is described in terms of the 

bitumen film thickness and the evolution of this state variable as a function of the 

macroscopic straining of material. The rate of strain was dependent on the 

magnitude of stresses, the thickness of bitumen (changes as a function of time) and 

the bitumen properties.  

 

The creep behaviour of asphalt mixes indicates that their internal structure changes 

during the course of a test. Hence, Hills [54] proposed a theoretical model 

considering bitumen as forming the binder layer between a pair of adjacent particles 

and taking account of the thinning of the binder films and the gradation of the 

aggregate. He also proposed another theoretical model for frictional or boundary 

lubrication conditions. Further details on derivation of constitutive equations for 

these models are described in Hills [54]. He found that the models give good 

agreement with experimental results and are applicable to the linear, shear and 

volumetric strains in uniaxial compression tests. 

 

2.4.2 Microstructural Model 
 

Sadd et al [71] indicated that the load carrying behaviour in an asphalt mixture is 

strongly related to the local load transfer between aggregate particles, and this is 

taken as the microstructural response. They developed a microstructural model and 

simulated the microstructural response of the load carrying behaviour of the 

aggregate/binder system. An elliptical aggregate model as shown in Figure 2.19(b) 

was presented to represent the typical asphalt material (Figure 2.19(a)). Two models 

were developed. The first model incorporates a network of frame elements with a 

special stiffness matrix to predict load transfer between cemented particles, as 

shown in Figure 2.19(c). A 6×6 stiffness matrix is derived as a function of the 
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micromechanical material variables including particle size and shape and 

cementation geometry and moduli (see Sadd et al [71] for details). The second 

model incorporates the commercial ABAQUS finite element code using user-

defined continuum elements for the binder and rigid elements for aggregate, as 

shown in Figure 2.19(d). This model employed four-noded quadrilateral elements to 

simulate the binder and two-noded rigid element to model the aggregate.  

 

An Indirect Tensile Test (IDT) was simulated using these models and the elastic 

compressive modulus and Poisson’s ratio were predicted. An experimental 

verification was performed by conducting an IDT on a specially prepared cemented 

particulate system, which allowed measurement of aggregate displacement and 

rotations using video imaging and computer analysis. As a result, they stated that the 

differences between model prediction and experimental data are generally within 5%, 

thus indicating a good agreement. However, the modelling has been limited to two-

dimensional behaviour.  

 

2.4.3 Discrete Element Model 
 
The Discrete Element Method (DEM) is an approach capable of modelling the 

micromechanical behaviour of an asphalt mixture. This method has been widely 

applied in modelling of soil and rock material and is reviewed in detail in Chapter 3. 

This sub-section describes the few applications that have used DEM to simulate 

asphalt behaviour. 

 

Buttlar and You [20] used DEM to develop a two-dimensional model of an indirect 

tensile (IDT) test comprising 130 cylindrical stones (12.5mm in diameter) arranged 

in a hexagonal packing structure glued together with asphalt mastic (see Figure 2.20). 

They validated predictions with experimental data (for the same idealised mixture) 

obtaining good agreement. Buttlar and You [20] extended this approach to develop a 

two-dimensional IDT model of Stone Mastic Asphalt (SMA) using a microfabric 

approach whereby the various material phases are modelled as clusters of discrete 

elements. The aggregate structure was captured using a high-resolution optical 

scanner. Predicted horizontal displacements were approximately 40% greater than 
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measurements which were attributed to the two-dimensional microstructural 

representation underestimating the actual amount of aggregate interlock. 

 

Rothenburg et al [95] presented a micromechanical model of asphalt in which the 

material is represented as a set of discrete elastic particles bounded by viscoelastic 

bitumen as shown in Figure 2.21. In this model, the binder is treated as an 

incompressible Newtonian fluid. A binder-aggregate interaction model was 

developed to account for the behaviour of asphalt concrete. The simulations were 

carried out by numerically solving Newton’s equations of motion for individual 

particles incrementally in time. They performed a few creep test simulations and 

concluded that when the number of frictional contacts is below a certain minimum, 

asphalt can exhibit steady state creep which would lead to rutting in a pavement. 

However, the simulations were two-dimensional and no calibration with laboratory 

data was given. 

 
Chang and Meegoda [21] presented a microscopic model, ASBAL by modifying the 

microscopic model TRUBAL by Cundall [32] to include the bitumen binder 

between particles. The rheological analog of the viscoelastic bitumen binder is 

presented as a linear spring and a dashpot (Voigt element) as shown in Figure 2.22. 

They performed a few uniaxial simulations consisting of 152 spherical particles 

subjected to monotonic, constant strain rate and cyclic loading. However, the 

simulations were undertaken just to perform a study on important factors that can 

influence the simulation results by using ASBAL. Meegoda and Chang [74] 

extended the ASBAL model by replacing the Voigt element with a Burgers element 

to simulate the viscoelastic behaviour of bitumen binder. They then developed a 

microscopic model for Hot Mix Asphalt (HMA) using ASBAL. A few simulations 

were performed with different microscopic parameters under varied types of 

loadings such as monotonic and cyclic loading. They showed that under monotonic 

loading, a typical HMA test exhibits non-linear behaviours and under cyclic loading, 

permanent deformation was modelled.   

 

The few micromechanics approaches that have been undertaken to model the asphalt 

using DEM have been limited to two-dimensional behaviour. Hence, there is a need 
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to extend this to three dimensions so that the effect of sample volumetric strain and 

aggregate interlocking can be modelled more accurately.   

 

2.5 Thin Film Behaviour of Bitumen 
 

To simulate asphalt using the Discrete Element Method, it is important to 

understand the behaviour of bitumen in the form of a thin film. This section reviews 

the thin film behaviour of bitumen in compression, shear and tension. For elastic 

contact behaviour in compression, Nadai [79] suggested that the effective Young’s 

modulus for an incompressible material subject to axisymmetric deformation is: 
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where A is the aspect ratio, which is defined as the ratio of particle diameter to film 

thickness. Cheung [22] suggested that for compressible material subject to 

axisymmetric deformation: 
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where K is the bulk modulus of film material. However, these approaches are only 

applicable for an elastic material that is subject to compression. For a viscous 

contact in compression, Cheung [22] proposed a “thin film stiffening factor (TF)” 

subjected to axisymmetric deformation: 
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where n is the power-law creep exponent and AR is the aspect ratio. The relationship 

between the thin film stiffening factor and the aspect ratio reproduced from Equation 
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2.17 is plotted in Figure 2.23. Harvey [50] further modified the “thin film stiffening 

factor” by introducing the thick film adjustment with following equation: 
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where Ao is a reference aspect ratio with a constant of 3.1. This is also shown in 

Figure 2.23. It can be seen from this figure that the bitumen film stiffness increases 

at a higher aspect ratio. Therefore, it can be concluded that the normal stiffness of 

bitumen film is dependent on the aspect ratio of bitumen film.  

 

Cheung and Cebon [24] performed an experimental study on pure bitumens tested in 

uniaxial tension, compression and shear over a wide range of temperatures, stresses 

and strain rates. They found that for isothermal conditions constitutive behaviour of 

pure bitumen in uniaxial tension is given by:  
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In general, the power-law constitutive behaviour in three dimensions can be 

expressed as: 
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where kkijijij σδσσ 3
1' −=  is the deviator stress, ijδ is the Kronecker delta, and 

( 2/1''
2
3

ijije σσσ = )  is the von Mises effective stress. Equation 2.19 approximates the 

steady-state creep behaviour shown by many metals, polymers and ceramics (Bower 

et al. [13]). Cheung and Cebon [24] studied its applicability to bitumens by 

examining the measured behaviour of bitumen in pure shear. They indicated that the 

generalised power-law equation predicts that under pure shear, the steady strain rate 

is given by:  
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It can be seen from Equation 2.21 that the bitumen behaviour in tension and in shear 

are expected to be related by the factor of 
1

3
+n

. This indicates that for bitumen 

behaviour in linear region (n = 1), the shear strain rate is three times the tensile 

strain rate for a given applied stress throughout the stress range. Lethersich [69] 

performed a numerical analysis to investigate the mechanical behaviour of bitumen. 

He indicated that bitumen viscosities are associated with a shear stress which is 

equal to one third of the tensile stress in a plane where the shear and tensile strains 

are equal. Consequently, it can be concluded that in the linear region the tensile 

stiffness of pure bitumen is approximately three times the shear stiffness of pure 

bitumen. 

 

2.6 Summary 
 

The literature review presented in this chapter indicates that the deformation 

behaviour of asphalt mixtures at the marco-scale is reasonably well understood. It is 

time, loading rate and temperature dependent and during deformation, dilation can 

occur. Asphalt materials are usually assumed to be linear viscoelastic at small strains. 

However they are generally nonlinear materials and visco-elasto-plastic constitutive 

relationships are capable of fully describing the behaviour of an asphalt mixture.  

 

A number of empirical continuum models are available to predict the behaviour of 

asphalt materials. These models have been reasonably successful although large 

calibration factors are needed in a quantitative analysis of pavement structures. No 

developed models at present are capable of describing comprehensively the 

behaviour of asphalt mixtures.  

 

Micromechanical models of asphalt mixture deformation behaviour are poorly 

developed at present. The physical mechanisms of deformation are not well 

understood. It should be emphasised that an understanding of the deformation 

mechanism is crucial in modelling the deformation behaviour of asphalt mixtures. 
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Further development should emphasise more specific descriptions of the 

microstructure of the asphalt mixtures.  

 

The review also showed that the mechanical behaviour of pure bitumen in 

compression, shear and tension is well understood. This understanding will be 

applied to model contact behaviour in DEM simulation of asphalt.  
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Figures: 
 

 

Figure 2.1: Strain response of asphalt mixtures under single load [65]. 

 
 

 

Figure 2.2: Accumulation of residual strain of asphalt mixtures under repeated load 

                     [65]. 
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Figure 2.3: Deformation map of the 50 pen grade of bitumen at various temperatures,  

                   after Cheung [22]. 

 
Figure 2.4: Constant stress creep tests at two selected creep stresses on the 50 pen 

                      bitumen at 10°C, after Ossa [82]. 
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Figure 2.5: Deformation map of idealised mixture A, after Deshpande [40]. 
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Figure 2.6: Creep test result of mixture A at 20oC, after Khanzada [65]. 



Chapter 2: Reviewing the Deformation Behaviour of Bitumen and Asphalt    29  

 

 

Figure 2.7: Radial strain versus axial strain for creep test at 20oC (mixture A), after  

                   Khanzada [65]. 

 

 

 

Figure 2.8: Wheel tracking test results for mixture A/D at 20oC, after Collop [26]. 
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Figure 2.9: Steady state deformation behaviour of HRA mortar and mixture at 20oC,  

                    after Khanzada [65]. 

 

Figure 2.10: Variation of stiffening factor (S) with volume fraction of aggregate,  

                     after Khanzada [65]. 
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Figure 2.11: Variation of dilation gradient with volume fraction of aggregate, after  

                     Khanzada [65]. 

 

 
 

Figure 2.12: Nottingham nomograph for the prediction of mix stiffness, after Brown   
                     [18]. 
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Figure 2.13: Simple viscoelastic materials which display (a) delayed elasticity, (b)  

                        steady creep (Maxwell), after Johnson [62]. 

 

 

 

 

 

Figure 2.14: Burger’s Model. 
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Figure 2.15: Viscoelastic response of stress and strain, after Johnson [62]. 

 

 

 

 

 

Figure 2.16: Four-element Model, after Monismith [78]. 
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Figure 2.17: Schematic representation of strain components, after Perl [86]. 

 

 

 

 

 

Figure 2.18: Two particles separated by a film of bitumen, after Hill [117]. 
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Figure 2.19: Asphalt modelling concept, after Sadd [71]. 

 

 

Figure 2.20: Testing of synthetic specimen using IDT, after Buttlar [20]. 
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Figure 2.21: Forces acting on aggregate and binder. (a) forces acting on particles (b)     

                     aggregate-aggregate interaction. (c) aggregate-binder interaction, after  

                     Rothenburg [95]. 

 

 

 

 

 

Figure 2.22: Analog of viscoelasticity, after Chang [21] 
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Figure 2.23: Thin film stiffening factor with think film adjustment, after Harvey [49].



Chapter 3: Introduction to Discrete Element Modelling 38  

 
 

 3 Introduction to Discrete Element 
Modelling 

 
 
 
 
 

3.1 Introduction 
 
The previous chapter reviewed different types of continuum and micromechanical 

models for the asphalt. It was concluded that DEM represents a promising method 

for modelling asphalt at the particle scale although previous research has focussed 

on 2-dimensional behaviour. This chapter describes DEM in more detail.  

 

The Discrete Element Method (DEM) was first introduced by Cundall [31] for the 

analysis of rock mechanics problems. A thorough description of DEM can be found 

in Cundall and Hart [33, 35, 48]. DEM is a numerical procedure capable of 

describing the mechanical behaviour of assemblies of discs and spheres. It is 

implemented in a computer program that allows finite displacement and rotation of 

discrete bodies including complete detachment, and recognises new contacts 

automatically as the calculation progresses. This method refers to the particular 

discrete element scheme that uses deformable contacts and explicit, time-domain 

solution of the equations of motion. The simulation of non-linear particle interaction 

can be performed without excessive memory requirements or the need for an 

interactive procedure. By tracing the movements of the individual particles, contact 

forces and displacement of a stressed assembly of particles can be determined. 

These movements are caused by the propagation of disturbance from wall and 

particle motion throughout the particle system.  
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Dynamic behaviour in DEM is represented by the timestep algorithm where 

velocities and accelerations are assumed to be constant in each timestep. The 

timestep is chosen to be so small that disturbance can only propagate to its 

immediate neighbours during a single timestep. Then, at all times, the forces acting 

on any particle are determined exclusively by its interaction with the particles with 

which it is in contact. The calculations performed in DEM alternate between 

application of Newton’s second law and the force-displacement law. The calculation 

cycle is described in Section 3.3.1.  

 

3.2 Development and Application of DEM 
 

The Discrete Element Method has been widely applied in soil and rock mechanics. 

In the early 70’s, Cundall [31] introduced a computer program to model the 

progressive failure of a discrete block system where interaction between blocks is 

governed by friction and stiffness. There is no limit to the amount of displacement 

or rotation in each block and any block is permitted to touch any other block. In his 

paper [31], the basic DEM theory such as force displacement law, law of motion and 

calculation cycle are introduced. 

 

In the late 70’s, Cundall and Strack [37] developed a computer program, BALL in 

two dimensions by incorporating the DEM theory as described in [31]. BALL was 

used to model granular assemblies comprised of distinct particles that displace 

independently from one another and interact only at contact points. The effects of 

damping and speed of loading were included in this model. This model was then 

validated by comparing force vector plots with the corresponding plots obtained 

from the photoelastic analysis undertaken by de Josselin de Jong and Verruijt [38]; 

good agreement was found. The program BALL was further developed by Cundall 

and Strack [36] to model the behaviour of assemblies of discs under loading and 

unloading. 100 and 1000 disc tests were performed with computer interactive 

graphics to study the internal mechanism within a granular mass and the response to 

stress probes. The 100-disc test is shown in Figure 3.1. As a result, Cundall and 

Strack concluded that the DEM and BALL were valid tools for research into the 

behaviour of granular assemblies. In the early 80’s, Cundall, Drescher and Strack 



Chapter 3: Introduction to Discrete Element Modelling 40  

[34] further improved BALL by introducing methodologies for measurements of 

granular assemblies in simulation. Various forms of boundary conditions and 

definitions of average stresses and strains were described. A catalogue of observed 

mechanisms such as force chains, spins and locked-in-forces were presented. 

However, the program BALL was limited to model the behaviour of granular 

assemblies in two dimensions.  

 

In the late 80’s, Cundall developed a DEM program called TRUBAL [32] to 

simulate three dimensional assemblies. TRUBAL was used to generate a dense 

random packed assembly of spheres to the desired porosity. A numerical “servo-

control” algorithm was introduced to bring the sample to equilibrium under the 

desired isotropic stress. Biaxial tests were performed and the numerical results 

agreed with physical results described by Ishibashi and Chen [59], except for the 

volume strain observed in triaxial extension tests. Cundall suggested that this 

discrepancy might indicate the presence of an initial fabric in the physical sample. 

However, this work extended DEM into three dimensional modelling.  

 

Thornton et al. [109] described a modified version of TRUBAL which they called 

GRANULE. This program is capable of modelling the fracture of an agglomerate of 

spherical balls bonded together. In their model, they attributed a surface energy to 

the balls in the agglomerates so that tensile forces between balls are auto-adhesive. 

The general methodology is described in Thornton et al. [111] and the theoretical 

basis of the algorithms can be found in Thornton and Yin [110].  

 

The first version of Particle Flow Code in Three Dimensions (PFC3D) for DEM 

simulations was released in 1995 by Itasca Consulting Group Inc. [1-4]. Hazzard et 

al. [51] used PFC to analyse crack nucleation and propagation in brittle rock. Their 

paper outlines how the mechanical behaviour of different rock types can be 

reproduced by considering the micromechanical structure of different rocks. The 

cracking of rock models is examined and they concluded that the cracking pattern in 

their granite model agreed with the laboratory result.  

 

McDowell and Harireche [72] used PFC3D to model the fracture of soil grains. 

They modelled a soil particle as an agglomerate of balls bonded together with 
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contact bonds. Realistic particle parameters were used and gravity was applied to 

stabilise the agglomerate prior to loading in order to replicate a real soil particle 

crushing experiment. They demonstrated the possibility of obtaining the correct size 

effect on strength. McDowell and Harireche [73] further used PFC3D to model one 

dimensional normal compression of a sand. Each sand particle is modelled as an 

agglomerate of balls bonded together as shown in Figure 3.2. Oedometer tests were 

performed on small and large agglomerates and the yield stress found to be reduced 

by increasing the agglomerate size. The yield stress predicted by the model is lower 

than the experimental results probably due to the different shape of the agglomerate 

compared to real sand. As a result, they concluded that DEM with PFC3D is a 

powerful tool in modelling the behaviour of crushable soils and it is capable of 

providing a micromechanical insight into soil behaviour. 

 

Powrie et al. [89] demonstrated the ability of DEM using PFC3D to capture the 

essential macro-features of soil behaviour as observed from laboratory tests. Each 

soil particle was modelled as two spheres bonded together with a high strength bond 

so that each pair of spheres behaves as a single rigid particle, as shown in Figure 3.3. 

A sample, as shown in Figure 3.4, was prepared for biaxial simulations. The effects 

of loading platen friction, initial sample porosity and inter-particle friction angle 

were investigated. The peak effective angle of friction and volumetric dilation of the 

sample were found to be increased with the particle shape factor (defined as (R+ 

r)/R in Figure 3.3). They concluded that a numerical sample with 10,000 particles 

comprising pairs of bonded spheres of shape factor 1.5 and inter-particle friction 

angle of 26° have demonstrated the ability to model the behaviour of soil as 

observed in the laboratory. More details can be found from Ni [80]. 

 

Dolezalova et al. [42] used PFC3D to model medium dense Zbraslav sand. They 

calibrated the micro properties of a synthetic sand model to match the macro scale 

response of the physical sand. The comparison between the sand model and the 

laboratory result is shown in Figure 3.5. They showed that the predicted influence of 

stress path direction changes on the deformational response of synthetic sand was in 

good agreement with the laboratory test results. Furthermore, PFC3D has been used 

by many researches in a wide range of applications. For example, Wanne [121] 

modelled compressive strength testing of anisotropic hard rock, Konietzky et al. [66] 
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modelled cyclic fatigue under tension and Zhou and Chi [125] performed shear band 

simulations on synthetic sand based on the biaxial simulation.  

 

Although DEM has been applied to model the behaviour of soils and granular 

materials, it has not been widely used to investigate the mechanical behaviour of 

asphalt materials. It can be concluded that PFC3D is the best developed tool 

available for DEM; hence it will be used in this research for modelling the 

deformation behaviour of idealised asphalt material. A more detailed description of 

PFC3D follows.  

 

3.3 Particle Flow Code in Three Dimensions (PFC3D) 
 
PFC3D has been developed by ITASCA Consulting Group Inc. to model the 

movement and interaction of stresses in assemblies of rigid spherical particles using 

DEM. It is classified as a Discrete Element Code by Cundall and Hart [35] since it 

allows finite displacements and rotations of discrete bodies, including complete 

detachment and recognises new contacts automatically as calculation progresses.  

 
The PFC3D particle flow model simulates the mechanical behaviour of a system 

comprising of a collection of particles. A particle denotes a body that occupies a 

finite amount of space. In this model, distinct particles displace independently of one 

another and interact only at contacts between them. The particles are assumed to be 

rigid but can deform locally at contact points using a soft contact approach, in which 

finite normal and shear stiffnesses are taken to represent measurable contact 

stiffnesses. The contact force between two contacting particles is calculated based 

on the overlapping magnitude and the contact stiffnesses of two contacting particles 

at the contact. The PFC3D model refers to spherical particles as ‘balls’ and 

boundaries as ‘walls’. Walls allow confinement and compaction by applying a 

boundary velocity. The balls and walls interact with each other via the contact forces 

between them.  

 

Softening behaviour of a bonded material can be modelled by introducing bonds at 

the contact points such that, the bond is broken when inter-particle forces at any 

contact exceed the specified bond strength. This allows tensile forces to be 
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developed between particles and enables the formation of micro-cracks in the 

system to be modelled. Bonded assemblies exhibit complex macroscopic behaviour 

such as strain softening, dilation, and fracture. PFC3D can be applied to the analysis 

of solids subjected to prescribed boundary and initial conditions. Continuum 

behaviour can be modelled by treating a solid as an assembly of many small 

particles and stresses and strains can be measured by averaging their quantities over 

a representative measurement volume in such a system.  

 

3.3.1 Basic Calculation Procedure 
 
The PFC3D calculation cycle is shown in Figure 3.6. It is based around a 

timestepping algorithm that requires the repeated application of the law of motion to 

each particle, a force-displacement law to each contact, and a constant updating of 

wall positions. The contacts (ball to ball and ball to wall) are traced during the 

simulation and they can be formed or removed automatically. At the start of the 

timestep, a set of contacts is updated from known particle and wall positions. The 

force-displacement law is then applied to update contact forces based on the relative 

motions between two particles in contact via a contact constitutive law. Next, the 

law of motion is applied to update the velocity and position at each particle based on 

the resulting force and moment arising from contact and body forces acting on the 

particle. Wall positions are also updated based on specified wall velocity. The force-

displacement law and the law of motion are described in the following sub-sections.  

 

Force-Displacement Law 
 
The force-displacement law is described for both ball to ball and ball to wall 

contacts. This law is applied at the start of each cycle to contacts to obtain new 

contact force. The contact forces vector Fi is resolved into normal and shear 

components with respect to the contact plane: 

 

                                                                                                           (3.1) 
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i
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ii FFF +=
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where Fi
n and Fi

s  denote normal and shear component vectors respectively. The 

normal contact force vector is given by: 

 

                                                                                                       (3.2) i
nnn

i nUKF =

 

where Kn is the normal stiffness at contact, Un is the overlapping magnitude of two 

contacting entities and ni is the unit normal vector. For ball-to-ball contact, the 

normal vector is directed along the line between ball centres. For ball-to-wall 

contact, the normal vector is directed along the line defining the shortest distance 

between the ball centre and the wall.  

 

It should be noted that the normal stiffness is a secant modulus which relates total 

displacement and force, whilst the shear stiffness is a tangent stiffness which relates 

incremental displacement and force. When the contact is formed, the total shear 

force is initialised to zero. Each subsequent relative shear displacement will cause an 

incremental shear force to be developed and added to its current value. The 

incremental shear force is calculated using: 

 

                         (3.3) tVKF s
i

ss
i ∆−=∆

 

where Ks is the shear contact stiffness, Vi
s is the shear component of contact velocity 

and ∆t is the timestep. The new shear force is then calculated by summing the shear 

force vector existing at start of timestep with the incremental shear force vector.  

 

                                                     { } s
i

currents
i

s
i FFF ∆+=                        (3.4) 

 

The current shear force { }  is updated in each timestep by taking account of 

the motion of contact. These updated contact forces (and moment) will be used in 

the following timestep to calculate the acceleration using Newton’s second law and 

then integrated to give velocity and displacement and hence the updated position. 

This is described in the law of motion in the next sub-section.  

currents
iF
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Law of Motion 
 
The motion of a rigid particle is determined by the resultant force and moment 

vectors acting upon it. The Equations of motion are expressed as two vector 

quantities, one relates the resultant force to translational motion and the other relates 

the resultant moment to rotational motion of the particle. The equation for 

translational motion is written in vector form as: 

 

            )( iii gxmF −= &&                          (3.5) 

 

where Fi is the sum of all externally applied forces acting on the particle, m is the 

total mass of the particle,  is the acceleration of particle and gix&& i is the body force 

acceleration vector (e.g., gravity loading). 

 

The equation for rotational motion is written in the vector form as: 

 

                                                     iii mRIM ωω && ⎟
⎠
⎞

⎜
⎝
⎛== 2

5
2             (3.6) 

 

where Mi is the resultant moment acting on particle, I is the moment of inertia of a 

particle, iω&  is the angular acceleration of a particle and R is the radius of a spherical 

particle whose mass is distributed uniformly throughout its volume.  

 

The equations of motion, given by Equation (3.5) and (3.6) are integrated using a 

centred finite difference procedure involving a timestep ∆t. The quantities  and ix& iω  

are computed at the mid-intervals of t ± ∆t/2, while the quantities , , ix ix&& iω& , Fi, and 

Mi are computed at the primary intervals of t ± ∆t. The translational and rotational 

accelerations at time t are calculated as: 
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The translational and rotational velocities at time t+∆t/2 can be solved by 

substituting Equation (3.7) into Equations (3.5) and (3.6) giving: 
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Finally, the position of the particle centre is updated by integrating velocities in 

Equation (3.8) giving: 
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In conclusion, given the values of , , , and , Equation (3.8) 

is used to obtain , . Then, Equation (3.9) is used to obtain . The 

values of and , to be used in the next cycle, are obtained by application 

of the Force-displacement law. 
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3.3.2 Mechanical Timestep 
 
The PFC3D timestepping algorithm assumes that velocities and accelerations are 

constant within each timestep. Therefore, the timestep chosen in the PFC3D 

calculation cycle must be small enough so that the disturbance cannot propagate 

from any particle further that its immediate neighbour during a single timestep. The 

computed solution produced by Equations (3.8) and (3.9) will remain stable if the 
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timestep does not exceed a critical value. PFC3D has the ability to estimate the 

critical timestep at the start of each calculation cycle. The actual timestep is then 

taken as a fraction of this estimated critical value.  

 

The estimation of the critical timestep is determined firstly by considering a one 

dimensional mass spring system described by a point mass (m) and spring stiffness 

(k). The critical timestep is given by [9]: 

 

π
Ttcrit =   

                                                         kmT π2=                                                 (3.10) 

 

where T is the period of the system. Now, consider the infinite series of point masses 

and springs in Figure 3.7, which illustrate the contacts in the system. The smallest 

period of this system will occur when the masses are moving in synchronised 

opposing motion such that there is no motion at the centre of each spring. The 

motion in a single point mass is described by two equivalent systems shown in 

Figure 3.7(b) and 3.7(c). Hence the critical timestep in this system is found by using 

Equation (3.10) to be: 

 

                                                  kmkmtcrit == )4(2                                     (3.11) 

 
 

3.3.3 Elastic Contact Model 
 

This section describes the elastic contact model for two particles in contact subjected 

to compression and/or shear. It should be noted that alternate contact models are also 

available to simulate more complex behaviour. The contact stiffness relates the 

contact force and relative displacement in the normal and shear directions by the 

Force-Displacement Law described in Section 3.3.1. The normal contact stiffness is 

described in Equation (3.12) and the shear contact stiffness is described in Equation 

(3.13). The contact stiffnesses for the contact model are calculated assuming that the 

stiffnesses of two contacting entities act in series giving:  
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where superscript [A] and [B] denote the two entities in contact. The parameters of 

normal stiffness (kn) and shear stiffness (ks) of two contacting entities are specified 

in PFC3D, the contact stiffnesses of two contacting entities are then computed using 

Equation (3.12) and (3.13). This contact stiffness is multiplied by the magnitude of 

the overlap to obtain the contact force.  

 

3.3.4 Contact Bond 
 
This section describes the contact bond used to model a bonded material in PFC3D. 

The contact bonds have a specified tensile strength in the normal and shear 

directions. The particles bonded together with a contact bond cannot slip but they 

can roll over each other. Figure 3.8 shows the rolling of ball at a contact bond. It can 

be seen from this figure that two identical balls (A and B) are joined by a single 

contact bond. Ball A has rotated about ball B (fixed) without slipping and without 

breaking the contact bond. The contact bond will remain (as shown in Figure 3.8) at 

the new position of ball A.  

 

In the normal direction, contact bonds allow tensile forces to develop at a contact 

when the overlapping magnitude between a pair of contacting balls is less than zero. 

The contact bond binds the balls together and the magnitude of tensile normal 

contact force is limited by the normal contact bond strength. If the magnitude of the 

tensile normal contact force equals or exceeds the normal contact bond strength, the 

bond breaks and both normal and shear contact forces are set to zero.     

 

In the shear direction, if the magnitude of the shear contact force is equal to or 

exceeds the shear contact bond strength, the bond breaks, but the contact forces are 

not altered providing that the shear force does not exceed the friction limit. A 



Chapter 3: Introduction to Discrete Element Modelling 49  

coefficient of friction is set so that the slip model will activate when the bond breaks, 

the shear force is resisted if it does not exceed the friction limit.   

 

3.3.5 Burger’s Viscoelastic Contact Model 
 
A Burger’s contact model is a user defined contact model implemented in PFC3D to 

simulate the time dependent behaviour of a material. This contact model is written in 

the C++ programming language. The Burger’s contact model is shown in Figure 3.9. 

This model contains a Kelvin element and Maxwell element connected in series in 

the normal and shear direction respectively at a contact point. The properties of the 

Burger’s model are shown in Table 3.1.  

 

The total displacement of a Burgers’ model u (sum of the displacement of the Kelvin 

element and the Maxwell element) and its first derivative are given by: 

 

mcmkk uuuu ++=  

                                                     mcmkk uuuu &&&& ++=                                              (3.14) 

 

where uk is the displacement of the viscoelastic component in the Kelvin element,  

umk is the displacement of the elastic component in the Maxwell element and umc is 

the displacement of the viscoplastic component in the Maxwell element. 

 

The contact force using stiffness (Kk) and viscosity (Ck) of the Kelvin element is 

given by: 

 

                                                      kkkk uCuKf &+=                           (3.15) 

 
The contact forces using stiffness (Km) and viscosity (Cm) of the Maxwell element 

are given by: 

 
              mkmuKf =                         (3.16) 

                                             (3.17) mkmuKf && =

        mcmuCf &=            (3.18) 
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From Equation (3.15) the velocity of the Kelvin element is given by: 
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Using a central difference approximation of the finite difference scheme for the time 

derivative and taking average values for uk and f gives: 
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therefore: 
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For the Maxwell element, the displacement and velocity are given by: 

 

mcmkm uuu +=  

             mcmkm uuu &&& +=                                   (3.23) 

 

Substituting Equations (3.17) and (3.18) into Equation (3.23) gives: 
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Using central difference approximation of the finite difference scheme and taking 

the average value for f gives: 
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therefore: 
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The total displacement and velocity of the Burger’s model are given by: 
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Using finite difference scheme for time derivative gives: 
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Substituting Equations (3.21) and (3.26) into (3.28), the contact force, f t+1, is given 

by: 
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In conclusion, the contact force f t+1 can be calculated from known values for ut+1, ut, 

ut
k and f t. Verification of the Burger’s contact model in PFC3D was performed by 

ITASCA [1]. A relaxation test was performed and the result was found to coincide 

with the analytical solution (see [1] for more details).   
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3.3.6 Servo-Control Mechanism 
 
The compressive stress (or load) on a numerical sample in PFC3D is applied by 

moving the wall (or loading platen) with a specified velocity. For simulations that 

require constant loading throughout the test (e.g. constant stress creep test), the 

servo-control mechanism is implemented which is a function that is integrated in 

PFC3D to maintain a constant stress (axial and confining) throughout the simulation. 

This function is called in every calculation cycle to determine the current wall 

stresses and it then adjusts the wall velocities in such a way to reduce the difference 

between measured stress and required stress. The calculation algorithm for the 

servo-control mechanism is given by: 

 

                                                                     (3.31) σσσ ∆=−= GGu requiredmeasuredw )()(&

 

where G is the ‘gain’ parameter estimated using the following reasoning. The 

maximum increment in wall force arising from wall movement in one timestep is 

given by: 
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where, Nc is the number of contacts on the wall and kn is the average stiffness of 

these contacts. Hence the change in mean wall stress is given by: 
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where A is the wall area. For stability reasons, the change in wall stress must be less 

than the difference between the measured and required wall stress. To fulfil this 

stability requirement, a relaxation factor α is introduced such that: 

 

                                                      σαα ∆<∆ )(w                                                 (3.34) 

 

Substituting Equations (3.31) and (3.33) into Equation (3.34) gives: 
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where G is the ‘gain’ parameter to be substituted in Equation (3.31) for adjusting the 

wall velocity to achieve the required wall stress in numerical servo-control.  

 

3.4 Summary 
 

The traditional approach in modelling is insufficient to simulate the 

micromechanical behaviour of asphalt. Recent developments in computer 

technology have allowed the behaviour of asphalt as a heterogeneous material to be 

investigated using DEM. DEM has been widely applied in soil and rock mechanics. 

Many DEM programming codes have been developed since the 1970’s. PFC3D has 

been applied in a wide range of applications by many researchers.   

 

The PFC3D particle flow model and its calculation algorithms were described in 

Section 3.3. The calculation cycle in PFC3D is a timestepping algorithm involving 

the repeated application of the law of motion and a force displacement law. The 

determination of the mechanical timestep and the elastic contact model were 

described. To model asphalt as a bound material, a contact bond is introduced. The 

Burger’s contact model is implemented to simulate the time dependent behaviour of 

asphalt. The servo control mechanism was introduced for constant stress control in 

numerical simulations. In conclusion, PFC3D appeared to be most powerful DEM 

programming code available to model asphalt materials.  
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Tables: 

Table 3.1: Properties of Burger’s Model 

 

Properties Notation 

Normal stiffness for Kelvin element Kkn

Normal viscosity for Kelvin element Ckn

Normal stiffness for Maxwell element Kmn

Normal viscosity for Maxwell element Cmn

Shear stiffness for Kelvin element Kks

Shear viscosity for Kelvin element Cks

Shear stiffness for Maxwell element Kms

Shear viscosity for Maxwell element Cms

Friction coefficient fs
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Figures: 

 
Figure 3.1: Initial state of 100-disc test, after Cundall [36] 

 

 

Figure 3.2: Aggregate of 13 agglomerates in a cubic Oedometer, after McDowell [73] 
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Figure 3.3: Schematic illustration of a bonded particle, after Powrie [89].  

 
 

 
Figure 3.4: Typical sample with 10,000 particles, after Powrie [89]. 
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Figure 3.5: Stress-strain response of Zbraslav sand and Synthetic sand, after  

                   Dolezalova [42]. 

 

 

 

 

 

Figure 3.6: Calculation cycle in PFC3D [3]. 
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Figure 3.7: Multiple mass spring system [3]. 

 

 

 

 

Figure 3.8: Rolling at a contact bond [3]. 
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Figure 3.9: Burger’s contact model in PFC3D [2] 
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 4       Numerical Sample Preparation                 
 

 

 

4.1 Introduction 
 

A procedure to prepare a synthetic sample using PFC3D to simulate a laboratory test 

is presented in this chapter. The mechanical behaviour of the synthetic material 

depends on physical parameters such as porosity, particle size distribution, stiffness 

and the strength of contacts. It is important to generate a synthetic sample that 

mimics the test specimen in the laboratory.  This chapter also describes the 

measurement methods for strains, porosity and number of contacts used in the 

numerical sample.  

 

It should be noted that the objective of this chapter is to develop a procedure that 

results in specimens that replicate the single-sized sand asphalt specimens tested in 

the laboratory. As noted in Chapter 1, this idealised mixture has been chosen 

because of the relatively simple internal geometry. Previous experimental work 

undertaken using this material demonstrated that the approximate volumetric 

proportions are as follows: 

 

• Sand (1.18 – 2.36mm)  =   65% 

• Bitumen                        =   25% 

• Air voids                       =   10% 

 

The sand is approximately single-sized. The following section presents a review of 

the packing characteristic of spheres.  
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4.2 Review on Packing Characteristic of Spheres 
 
Packing of the particles is an important issue for sample preparation in DEM 

simulations. The basic parameter related to an array of spheres is the packing density, 

which is the ratio of the volume of the spheres to the total volume they occupy. Scott 

[100] defined dense random packing as the upper limit of packing density when 

spherical balls of equal size are poured into rigid containers. He claimed that it is 

unlikely that the packing of balls was significantly influenced by the friction. His 

experimental work showed that the packing density is 0.63 for dense random packed 

spheres. The same result was found by Sohn and Moreland [105] when they 

conducted a series of experiments using sands to investigate the effect of particle 

size distribution on packing density. Computational work by Adam and Matheson [6] 

showed a similar result. Therefore, it can be concluded that a dense random packing 

sample has a packing density of 0.63.  

 

The number of contacts between spheres is another important issue in packing of 

spheres. Bezrukov et al. [11] emphasised that contacts between spheres determine 

the topological connectivity of the system of spheres and the transfer of forces. They 

observed an average contact number of 6 for dense random packing spheres using a 

spatial statistic approach. For real packing of equal spheres, Bernal and Mason [10] 

observed an average contact number of 6.4 for a “random close” packing with a 

packing density of 0.62.  

 

In conclusion, to simulate asphalt comprising of single-sized sand using DEM, the 

sample generated should have a packing density of 0.63 and an average number of 

contacts of approximately six per particle.  

 

4.3 Numerical Sample Preparation Procedure 
 
To model the behaviour of a highly idealised asphalt mixture, it is necessary to 

artificially generate a numerical specimen that replicates the material. The idealised 

mixture comprises approximately single-sized spherical (sand-sized) particles mixed 

with bitumen. The principal reasons that this form of idealised asphalt was chosen 

are that the packing characteristics are known (dense random packing) and the 
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behaviour of the mixture will be dominated by the bitumen and complex aggregate 

interlock effects will be minimised.  In this type of approach the effect of the 

bitumen is represented by shear and normal contact stiffnesses. It is important to 

generate an initially isotropic sample that exhibits approximately the same packing 

characteristics as the dense material being modelled. The following sub-sections 

describe the preparation of an isotropic cylindrical sample to simulate the triaxial 

and uniaxial tests.  

 

4.3.1 Boundary and Particle Generation 
 

To prepare a numerical sample, the particle assembly will be generated and 

compacted within a set of confining boundaries. Therefore, the first step in the 

sample preparation procedure is to generate a set of confining boundaries for the 

sample. The boundary (wall in PFC3D) is a plane that has arbitrarily defined contact 

properties for interaction with particles (balls in PFC3D). These finite walls act as 

boundary constraint for the assembly and restrict the movement of particles through 

the boundaries. Contact forces for the particle to boundary contacts are calculated 

via the force-displacement law as for particle to particle contact. For uniaxial and 

triaxial simulations, the top and bottom boundaries are used to simulate the loading 

platens of the sample. In triaxial simulations, the lateral cylindrical wall (nearly 

circular) is used to provide the lateral confinement to the sample, whilst in uniaxial 

simulation the lateral wall is removed after sample preparation. The typical 

boundaries generated for a cylindrical sample are shown in Figure 4.1. 

 

After preparation of boundaries, a dense random packing sample with an 

approximate volume fraction of solids equal to 64% is generated. The particle (or 

spherical ball) is the fundamental geometric entity for the discrete element 

calculation. The desired number of particles required to occupy the available space 

is calculated using the following equation: 

 

                     34
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=                                    (4.1) 
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where N is the number of particles to be generated, V is the  total volume of given 

space, n is the desired porosity and R is the mean radius. 

 

Particles are generated with random centroid coordinates to give an irregular 

packing type with no discernible pattern in the arrangement of particles. It should be 

noted that all particles are generated with the same radius. The particles are first 

generated to half of their final size randomly distributed such that no two particles 

overlap, as shown in Figure 4.2. Then, the particle radii are increased to their final 

values, as shown in Figure 4.3.  

 

It should be noted that the desired porosity in Equation 4.1 is not the true porosity of 

the sample. This is because overlapping particles at contacts under compression 

result in a “lost” volume of solids in the overlapping region. Consequently, the 

procedure above only serves as a guideline to generate the sample to a final porosity 

that is close to the required porosity. The true porosity of the sample is measured by 

using the ‘Measurement Sphere’ described in Section 4.4.1.  

 

4.3.2 Isotropic Equilibrium State 
 

To generate a numerical sample that replicates an idealised asphalt mixture, it is 

important that the sample is initially isotropic and essentially free from internal 

stresses. In the particle generation procedure (described above), the particles are 

expanded to their final radii and overlap as shown in Figure 4.3 which results in 

internal forces between overlapping particles. It should be noted that the magnitude 

of overlap varies at every contact causing a non-uniform distribution of contact 

forces within the sample.  

 

To achieve an isotropic equilibrium condition, particles are allowed to re-orient 

themselves until the stresses on the sample are approximately isotropic. This is 

achieved by applying pre-load cycling where the particles are allowed to settle to 

equilibrium so that the contact forces of particles in the sample will be uniformly 

distributed, as shown in Figure 4.4. It should be noted that during pre-load cycling, 
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the wall and particle friction are set to zero temporarily to facilitate the re-orientation 

process.  

 

However, the sample prepared under these conditions has a high level of isotropic 

stress (typically ≈ 10MPa). It should be noted that the sample must have a low (or 

negligible) internal stress prior to testing. To prepare a “stress free” sample, the 

radius of all particles is reduced uniformly and the sample is cycled to equilibrium. 

Reducing the particle radii causes a reduction in overlapping magnitude between 

particles, hence reduces the contact forces and isotropic stresses in the sample. 

During this process, the particles are again allowed to re-orient themselves so that 

the sample can be maintained at isotropic equilibrium state. Figure 4.5 shows the 

effect of reduction in particle radii on isotropic stress in the sample. It can be seen 

from this figure that if the particle radii are reduced by approximately 0.3% of their 

original size the isotropic stress reduces from 10MPa to 0.1kPa. It is suggested [1] 

that the specified isotropic stress in the sample needs to be reduced to less than one 

percent of the uniaxial compressive strength. Therefore, an initial isotropic stress of 

0.1kPa is used in the simulations.  

 

The contact force distribution under the isotropic equilibrium state is shown in 

Figure 4.6. The lines represent compressive forces and the thickness of the lines 

corresponds to the magnitude of contact force generated. It can be seen from this 

figure that the contact forces are distributed uniformly which is expected under an 

isotropic equilibrium state.  

 

4.3.3 Preparation of a Bonded Sample 
 

The previous section described the preparation of “stress free” numerical sample. To 

represent asphalt as a bonded material, this section develops the procedure of 

preparing a bonded numerical sample. In DEM, the particles must have a real 

contact with a non-zero overlap so that a contact bond can be created. Therefore, a 

high coordination number (defined as the average number of contacts per particle) is 

required to create a good contact bond network in the dense bonded sample so that 

its behaviour can be fully represented in modelling. Rothenburg et al [95] suggested 
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that the particle assembly needs at least four contacts per particle on average to carry 

the load.  

 

To create a sample with good contact bond network, it is necessary to make sure that 

every particle in the sample has a minimum of four contacts with neighbour particles. 

This is done by first scanning every contact in the sample to detect the particles with 

less than four contacts. These particles are then expanded slightly (typically by 1%) 

to create additional contacts with neighbouring particles. During this process, the 

particles are allowed to re-orient themselves so that the sample can be maintained in 

isotropic equilibrium. It should be noted that particles with less than four contacts 

are typically 5 to 8% of total particles in the sample. The location of these particles 

in a typical sample is shown in Figure 4.7.  

 

By adopting the procedures above, a sample is prepared in a dense randomly packed 

state with low isotropic internal stresses and a minimum of four contacts per particle. 

To prepare a bonded sample, normal and shear contact bonds are then added to all 

the contacts in the sample as shown in Figure 4.8. It should be noted that a new 

contact bond will be created automatically at new contact formed in the sample 

during the simulation.  

 
 

4.3.4 Preparation for Uniaxial and Triaxial Simulations 
 

This section develops a procedure to prepare the sample for the uniaxial and triaxial 

simulations. In the process of preparing the numerical sample, the particle assembly 

is confined by the top, bottom and lateral walls. The top and bottom walls simulate 

the loading platens while the lateral wall simulates any confinement (for example in 

a triaxial test). To prepare the bonded sample for a uniaxial simulation, the lateral 

wall must be removed (deleted in PFC3D) to give zero confinement to the sample. It 

should be noted that, as described in previous sections, the sample was prepared to a 

low isotropic internal stress condition before removing the lateral wall. 

Consequently, removing of the lateral wall causes some unloading resulting in a 

self-equilibrating set of compressive and tensile locked-in forces. The locked-in 

force distribution (tension and compression) in the sample is shown in Figure 4.9. It 
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should be noted that the typical locked-in forces are less than 0.01% of the average 

contact force in the sample at peak strength. Hence, the locked-in forces can be 

considered to be negligible in the numerical simulations.   

 

4.4 Method of Measurement 
 
The method of measurement (e.g. for bulk stress, bulk strain and porosity) on a test 

sample is an important issue in the numerical simulation. This section describes a 

few measurement methodologies investigated.  

 

4.4.1 Measurement Sphere 
 

A measurement sphere is defined as a specified measurement volume in PFC3D and 

is capable of measuring properties such as the coordination number, porosity, stress 

and strain rate. This specified measurement volume is a sphere, so referred as “a 

measurement sphere”. A measurement sphere with a specified radius can be 

installed at any point in the sample. In later simulations, two measurement spheres 

are used in the upper and lower parts of the sample to measure the air void content 

and average number of contacts during the simulation, as shown in Figure 4.10.  

 

Porosity  
 
This sub-section describes how a measurement sphere can be used to measure the 

porosity (void content) of a numerical sample. The porosity n is defined as the ratio 

of total void volume within the measurement sphere to measurement sphere volume. 
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where Vsphere is the volume of the measurement sphere, Vvoid is the volume of voids 

within the measurement sphere and  Vball is determined by: 
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where Vball is the volume of the measurement sphere occupied by balls, Np is the 

number of balls that intersect the measurement sphere and Voverlap is the volume of 

particles overlapping contained within the measurement sphere.  

 

As seen from Equation 4.3, the volume of particles overlapping is accounted in the 

computation of porosity. Therefore, it can be concluded that the measurement sphere 

is able to measure the porosity of a synthetic material in a numerical simulation with 

great accuracy. This measurement method will be utilised in the later simulations to 

measure the porosity of the numerical sample. 

 

Coordination number 
 
The coordination number Cn is defined as the average number of contacts per 

particle. It is one of the important parameters that can be obtained from the 

measurement spheres. The coordination number will be calculated for particles with 

their centroids contained within the measurement sphere using:  
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where Nb is the number of particles with centroids contained within the 

measurement sphere and nc
(b) is the number of contacts between balls.  

 

The tracking of coordination number is important in the sample preparation 

procedure to ensure that the sample has a certain minimum number of contacts per 

particle (refer to section 4.3.3). The coordination number is also updated and plotted 

graphically during the simulation to track the number of new contacts formed. 
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4.4.2 Measurement of Bulk Strains 
 

Typically, in laboratory experiments the deformation of the sample is measured at 

the sample boundary using a Linear Variable Differential Transformer (LVDT) or a 

dial gauge. Those measurements are then used to calculate strain values. The 

objective of this section is to develop a method to measure the bulk strains in the 

numerical sample that mimics the measurement method used in the laboratory 

experiment. It should be noted that in PFC3D, the history of particle movement is 

tracked. The measurement methodologies are described in the following subsections.  

 

Bulk Radial Strain 
 
To measure the bulk radial strain in a numerical sample, artificial “measuring 

gauges” (replicating the function of the LVDT in the laboratory) are constructed 

from specified particles at the boundary of a numerical sample. The following 

measurement procedure has been adopted to measure the radial strain of a numerical 

sample: 

 

1. Particles located at the cylindrical boundary are assigned as measuring 

gauges.  

2. Original (or initial) coordinates of these particles are recorded in computer 

memory prior to loading.  

3. Updated coordinates of the particles are tracked during the simulation. 

4. The radial strain for each particle is calculated based on the difference 

between the updated coordinate and original coordinate. 

5. The bulk radial strain of the sample is determined by averaging the radial 

strains from all the particles. 

 

Initially all the particles on the circumference of the sample were used to measure 

the bulk radial strain in the numerical sample. However, this approach is 

computationally expensive because of the large number of particles to be monitored 

during the simulation. Consequently, to reduce the computation time, fewer 

measuring particles are used. This is achieved by specifying the height of the gauges 

on the circumference with respect to the sample height, defined as “gauge thickness”. 
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Two samples with gauge thicknesses of 0.4 and 0.8 to are illustrated in Figures 4.11 

and 4.12.  

 

A number of simulations were performed to investigate the effect of gauge thickness 

on the sensitivity in measurement values. Two samples with elastic contact stiffness 

and contact bonds containing 6,000 and 12,000 particles were used. The radial 

strains were measured using different gauge thickness for the different samples. The 

percentage error with respect to the value calculated using all the particles on the 

perimeter was then calculated for different gauge thickness and is plotted in Figure 

4.13. It can be seen from Figure 4.13 that the percentage mean error reduces from 

4% to 1% when the gauge thickness increases from 0.1 to 0.8. It can be concluded 

that a gauge thickness of at least 0.8 is needed to ensure that the radial strain is 

within 1% of the value calculated using all the particles on the perimeter.  

 

Axial Strain 
 
The method of measurement for axial strain in a numerical sample is much more 

simple and direct compared to the method used for radial strain. The original 

coordinates of the top and bottom loading platens are first recorded in computer 

memory prior to testing. The platen coordinates are then updated regularly during 

the simulation. The axial strain of a numerical sample is calculated based on the 

relative displacement of the loading platens. It should be noted that the overlapping 

magnitude (under compression) of the wall and adjacent balls is small compared 

with the axial displacement of the sample and hence it is negligible.  

 

4.5 Conclusions 
 

The following conclusions can be drawn from this chapter: 

 

• A cylindrical sample can be generated replicating the testing specimen in the 

laboratory. 
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• The packing characteristic of the sample generated is dense random packing 

with volume fraction of solids equal to 64% which is approximately the same 

packing characteristics as an idealised mixture. 

 

• The numerical sample is prepared to an equilibrium state with low internal 

isotropic stresses. 

 

• A procedure has been adopted to confirm that every particle in the sample 

has a minimum of four contacts with neighbouring particles. 

 

• Normal and shear contact bonds are applied at each contact point to represent 

asphalt as bonded material. 

 

• The cylindrical boundary of the sample is removed for uniaxial simulation.  

 

• Measurement spheres are used to measure the porosity and coordination 

number of the sample. 

 

• Radial strain is measured by tracking the displacement of particles on the 

circumference of the sample (measuring gauges). 

 

• Axial strain is measured based on the relative displacement of the loading 

platens. 
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Figures: 

 
Figure 4.1: Boundaries generated in PFC3D. 

 
 
 

 

Figure 4.2: Particles generated randomly in space to half of final size. 
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Figure 4.3: Particles expanded to final radii. 

 
 

 

Figure 4.4: Particle re-oriented to isotropic equilibrium state. 
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Figure 4.5: Effect of reduction of particle radii on isotropic stress. 

 

 
Figure 4.6: Contact force distribution under isotropic stress. 



Chapter 4: Numerical Sample Preparation  74  

 
Figure 4.7: Location of particles with less than four contacts. 

 
Figure 4.8: Contact bond network. 
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Figure 4.9: Locked-in forces in tension and compression. 

 
 

 

Figure 4.10: Measurement spheres in the sample. 
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Figure 4.11: Gauge thickness of 40% to sample height. 

 

 

Figure 4.12: Gauge thickness of 80% to sample height. 
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Figure 4.13: Percentage mean error of two samples at different thicknesses of gauges.
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 5        Elastic Simulations 
 

 

 

5.1 Introduction 
 

It was noted earlier that the response of the type of idealised asphalt mixture 

simulated in this thesis will be dominated by the bitumen. It is well known that 

bitumen is a viscoelastic material whose response depends on loading time and 

temperature. This section investigates the elastic part of the response by using linear 

elastic normal and shear contact stiffnesses. As noted earlier, in this type of 

approach the effect of the bitumen is represented as shear and normal contact 

stiffnesses and so other more complex theories for contact between elastic bodies (ie 

Hertzian contact) are not appropriate. Time dependent effects will be introduced in a 

later chapter. 

 

The following sections investigate the effects of sample size and the shear and 

normal contact stiffnesses on elastic bulk material properties (Young’s modulus, 

Poisson’s ratio, shear modulus, bulk modulus). The second part of this chapter 

investigates the effect of non-equal tensile and compressive normal contact stiffness 

on the dilation behaviour.  

 

5.2 Material Properties 
 

In a DEM elastic simulation, the effect of the bitumen is represented as elastic shear 

and normal contact stiffnesses and the aggregates are represented as spherical 

particles. All particles are bonded together with elastic normal and shear contact 

bonds to resist the tensile stresses between the particles. It should be noted that the 
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normal and shear contact stiffnesses are calculated relating the stiffnesses of two 

particles in contact as described in Equations 3.12 and 3.13.   

 

A contact bond breaks when the tensile stress it is carrying exceeds the particle 

strength, σc or τc. The contact-bond normal and shear strengths, φn and φs, are 

expressed in units of force: thus the desired strength criterion relating contact-bond 

strengths and particle strengths is described in PFC3D manual [1] as: 

 

24 Rcn σφ =  

                                                (5.1) 24 Rcs τφ =

 

All samples are prepared according to the sample preparation procedure described in 

Chapter 4. The material properties that are used for the elastic simulation are 

summarised in Table 5.1. Single sized particles were used in the simulations and the 

friction coefficient between particles was set to zero. The shear stiffnesses and 

friction coefficients between the loading platens and the particles were also set to 

zero to avoid sample barrelling and hence ensure a uniform deformation of the 

sample when subjected to loading. To simulate the behaviour of asphalt as a bonded 

material, the particle normal and shear bond strengths were taken to be large to 

avoid bond breakage during the simulation.   

 

5.3 Effects of Number of Particles 
 

Since the DEM method is based on simulating individual particles, it is necessary to 

determine the effect of the sample size on bulk material properties. A series of 

uniaxial simulations was performed on six samples generated with different numbers 

of particles. The samples were generated according to the developed sample 

preparation procedure described in Chapter 4. The material properties are shown in 

Table 5.1. Figure 5.1 shows the example of three samples size. The dimensions of 

all samples are shown in Table 5.2. The ratio of sample height to sample diameter 

was kept constant at 2:1 for all samples. In these simulations the absolute values of 

the shear and normal contact stiffnesses were taken to be 1.8MN/m and 20MN/m, 
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respectively. The ratio of the normal contact to the shear contact stiffness was 

chosen to give a reasonably realistic value of Young’s modulus and Poisson’s ratio.  

 

To simulate a uniaxial compressive creep test it is necessary to apply an axial load 

(stress) to the sample and measure the axial displacement (strain) and radial 

displacement (strain) during the test. The load was applied at a maximum velocity of 

0.1m/s to ensure that dynamic wave propagation effects within the sample are 

avoided (see section 5.4). The samples were loaded numerically and the simulation 

was terminated at an axial strain of 0.5%. No bond breakage was detected during the 

simulations.  

 

The compressive and tensile forces are approximately uniformly distributed in the 

sample under loading as shown in Figure 5.2. It should be noted that the thickness of 

the lines corresponds to the magnitude of contact force generated. In this figure, the 

red chains indicate the compressive forces, which transmit between the top loading 

platen and the bottom platen (fixed) in the sample under compression. The black 

chains indicate tensile forces, which developed almost laterally between the particles. 

This is because as the particles compress vertically they move laterally and hence 

tensile forces develop.  

 
During the simulation, the axial strain was calculated using the displacement of the 

top loading platen (the bottom loading platen was fixed) and the radial strain was 

taken to be the average radial strain for all particles on the circumference of the 

specimen. In all simulations, the relationships between axial stress and axial strain 

are found to be linear as plotted in Figure 5.3. Linear relationships are also found 

from the plot of radial strain against axial strain (Figure 5.4) for all samples.  

 

Young’s modulus and Poisson’s ratio for all samples are determined from the 

gradients of the curves shown in Figures 5.3 and 5.4 and are plotted in Figure 5.5. It 

can be seen from Figure 5.5 that the general trend is for Poisson’s ratio to decrease 

and Young’s modulus to increase as the sample size (number of particles) is 

increased, tending towards constant values of 0.34 and 3.6GPa respectively. It can 

also be seen from this figure that Young’s modulus and Poisson’s ratio calculated 
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from the sample containing only 300 particles are approximately 30% lower and 

28% higher than those calculated from the sample containing 6,000 particles.  

 

The main purpose of performing the sample size effect analysis was to choose a 

sample size which is large enough to fully represent the material behaviour but small 

enough to reduce the computation time. Therefore, it can be concluded from Figure 

5.5 that at least 4,500 particles are required for the results to be with 2% of those 

obtained using 12,000 particles. It should be noted that in later chapters, samples 

containing fewer particles have been used to speed up the computation. In these 

cases, Figure 5.5 can be used to give an indication of the likely error in prediction 

due to a smaller sample.  

 

5.4 Effects of Loading Rate 
 

In DEM, the contact forces and displacements of a stressed assembly of particles are 

found by tracing movements of the individual particles. Movements result from the 

propagation through the particle system of disturbances caused by specified wall and 

particle motion and/or body forces [3]. A higher wall velocity imposed on the 

sample can cause the dynamic stress wave to propagates within the sample. Hazzard 

et al [51] indicated that the loading velocity has little effect on the mechanical 

behaviour of the modelled sample as long as it is slow enough to ensure that no 

transient waves are being produced.  

 

The loading rate in the numerical simulation must be low enough to avoid dynamic 

effects but high enough to reduce the computation time. Therefore, an optimum 

loading rate is required to maintain the accuracy of simulation. To examine the 

effects of loading rate, a series of uniaxial simulations was performed by using 4,500 

particle samples with different loading rates. The loading rates were chosen 

arbitrarily range from 0.05 m/s to 5 m/s. It is should be noted that only the top 

loading platen was allowed to move and the bottom loading platen was fixed. The 

reaction stresses on top and bottom loading platens were recorded at 5% axial strain 

in the simulations.  
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Figure 5.6 shows a plot of reaction stresses on the top and bottom platens at the 

different loading rates. It can be seen from this figure that the difference between the 

reaction stresses on top and bottom platens increases at the higher loading rates. The 

difference in stresses between platens was recorded as 12% at a loading rate of 1.2 

m/s and 0.8% at a loading rate of 0.1 m/s. This indicates that by applying a lower 

loading rate (0.1 m/s) dynamic effects could be avoided. This effect can be further 

explained in Figure 5.7 and 5.8. It can be seen from Figure 5.7 that at a loading rate 

of 1.2 m/s, the reaction stresses on both loading platens fluctuate. This clearly 

indicates the effect of transient or dynamic stress wave propagation within the 

sample at the higher loading rate. However, it can be seen from Figure 5.8 that the 

loading rate of 0.1 m/s resulted in a virtually identical reaction stresses on the platens.   

 

Consequently, a loading rate of 0.1 m/s was chosen as the optimum loading rate.  

 
 

5.5 Effects of Normal and Shear Contact Stiffness on Bulk 
Properties 

 
As noted earlier, the bulk properties (macro-response) of the sample depend on the 

micro-properties (contact stiffness etc.) of the particles in the sample. This section 

investigates how the bulk material properties depend on the shear and normal 

contact stiffnesses of the particles. To investigate this effect, a series of uniaxial 

simulations were performed over a range of contact stiffnesses and ratio of shear to 

normal contact stiffnesses of the particles in the sample.  

 

A sample containing 6,000 particles was used. Its micro-properties are shown in 

Table 5.1. Figure 5.9 shows a plot of Young’s modulus corresponding to shear 

contact stiffnesses of 0.5MN/m, 5MN/m and 50MN/m. The normal contact stiffnesses 

were varied so that the ratios of shear to normal contact stiffnesses (KS / KN) range 

from 0.2 to 1.0. It can be seen from this figure that the Young’s modulus varies at 

different ratios of (KS / KN). This indicates that the value of Young’s modulus 

depends on both shear and normal contact stiffnesses. It can also be seen from 

Figure 5.9 that at the same ratio of shear to normal contact stiffness (e.g. 0.6), 
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increasing the ratio of shear contact stiffnesses by a factor of ten results in an 

increment of Young’s modulus by a factor of ten.  

 

Figure 5.10 shows the relationship between Poisson’s ratio and the ratio of shear to 

normal contact stiffnesses for a range of shear contact stiffnesses. Poisson’s ratio 

(defined as ratio of radial to axial strain) was found to increase as the ratio of (KS / 

KN) is reduced. This indicates that the material is more incompressible at the smaller 

ratio of (KS / KN). It can be seen from Figure 5.10 that Poisson’s ratio is only 

dependent on the ratio of shear to normal contact stiffness. This is the expected 

result since, by dimensional analysis, Poisson’s ratio can only depend on the ratio of 

contact stiffnesses and not their absolute values. It can be concluded from Figure 

5.10 that a (KS / KN) ratio of 0.1 gives a reasonably realistic Poisson’s ratio of 

approximately 0.35 for the idealised mixtures. However, no experimental data is 

available for justification.  

 

The relationships between shear and normal contact stiffnesses and bulk material 

properties (Young’s modulus and Poisson’s ratio) have been established. There is 

also a possibility to establish a relationship between the shear and normal contact 

stiffnesses and the bulk modulus of the material. It should be noted that the bulk 

modulus is defined as the ratio of mean stress increment to volumetric strain 

increment. The standard elastic equation for relating bulk modulus K to Young’s 

modulus E and Poisson’s ratio v is: 

 

             
)21(3 v

EK
−

=                         (5.2) 

 

Figure 5.11 shows a plot of bulk modulus versus normal contact stiffness for a range 

of shear contact stiffnesses. It can be seen from this figure that the bulk modulus is 

linearly related to the normal contact stiffness and is approximately independent of 

the shear contact stiffness.  

 

To explain this, a mean field approach has been adopted to theoretically investigate 

the dependence of bulk modulus on normal contact stiffness [27]. The response in 
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isotropic compression of a triaxial sample containing a random array of identical 

spheres has been considered. General details relating to the mean field approach can 

be found in Jenkins and Strack [60]. 

 

For a general pair of spherical particles of radius R in contact, α is taken to be the 

unit vector from the centre of a particle to the contact point. Assuming that particle 

centres move in accordance with a uniform displacement field, the displacement u of 

a contact relative to the centre of a sphere can be calculated from the average strain ε 

of the aggregate (taking compressive strain as positive): 

 

         jiji Ru αε−=                         (5.3) 

 

where εij is the strain tensor. The underlying assumption in this statement is that the 

average particle spin is equal to the rigid body rotation of the particle [60]. The force 

F(α) exerted on a sphere at a contact with orientation α is given in terms of its 

components parallel and perpendicular to α: 

 

            iii TPF +−= α              (5.4) 

 

with . P and T are the normal and tangential components of forces. The key 

step in the mean field approach is the application of the principle of virtual work, 

with an arbitrary set of compatible strains and displacements: 

0=⋅αT

 

      ( )σ ε ωij ij s i iN Fu A= ∫∫ α d                        (5.5) 

 

where σij is the stress tensor, Ns is the number of spheres per unit volume and 

 is the element of solid angle centred at α. A(α) is the 

orientational distribution of contacts defined such that A(α)dω is the probable 

number of contacts in an element of solid angle dω centred at α. For an isotropic 

distribution of contacts,  

φθθω ddsin=d
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                                                         ( )A Cα =
4π

                        (5.6) 

 
where C is average number of contacts per particle (co-ordination number). 

Substituting Equation 5.3 and 5.6 into Equation 5.5 gives: 

 

    ωα
π

σ d
4 ∫∫−= ji
s

ij F
CRN

                      (5.7) 

 
For isotropic conditions, the mean field approach predicts no tangential 

displacements at particle contacts, and no tangential contact forces. In this case, 

substituting Equation 5.4 into Equation 5.7 gives: 

 

  ωαα
π

σ d
4 ∫∫= ji
s

ij P
CRN

                       (5.8) 

 

The mean stress p is then given by: 

 

                          ω
π

σ d
12

3 ∫∫== P
CRN

p s
ii                                 (5.9) 

 
The normal contact force in the PFC3D aggregate is related to the contact overlap δ 

and the normal contact stiffness kn by the equation: 

 

δnkP =                       (5.10) 

 
and the mean field approach gives the normal displacement δ/2 as a function of 

volumetric strain as: 

   
3
vR εδ =            (5.11) 

 

Substituting Equation 5.10 and 5.11 into Equation 5.9, and integrating over all 

contacts gives: 
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     v
ns kCRNp ε

9
2 2

=                                   (5.12) 

 

so that the bulk modulus K is related to normal contact stiffness according to the 

equation: 

                                                       n
s kCRNK
9

2 2

=                       (5.13) 

 

The number of spheres per unit volume Ns is related to the percentage volume of air 

voids in the sample (VV) and the radius of a sphere R by the equation: 

 

        ( )
3400

1003
R
VN V

s π
−

=                      (5.14) 

 

so that for an isotropic sample, the bulk modulus is related to the percentage volume 

of air voids in the sample and particle radius according to the following equation: 

 

      ( )
n

V k
R

CVK
π600

100−
=                                 (5.15) 

 

The predicted relationship using Equation 5.15 is also shown in Figure 5.11 (solid 

line) using the following parameters VV = 36%, C = 6, R = 0.9mm. It can be seen 

that agreement is generally very good with the predicted bulk modulus using 

Equation 5.15 (for a given normal contact stiffness) being slightly greater than the 

predicted bulk modulus using PFC3D [28] .   

 

It should be noted that Young’s modulus and the shear modulus could be calculated 

from the bulk modulus and Poisson’s ratio using the standard elastic equations 

(Equation 5.2 and 5.16). 

        ( )
( )ν

ν
+
−

=
12

213KG                                 (5.16) 
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It can be seen from Equations 5.2 and 5.16 that, since Young’s modulus and the 

shear modulus depend on both the bulk modulus and Poisson’s ratio, they will be 

functions of the ratio of the shear to normal contact stiffness as well as their absolute 

values. 

 

5.6 Modelling Dilation of an Asphalt Mixture 
 

The mechanism of dilation in asphalt is not well understood. Deshpande and Cebon 

[41] stated that an important factor in modelling the deformation behaviour of a 

particulate granular material such as asphalt is the phenomenon of “dilatancy”, 

which causes an increase of volumetric strain with distortional strain. This 

phenomenon was first revealed by Reynold [91] where he stated that for a granular 

material in a state of maximum density, any contraction in one direction is 

accompanied by equal extensions in mutual perpendicular directions. It was later 

adopted in Rowe’s “stresss-dilatancy” theory [96]. Previous researchers [40, 65] 

indicated that the dilation gradient of an asphalt material is dependent on the volume 

fraction of aggregate in the mixture. Deshpande [40] and Khanzada [65] performed 

experimental work on single sized sand asphalt with 64% volume fraction of 

aggregate under uniaxial and triaxial constant stress compression creep tests. They 

concluded that the single sized sand asphalt dilates significantly under loading. 

 

As noted above, in previous simulations the normal contact stiffnesses in tension 

and compression are assumed to be equal. This results in high overlapping 

magnitude at every contact in compression because the identical normal contact 

stiffnesses (in compression and tension) are forcing the particles to overlap in 

compression rather than roll past each other giving no volumetric dilation of the 

sample. This can be seen in Figure 5.10 where the Poisson’s ratio values are less 

than 0.5. 

   

Cheung [22] and Harvey [49] suggested that a thin film bitumen exhibits a different 

“effective” stiffness in tension and compression as a function of the geometry of the 

thin film. For mechanical modelling of the asphalt mixture, there are two sets of 

normal contact stiffnesses to be considered. The first set are the compression contact 
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stiffnesses, which are defined as the stiffnesses at contacts where pairs of particles 

are subjected to compressive forces. The second set are the tension contact 

stiffnesses, which are defined as the stiffnesses at contacts where pairs of particles 

are subjected to tensile forces. In the default PFC3D modelling code, these two 

contact stiffnesses are assumed to be the same. Therefore, for micromechanical 

modelling of the asphalt mixture, the normal contact stiffnesses are given by: 

 

                                           [ ] CCC UKF ×=    (compression) 

                                         [ ] TTT UKF ×=     (tension)                                        (5.17)   

 

where,  

           FC = Magnitude of contact force in compression 

           FT = Magnitude of contact force in tension 

           UC = Magnitude of overlapping at contact point 

           UT = Distance of particle separation at contact point 

           [KC] = Compressive contact stiffness           

           [KT] = Tensile contact stiffness 

 

The default PFC3D code was modified to enable the definition of different sets of 

contact stiffnesses in tension and compression. The in-built algorithms have been 

designed to recognise contacts in compression and tension, and then use the force-

displacement law to calculate the particle displacement. For compressive contact, 

the particle overlapping magnitude is calculated based compressive contact stiffness. 

Whilst for tensile contact, the separation distance between two particles is calculated 

based on tensile contact stiffness. This modified code is then introduced to simulate 

the sample with elastic contacts to investigate the effect on bulk properties.  

 

5.7 Effect of non-equal tensile and compressive normal contact 
stiffnesses  

 

The previous sections investigated the effect of normal and shear contact stiffness on 

bulk properties where the tensile and compressive normal contact stiffnesses were 
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taken to be equal. The objective of this section is to investigate the effect of non-

equal tensile and compressive normal contact stiffnesses on bulk material properties.  

 

5.7.1 Effect of the ratio of compressive to tensile contact 
stiffness (KC / KT) where KS = KC 

 

This sub-section investigates the effect of the ratio of compressive to tensile contact 

stiffnesses on dilation where the shear contact stiffness is taken to be equal to the 

compressive contact stiffness. A dense random packing sample of 1000 particles 

was generated according to previously developed sample preparation procedures. A 

very high contact bond strength is applied to all contacts to prevent bond breakage. 

The compressive and shear contact stiffnesses are taken to be equal to 0.6 MN/m 

(chosen arbitrarily) and the tensile contact stiffnesses have been reduced so that the 

ratio of compressive to tensile contact stiffness ranges from 1 to 200. Five elastic 

simulations were performed. From the observations of contact force distribution in 

PFC3D, most of the compressive contact forces were found to be vertical due to the 

applied compressive loading, whereas most of the tensile contact forces were found 

to be horizontal.   

 

Figure 5.12 shows the dilation gradient plotted as a function of the ratio of 

compressive to tensile contact stiffness for the case where the shear contact stiffness 

has been taken to be equal to the compressive contact stiffness (diamond symbols). 

The dilation gradient (s) is defined as the ratio of the volumetric strain (H) divided 

by the distortional strain (E) and has been used to quantify dilation. The volumetric 

strain (H) and distortional strain (E) are defined for a cylindrical specimen as: 

     

                                        
( 113333

3311

3
2

3

2

εεε )

εε

−=−=

+=
HE

H
                               (5.18) 

 

where 11ε  is defined as the radial strain and 33ε  is defined as the axial strain. It 

should be noted that, using this sign convention for a compression test, the radial 

strain is tensile and positive and hence the distortional strain is negative since the 
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axial strain is compressive and negative. In all the figures presented in this thesis, 

the magnitude of the distortional strain has been plotted. 

 

A negative value of dilation gradient implies that the material is reducing in volume 

(contracting) whereas a positive dilation gradient means that the material is 

increasing in volume (dilating). It can be seen from Figure 5.12 that the dilation 

gradient increases as the ratio of compressive (and shear) to tensile contact stiffness 

is increased. It can also be seen from this figure that the general trend is for the 

dilation gradient to increase tending towards an approximately constant value of 0.7 

at high stiffness ratios indicating a significant amount of dilation which was not 

found when the tensile and compressive contact stiffnesses were taken to be equal. 

This is because the relatively high compressive contact stiffnesses (compared to the 

tensile contact stiffness) are forcing the particles to roll past each other rather than 

simply overlap in compression resulting in dilation. Skinner [104] stated that rolling 

must be accompanied by a volume change and, if the aggregate is in its most dense 

arrangement, this volume change would be a dilation.   

 

When the ratio of compressive (and shear) to tensile contact stiffness is reduced to 

one, a dilation gradient of -1.0 is observed indicating contraction in the sample. In a 

compressive test, the average contact forces in compression are much higher than 

the average contact forces in shear and tension. By defining an identical value for all 

contact stiffnesses in compression, shear and tension on a bonded material, the 

overlapping magnitude (displacement in compression) is much larger compared to 

the particle displacement in shear and tension. Hence, the particles tend to overlap 

instead of moving in shear and tension directions.  

 

5.7.2 Effect of the ratio of compressive to shear and tensile 
contact stiffnesses, (KC / KT) where KS = KT 

 

This sub-section investigates the effect of the ratio of compressive to tensile contact 

stiffnesses on dilation where the shear contact stiffness is taken to be equal to the 

tensile contact stiffness. For all simulations in this section, the value of compressive 
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contact stiffness is taken to be 0.6 MN/m and the ratio of compressive to shear (and 

tensile) contact stiffness was varied between 1 and 200.  

 

Figure 5.12 (rectangular symbols) shows the dilation gradients from these 

simulations plotted against the ratio of compressive to the shear (and tensile) contact 

stiffness. It can be seen from this figure that, above the stiffness ratio of 

approximately 10, the values of dilation gradients are positive indicating dilation. 

The dilation gradient increases as the ratio of compressive to shear (and tensile) 

contact stiffness increased, tending towards a constant value of approximately 0.8. It 

should be noted that the general shape of the curve is the same as shown previously 

(diamond symbols) although, for the same stiffness ratio, the value of dilation 

gradient is greater. This is because for a given ratio of compressive to tensile contact 

stiffness, the shear contact stiffness is lower than in the previous case resulting in 

higher levels of shear deformation giving greater dilation. 

 

5.7.3 Effect of the ratio of compressive to shear contact stiffness  
(KC / KS) where KT = KC 

 

This sub-section investigates the effect of the ratio of compressive to shear contact 

stiffness on dilation where the tensile contact stiffnesses are taken to be equal to the 

compressive contact stiffnesses. For all simulations in this section, the contact 

stiffnesses in compression and tension were taken to be equal to 0.6 MN/m and the 

ratio of compressive (and tensile) to shear contact stiffness was varied between 1 

and 200.  

 

Figure 5.12 (triangular symbols) shows the dilation gradients plotted against the 

ratio of compressive (and tensile) to shear contact stiffness. It can be seen from this 

graph that the dilation gradient tends to increase as the ratio of compressive (and 

tensile) to shear contact stiffness is increased. However, it can also be seen from this 

figure that above a stiffness ratio of approximately 20, the dilation gradient is 

approximately constant at a value of -0.20 indicating that the material is contracting.  
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It can also seen from Figure 5.12 (triangular symbols) that the dilation gradient 

increases from -1.0 to -0.4 when the ratio of compressive (and tensile) to shear 

contact stiffness increases from 0 to 10. This indicates that the material is less 

compressible when the ratio of compressive (and tensile) to shear contact stiffness is 

higher. However, increasing this ratio can only reduce the compressibility of the 

material but not the dilation level. No experimental verification is available to justify 

this effect hence further experimental work is needed.    

 

5.8 Conclusions 
 
The following conclusions can be drawn from this chapter: 

 

• Elastic contact properties have been used to investigate the effect of sample 

size (number of particles) and the effect of the values of shear and normal 

contact stiffnesses on bulk material properties (Young’s modulus, bulk 

modulus and Poisson’s ratio). 

 

• A sample containing at least 4,500 particles is required for Young’s modulus 

of Poisson’s ratio to be within 2% of the values calculated using a much 

larger number of particles. 

 

• Poisson’s ratio was found to be dependent on only the ratio of shear contact 

stiffness to the normal contact stiffness. 

 

• The bulk modulus was found to be linearly dependent on the normal contact 

stiffness and independent of the shear contact stiffness. A mean field 

approach was used to develop a theoretical model that predicted this 

behaviour. 

• The sample was found to dilate under non-equal normal compressive and 

tensile contact stiffnesses.  

 

• The level of dilation was found to be dominated by the ratio of normal 

compressive to normal tensile contact stiffnesses.  
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• The dilation gradient was found to increase when the ratio of normal 

compressive to normal tensile contact stiffnesses increases.  
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Tables:  

 
Table 5.1 Micro-properties of material used for elastic simulation 

 
Symbol Description Magnitude 

R Particle radius 0.885 mm 

ρ Particle density 2630 kg/m3

µ Particle friction coefficient  0 

σc Particle normal strength 200 MPa 

τc Particle shear strength 200 MPa 

knw Platen normal stiffness 200 MPa 

ksw  Platen shear stiffness 0 

µw Platen friction coefficient 0 

 

 

 

Table 5.2: Dimensions of the samples with different numbers of particles. 

 
Number of particles Sample height (mm) Sample width (mm) 

300 19.6 9.8 

1,000 29.2 14.6 

3,000 42.0 21.0 

4,500 48.0 24.0 

6,000 52.0 26.0 

12,000 66.0 33.0 
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Figures:  
 
 

 

Figure 5.1: Three samples of different sizes. 

 

 
Figure 5.2: Contact forces distribution in a 4,500 particle sample. 
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Figure 5.3: Axial stress versus axial strain for the different sample sizes. 
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Figure 5.4: Radial strain versus axial strain for the different sample sizes. 
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Figure 5.5: Effects of the number of particles on bulk elastic properties. 
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Figure 5.6: Reaction stresses on loading platens at different loading rates. 
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Figure 5.7: Reaction stresses on loading platens at loading rate of 1.2 m/s. 

 
 

 

Figure 5.8: Reaction stresses on loading platens at loading rate of 0.1 m/s. 
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Figure 5.9: Effect of shear and normal contact stiffnesses on Young’s modulus. 
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Figure 5.10: Effect of shear and normal contact stiffnesses on Poisson’s ratio. 
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Figure 5.11: Effect of normal and shear contact stiffness on bulk modulus 
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Figure 5.12: Dilation gradients versus ratio of contact stiffnesses. 
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 6 Viscoelastic Simulations of 
Uniaxial Tests 

 

 

6.1 Introduction 
 

It was noted earlier that the behaviour of the idealised asphalt mixture is likely to be 

dominated by the bitumen and complex aggregate interlock effects are minimised in 

this type of mixture. It is well documented that asphaltic materials are both loading 

rate and temperature dependent exhibiting elastic, delayed elastic and viscous 

behaviour [39]. The simplest option to introduce these effects is to use a Burger’s 

model to represent the shear and normal contact stiffnesses.  

 

This chapter presents viscoelastic simulations used to model the behaviour of an 

idealised asphalt mixture under uniaixal loading conditions. The predicted 

deformation and dilation behaviour is compared with previously obtained 

experimental data on the same material [40, 65].   

 

6.2 Burger’s Contact Model  
 
As noted earlier, a viscoelastic model is required to capture the time dependent 

behaviour of bitumen. The most appropriate option is to use a Burger’s model to 

represent the contact stiffnesses. A Burger’s model (for the shear contact stiffness) is 

shown in Figure 6.1.  It can be seen that this model comprises a spring ( ) and 

dashpot ( ) in parallel (delayed elastic component) connected in series to a spring 

( , elastic component) and a dashpot ( , viscous component). It can readily be 

shown that the time dependent shear stiffness of the Burger’s model is given by: 

sK1

sC1

sK0
sC∞
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where t is the loading time and sss KC 11=τ  is the relaxation time.  It can be seen 

from Equation 6.1 that the contact stiffness will reduce as a function of loading time. 

In reality, the time dependent bond properties will be significantly more complicated. 

However, this simple approach is a necessary step before introducing additional 

complexities that require purpose written contact stiffness algorithms (user-defined 

subroutine in PFC3D). 

 

The Burger’s contact model is significantly more complex than its elastic 

counterpart requiring much more computation time. To increase the computation 

speed, a sample 7.3mm in diameter and 29.2mm in height, comprising 1,000 

particles was used in the simulation. It should be noted that the sample was prepared 

using numerical sample preparation procedure described in Chapter 4. The model 

parameters are given in Table 6.1 and were chosen arbitrarily so that the shape of the 

predicted axial strain curve was similar to measured data for a similar material. The 

normal contact parameters were chosen to be a factor of 10 larger than the shear 

contact parameters so that the ratio of the initial (elastic) radial strain to the initial 

(elastic) axial strain (i.e. Poisson’s ratio) would be similar to the results for the 

elastic case presented in Chapter 5. A very high contact bond strength is applied to 

all contacts to prevent the bond breakage. It should be noted that a Burger’s contact 

model will automatically be created at any new contact formed during the simulation. 

A constant stress (creep) of 400kPa was applied to the loading platen and 

maintained by the PFC3D servo control mechanism (described in Section 3.3.6) over 

a period of time.  

 

Figure 6.2 shows the predicted axial strain plotted as a function of loading time.  It 

can be seen from this figure that, as expected for this type of contact model, the 

strain response is a function of loading time comprising elastic, delayed elastic and 

viscous components. The Burger’s contact parameters (Table 6.1) can be readily 

adjusted to best fit the experimental data. It should be noted that for simplicity, the 
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bulk properties shown are based on sample size comprising of 1.000 particles. 

However, the results based on sample sizes comprising of 1,000 and 6,000 particles 

are shown in Section 6.4.9 where the comparison with experimental results is 

reported.  

 

The particle contact forces in compression, tension and shear are updated regularly 

during the simulation. Figure 6.3 shows an example of contact force distribution in a 

1,000 particles sample. The red lines represent compressive forces and the black 

lines represent tensile forces. The thickness of the lines connecting the spheres 

corresponds to the magnitude of contact force generated. It can be seen from this 

figure that the compressive forces (distributed in vertical direction) are formed due 

to the axial compressive loading, whilst the tensile forces (distributed in lateral 

direction) are formed at contacts in tension which resisted by a very high bond 

strength. 

 

6.3 Computation Time Optimisation 
 
It was noted earlier that the DEM simulation using viscoelastic contacts is a time 

consuming process. This section describes the methods of reducing the computation 

time in DEM simulation.  

 

It was thought that the computation time is likely to be dominated by the magnitude 

of timestep in the simulation. To reduce the computation time, the magnitude of the 

timestep was increased artificially by 8% in one second of loading time during the 

simulation. Figure 6.4 shows a plot of the incremental timestep magnitude during 

the simulation. It can be seen from this figure that the magnitude of timestep 

increases by the factor of two (from 3×10-7 to 6×10-7) in a 12-second simulation. 

However, this approach was not able to significantly reduce the computation and an 

alternative approach was required.  

 

It was noted in Chapter 3 that the magnitude of timestep in PFC3D is determined by 

KMtcrit = [3]. This means that using a higher value of particle mass (M) will 

result in a larger magnitude of timestep in the simulation, hence reducing the 
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computation time. Six viscoelastic simulations were performed on an identical 

sample as used in Section 6.1 with the exception that each sample was generated 

with different particle density ranging from 2.63×103 to 2.63×108 kg/m3. The effects 

of particle density on bulk properties of the sample were investigated.  

 

Figure 6.5 shows the plot of axial strain as a function of time for simulations on the 

samples with different particle densities. It can be seen from this figure that after an 

initial period the simulations are all very similar in shape. The initial differences 

caused by different loading times to reach the target stress cased by the large inertia 

associated with the high mass particles which results in a slower acceleration of the 

loading platen.  

 

The variation of radial and axial strain for simulations on the samples with different 

particle densities is shown in Figure 6.6. It can be seen from this figure that there 

was no difference in response between the samples. This can be explained by the 

fact that the magnitude of the particle density should not have any effect on the 

deformation mechanism in a sample under constant stress creep loading. The 

unbalanced forces for all simulations are shown in Figure 6.7. It was found that the 

unbalanced forces are higher in the simulation with a higher particle density. 

However, the unbalanced force is still reasonably low (i.e. less than 1×10-4 N) and 

can be considered negligible compared with the magnitude of contact forces 

between particles.  

 

Figure 6.8 shows the computation time required for a 20-second creep simulation on 

the samples with particle density ranging from 2.63×103 to 2.63×107 kg/m3. It was 

found that the computation time for a simulation on a sample with a particle density 

of 2.63×107 kg/m3 is reduced by the factor of 300 compared with a simulation on a 

sample with a particle density of 2.63×103 kg/m3. Consequently, in order to reduce 

the computation time, the sample generated with a particle density of 2.63×107 kg/m3 

will be used in all simulations in this thesis. It should be noted that the gravity was 

set to be zero in all simulations.  
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6.4 Effect of Bond Breakage 
 

It was noted above by previous researchers that asphalt dilates under uniaxial and 

triaxial loading. The previous elastic simulations have shown that the dilation of an 

asphalt mixture is greatly influenced by the ratio of compressive to tensile contact 

stiffness. However, the effect of bond breakage on dilation is unknown. This section 

performs a uniaxial viscolastic simulation to investigate the effect of bond breakage 

on dilation.  

 
A series of simulations were performed on an identical sample as that used in 

Section 6.2, with the exception that a fraction of contact bonds (range from 5 to 25%) 

were removed for each sample prior to loading. A constant stress of 400kPa was 

applied. Figure 6.9 shows a plot of radial versus axial strains for these simulations. It 

can be seen from this figure that the slopes of radial to axial strains increase from 0.3 

to 1.0 as the percentages of bonds removed increase from 5% to 25%, which 

indicates that the volumetric dilation is greater in the simulations with higher 

percentage of bonds removed. This is because a lower number of bonds in the 

sample cause lower constraint in the particle system, hence giving greater 

volumetric dilation. Consequently, it was thought that dilation could be modelled by 

breaking bonds progressively (simulate micro-cracking in a real sample) during the 

simulation.  

 

It was noted earlier that the contact bond breaks when the tensile force exceeds the 

bond strength. The tensile contact force distribution in the simulation above (fully 

bonded) is plotted in Figure 6.10. It can be seen from this figure that the tensile 

contact forces within the particles are distributed between 0.1N and 1.9N with an 

average value of 0.53N. A random contact bond strength distribution with a mean of 

1.45N and a standard deviation of 0.03 (as shown in Figure 6.11) was chosen 

arbitrarily for a simulation containing 1,500 particles. The sample was again loaded 

with a constant stress of 400kPa.   

 

The resulting axial strain plotted as a function of time is shown in Figure 6.12. It can 

be seen from this figure that the axial strain curve looks similar to the curve where 

no bonds have been removed until an axial strain of approximately 5% where a 
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dramatic increment in strain was observed indicating failure of the sample. The 

percentage of bonds broken with respect to axial strain is plotted in Figure 6.13. It 

was found that approximately 6% of contact bonds were broken progressively over 

the first 5% axial strain and thereafter failure occurred. Figures 6.14 and 6.15 show 

the locations of broken bonds in the sample at 5% axial strain and at failure. It can 

be observed from Figure 6.15 that at failure, most of the broken bonds occurred at 

the top region of the sample which indicates localisation. The variation of radial and 

axial strain is plotted in Figure 6.16. It was found that the ratio of radial to axial 

strain remained at 0.4 at up to 5% axial strain, which indicates no dilation. This ratio 

increased dramatically at failure, which does not indicate dilation. Consequently, it 

was concluded that this approach alone can not be used to simulate dilation. 

                                                                                                                                                                

6.5 Simulation with Default Burger’s Contact Model 
 
Results from Chapter 5 showed that dilation in an elastic sample is dominated by the 

ratio of the contact stiffness in compression to the tension contact stiffness. This 

section investigates the effect of ratio of compressive to tensile normal contact 

stiffness using the Burger’s contact model applied to all contacts in compression, 

shear and tension. 

 

A sample containing 1,000 particles was generated according to previously 

developed sample preparation procedures. A high contact bond strength was applied 

to all contacts to prevent bond breakage. Five viscoelastic simulations were 

performed by applying a constant vertical compressive stress of 400kPa to the 

sample. In all simulations, the contact stiffnesses in compression and shear were 

taken to be equal (value given in Table 6.2) whilst the tensile contact stiffnesses 

(elastic, viscoelastic, viscoplastic components) have been reduced so that the ratio of 

compressive (and shear) to tensile contact stiffness (KC / KT) ranges from 1 to 100. It 

should be noted that the compressive and tensile contact stiffnesses are time 

dependent and reduce simultaneously with time, hence the ratio of (KC / KT) is 

always constant throughout the simulation.  
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The graph of axial strain as a function of time is shown in Figure 6.17. It can be seen 

from this figure that, as expected for this type of contact model, the strain response 

is a function of loading time comprising elastic, delayed elastic and viscous 

components. A higher level of axial strain is found in the simulations with higher 

initial ratios of compressive to tensile contact stiffness (KC / KT) because of the lower 

absolute value of the tensile contact stiffnesses. 

 

Figure 6.18 shows a plot of volumetric strain versus distortional strain for 

simulations with different ratios of compressive (and shear) to tensile contact 

stiffnesses (KC / KT). It can be seen from this figure that the general trend is for a 

higher level of dilation from simulations with higher ratios of (KC / KT). For example, 

the dilation gradient is 0.3 in the simulation with ratio of (KC / KT) equal to 10, 

whilst the dilation gradient is 1.0 in the simulation with ratio of (KC / KT) equal to 

100. This is because in the simulation with higher ratio of (KC / KT), the particles are 

allowed to roll past each other hence giving in higher level of dilation (as in the 

elastic case discussed in the previous chapter). The dilation gradient is negative 

(contracting) in the simulation where the tensile and compressive contact stiffnesses 

are taken to be equal (KC / KT = 1) because the particles are forced to overlap instead 

of being allowed to roll past each other.  

 

Consequently, the Burger’s model featured in PFC3D is able to model dilation in an 

asphalt mixture by introducing a higher ratio of compressive to tensile contact 

stiffness. However, in reality, the compressive stiffness does not reduce as a function 

of time under compression. As noted earlier, a viscoelastic model (Burger’s model) 

is required to capture the time dependent behaviour of bitumen. For this type of 

model, the contact stiffness will reduce as a function of loading time. Whilst this is a 

reasonable approximation for the shear and normal tensile contact stiffnesses where 

particles are essentially moving away from each other, the normal compressive 

contact stiffness should increase as particles move towards each other tending 

towards the contact stiffness resulting from direct contact between two particles. As 

an approximation to this, elastic behaviour has been assumed for the compressive 

normal contact stiffness whereas viscoelastic behaviour has been assumed for the 

tensile normal contact stiffness and the shear contact stiffness. The default Burger’s 
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contact model in PFC3D was modified using C++ language based on these 

assumptions to simulate the correct contact mechanism in the asphalt mixture. 

 

6.6 Simulation with Modified Burger’s Contact Model 
 

This section performs a uniaxial simulation based on a modified Burger’s contact 

model as mentioned above. A sample containing 1,000 particles was generated 

according to previously developed sample preparation procedures. A very high 

contact bond strength is applied to all contacts to prevent the bond breakage. The 

values of contact stiffnesses used in the simulations are given in Table 6.3. A 

uniaxial creep test simulation is performed by applying a constant vertical 

compressive stress of 400kPa to the sample. The axial strain plotted against loading 

time is shown in Figure 6.19. It can be seen from this figure that the axial strain 

response exhibits the deformation behaviour of a Burger’s model.  

 

Figure 6.20 shows a plot of the simulated volumetric strain versus distortional strain. 

It can be seen from this figure that early in the test at distortional strain levels less 

than approximately 0.3% the volumetric strain is negative indicating compaction of 

the material. The volumetric strain then increases approximately in proportion to the 

distortional strain as the material dilates, ie: 

 

                                                     EsH && =                                               (6.2)

  

where ( H& ) is the volumetric strain rate, ( E& ) is the distortional strain rate. The 

parameter s can be interpreted as the steady-state dilation gradient which can be 

directly compared to the dilation gradient introduced earlier in the elastic 

simulations.   

 

Since an elastic compressive contact stiffness and a viscoelastic shear and tensile 

contact stiffness have been used, the ratio of compressive to tensile contact stiffness 

will increase during the simulation as described by: 
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where KC is the compressive contact stiffness, KT  is the tensile contact stiffness and 

EC is the elastic stiffness for contacts under compression.  

 

Since the ratio of compressive to tensile contact stiffness will increase during the 

simulation, by analogy to the results from the elastic simulation, it is likely that the 

dilation gradient will also change during the simulation. This can be seen from a 

careful inspection of the data shown in Figure 6.20 where the slope is not constant 

and is shown in Figure 6.21 where the dilation gradient is plotted as a function of the 

ratio of compressive to tensile normal contact stiffness calculated from Equation 6.3. 

It can clearly be seen from this figure that, as with the elastic case, the dilation 

gradient tends to increase as the ratio of compressive to tensile normal contact 

stiffness increases during the simulation.   

 

In conclusion, it is possible to model the dilation behaviour of asphalt by assuming 

elastic behaviour for contacts under compression and viscoelastic behaviour for 

contacts under shear and tension.  

 

6.7 Effect of Sample Density on Dilation 
 
The previous section showed that the dilation gradient is a function of ratio of 

compressive to tensile contact stiffness. However, it is well understood in soil 

mechanics that soil dilation will reach a critical state, at which shear deformation (or 

distortional deformation) can continue in the absence of a volume change [93]. 

Bolton [12] stated that if the soil were denser than critical then it would tend to 

dilate when disturbed, so that the void ratio at a dense state can increase to a 

preordained void ratio at a critical state, in which the normal effective stress is fixed. 

This section investigates the effect of sample density on dilation.  
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A uniaxial creep simulation was performed on a sample containing 1,000 particles. 

A constant stress loading of 400kPa was applied over a long period of time of 

approximately 3000 seconds. It was expected that the dilation gradient will increase 

in proportion to the ratio of compressive to tensile contact stiffness as a function of 

time during the simulation. Figure 6.22 shows a plot of volumetric strain versus 

distortional strain. It can be seen from this figure that at a distortional strain of 

approximately 8% the dilation gradient is at a maximum of 0.8, thereafter it reduces. 

The dilation gradient then decreases gradually as the simulation continues to a larger 

distortional strain.  

 

The change of dilation gradient corresponding to sample density in the simulation 

was investigated and plotted in Figure 6.23. It can be seen from this figure that 

during the simulation, the dilation gradient increases to a maximum value of 

approximately 0.8, whilst the sample density reduces from 0.64 to 0.62. This agrees 

with Bolton [12] where he stated that the initially dense soil sample dilates due to 

the reduction in density. Thereafter, the dilation gradient reduces to 0.6 

simultaneously with the reduction in sample density from 0.62 to 0.58. This is 

because the packing characteristic of the sample has changed from dense to a looser 

packing state, giving a lower level of dilation.  

 

Consequently, it can be concluded that the dilation gradient reaches a maximum 

value of 0.8 at approximately 8% distortional strain. 

 

6.8 Effect of Contact Stiffnesses on Dilation 
 

It was noted in Section 6.6 that the dilation gradient of an asphalt mixture should 

increase with the ratio of compressive to tensile contact stiffness as a function of 

time. However, the previous section has shown that the effect of sample “loosening” 

(reduction in sample density) limits the maximum amount of dilation at very high 

ratios of compressive to tensile contact stiffness.  

 

This section develops a method to investigate the effect of contact stiffness ratio 

(compression, shear and tension) on dilation. A series of uniaxial simulations were 
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performed to investigate the effect of normal contact stiffness ratio on dilation. The 

sample preparation procedure was the same as that for the uniaxial simulation in the 

previous section. It should be noted that all simulations were carried on to a 

maximum distortional level of 4% to ensure that the simulated samples were in a 

dense packing state. The contact stiffnesses in compression and shear were taken to 

be equal to the value in Table 6.4, whilst an artificial factor [FT] has been introduced 

to vary the initial tensile contact stiffnesses (elastic, viscoelastic, viscoplastic 

components) so that the initial ratio of compressive (and shear) to tensile contact 

stiffnesses range from 1 to 100. The main reason for introducing the artificial factor 

[FT] into the tensile contact stiffness is to simulate the dilation at a very high ratio of 

compressive to tensile contact stiffness. For instance, introducing a factor [FT] of 

1/100 results in an initial ratio of compressive (and shear) to tensile contact stiffness 

of 100 (see Table 6.4).  

 

Figure 6.24 shows the relationship between volumetric strain and distortional strain 

for simulations with different factor [FT] under a constant compressive stress of 

400kPa. It was found that the dilation gradient is higher in the simulation with a 

lower factor [FT]. This is because in simulation with a lower factor [FT], the initial 

ratio of compressive to tensile contact stiffness is higher, therefore the particles are 

not allowed to overlap but forced to roll past each other and hence giving greater 

dilation. However, it is necessary to quantify the dilation gradient with the ratio of 

compressive to tensile normal contact stiffness.   

 
The dilation gradients at specific distortional strains were obtained by careful 

inspection of the data shown in Figure 6.24. The ratio of (KC / KT) is then calculated 

based on Equation 6.3 by substituting the values of the parameters in Table 6.4 and 

the loading times at specific distortional strains. The relationship between the 

dilation gradient and the ratio of compressive to tensile normal contact stiffness (KC / 

KT) is plotted in Figure 6.25. It can clearly be seen from this figure that, the dilation 

gradient tends to increase approximately in proportion to the ratio of compressive to 

tensile normal contact stiffness. This behaviour is expected since during the 

simulation, the tensile contact stiffness reduces as a function of time whilst the 

compressive contact stiffness remains constant.  
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6.9 Effect of Deviator Stress 
 

Previous researchers [40, 65] have found that the dilation gradient (ratio of 

volumetric strain to distortional strain) of an asphalt mixture under uniaxial and 

triaxial loading is independent of strain rate, stress or temperature. To investigate the 

effect of deviator stress on dilation, five uniaxial simulations were performed at 

stress levels ranging from 400kPa to 1000kPa on an identical sample containing 

1,000 particles.  

 

The axial strain responses as a function of loading time are shown in Figure 6.26. It 

can be seen from this figure that, as expected, the axial strain is larger in the 

simulation with the higher deviator stress. Figure 6.27 shows a plot of the 

corresponding volumetric strains versus distortional strains. The dilation gradients at 

distortional strains of 0.015 to 0.02 were measured and found to be the same in all 

simulations independent of deviator stress level. This indicates that the dilation 

gradient of an asphalt mixture in a uniaxial test is independent of the deviator stress. 

It can also be seen from Figure 6.27 that in simulations with higher deviator stress 

levels, the initial compaction phase at the beginning of the test is greater. However, 

no experimental data is available to justify the magnitude of the strain response 

under different deviator stresses.  

 

6.10 Effect of Bitumen Film Geometry Factor 
 

Results from previous studies [22, 49] have shown that the stiffness of a thin film of 

bitumen depends on the geometry (aspect ratio) of the film. For example, a thicker 

film was found to be less stiff compared to a thinner film. This section investigates 

the importance of this “geometric factor” on the predicted behaviour of sand asphalt 

mixtures. 

 

Assuming that a thin film between two sand particles can be characterised as a disc 

of thickness 2T and diameter d, the aspect ratio is given by d / T. Assuming that 

bitumen is incompressible, the volume of bitumen is constant giving: 
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Therefore, provided the distance between particles is known during the simulation, 

the aspect ratio of the bitumen films between particles can be updated using the 

following equation: 
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where  is the aspect ratio at time ttA ∆+ tt ∆+ , At is the aspect ratio at time t and ∆U 

is the change in normal displacement. It should be noted that an initial aspect ratio of 

approximately 10 was used in Equation (6.6) which was determined using a bitumen 

film thickness calculated using the procedure described in Shell Bitumen Handbook 

[90]. During the simulation, Equation (6.6) is used to update the “effective” aspect 

ratio at each contact. The “effective” thin film stiffening factor (TF) as a function of 

aspect ratio is then determined from Figure 6.28 and used as a factor in reducing the 

tensile contact stiffness parameters ( K0, C∞, K1 and C1) in Burger’s contact model. 

Therefore, the contact stiffness in tension reduces as the aspect ratio decreases, i.e. 

as particles move further apart.  

 

Two viscoelastic uniaxial simulations (one simulation incorporating this factor) were 

performed to investigate the effect of the geometry factor on the deformation of the 

sample. Figure 6.29 shows the predicted volumetric and distortional strain of the 

sample under a constant stress of 400kPa. It can be seen from this figure that for a 

given distortional strain, the volumetric strain in the simulation including the 

geometry factor is higher than in the simulation excluding the geometry factor. This 
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is because the aspect ratio of bitumen films in tension decreases during the 

simulation causing a reduction in stiffness resulting in higher levels of volumetric 

strain. It should be noted that the geometric factor is not included in previous 

simulations and will be included in all further simulations presented in this thesis. 

 

6.11 Comparison with Experimental Results 
 

The objective of this section is to investigate the deformation and dilation of sand 

asphalt under simulated uniaxial tests. Two samples containing 1,000 and 6,000 

particles were used. A high contact bond strength was applied to all contacts to 

prevent bond breakage. The model parameters are detailed in Table 6.5 and were 

calibrated to give sensible levels of axial strain and a similar shape creep curve 

compared to previously gathered experimental data [65]. Previous researchers [24, 

69] have shown that the stiffnesses of pure bitumen in tension and in shear are 

expected to be related by the factor of 3 in the linear region of behaviour (refer to 

section 2.5). Hence, the value of shear contact stiffness in Table 6.5 is taken to be 

one third of the value of normal tensile contact stiffness. 

 

Figure 6.30 shows the predicted axial strain plotted as a function of loading time for 

an axial stress of 400kPa. The measured curve is also shown in Figure 6.30 from 

where it can be seen that the predicted and measured curves are similar in magnitude 

and shape demonstrating the applicability of this approach.  

 

Previous research has shown that at least 4,500 particles are required for the bulk 

elastic material properties (eg Young’s Modulus) calculated from a DEM simulation 

to be within 2% of the values calculated using a much larger number of particles 

(see Collop et al. [27] for further details). To investigate whether this effect is 

similar in a viscoelastic simulation, results from a sample containing 6,000 particles 

were used for comparison with those from the sample containing 1,000 particles. 

Also shown in Figure 6.30 is the plot of predicted axial strain as a function of time 

for the sample containing 6,000 particles. It can be seen from this figure that at a 

particular loading time, the axial strain calculated from the sample containing 1,000 

particles is higher than the axial strain calculated from the sample containing 6,000 
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particles. For example, at a loading time of 100 seconds the sample containing 1,000 

particles results in an over-prediction of approximately 12% compared to sample 

containing 6,000 particles which is consistent with previous results from the elastic 

simulations [27]. It should be noted that for practical reasons (computation time), 

results presented in this thesis are based on samples containing 1,000 particles which 

will result in an over-prediction of the axial strain. 

 

Figure 6.31 shows a plot of the simulated volumetric strain versus distortional strain. 

It can be seen from this figure that early in the test at distortional strain levels less 

than approximately 0.3% the volumetric strain is negative indicating compaction of 

the material. The volumetric strain then increases approximately in proportion to the 

distortional strain as the material dilates. For the case shown in Figure 6.31 the 

dilation gradient is approximately 0.8 (ie s = 0.8). Experimental data for the same 

idealised mixture tested at 20°C taken from Deshpande [40] is shown in Figure 6.31 

for comparison. It can be seen by comparing the measured with the predicted data 

that, although the general shapes of the curves are similar, the measured dilation 

gradient is slightly higher and the simulation tends to over-predict the initial 

compaction phase at the beginning of the test. The under-prediction of the dilation 

gradient is likely to be because the particles in the numerical sample are perfectly 

spherical whilst in reality the sand particles are more angular, resulting in greater 

dilation. From the data shown in Figure 6.21 it can be concluded that the maximum 

dilation gradient for perfectly spherical particles under uniaxial stress conditions is 

approximately 0.8. To increase the dilation gradient further, more complex particle 

shapes are required. Also shown in Figure 6.31 is the result from a simulation 

undertaken using a sample containing 6,000 particles. It can be seen from this figure 

that the result from the simulation undertaken using 1,000 particles tends to slightly 

over-predict the volumetric strain at a given level of distortional strain although it 

should be noted that the effect is smaller than for the axial strain (see Figure 6.30). 
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6.12 Conclusions 
 

The following conclusions can be drawn from this chapter.  

 

• DEM has been used to simulate the behaviour of idealised asphalt mixture 

under uniaxial compressive loading. 

 

• A computation time optimisation was performed resulting in a higher particle 

density being used. 

 

• The dilation gradient was found to increase with bond breakage in the 

sample due to lower constraint in the particle system. However, failure of the 

sample was observed in simulation with progressive bond breakage. 

 

• A viscoelastic Burger’s model was introduced to give time-dependent shear 

and normal tensile contact stiffnesses, whilst the normal compressive contact 

stiffness was assumed to be elastic. 

 

• The dilation gradient under uniaxial conditions was found to increase with 

time as the ratio of compressive to tensile contact stiffness increases.  

 

• The maximum dilation gradient was found to be 0.8 at 8% distortional strain. 

 

• The dilation gradient was found to be independent of the deviator stress level. 

 

• The effect of changing bitumen film geometry during the simulation on 

contact stiffnesses has been investigated. 

 

• The simulation results have been compared with experimental data and 

demonstrated the ability of this type of approach.  
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Tables: 

Table 6.1: Burger’s contact model parameters. 

 
Shear Contact Normal Contact 

Property Value Property Value 
s
oK n

oK (MN/m) 0.1  (MN/m) 1.0 

sC∞
nC∞ (MNs/m) 0.5  (MNs/m) 5.0 

sK1
nK1 (MN/m) 0.1  (MN/m) 1.0 

sC1
nC1 (MNs/m) 0.5  (MNs/m) 5.0 

 

Table 6.2: Burger’s contact model parameters for simulation with default Burger’s    

                 contact model. 

 
Shear Contact Tension Contact Compression contact 

Property Value Property Value Property Value 
s
oK  (MN/m) 0.1 t

oK c
oK (MN/m) variable  (MN/m) 1.0 

sC∞  (MNs/m) 1.0 tC∞
cC∞ (MNs/m) variable  

(MNs/m) 

10.0 

sK1  (MN/m) 0.1 tK1
cK1 (MN/m) variable  (MN/m) 1.0 

sC1  (MNs/m) 0.5 tC1
cC1 (MNs/m) variable  (MNs/m) 5.0 

 

Table 6.3: Burger’s contact model parameters for simulation with modified Burger’s           

                 contact model. 

 
Shear Contact Tension Contact Compression contact 

Property Value Property Value Property Value 
s
oK  (MN/m) 0.60 n

oK n
oE (MN/m) 0.60  (MN/m) 0.60 

sC∞  (MNs/m) 4.50 nC∞  (MNs/m) 4.50   

sK1  (MN/m) 0.45 nK1  (MN/m) 0.45   

sC1  (MNs/m) 3.50 nC1  (MNs/m) 3.50   
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Table 6.4: Burger’s contact model parameters with factor [FT]. 

 
Shear Contact Tension Contact Compression contact 

Property Value Property Value Property Value 
s
oK  (MN/m) 0.60 n

oK n
oE (MN/m) [FT] × 0.60  (MN/m) 0.60 

sC∞  (MNs/m) 4.50 nC∞  (MNs/m) [FT] × 4.50   

sK1  (MN/m) 0.45 nK1  (MN/m) [FT] × 0.45   

sC1  (MNs/m) 3.50 nC1  (MNs/m) [FT] × 3.50   

 

 

Table 6.5: Burger’s contact parameters for uniaxial viscoelastic simulation.  

 
Shear Contact Tension Contact Compression contact 

Property Value Property Value Property Value 
s
oK  (MN/m) 0.12 n

oK n
oE (MN/m) 0.36  (MN/m) 0.70 

sC∞  (MNs/m) 0.80 nC∞  (MNs/m) 2.40   

sK1  (MN/m) 0.03 nK1  (MN/m) 0.09   

sC1  (MNs/m) 0.80 nC1  (MNs/m) 2.40   
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Figure 6.1 : Burger’s viscoelastic model. 
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Figure 6.2: Axial strain versus time in preliminary simulation. 
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Figure 6.3: Compressive (red) and tensile (black) contact forces distribution in 1,000   

                   particles sample. 
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Figure 6.4: Increment of critical timestep 
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                Figure 6.5: Axial strain versus time for simulations on samples with   

                                   different particle densities. 
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          Figure 6.6: Radial and axial strain for simulations on samples with different   
                             particle densities.     
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                Figure 6.7: Unbalanced forces for simulations on samples with different  
                                   particle densities. 
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Figure 6.8: Computation time for simulations on samples with different particle  

                   densities. 



Chapter 6: Viscoelastic simulations of Uniaxial Tests               123  

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014

Axial strain

R
ad

ia
l s

tra
in

0% bonds absence
10% bonds absence
15% bonds absence
20% bonds absence
25% bonds absence

 
 

            Figure 6.9: Radial versus axial strain for simulations at different percentages  

                               of bonds absence. 
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Figure 6.10: Distribution of tensile contact forces in the sample. 
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Figure 6.11: Distribution of contact bond strengths at mean of 1.45N and standard  

                     deviation of 0.03. 
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Figure 6.12: Axial strain as a function of loading time before and after catastrophic  

                     failure. 
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                        Figure 6.13: Percentage of bond broken versus axial strain.    

 
 
 

                             

                     Figure 6.14: Distribution of broken bonds at 5% axial strain.  
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                         Figure 6.15: Distribution of broken bonds at catastrophic failure. 

 
 
 

0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035

0.040

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

Axial strain

R
ad

ia
l s

tra
in

 
Figure 6.16: Radial versus axial strain before and after catastrophic failure. 
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Figure 6.17: Axial strain versus loading time in simulations at different ratios of      

                     (KC / KT) with default Burger’s contact model. 
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Figure 6.18: Volumetric and distortional strain in simulations at different ratios of  

                     (KC / KT) with default Burger’s contact model. 
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Figure 6.19: Axial strain versus loading time in simulation with modified Burger’s  

                     contact model. 
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Figure 6.20: Volumetric strain versus distortional strain in simulation with modified  

                     Burger’s contact model.  
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Figure 6.21: Effect of the ratio of contact stiffnesses on dilation gradients. 

 

-0.02

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

0.16

0.00 0.04 0.08 0.12 0.16 0.20

Distortional strain

Vo
lu

m
et

ric
 s

tra
in

Slope = 0.8 

 

Figure 6.22: Volumetric strain versus distortional strain in uniaxial creep simulation.  
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Figure 6.23: Dilation gradient and sample density in uniaxial creep simulation  

                     reaching critical state. 
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Figure 6.24: Volumetric strain versus distortional strain in simulations with different  

                     factors [FT].  
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Figure 6.25: Relationship of dilation gradient and the ratio of compressive to tensile  

                     contact stiffness. 
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Figure 6.26: Axial strain as a function of time at different deviator stresses. 
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Figure 6.27: Volumetric strain versus distortional strain at different deviator stresses. 
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Figure 6.28: The dependence of thin film stiffness factor on aspect ratio, reproduced              

                     from Harvey [50]. 
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Figure 6.29: The effect of thin film geometry factor in the viscoelastic simulation. 
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Figure 6.30: Predicted and measured axial strain for uniaxial creep test at 400kPa as  

                     a function of time. 
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Figure 6.31: Predicted and measured volumetric strain and distortional strain for  

                     uniaxial test at 400kPa. 
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 7   Viscoelastic Simulations of                          
Triaxial Tests 

 
 
 
 
 

7.1 Introduction 
 
The triaxial test has been recognised as a useful experimental tool for evaluating 

shearing resistance, stress-strain characteristics and strength properties of soils under 

various stress states. This test has been widely developed in soil mechanics. Brown 

and Cooper [16, 17] extensively studied the behaviour of asphalt mixtures through 

triaxial tests and showed that mixture behaviour was a function of the hydrostatic as 

well as deviatoric stresses. More recent applications of modelling of experimental 

results from triaxial tests to study the behaviour of asphalt mixtures can be found in 

[15, 70, 82].  

 

The deformation behaviour of a pavement under a wheel load is highly dependent on 

the state of triaxial stresses in the asphalt layers. Thus, it is necessary to understand 

the behaviour of deformation and dilation of the asphalt under various stress states. 

This chapter describes the modelling of triaxial tests on asphalt mixtures using DEM. 

 

7.2 Review of Triaxial Tests on Asphalt Mixtures 
 

In a triaxial test, an axial load Q and a cell pressure P are related to the principal 

stresses (Figure 7.1) by: 

 

 



Chapter 7: Viscoelastic Simulations of Triaxial Tests 136  

PAQ +=∑33  

               P∑ ==∑ 2211                                                   (7.1) 

 

where A is the cross-sectional area of the specimen. Thus, the mean stress  and 

the deviator stress are given by: 

m∑

∑

 

A
QPkkm 3

3/ +=∑=∑  

A
Q

=∑−∑=∑ 1133  

 

ΣΣ= mη           (7.2) 

 
The stress ratio, η is defined as the ratio of the mean stress to the deviator stress. 

 
Deshpande and Cebon [41] conducted triaxial compression tests on idealised asphalt 

mixtures. They found that the deformation behaviour was dependent on the mean as 

well as deviatoric stresses. They concluded that for triaxial tests conducted on dense 

mixtures, the dilation gradient, s varied between 0.75 and 0.85 and was independent 

of the stress ratio, the deviatoric stress and the axial strain rate.  

 

Figure 7.2 shows experimental data taken from Khanzada [65] where volumetric 

strain is plotted against distortional strain for deviator stresses of 400kPa and 

1000kPa at stress ratios of 0.6 and 0.8. It can be seen from this figure that the 

dilation gradients from the tests with a stress ratio of 0.6 are slightly higher than the 

dilation gradients from the tests with a stress ratio of 0.8. It can also be seen from 

Figure 7.3 that at deviator stresses of 400kPa and 1000kPa, the same dilation 

gradient is observed at the same stress ratio. This indicates that the dilation gradient 

is only dependent on the stress ratio. More details on the experimental work can be 

found in Khanzada [65]. 

 

It should also be noted that a similar finding was found by Huang [57] in his 

experimental work on the triaxial compression testing of the sand asphalt mixtures at 
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temperature of 20°C. He found that for a given deviator stress of 620kPa (90psi), the 

volume change increased from 0.5% at a confining pressure of 138kPa (20psi) 

(Figure 7.3 (c)) to 6.5% at a confining pressure of 69kPa (10psi) (Figure 7.3 (b)) 

under the same loading time. This indicates that the volume change (dilation) is 

higher at a lower confining pressure. He also showed that at a given stress ratio of 

0.53, the volume change at a deviator stress of 345kPa (50psi) (confining pressure 

69kPa) is 1% and the volume change at a deviator stress of 689kPa (100psi) 

(confining pressure 138kPa) is 1.5%. This indicates that the volumetric dilation of 

the sand asphalt is only dependent on the stress ratio.  

 
Sitharam [103] used DEM to model the effect of confining pressure on the 

constitutive behaviour of granular materials. Seven biaxial simulations at a constant 

axial strain rate of 2.5×10-4 mm/cycle with different lateral pressures ranging from 

0.6MPa to 6MPa were performed on an identical sample. He stated that under low 

confining pressure (e.g. 0.6MPa and 0.8MPa), the assembly is not strongly held to 

resist the dilating tendency under the deviatoric stress. Hence the assembly is more 

susceptible to dilation. Consequently, he found that with an increase in the confining 

pressure there is an increase in the shear strength and a decrease in the dilation. 

 

In summary, Deshpande and Cebon [41] stated that the dilation is independent of 

stress ratio. However, in contrast, the experimental studies performed by Khanzada 

[65] and Huang [57] showed that dilation is highly dependent on the stress ratio. 

Their findings are further supported by Sitharam [103] in numerical modelling. 

Therefore, it is necessary to perform the triaxial simulation using DEM to study the 

effect of stress ratio on dilation behaviour of sand asphalt. 

 

7.3 Numerical Sample Preparation and Modelling Procedure 
 

Since the objective of this chapter is to simulate simple laboratory tests using DEM, 

it is necessary to artificially generate a test specimen that replicates an idealised 

mixture. The numerical sample preparation procedure for triaxial simulations used in 

this chapter is the same as that used for the uniaxial simulations with the exception 

that the cylindrical boundary was not removed but was used to provide lateral 
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confinement to the sample. To decrease the computation time, a sample of 16.5mm 

in diameter and 33mm in height, containing 1,000 particles (1.88mm diameter) 

sample used in all simulations in this chapter. A high bond strength was applied to 

all contacts to prevent bond breakage.  

 

As noted in the sample preparation procedure described in Chapter 4, the numerical 

sample is prepared to a low isotropic stress (less than 1kPa). In order to simulate the 

confining pressure, the numerical sample is then loaded isotropically using the 

numerical servo control (see Section 3.3.6) on the top, bottom and cylindrical 

boundaries to achieve the target confining stress. It should be noted that the 

boundary walls shear stiffness and friction coefficient were set to be zero. Figure 7.4 

shows the contact force distribution in a numerical sample containing 1,000 particles 

under a confining stress of 100kPa. It can be seen from this figure that the 

distribution of contact forces is isotropic, which simulates the uniform confining 

pressure applied on the triaxial specimen in the laboratory prior to loading.   

 

In should be noted that in a triaxial experiment, the confining pressure must be 

maintained at a constant value during testing. To simulate this condition, the servo 

control mechanism in PFC3D is applied on the lateral (cylindrical) boundary to 

maintain a constant confining stress to the sample. Figure 7.5 shows the magnitude 

of stresses on top, bottom and lateral boundaries in a triaxial simulation at a 

confining pressure of 100kPa and stress ratio of 0.6. At the beginning of the test, the 

top, bottom and lateral boundaries are subjected to the confining stress of 100kPa. 

During the test, an axial load was applied on the sample to an axial stress of 

approximately 500kPa (deviator stress 400kPa). It is shown in Figure 7.5 that during 

the loading period, the stress distribution on the top and bottom are equal throughout. 

The lateral stress is maintained at 100kPa during the simulation.  

 

7.4 Effect of Stress Ratio 
 

As mentioned earlier, previous researchers [57, 65, 103] have shown that the dilation 

gradient of the sand asphalt is a function of the ratio of mean stress to deviator stress 

in a triaxial test. The objective of this section is to investigate the effect of stress 
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ratio on the dilation behaviour of sand asphalt by using DEM simulations. It should 

be noted that the modified Burger’s contact model is used for all triaxial simulations. 

Elastic behaviour has been assumed for the compressive normal contact stiffness 

whereas viscoelastic behaviour has been assumed for the tensile normal contact 

stiffness and the shear contact stiffness. 

 

A series of triaxial simulations was performed to investigate the effect of stress ratio 

and deviator stress on the predicted dilation gradient of the sand asphalt mixture. A 

sample containing 1,000 particles was used. A high contact bond strength was 

applied to all contacts to prevent bond breakage. The contact parameters are given in 

Table 7.1. Figure 7.6 shows the predicted axial creep strains plotted as a function of 

time for a deviator stress of 400kPa and stress ratios of 0.33, 0.6 and 0.8. It can be 

seen from this figure that the axial strain response is a function of loading time 

comprising of elastic, viscoelastic and viscoplastic components. The axial strain in 

the uniaxial simulation (stress ratio of 0.33) is higher than that axial strain in triaxial 

simulations with stress ratios of 0.6 and 0.8. This indicates that the axial strain is 

lower in the simulation with a higher confining stress on the sample. Similar 

behaviour was observed by Sitharam [103] from biaxial DEM modelling with 

different confining pressures, where he found an increase in the failure stress with an 

increase in the confining pressure. This indicates that the sample bulk modulus is 

higher with an increase in the confining pressure, hence a lower axial strain. Also 

plotted in Figure 7.6 is an experimental result obtained for a similar idealised asphalt 

mixture tested at the same deviator stress and stress ratio of 0.6 taken from 

Khanzada [65]. It can be seen that agreement is reasonable although the DEM tends 

to over-predict the steady-state dilation gradient although it should be noted that, as 

discussed earlier, the effect of using 1,000 particles will be to over-predict the axial 

strain response.  

 

Three triaxial simulations were performed at a deviator stress of 400kPa with stress 

ratios of 0.33 (uniaxial), 0.6 and 0.8. Figure 7.7 shows the predicted volumetric 

strain plotted against the distortional strain. It can be seen from this figure that early 

in the test, the volumetric strain is negative (initial compaction of material) after 

which it increases approximately in proportion to the distortional strain as the 

material dilates. It can also be seen from Figure 7.7 that, as the stress ratio is 
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increased, the dilation gradient reduces. The dilation gradients between distortional 

strains levels of 5.5% and 6% for simulation with different stress ratios were 

calculated and plotted in Figure 7.8. It can be seen from this figure that the dilation 

gradient decreases from 0.8 at a stress ratio of 0.33 (uniaxial conditions) to 0.6 at 

stress ratio of 0.8. This indicates that the dilation gradient is lower at higher stress 

ratios, which is in agreement with the experimental data shown in Figure 7.2 (where 

the dilation gradients are taken at the same distortional strain levels).  

 

Figure 7.9 shows a plot of average number of contacts (coordination number) versus 

axial strain for simulations with different stress ratios. It can be seen from this figure 

that the coordination number is higher for higher stress ratios (e.g. a stress ratio of 

0.8). This indicates that with an increase in confining pressure, the particles pack 

more closely, hence resulting a higher coordination number. It was found that an 

increase in coordination number (under high confining pressure) in a bonded sample 

decreases the dilatancy of material due to the higher constraints on the particles. 

Consequently, the dilation gradient is lower in simulations with a higher stress ratio. 

Similar results were found by Sitharam [103] where he stated that with an increase 

in the coordination number, the assembly at high confining pressures can sustain 

significant interparticle forces since there is no dilatancy in the system.  

 

The DEM simulation results in this section clearly indicate that the stress ratio has a 

significant effect on the dilation of the sand asphalt mixture. However, the model 

was not able to predict the correct level of dilation gradient as measured by previous 

researchers [40, 65]. As mentioned earlier in section 6.11, more complex particle 

shape is required to simulate the correct level of dilation gradient.  

 

7.5 Effect of Deviator Stress 
 

The experimental result shown in Figure 7.2 [65] indicates that the dilation gradient 

of the sand asphalt is independent of deviator stress but only dependent on the stress 

ratio. The objective of this section is to simulate the dilation gradient of the sand 

asphalt subjected to different deviator stresses at the same stress ratio.  
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A series of triaxial simulations was performed with deviator stresses ranging from 

100kPa to 800kPa. The confining stress varied so that the stress ratio remained at 

0.6 (chosen arbitrarily) in all cases. Figure 7.10 shows the predicted volumetric 

strain plotted against the deviator strain. It can be seen from this figure that 

approximately the same dilation gradients are observed for different deviator 

stresses indicating that the dilation gradient is only dependent on the stress ratio, 

which agrees with previous research [57, 65]. In the simulation with the higher 

deviator stress (e.g. 800kPa), the confining pressure is higher under the same stress 

ratio of 0.6, therefore the material dilates at the same rate of volumetric strain to 

distortional strain compared to the simulations with lower deviator stresses at the 

same stress ratio. Hence the dilation gradient is only dependent on the stress ratio 

regardless of the magnitude of deviator stress and confining pressure.    

 

It can also be seen from Figure 7.10 that for simulations with a higher deviator stress 

(higher confining pressure), the initial compaction phase (negative in volumetric 

strain) is larger. This is because a higher confining pressure results in greater 

compaction of the sample at the beginning of the test. However, the material then 

dilates with a same dilation gradient in all simulations.     

 

In conclusion, the study based on DEM simulation results in this section has 

emphasised that the dilation gradient is only dependent on the stress ratio.  

 

7.6 Conclusions 
 

The following conclusions can be drawn from this chapter. 

 

• A modelling procedure has been developed to simulate the condition of 

triaxial loading. 

 

• The dilation gradients were found to be dependent only of stress ratio. The 

dilation gradient was found to increase as the stress ratio decreases.  

 



Chapter 7: Viscoelastic Simulations of Triaxial Tests 142  

• A higher coordination number was found in the sample subjected to a higher 

confining pressure.  

 

• The dilation gradients were found to be independent of deviator stress under 

the same stress ratio.  

 

• The comparison between the predicted and measured results has shown that 

the model is able to predict the effect of stress ratio on dilation.  

 

• Future work will concentrate on correctly modelling the dilation gradients in 

order to achieve even better agreement between DEM and experimental data.  
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Tables 
 

 

Table 7.1: Burger’s contact parameters for triaxial viscoelastic simulation  

 

Shear Contact Tension Contact Compression contact 

Property Value Property Value Property Value 
s
oK  (MN/m) 0.12 n

oK n
oE (MN/m) 0.36  (MN/m) 0.70 

sC∞  (MNs/m) 0.80 nC∞  (MNs/m) 2.40   

sK1  (MN/m) 0.03 nK1  (MN/m) 0.09   

sC1  (MNs/m) 0.80 nC1  (MNs/m) 2.40   
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Figure 7.1: Schematic showing the triaxial co-ordinate system  
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Figure 7.2: Measured volumetric strain and distortional strain at different deviator   

                   stresses ∑ and stress ratios η (reproduced from Khanzada [65]) 
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Figure 7.3: Stress-volume change-time relationship of a sand-asphalt mixture: (a)  

                   unconfined, (b) 10psi confining pressure, (c) 20psi confining pressure,     

                   after Huang [57]. 
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Figure 7.4: Isotropic stress distribution under confining pressure. 
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Figure 7.5: The stresses on top, bottom and lateral (cylindrical) boundaries during  

                   simulation.  
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Figure 7.6: Effect of stress ratio on axial strain as a function of loading time at  

                   deviator stress of 400kPa. 
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Figure 7.7: Effect of stress ratio on dilation gradient at deviator stress of 400kPa.  
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Figure 7.8: The measured and predicted “steady state” dilation gradients at stress 

ratios of 0.33, 0.6 and 0.8 for a deviator stress of 400kPa. 
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Figure 7.9: Effect of stress ratio on coordination number. 
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Figure 7.10: Effect of deviator stress on dilation gradient at stress ratio of 0.6. 
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 8 Other Factors Influencing                             
Asphalt Dilation                                        

 
 
 
 

8.1 Introduction 
 

The viscoelastic simulations of uniaxial and triaxial tests reported in Chapters 6 and 

7 have highlighted some of the important factors that influence asphalt dilation (e.g. 

contact stiffnesses and stress ratio). However, the simulated dilation gradients were 

slightly under-predicted compared to the experimental data.  

 

In reality, it is likely that a fraction of the total contacts in an asphalt mixture are 

directly between two aggregate particles resulting in frictional behaviour. Therefore, 

a proportion of the viscoelastic bonds should be replaced by frictional bonds. The 

magnitude of the friction coefficient is also likely to be important. Furthermore, the 

numerical samples comprise perfectly spherical particles which, although a 

reasonable assumption is unrealistic as the sand particles are more angular.  

 

The main objective of this chapter is to investigate the effects of these factors on 

asphalt dilation and to try and replicate the measured level of dilation in the sand 

asphalt.   

 

8.2 Influence of Bond Absence and Interparticle Friction on 
Asphalt Dilation 

 
It is well known in soil mechanics that the deformation behaviour of a sand sample 

is significantly influenced by the interparticle friction [68, 80, 99]. Ni [80] 
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performed shear box simulations using PFC3D and found that at 16.7% shear strain, 

the volumetric dilation for a sample with an interparticle friction angle (Øµ) of 45° 

was approximately 12 times larger than that for a sample with Øµ = 5°. 

Consequently, he concluded that interparticle friction had a significant effect on the 

overall volumetric dilation of the sample. For asphalt mixtures, Huschek [58] stated 

that internal friction due to the aggregate contacts is one of the components that 

contributes to the deformation resistance of asphalt. However, the friction 

component was not introduced in the previous viscoelastic simulations. Therefore, 

the aim of this section is to investigate the influence of bond absence and 

interparticle friction on the asphalt dilation.   

 

In the previous viscoelastic simulations, the shear stiffnesses at all contacts in a 

numerical sample were assumed to be viscoelastic. As noted above, this 

approximation is simplistic and direct contact between two aggregates should be 

represented by the slip model featured in PFC3D, which is defined by a friction 

coefficient at the contact (µ). In PFC3D, this model is active when there is no 

contact bond specified. The contact is checked for slip conditions by calculating the 

maximum allowable shear contact force described by n
i

s FF µ=max .  

 

Three series of uniaxial simulations were performed on samples containing 1,000 

particles generated according to the sample preparation procedure described in 

Chapter 4. The contact parameters are stated in Table 8.1. Very high contact bond 

strength was used to prevent bond breakage. The first series of the simulations 

assumed that 20% of total contacts in the sample are frictional with friction 

coefficients of 0, 0.5 and 1. Figure 8.1 shows a plot of volumetric strain versus 

distortional strain under a uniaxial compressive stress of 400kPa for the three 

friction coefficients. It can be seen from this figure that the volumetric strain is 

predicted to be greater as the friction coefficient is increased. The second series of 

the simulations was the same as the first series with the exception that 50% of the 

contact bonds were replaced by frictional contacts in the numerical sample. The 

results of volumetric plotted against distortional strain for simulations with different 

friction coefficients are shown in Figure 8.2. It can be seen by comparing the results 

with Figure 8.1 that, as before, the volumetric strain is predicted to be greater as the 
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friction coefficient is increased with greater differences between the curves. The 

third series of the simulations was performed on an unbound sample where all shear 

contact stiffnesses are represented by frictional behaviour. It should be noted that in 

this simulation, a very low confining pressure of 1kPa was applied as lateral 

confinement. However, the stress ratio was very low (approximately 0.336) which is 

considered comparable to a uniaxial stress with a stress ratio of 0.33. Figure 8.3 

shows the plot of volumetric against distortional strains for simulations with friction 

coefficients of 0.5 and 1. It can be seen from this figure that, as before, the predicted 

volumetric strain is greater as the friction coefficient is increased.  

 

It was noted earlier in Section 6.7 that the maximum dilation gradient occurred at 

distortional levels of 6 to 8%. Therefore, to analyse the results from three series of 

simulations, the dilation gradients between the distortional levels of 6 to 8% were 

taken and plotted in Figure 8.4. It can be seen from this figure that for simulations 

with the friction coefficient equal to zero, the dilation gradient increases as the 

percentage of bonds replaced increases. For example, the dilation gradient increases 

from 0.8 to approximately 0.85 (6% increase) when the percentage of bonds 

replaced increases from 0% to 50%. Similar trends were observed from simulations 

with interparticle friction coefficients of 0.5 and 1.0 in Figure 8.4. This is because 

fewer contact bonds in a sample reduces the constraints (coordination number) 

allowing more freedom for them to roll over each other resulting in a higher level of 

dilation.  

 

Figure 8.4 shows that in simulations on a sample with 20% of bonds replaced. The 

dilation gradient increases from 0.82 to 1.05 when the friction coefficient increases 

from 0 to 1.0. This clearly indicates that higher interparticle friction results in greater 

dilation. Similar behaviour is observed in the simulations with 50% of bonds 

removed. Skinner [104] stated that when the interparticle friction is increased, more 

particles roll rather than slide, in order to keep the energy balance the same. 

Therefore, higher interparticle friction increases the ability for particle rolling, hence 

resulting in greater volumetric dilation. For the simulations with the unbound sample, 

it can be seen from Figure 8.4 that the dilation gradient increases from 

approximately 1.05 to 1.15 when the friction coefficient increases from 0.5 to 1.0. 

The magnitudes of the dilation gradients are within a reasonable range for unbound 
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simulations where researchers have found a linear dependence of the volumetric 

strain on the shear strain, with values of dilation gradient ranging from 0.7 to 1.8 [8, 

126].  

 

Consequently, it can be concluded from this section that a greater level of asphalt 

dilation can be modelled by reducing the number of contact bonds (higher 

percentage of bonds absent) and increasing the interparticle friction at the frictional 

contacts. 

 

8.3 Comparison with Experimental Results 
 
The viscoelastic simulations presented in Chapters 6 and 7 under predicted the 

dilation gradient for the idealised asphalt mixture. It was shown above that a greater 

level of dilation can be obtained if frictional behaviour is included. The main 

objective of this section is to simulate the dilation of the idealised asphalt mixture 

and compare with the experimental results. 

 

As noted earlier, a higher level of asphalt dilation can be simulated by replacing a 

proportion of the bonds with friction at the contacts. It can be seen from Figure 8.4 

that in simulations with 20% of bonds removed, the dilation gradients lie in between 

0.95 and 1.05 for friction coefficients between 0.5 and 1.0. Therefore, it can be 

concluded that a dilation gradient of approximately 1 can be modelled by using a 

friction coefficient of 0.7 (corresponding to an interparticle friction angle of 35°) in 

the contacts where the bonds have been removed.      

 

A series of uniaxial and triaxial simulations were performed on samples containing 

6,000 particles. The sample preparation procedures for uniaxial and triaxial samples 

are described in Chapter 4 and Section 7.3. The contact parameters are given in 

Table 8.1. As noted above, 20% of bonds in the sample were removed prior to 

testing and a friction coefficient of 0.7 was introduced to those contacts. Figure 8.5 

shows the variation of volumetric and distortional strains under a deviator stress of 

400kPa and stress ratios of 0.33 (uniaxial), 0.6 and 0.8. It can be seen from this 

figure that as expected, the volumetric strain is negative indicating initial 
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compaction at the beginning of the test. The volumetric strain then increases 

proportionally with the distortional strain. As noted above, the experimental results 

[40, 65] obtained for a similar idealised asphalt mixture tested at 20°C and the same 

stress level are also shown in Figure 8.5. It can be seen from this figure that the 

predicted and measured curves are similar in magnitude and shape demonstrating 

that the correct level of asphalt dilation can be modelled successfully.  

 

Consequently, it can be concluded that in order to model the correct level of asphalt 

dilation using a single size sphere sample, it is necessary to remove 20% of the total 

bonds in the sample and introduce a friction coefficient of 0.7 to the contacts where 

bonds are absent to simulate the shear behaviour of aggregate to aggregate contact.  

 
 

8.4 Influence of Particle Shape on Dilation 
 

In soil mechanics, numerous researchers [61, 81, 88, 94, 113] have performed DEM 

simulations to investigate the effect of particle shape on the deformation behaviour 

of soil samples concluding that it has significant influence on volumetric dilation. 

Rothenburg and Bathurst [94] performed DEM simulations on assemblies of 

elliptical particles. They investigated the stress-strain behaviour during biaxial 

compression and found that at the same level of shear strain, the volumetric strain is 

greater in simulations with elliptical particles with larger eccentricity. Ting et al. 

[113] found similar results. Ni [80] performed DEM simulations of a biaxial test on 

soil. In his soil sample, each soil particle was modelled as two spheres bonded 

together with a high strength bond so that each pair of spheres behaves as a single 

rigid particle. He found that at an axial strain of 15%, the volumetric strain in the 

sample with spheres was 2% which increased to 10% in the simulation with more 

angular particles.  

 

Consequently, researchers have shown that in soil mechanics, a greater volumetric 

dilation can be observed in the sample with more angular particles. However, no 

literature was found on simulations of bonded materials showing the effect of 

particle shape. The main objective in this section is to investigate the effect of 

particle shape on the asphalt dilation using DEM simulations.  
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8.4.1 Modelling Procedure 
 
This subsection develops a procedure to prepare a sample using non-spherical 

particles in order to simulate the effect of particle shape on the dilation of asphalt 

mixture. A non-spherical particle is represented by the clump feature in PFC3D. A 

clump behaves as a rigid body where the particles comprising the clump remain at a 

fixed distance from each other. Contact forces are not generated within a clump and 

contacts within a clump are skipped during the calculation thus reducing the 

computation time. More details on clumps can be found in [3]. 

 

In order to prepare a numerical sample containing clumps, a sample comprising of 

spheres was first generated according to the sample preparation procedure as 

described in Chapter 4, with the exception that the lateral wall remained. After the 

sample settled with an equilibrium condition, the spheres in the sample were 

eliminated and replaced by the clumps. In this dissertation, a simple clump 

containing two spheres is used, where the ratio of the diameter of the small to large 

sphere was 2/3. The small sphere is bonded to the large sphere with the centroid of 

small sphere located on the surface of the large sphere, overlapping as shown in 

Figure 8.6. The clumps generated were randomly orientated. The sample generated 

with clumps was then allowed to settle to equilibrium.  

 

To ensure that the sample generated is as dense as possible, a compacting stress of 

20MPa (chosen arbitrarily) was applied axially (the lateral wall was fixed), which 

simulates specimen compaction in the preparation of a real asphalt mixture. It should 

be noted that the sample must be prepared at low stress prior to loading. To simulate 

this, the top and bottom platen were released with a very low platen velocity so that 

the isotropic stress reduces to 1kPa. Finally, the numerical sample was trimmed by 

removing the balls outside a certain range to ensure that the ratio of the sample’s 

height to width is 2:1, the lateral wall was removed for the uniaxial tests. 

Consequently, the sample generated with clumps was then at a dense random 

packing state (typical density 0.68) under a low stress and ready for testing. The 

numerical sample comprising of 1,000 clumps prior to testing is illustrated in Figure 

8.7.  
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8.4.2 Dilation with Bonds Removed 
 
As discussed earlier in Section 8.2, the percentage of bonds removed has a 

significant influence on the dilation of the asphalt mixture using a sample containing 

spherical particles. It was also noted earlier that particle shape has a large influence 

on volumetric dilation. This section investigates the effect of bond removed on 

dilation of an asphalt sample containing non-spherical particles (clumps). 

 

A series of uniaxial simulations was performed on a sample containing 1,000 clumps. 

The sample preparation procedure for clumps is described in the previous section 

and the contact parameters are given in Table 8.1. A constant compressive stress of 

400kPa was applied. Figure 8.8 shows the variation in volumetric and distortional 

strains for simulations where 0%, 20%, 50% and 100% of the bonds have been 

removed. An interparticle friction coefficient of 0.5 was used at these contacts. It 

should be noted that in the simulation with the unbound sample, a very low lateral 

confining stress (1kPa) was applied to ensure that the sample is subjected to an 

approximately uniaxial stress with a stress ratio of approximately 0.336. It can be 

seen from Figure 8.8 that the general trend is for the dilation gradient to increase as 

the percentage of bonds removed increases. To quantify this effect, the dilation 

gradients calculated at distortional strain levels between 6 and 8% are plotted in 

Figure 8.9. 

 

Figure 8.9 shows that the dilation gradient increases as the percentage of bonds 

removed increases from 0.75 in the simulation with the fully bonded sample (0% 

bonds absent) to 1.3 in the unbound sample (100% of bonds removed). Also shown 

in Figure 8.9 are the simulation results taken from the samples with spheres (taken 

from Figure 8.4) for comparison. It can be seen from this figure that in the 

simulation with a fully bonded sample, the dilation gradient is 0.75 in the sample 

with clumps, which is smaller compared to the dilation gradient in the sample with 

spheres (at the same friction coefficient). However, in simulations with 20% of 

bonds removed, the dilation gradient of the sample with clumps is close to that of 

the sample with spheres and in the simulation with 50% of bonds removed, the 

dilation gradient in the sample with clumps is 1.15, which is higher than the dilation 

gradient in the sample with spheres. The simulation results on unbound samples 
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showed a significant difference in dilation gradients between the two types of 

samples.  

 

It was noted earlier that for the fully bonded sample, the dilation gradient of the 

sample with clumps was found to be lower than that of the sample with spheres. To 

explain this, the coordination numbers in both types of samples was investigated. 

Figure 8.10 shows the coordination number for both types of sample. It can be seen 

that for the sample with clumps, the coordination number is higher (approximately 

25%) than for the sample with spheres. This is because the clump has a larger 

surface area compared to the sphere which results in a greater number of contacts 

with neighbouring particles. As explained earlier, a higher coordination number 

causes greater constraints for particles, hence results in lower levels of dilation.  

 

In the simulation with 20% bonds removed, the dilation gradient of the sample with 

clumps is approximately 0.92. However, the difference is small compared with the 

dilation gradient in the sample containing spheres. A bigger difference in dilation 

gradients on both samples was observed from the simulations with 50% bonds 

removed and a significant difference in dilation gradients was observed in 

simulations for the unbound samples.   

 

8.5 Conclusions 
 
The following conclusions can be drawn from this chapter: 

 

• Friction was introduced to simulate the shear contact behaviour at aggregate 

to aggregate contacts.  

 

• The dilation increases as the percentage of bonds replaced by frictional 

contact is increased. 

 

• The dilation gradient was found to increase with the coefficient of friction at 

the contacts where bonds were removed. 
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• Experimental results were successfully modelled by removing 20% of the 

bonds and using a friction coefficient of 0.7. 

 

• A sample preparation procedure was developed to prepare a numerical 

sample comprising of non-spherical particles (clumps). 

 

• Greater levels of dilation were found in samples with clumps under loading, 

providing the number of contact bonds is low.  

 

• The dilation of asphalt seems to be controlled by the number of contact 

bonds and the shape of particles in the sample. 
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Tables: 
 
 

Table 8.1: Burger’s contact parameters for viscoelastic simulation.  

 
 

Shear Contact Tension Contact Compression contact 

Property Value Property Value Property Value 
s
oK  (MN/m) 0.12 n

oK n
oE (MN/m) 0.36  (MN/m) 0.70 

sC∞  (MNs/m) 0.80 nC∞  (MNs/m) 2.40   

sK1  (MN/m) 0.03 nK1  (MN/m) 0.09   

sC1  (MNs/m) 0.80 nC1  (MNs/m) 2.40   
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Figure 8.1: Effect of friction coefficient on volumetric and distortional strains for  

                   simulations with 20% of bonds replaced. 
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Figure 8.2: Effect of friction coefficient on volumetric and distortional strains for  

                   simulations with 50% of bonds replaced. 
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Figure 8.3: Effect of friction coefficient on volumetric and distortional strains for  

                   simulations with unbound sample. 
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Figure 8.4: Effect of percentage of bonds replaced and friction coefficient on   

                  dilation gradients. 
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Figure 8.5: The predicted and measured volumetric and distortional strains in  

                   simulations with friction coefficient of 0.7 and 20% of bonds replaced.  

 
 
 
 
 

 
 
 
 

Figure 8.6: Illustration of a clump constructed from two particles.  
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Figure 8.7: A numerical sample comprising 1,000 clumps prior to loading. 
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Figure 8.8: Volumetric strain against distortional strain in simulations with different  

                   percentages of bonds replaced and friction coefficient of 0.5.  
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Figure 8.9: Effect of percentage of bonds replaced and friction coefficient on  

                   dilation gradients with clumps.  
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Figure 8.10: Coordination number of the sample with spheres and with clumps  

                     under loading.
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 9 Conclusions and                               
Recommendations for Further 
Work 

 
 
 
 
 

9.1 Conclusions 
 

A three dimensional computer program (PFC3D) has been used to investigate the 

mechanical behaviour of an idealised asphalt mixture under uniaxial and triaxial 

loading. This chapter summarises the main conclusions from this thesis and provides 

recommendations for future research in this area. 

 

9.1.1 Literature Review (Chapter Two) 
 

The constitutive relationships proposed for describing asphalt behaviour include 

linear viscoelastic, nonlinear and elasto-visco-plastic. The literature review on the 

deformation behaviour of bitumen and asphalt showed that an elasto-visco-plastic 

constitutive relationship is capable of fully describing the behaviour of an asphalt 

mixture. The review of micromechanical models for asphalt mixtures has shown that 

these types of models are poorly developed at present. Therefore there is a need to 

perform research by using micromechanical modelling to better understand the 

deformation mechanism of the asphalt.  
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9.1.2 Introduction to Discrete Element Modelling (Chapter Three) 
 

Recent developments in computer technology have allowed the simulation of asphalt 

behaviour as heterogeneous material using DEM. It was found that PFC3D has been 

applied in a wide range of applications by many researchers, therefore it was chosen 

as the DEM programming code for this thesis. Some of the features in PFC3D 

including the contact model, contact bond and servo control mechanism were 

reviewed and the Burger’s contact model was chosen to simulate the time dependent 

behaviour of asphalt material in the DEM simulations using PFC3D.  

 

9.1.3 Numerical Sample Preparation (Chapter Four) 
 
A procedure for preparing a numerical sample that replicates a laboratory test 

specimen was developed in this chapter. A dense randomly packed sample was 

prepared with a volume fraction of solids equal to 64%. A procedure has been 

developed to prepare the numerical sample to an equilibrium state with a low 

isotropic stress. Normal and shear contact bonds were used at each contact to 

simulate asphalt as a bonded material. A method was developed to measure the 

radial strain by tracking the displacement of particles on the circumference of the 

sample. The axial strain was measured using the relative displacement of the loading 

platens during the simulation.   

 
 

9.1.4 Elastic Simulations (Chapter Five) 
 
The elastic response of an idealised asphalt mixture was modelled in this chapter. It 

was found that a sample containing at least 4,500 particles is required for Young’s 

modulus and Poisson’s ratio to be within 2% of the values calculated using a much 

larger number of particles. Poisson’s ratio was found to be dependent on only the 

ratio of shear contact stiffness to the normal contact stiffness and the bulk modulus 

was found to be linearly dependent on the normal contact stiffness and independent 

of the shear contact stiffness. A mean field approach was used to develop a 

theoretical model that predicted this behaviour. To simulate asphalt dilation, non-

equal tensile and compressive normal contact stiffnesses were used. The level of 
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dilation was found to be dominated by the ratio of normal compressive to normal 

tensile contact stiffnesses. Most importantly, it was found that the dilation gradient 

increases proportionally to this ratio. 

 

9.1.5 Viscoelastic Simulations of Uniaxial Tests (Chapter Six) 
 

The Burger’s contact model was found to be reasonably good at simulating the 

deformation behaviour of idealised asphalt mixture. To reduce the computation time, 

a higher particle density was used. The normal compressive contact stiffness was 

assumed to be elastic to represent aggregate to aggregate contact, whilst the shear 

and normal tensile contact stiffnesses were assumed to be viscoelastic. From the 

uniaxial simulations, the dilation gradient was found to increase proportionally to 

the ratio of compressive to tensile contact stiffness as a function of time. It was 

found that the maximum dilation gradient of the asphalt sample occurred at between 

6 and 8% distortional strain with a value of 0.8. The simulation results also showed 

that dilation gradient is independent of the deviator stress. The model is calibrated 

well and the predicted axial strain gives good agreement with the experimental data 

whilst the dilation gradient was under-predicted.  

 
 

9.1.6 Viscoelastic Simulations of Triaxial Tests (Chapter Seven) 
 

From simulations of triaxial tests, the dilation gradient was found to be dependent 

only on stress ratio and increases as the stress ratio decreases. However, the dilation 

gradient was found to be independent of deviator stresses at a given stress ratio. Also, 

a higher coordination number was found in the sample subjected to a higher 

confining pressure. Consequently, a comparison between the predicted and 

measured results was made and the model has shown the ability to predict the effect 

of stress ratio on dilation. However, the dilation gradients were still under-predicted.  
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9.1.7 Geometric Factors Influencing Asphalt Dilation (Chapter 
Eight) 

 
The level of dilation was found to be dominated by the proportion of frictional 

contacts in the sample. Furthermore, the dilation gradient was found to increase as 

the coefficient of friction at these contacts is increased. Based on these findings, the 

dilation gradients from the experimental results were successfully modelled by 

introducing a friction coefficient of 0.7 at contacts replacing 20% of the bonds in the 

sample. To simulate the effect of particle shape, a procedure was developed to 

prepare a sample comprising non-spherical particles (clumps). The simulations on 

the sample with clumps demonstrated that the dilation gradient is greatly influenced 

by the percentage of frictional contacts. Greater dilation was found in the sample 

with clumps under loading, providing the number of absent bonds is high. 

Consequently, it was found that the dilation of the asphalt mixture seems to be 

controlled by the number of contact bonds and the shape of particles in the sample. 

 

9.2 Recommendations for Further Work 
 

9.2.1 Limitations of the Numerical Simulations 
 

Numerical modelling relies on mathematical models based on certain assumptions to 

approximate reality. A good understanding of the physics of the problem is required 

so that a suitable numerical method can be chosen to represent the behaviour and 

physical structure of the problem being modelled. However for mathematical 

simplicity, the assumptions always result in lack of precision in describing the real 

behaviour of a problem. In a DEM simulation, a particle is modelled as a non 

deformable sphere. This assumption is reasonable at low stresses. However, this 

assumption is not true at high stresses, where particle deformation may occur. 

Consequently, it is important to realise that the numerical simulations only play a 

role in understanding the reality.  
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9.2.2 Modelling of Asphalt Dilation  
 
The simulations carried out in this study assumed that the sample consists of single 

sized particles. However, this approximation is aimed at reducing the complexity in 

the simulations and it cannot represent a real size distribution of the aggregates in an 

asphalt mixture. The particle size distribution was not taken into consideration. 

Consequently, future research could be aimed at investigating the effect of particle 

size distribution on the dilation of asphalt mixture.  

 

It should be noted that the simulations carried out in this study focussed on the 

deformation behaviour of asphalt in steady-state creep. The effect of fracture and 

damage was not considered, which will occur in the tertiary region of creep 

deformation. It is important to establish an understanding of fracture and damage 

mechanics of asphalt to model this behaviour by using numerical simulation. Future 

work should be focussed on research into this area. 

 

Numerous researchers have performed experiments to investigate the effect of 

temperature on asphalt dilation. Further work can be performed by modelling the 

effect of temperature on the dilation of asphalt, maybe by establishing a relationship 

between the temperature effects and viscoelastic contact stiffnesses in the Burger’s 

model.  

 

9.2.3 Particle Shape 
 

The simulations carried out in this study only touched on one type of particle shape. 

It should be noted that real sand particles are much more complicated and cannot be 

easily represented by a clump constructed from two spheres. It is possible to bond 

more particles together to form a more realistic shaped particle. Particle shape 

dramatically affects particle rotation and overall sample strength. Further work can 

be focussed on modelling dilation of asphalt by using different particle shapes.  

 

Experimental data for uniaxial and triaxial tests on realistic mixtures are widely 

available. Further work can be performed by simulating the deformation behaviour 

of realistic mixtures such as DBM and HRA by using much more complicated 
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shaped particles with different angularity and grading. However, it might still 

impractical to model due to the limitation in computing power.  

 

The clumps in PFC3D assumed no breakage in the shaped particle. However in 

reality, particle crushing could occur under high levels of loading stress. Future 

research could be aimed at considering the strength and crushing effects of the 

aggregate particles in the modelling.  

 

9.2.4 Modelling of Wheel Tracking Test 
 
Experimental data from wheel tracking tests is widely available from previous 

researchers. In order to create a better understanding of the deformation behaviour of 

asphalt mixtures, further works can be carried out by modelling the wheel tracking 

test. To reduce the computation time, modelling can be performed on a small strip of 

asphalt slab in the transverse direction where the wheel travels. The passing wheel 

load on a small strip of asphalt slab in a laboratory experiment can be represented by 

the repeated axial load from a wall on the small strip of asphalt slab in numerical 

modelling. Rut depths can be measured at several points at transverse distance and 

compared with the rut profile captured with a Mechanical Profilemeter from the 

experimented data. 

 

More experimental works can be conducted to provide a better understanding of 

behaviour of thin film bitumen. A simple laboratory test can be performed by using 

two semi-spherical steel balls to represent the aggregates, bonded by a layer of thin 

film bitumen. The relationships of stiffnesses in compression, tension and shear can 

be established by performing the tests with these three loading actions. This also 

leads to defining the magnitude of parameters in Burger’s contact model.  

 

Recent development of X-ray tomography allows scanning into the internal structure 

of asphalt mixtures in three dimensions. The changes of internal structure of the 

asphalt mixtures at different stages when subjected to loading can be observed. The 

directions and magnitudes of particle rotations in an asphalt mixture can be 

compared and validated with DEM modelling. 
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